
5 To olokl rwma Riemann

MÐa diamèrish P tou [a, b] eÐnai èna peperasmèno sÔnolo

P = {a = t0 < t1 < . . . < tn−1 < tn = b}

An f : [a, b] → R eÐnai fragmènh, jètoume

Mi = Mi(f) = sup{f(s) : s ∈ [ti−1, ti]}
mi = mi(f) = inf{f(s) : s ∈ [ti−1, ti]} (i = 1, . . . , n).

kai
L(f,P) =

n∑
i=1

mi(f)(ti − ti−1)

=m0(t1−t0)+m1(t2−t1)+. . .+mi(ti−ti−1)+. . .+mn(tn−tn−1)

U(f,P) =
n∑

i=1

Mi(f)(ti − ti−1)

=M0(t1−t0)+M1(t2−t1)+. . .+Mi(ti−ti−1)+. . .+Mn(tn−tn−1).

Ta L(f,P) kai U(f,P) onom�zontai k�tw kai �nw �jroisma Riemann
thc f wc proc th diamèrish P .

EÐnai safèc ìti L(f,P) ≤ U(f,P). Jewr¸ntac diadoqik� diamerÐseic me
ìlo kai perissìtera shmeÐa, ja parathr soume ìti ta k�tw ajroÐsmata me-
gal¸noun, paramènontac ìmwc ìla mikrìtera (  Ðsa) apì k�je �nw �jroi-
sma, en¸ ta �nw ajroÐsmata mikraÐnoun, paramènontac ìmwc ìla megalÔtera
(  Ðsa) apì k�je k�tw �jroisma. An up�rqei ènac kai monadikìc arijmìc
I an�mesa sta k�tw kai ta �nw ajroÐsmata, dhlad  tètoioc ¸ste na isqÔei
L(f,P) ≤ I ≤ U(f,Q) gia opoiesd pote dÔo diamerÐseic P kai Q tou [a, b],
tìte autìc o arijmìc onom�zetai to olokl rwma Riemann thc f sto [a, b].
Alli¸c, to olokl rwma Riemann thc f sto [a, b] den up�rqei. Ta ajroÐsmata
Riemann loipìn apoteloÔn k�tw kai �nw proseggÐseic tou oloklhr¸matoc
Riemann, ìtan autì up�rqei.

Pio analutik�:
An P ,Q eÐnai diamerÐseic tou [a, b] kai P ⊂ Q (dhlad  h Q perièqei ìla ta

shmeÐa thc P) tìte h Q lègetai eklèptunsh thc P .

Prìtash 5.1 An P ,Q eÐnai diamerÐseic tou [a, b],

(a) L(f,P) ≤ U(f,P).
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(b) An P ⊂ Q, tìte L(f,P) ≤ L(f,Q) kai U(f,P) ≥ U(f,Q).

(g) Gia k�je P ,Q, L(f,P) ≤ U(f,Q).

(d) sup{L(f,P) : P diamèrish tou [a, b]} ≤ inf{U(f,Q) : Q diamèrish tou [a, b]}.

Apìdeixh (a) Profanèc apì thn anisìthta mi ≤ Mi.

(b) Ja upojèsoume pr¸ta ìti oi duo diamerÐseic diafèroun mìno kat� èna
shmeÐo s:

P = {a = t0 < . . . < tk−1 < tk < . . . < tn = b}
Q = P ∪ {s} = {a = t0 < . . . < tk−1 < s < tk < . . . < tn = b}.

Tìte

U(f,P)=M0(t1−t0)+M1(t2−t1)+. . .+Mk(tk−tk−1)+. . .+Mn(tn−tn−1)

U(f,Q)=M0(t1−t0)+M1(t2−t1)+. . .+M ′(s−tk−1)+M ′′(tk−s)+. . .+Mn(tn−tn−1)

ìpou M ′ = sup{f(x) : x ∈ [tk−1, s]} kai M ′′ = sup{f(x) : x ∈ [s, tk]}, �ra
M ′ ≤ Mk kai M ′′ ≤ Mk (giatÐ [tk−1, s] ⊆ [tk−1, tk] kai [s, tk] ⊆ [tk−1, tk]),
opìte

U(f,P)− U(f,Q) = Mk(tk − tk−1)−M ′(s− tk−1)−M ′′(tk − s)

= (Mk −M ′)(s− tk−1) + (Mk −M ′′)(tk − s) ≥ 0.

OmoÐwc o ìroc mk(tk− tk−1) tou ajroÐsmatoc L(f,P) antikajÐstatai apì ton
m′(s− tk−1) + m′′(tk − s) sto �jroisma L(f,Q), ìpou
m′ = inf{f(x) : x ∈ [tk−1, s]} kai m′′ = inf{f(x) : x ∈ [s, tk]}, �ra m′ ≥ mk

kai m′′ ≥ mk, opìte L(f,Q) ≥ L(f,P).

H genik  perÐptwsh, ìtan h Q diafèrei apì thn P kat� ` shmeÐa, apodeik-
nÔetai me apl  epan�lhyh twn Ðdiwn epiqeirhm�twn: AnQ = P∪{s1, s2, . . . , s`}
(ìpou si /∈ P) jètoume Q1 = P ∪ {s1}, Q2 = P ∪ {s1, s2}, . . . ,Q` = Q kai
parathroÔme ìti k�je Qi diafèrei apì thn Qi+1 kat� èna mìno shmeÐo. Su-
nep¸c apì thn prohgoÔmenh par�grafo èqoume L(f,Qi) ≤ L(f,Qi+1) kai
U(f,Qi) ≥ U(f,Qi+1), �ra telik�

L(f,P) ≤ L(f,Q1) ≤ L(f,Q2) ≤ . . . ≤ L(f,Q)

kai U(f,P) ≥ U(f,Q1) ≥ U(f,Q2) ≥ . . . ≥ U(f,Q).
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(g) Efarmìzoume to (b) sthn koin  eklèptunsh R = P ∪Q twn P kai Q:
L(f,P) ≤ L(f,R)
U(f,R) ≤ U(f,Q).

Apì to (a) ìmwc èqoume L(f,R) ≤ U(f,R)
kai sunep¸c L(f,P) ≤ U(f,Q).
(d) Apì to (g) prokÔptei ìti k�je U(f,Q) eÐnai �nw fr�gma tou sunìlou

{L(f,P) : P diam. tou [a, b]}.

Sunep¸c up�rqei to sup{L(f,P) : P diam. tou [a, b]} ≡ L kai

L ≤ U(f,Q) gia opoiad pote diamèrish Q tou [a, b].

Autì ìmwc shmaÐnei ìti to L eÐnai èna k�tw fr�gma tou sunìlou

{U(f,Q) : Q diam. tou [a, b]},

�ra to sÔnolo autì èqei infimum kai m�lista

L ≤ inf{U(f,Q) : Q diam. tou [a, b]}. 2

Orismìc 5.1 'Estw f : [a, b] → R fragmènh. OrÐzoume∫ b

a

f = inf{U(f,Q) : Q diamèrish tou [a, b]}

to �nw olokl rwma thc f sto [a, b] kai∫ b

a

f = sup{L(f,P) : P diamèrish tou [a, b]}

to k�tw olokl rwma thc f sto [a, b].
[To k�tw kai to �nw olokl rwma k�je fragmènhc sun�rthshc f p�nta up�r-

qoun kai
∫ b

a
f ≤

∫ b

a
f .]

An
∫ b

a
f =

∫ b

a
f tìte h f lègetai Riemann-oloklhr¸simh sto [a, b] kai∫ b

a

f ≡
∫ b

a

f(s)ds
or

=

∫ b

a

f =

∫ b

a

f.

'Otan h f eÐnai Riemann-oloklhr¸simh sto [a, b], gr�foume gia suntomÐa
f ∈ R[a, b].

Sumbolismìc Jètoume

∫ a

a

f = 0.
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Parat rhsh 5.2 An h f eÐnai oloklhr¸simh sto [a, b], tìte to
∫ b

a
f eÐnai

o monadikìc arijmìc pou ikanopoieÐ thn anisìthta

L(f,P) ≤
∫ b

a

f ≤ U(f,P)

gia k�je diamèrish P tou [a, b].

H epìmenh apl  Prìtash eÐnai to basikì krit rio oloklhrwsimìthtac:

Prìtash 5.3 (Krit rio Riemann) 'Estw f : [a, b] → R fragmènh. H
f eÐnai oloklhr¸simh an kai mìnon an gia k�je ε > 0 up�rqei diamèrish Pε

tou [a, b] ¸ste
U(f,Pε)− L(f,Pε) < ε. (1)

Parat rhsh 5.4 An h Pε ikanopoieÐ thn (1), tìte bebaÐwc k�je eklèptunsh
thc epÐshc thn ikanopoieÐ, afoÔ apì thn Prìtash 5.1 an P ⊃ Pε tìte U(f,P) ≤
U(f,Pε) kai L(f,P) ≥ L(f,Pε), �ra

U(f,P)− L(f,P) ≤ U(f,Pε)− L(f,Pε) < ε.

Apìdeixh KrithrÐou Riemann Upojètoume pr¸ta ìti h f den eÐnai

oloklhr¸simh. Tìte ja èqoume
∫ b

a
f >

∫ b

a
f . An jèsoume ε =

∫ b

a
f −

∫ b

a
f ,

tìte ε > 0 kai, epeid  k�je diamèrish P tou [a, b] ikanopoieÐ L(f,P) ≤
∫ b

a
f

kai U(f,P) ≥
∫ b

a
f , ja èqoume anagkastik� U(f,P)− L(f,P) ≥ ε, opìte to

krit rio Riemann den ikanopoieÐtai.
Upojètoume t¸ra ìti h f eÐnai oloklhr¸simh, opìte

sup{L(f,Q) : Q diam. tou [a, b]} =

∫ b

a

f = inf{U(f,R) : R diam. tou [a, b]}.

An dojeÐ ε > 0, up�rqei diamèrish Q tou [a, b] ¸ste
∫ b

a
f − ε

2
< L(f,Q) kai

omoÐwc up�rqei diamèrish R tou [a, b] ¸ste
∫ b

a
f + ε

2
> U(f,R), opìte èqoume

U(f,R)− L(f,Q) <

∫ b

a

f +
ε

2
−

(∫ b

a

f − ε

2

)
= ε.

An jèsoume t¸ra Pε = Q∪R èqoume apì thn Prìtash 5.1(b) ìti U(f,Pε) ≤
U(f,R) kai L(f,Pε) ≥ L(f,Q), �ra

U(f,Pε)− L(f,Pε) < ε. 2
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Pìrisma 5.5 'Estw f : [a, b] → R fragmènh. An up�rqei akoloujÐa dia-
merÐsewn {Pn} tou [a, b] ¸ste lim

n
(U(f,Pn) − L(f,Pn)) = 0 tìte h f eÐnai

oloklhr¸simh kai ∫ b

a

f = lim
n

U(f,Pn) = lim
n

L(f,Pn).

Apìdeixh Efìson h akoloujÐa (U(f,Pn) − L(f,Pn))n teÐnei sto 0, gia
k�je ε > 0 up�rqei no ∈ N ¸ste U(f,Pno)−L(f,Pno) < ε. Epomènwc to

∫
f

up�rqei apì to krit rio Riemann. Gia k�je n èqoume

L(f,Pn) ≤
∫

f ≤ U(f,Pn)

�ra 0 ≤
∫

f − L(f,Pn) ≤ U(f,Pn)− L(f,Pn)

kai 0 ≤ U(f,Pn)−
∫

f ≤ U(f,Pn)− L(f,Pn)

opìte lim
n

(
∫

f − L(f,Pn)) = 0 kai lim
n

(U(f,Pn)−
∫

f) = 0.

ParadeÐgmata 5.6 (a) f : [a, b] → R stajer : an f(x) = c gia k�je

x ∈ [a, b] tìte f ∈ R[a, b] kai
∫ b

a
f = c(b− a).

(b) f : [a, b] → R stajer  ektìc enìc shmeÐou: an f(x) = c gia k�je

x ∈ [a, b] \ {xo} tìte f ∈ R[a, b] kai
∫ b

a
f = c(b− a).

(g) An f : [0, 1] → R me f(x) = x2, tìte f ∈ R[0, 1] kai
∫ 1

0
x2dx = 1

3
.

(d) H sun�rthsh Dirichlet (f : [0, 1] → R me f(x) = 1 ìtan x rhtìc kai
f(x) = 0 ìtan x �rrhtoc) den eÐnai Riemann-oloklhr¸simh.

(a) Gia k�je diamèrish P tou [a, b] èqoume Mi = mi = c kai sunep¸c

L(f,P) = U(f,P) =
n∑

i=1

c(ti − ti−1) = c(b− a).

Epomènwc

sup{L(f,P) : P diam. tou [a, b]} = inf{U(f,P) : P diam. tou [a, b]} = c(b−a).

(b) Gia na apodeÐxoume thn oloklhrwsimìthta thc f , all� kai gia na upo-
logÐsoume to olokl rwma, arkeÐ na {egklwbÐsoume} to xo se èna {arke-
t� mikrì} di�sthma. Sugkekrimèna, an xo ∈ (a, b) mporoÔme na dialèxoume
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Pn = {a < xo − 1
n

< xo + 1
n

< b} gia k�je (arket� meg�lo)1 n ∈ N, kai ja
èqoume (jètontac M = max{f(xo), c} kai m = min{f(xo), c})

L(f,Pn) = c

(
(xo −

1

n
)− a

)
+ m

(
(xo +

1

n
)− (xo −

1

n
)

)
+ c

(
b− (xo +

1

n
)

)
= c(b− a) + 2(m− c)

1

n

U(f,Pn) = c

(
(xo −

1

n
)− a

)
+ M

(
(xo +

1

n
)− (xo −

1

n
)

)
+ c

(
b− (xo +

1

n
)

)
= c(b− a) + 2(M − c)

1

n

opìte lim
n

(U(f,Pn) − L(f,Pn)) = 0. 'Ara h f eÐnai oloklhr¸simh (apì to

teleutaÐo Pìrisma) kai∫ b

a

f = lim
n

L(f,Pn) = c(b− a).

(g) DiairoÔme to [0, 1] se n Ðsa mèrh: Pn = {0 < 1
n

< . . . < n−1
n

< 1}. Tìte
ja èqoume Mk = k2, mk = (k − 1)2, opìte

L(f,Pn) = 0
1

n
+

(
1

n

)2
1

n
+

(
2

n

)2
1

n
+ . . . +

(
n− 1

n

)2
1

n
=

1

n3

n∑
k=1

(k − 1)2

U(f,Pn) =

(
1

n

)2
1

n
+

(
2

n

)2
1

n
+

(
3

n

)2
1

n
+ . . . +

(
n− 1

n

)2
1

n
+ 12 1

n
=

1

n3

n∑
k=1

k2.

Epomènwc

U(f,Pn)− L(f,Pn) =
1

n3
(n2 − 02) =

1

n
→ 0

pr�gma pou deÐqnei ìti h f eÐnai oloklhr¸simh (apì to teleutaÐo Pìrisma),
kai∫ 1

0

x2dx = lim
n

U(f,Pn) = lim
n

1

n3

n∑
k=1

k2 = lim
n

1

n3

n(n + 1)(2n + 1)

6
=

1

3
.

1dhl. tètoio ¸ste 1
n < min{xo − a, b − xo}. Stic peript¸seic xo = a   xo = b,

qrhsimopoioÔme antÐ thc Pn tic diamerÐseic Qn = {a, a + 1
n , b}, kai Rn = {a, b − 1

n , b}
antÐstoiqa.
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(d) 'Opoia diamèrish P tou [0, 1] kai na jewr soume, se k�je di�sthma
[tk−1, tk] up�rqoun kai rhtoÐ kai �rrhtoi. Epomènwc mk = 0 kai Mk = 1

gia k�je k = 1, . . . , n, �ra L(f,P) = 0 kai U(f,P) = 1 opìte
∫ 1

0
f = 0 kai∫ 1

0
f = 1.

Prìtash 5.7 (Prosjetikìthta) 'Estw a ≤ c ≤ b. An f ∈ R[a, c] kai
f ∈ R[c, b] tìte f ∈ R[a, b] kai∫ b

a

f =

∫ c

a

f +

∫ b

c

f.

Genikìtera, an a = x1 < x2 < . . . < xn = b kai f ∈ R[xi−1, xi] gia k�je i,
tìte f ∈ R[a, b] kai ∫ b

a

f =
n∑

i=1

∫ xi

xi−1

f.

Apìdeixh (tou pr¸tou isqurismoÔ) MporoÔme na upojèsoume ìti a < c < b
(an c = a   c = b, den up�rqei tÐpote n�apodeÐxoume).

'Estw n ∈ N. AfoÔ f ∈ R[a, c] up�rqei diamèrish Qn tou [a, c] ¸ste

U(f,Qn)− L(f,Qn) <
1

n
kai �ra U(f,Qn)−

∫ c

a

f <
1

n
.

EpÐshc, afoÔ f ∈ R[c, b] up�rqei diamèrish Rn tou [c, b] ¸ste

U(f,Rn)− L(f,Rn) <
1

n
kai �ra U(f,Rn)−

∫ b

c

f <
1

n
.

ParathroÔme ìmwc ìti h Pn ≡ Qn ∪Rn eÐnai diamèrish tou [a, c] ∪ [c, b] =
[a, b] kai ìti

U(f,Pn) = U(f,Qn) + U(f,Rn)

L(f,Pn) = L(f,Qn) + L(f,Rn).

Sunep¸c èqoume

U(f,Pn)− L(f,Pn) <
1

n
+

1

n
=

2

n
→ 0
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�ra, apì to Pìrisma 5.5 to
∫ b

a
f up�rqei kai∫ b

a

f = lim
n

U(f,Pn) = lim
n

U(f,Qn) + lim
n

U(f,Rn) =

∫ c

a

f +

∫ b

c

f . 2

Orismìc 5.2 An a < b kai f ∈ R[a, b], orÐzoume∫ a

b

f = −
∫ b

a

f.

Parat rhsh 5.8 Me ton Orismì 5.2, den eÐnai dÔskolo na deÐxei kaneÐc ìti
h Prìtash 5.7 epekteÐnetai wc ex c:
An f ∈ R[a, b] tìte gia k�je x, y, z ∈ [a, b] (anex�rthta apì th di�tax  touc)∫ y

x

f +

∫ z

y

f =

∫ z

x

f.

Prìtash 5.9 'Estw a ≤ c ≤ d ≤ b. An f ∈ R[a, b] tìte f ∈ R[c, d].

Apìdeixh 'Estw ε > 0. Up�rqei diamèrish P tou [a, b] ¸ste U(f,P) −
L(f,P) < ε. MporoÔme na upojèsoume ìti ta shmeÐa c, d an koun sthn P
(giatÐ, an ta episun�youme sthn P , h diafor� U(f,P)−L(f,P) den ja mega-
l¸sei (Prìtash 5.1)). 'Etsi mporoÔme na upojèsoume ìti

P = {a = t0 < . . . < tk = c < . . . < tj = d < . . . < tn = b}.

'Eqoume

U(f,P)− L(f,P) =
n∑

i=1

(Mi −mi)(ti − ti−1) < ε. (2)

ParathroÔme t¸ra ìti h

Q = P ∩ [c, d] = {c = tk < tk+1 < . . . < tj = d}

eÐnai diamèrish tou [c, d] kai ìti

U(f,Q)−L(f,Q) =

j∑
i=k+1

(Mi −mi)(ti − ti−1) ≤
n∑

i=1

(Mi −mi)(ti − ti−1) < ε

giatÐ ìloi oi prosjetèoi sto �jroisma (2) eÐnai mh arnhtikoÐ. Apì to krit rio

Riemann, to olokl rwma
∫ d

c
f up�rqei. 2
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Prìtash 5.10 (grammikìthta) An f, g ∈ R[a, b] kai λ ∈ R tìte f +
λg ∈ R[a, b] kai ∫ b

a

(f + λg) =

∫ b

a

f + λ

∫ b

a

g.

Apìdeixh Ja deÐxoume ìti

(i) f + g ∈ R[a, b] kai

∫ b

a

(f + g) =

∫ b

a

f +

∫ b

a

g

(ii) λf ∈ R[a, b] kai

∫ b

a

λf = λ

∫ b

a

f.

(i) Gia k�je n ∈ N up�rqei diamèrish Pn tou [a, b] ¸ste U(f,Pn)−L(f,Pn) <
1/2n kai2 U(g,Pn)− L(g,Pn) < 1/2n, opìte

U(f,Pn) + U(g,Pn) < L(f,Pn) + L(g,Pn) +
1

n
. (3)

'Eqoume

L(f,Pn) + L(g,Pn) =
∑

(mi(f) + mi(g))(ti − ti−1)

U(f,Pn) + U(g,Pn) =
∑

(Mi(f) + Mi(g))(ti − ti−1)

Parat rhse ìmwc ìti3

mi(f) + mi(g) ≤ mi(f + g), �ra L(f,Pn) + L(g,Pn) ≤ L(f + g,Pn).

[Pr�gmati, mi(f) + mi(g) = inf{f(s) : s ∈ [ti−1, ti]}+ inf{g(t) : t ∈ [ti−1, ti]}
= inf{f(s) + g(t) : s, t ∈ [ti−1, ti]}
≤ inf{f(s) + g(s) : s ∈ [ti−1, ti]} = mi(f + g). ]

OmoÐwc apodeiknÔetai ìti

Mi(f) + Mi(g) ≥ Mi(f + g) �ra U(f,Pn) + U(g,Pn) ≥ U(f + g,Pn).

2Pr�gmati: up�rqoun Qn kai Rn ¸ste U(f,Qn) − L(f,Qn) < 1/2n kai U(g,Rn) −
L(g,Rn) < 1/2n. H Pn = Qn ∪Rn ikanopoieÐ kai tic dÔo anisìthtec.

3Isìthta genik� den isqÔei: gia par�deigma an f(x) = x kai g(x) = 1−x sto [0, 1], tìte
m(f) = m(g) = 0 �ra m(f) + m(g) = 0 en¸ f + g = 1 �ra m(f + g) = 1.
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'Eqoume loipìn

L(f,Pn) + L(g,Pn) ≤ L(f + g,Pn) ≤ U(f + g,Pn)

≤ U(f,Pn) + U(g,Pn) ≤ L(f,Pn) + L(g,Pn) +
1

n
(4)

apì thn (3), �ra

0 ≤ U(f + g,Pn)− L(f + g,Pn) ≤ 1

n

opìte lim
n

(U(f + g,Pn)− L(f + g,Pn)) = 0 kai sunep¸c apì to Pìrisma 5.5

tou krithrÐou Riemann to
∫

(f + g) up�rqei kai isoÔtai me to ìrio
lim

n
L(f + g,Pn). 'Omwc apì thn (4) èqoume

L(f,Pn) + L(g,Pn) ≤ L(f + g,Pn) ≤ L(f,Pn) + L(g,Pn) +
1

n

�ra (afoÔ ta ìria lim
n

L(f,Pn) kai lim
n

L(g,Pn) up�rqoun)

lim
n

L(f + g,Pn) = lim
n

L(f,Pn) + lim
n

L(g,Pn)

dhlad 

∫
(f + g) =

∫
f +

∫
g.

(ii) Gia na deÐxoume ìti to
∫

λf up�rqei kai ìti
∫

λf = λ
∫

f , exet�zoume pr¸ta
thn perÐptwsh λ > 0. Tìte

mi(λf) = inf{λf(s) : s ∈ [ti−1, ti]} = λ inf{f(s) : s ∈ [ti−1, ti]} = λmi(f)

kai omoÐwc Mi(λf) = λMi(f), �ra gia k�je diamèrish P ,

L(λf,P) = λL(f,P) kai U(λf,P) = λU(f,P).

An loipìn dojeÐ ε > 0 epilègoume diamèrish Pε ¸ste U(f,Pε)−L(f,Pε) < ε/λ
kai èqoume U(λf,Pε)− L(λf,Pε) < ε, �ra to

∫
λf up�rqei.

Apì thn �llh meri� ìmwc, gia k�je diamèrish P tou [a, b] èqoume

L(λf,P) = λL(f,P) ≤ λ

∫
f ≤ λU(f,P) = U(λf,P)
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kai epeid  to
∫

λf eÐnai o mìnoc arijmìc pou ikanopoieÐ thn anisìthta

L(λf,P) ≤
∫

λf ≤ U(λf,P)

gia ìlec tic diamerÐseic, anagkastik� ja èqoume λ
∫

f =
∫

λf .
Gia thn perÐptwsh λ < 0 ergazìmaste an�loga parathr¸ntac ìti

mi(λf) = inf{λf(s) : s ∈ [ti−1, ti]} = λ sup{f(s) : s ∈ [ti−1, ti]} = λMi(f)

kai Mi(λf) = λmi(f). 2

Gia ta epìmena, ja qreiasjeÐ mia parat rhsh:

Parat rhsh 5.11 An f : [a, b] → [m, M ] tìte gia k�je s, t ∈ [a, b] èqoume
|f(s)− f(t)| ≤ M −m.

Pr�gmati, epeid  f(s) ≤ M kai f(t) ≥ m èqoume f(s)−f(t) ≤ M−f(t) ≤
M −m kai all�zontac ta s kai t èqoume omoÐwc f(t)− f(s) ≤ M −m.

Prìtash 5.12 An f, g ∈ R[a, b] tìte4f · g ∈ R[a, b].

Apìdeixh 'Estw ‖f‖ = sup{|f(t)| : t ∈ [a, b]}. Gia k�je diamèrish
P = {a = t0 < . . . < tn = b} kai k�je s, t ∈ [ti−1, ti] èqoume

f(s)g(s)− f(t)g(t) = f(s)(g(s)− g(t)) + (f(s)− f(t))g(t)

≤ |f(s)|.|g(s)− g(t)|+ |f(s)− f(t)|.|g(t)|
≤ ‖f‖(Mi(g)−mi(g)) + (Mi(f)−mi(f))‖g‖ ≡ Ki

(qrhsimopoi same thn Parat rhsh). Epomènwc, paÐrnontac supremum wc
proc s ∈ [ti−1, ti],

Mi(fg)− f(t)g(t) ≤ Ki ⇒ Mi(fg)−Ki ≤ f(t)g(t)

gia k�je t ∈ [ti−1, ti], �ra paÐrnontac infimum wc proc t ∈ [ti−1, ti],

Mi(fg)−Ki ≤ mi(fg) ⇒ Mi(fg)−mi(fg) ≤ Ki .

4Parat rhse ìti h Prìtash anafèretai mìno sthn Ôparxh tou
∫ b

a
fg kai den mporeÐ na

qrhsimopoihjeÐ gia ton upologismì tou.
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DeÐxame ìti

Mi(fg)−mi(fg) ≤ ‖f‖(Mi(g)−mi(g)) + (Mi(f)−mi(f))‖g‖

gia k�je i = 1, . . . , n, �ra, prosjètontac tic anisìthtec autèc kat� mèlh,

U(fg,P)− L(fg,P) ≤ ‖f‖(U(g,P)− L(g,P)) + (U(f,P)− L(f,P))‖g‖.

An loipìn dojeÐ ε > 0, epilègoume mia diamèrish P1 ¸ste U(g,P1)−L(g,P1) <
ε

2‖f‖ (Ôparxh tou
∫ b

a
g) kai mia diamèrish P2 ¸ste U(f,P2) − L(f,P2) < ε

2‖g‖

(Ôparxh tou
∫ b

a
f) opìte gia thn koin  eklèptunsh P = P1 ∪ P2 ja isqÔoun

kai oi dÔo anisìthtec

U(g,P)− L(g,P) <
ε

2‖f‖
kai U(f,P)− L(f,P) <

ε

2‖g‖
,

�ra apì thn prohgoÔmenh anisìthta èqoume

U(fg,P)− L(fg,P) < ε. 2

Prìtash 5.13 (Jetikìthta) An f ∈ R[a, b] kai f(x) ≥ 0 gia k�je

x ∈ [a, b] tìte
∫ b

a
f ≥ 0.

Apìdeixh Gia k�je diamèrish P èqoume L(f,P) ≥ 0 efìson mi(f) ≥ 0 kai
�ra ∫ b

a

f ≥ L(f,P) ≥ 0.

Pìrisma 5.14 An f, g ∈ R[a, b] kai f(x) ≥ g(x) gia k�je x ∈ [a, b] tìte∫ b

a
f ≥

∫ b

a
g.

Apìdeixh Efarmìzontac thn prohgoÔmenh prìtash sth mh arnhtik  sun�r-

thsh h = f − g èqoume
∫ b

a
(f − g) ≥ 0. All� apì th grammikìthta tou

oloklhr¸matoc èpetai ìti
∫ b

a
f −

∫ b

a
g =

∫ b

a
(f − g) ≥ 0. 2

Prìtash 5.15 An f ∈ R[a, b] tìte |f | ∈ R[a, b] kai∣∣∣∣∫ b

a

f

∣∣∣∣ ≤ ∫ b

a

|f | .

12



Apìdeixh Prèpei pr¸ta na apodeÐxoume thn Ôparxh tou
∫ b

a
|f |: Gia k�je

diamèrish P tou [a, b], k�je i kai k�je x, y ∈ [ti−1, ti] èqoume

|f(x)| − |f(y)| ≤ |f(x)− f(y)| ≤ Mi(f)−mi(f),

apì thn Parat rhsh 5.11. PaÐrnontac supremum wc proc x kai met� infimum
wc proc y (ìpwc sthn apìdeixh thc Prìtashc 5.12) brÐskoume

Mi(|f |)−mi(|f |) ≤ Mi(f)−mi(f).

'Epetai ìti
U(|f |,P)− L(|f |,P) ≤ U(f,P)− L(f,P).

Epomènwc, an dojeÐ ε > 0, dialègontac diamèrish P ¸ste U(f,P)−L(f,P) <

ε, ja èqoume U(|f |,P)− L(|f |,P) < ε kai �ra to
∫ b

a
|f | up�rqei.

T¸ra, epeid 

−|f |(t) ≤ f(t) ≤ |f |(t) gia k�je t ∈ [a, b]

èpetai apì to Pìrisma 5.14 ìti

−
∫ b

a

|f | ≤
∫ b

a

f ≤
∫ b

a

|f | �ra

∣∣∣∣∫ b

a

f

∣∣∣∣ ≤ ∫ b

a

|f |.

Pìrisma 5.16 An f ∈ R[a, b] kai m ≤ f(x) ≤ M gia k�je x ∈ [a, b] tìte

m(b− a) ≤
∫ b

a

f ≤ M(b− a).

EpÐshc ∣∣∣∣∫ b

a

f

∣∣∣∣ ≤ ∫ b

a

|f | ≤ ‖f‖(b− a)

ìpou ‖f‖ = sup{|f(t)| : t ∈ [a, b]}.

Apìdeixh Efarmìzoume to Pìrisma 5.14: apì thn anisìthta m ≤ f(x) ≤ M

gia k�je x ∈ [a, b] èqoume m(b−a) ≤
∫ b

a
f ≤ M(b−a) kai apì thn |f(x)| ≤ ‖f‖

gia k�je x ∈ [a, b] èqoume
∫ b

a
|f | ≤ ‖f‖(b− a).
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