5 To ohoxApwpa Riemann

Mio Swapépron P tou [a, b] elvon éva tenepaouévo alvoho
P={a=to<t1 <...<tp, 1 <t,=>}

Av f:a,b] — R eivor ppaypévn, Hétouye

M; = M;(f) = sup{f(s) : s € [ti—1, L]}
m; =m;(f) =inf{f(s):s € [ti_1,t;]} (=1,...,n).

o n

L(f,P) = Zmz(f)(tz —ti1)
:mo(tl—t0)+m1(t2—t1)+. . —I—ml(tz—tl_l)%— . +mn(tn—tn_1)
U(f,P) =D Mi(f)(t: = tir)

= Mo(ty—to)+My(ta—t1)+. . A Mfti—t; 1)+ ..+ Mt —t, 1).

To L(f,P) xar U(f, P) ovoudlovtor x&tew xa dvew ddpoicpa Riemann
¢ [ g mpog TN dopépion P.

Eivor cagéc 6t L(f, P) < U(f,P). Oewpdviag dwdoyxd Swuepioelc Ue
6ho xon meplochTepa onueia, Yo mopatnericouus OTL To xdTw avpolopata pe-
YOAGDVOUY, TAUpoUEVOVTUS GUwe Gl wixpdtepa (1 foa) and xdlde dve ddpor-
oUa, EVG TA dvew adpoiouota uixpatvouy, TapoEVovTac Ouwe A UeYahiTepa
(f foo) amd xdle xdtw ddpowopa. Av undpyer évag kar povadikés oprduoe
I avapeoa oo xdte xou To dve adpolopota, dnAhadr TETOl0¢ MO TE Vo Loy Vel
L(f,P) <1 <U(f,Q) yw onoeodhinote 0o droyepioec P xou Q tou [a, b],
T6TE AUTOS 0 appdg ovoudleTton To ohoxAfpwpa Riemann tng f oTo la, b].
ANde, 1o ohoxhfpwua Riemann e f oo [a, b] dev undpyet. Ta adpoiopata
Riemann Aotmév amoteholy xd1w ot dve TEoCEYYIOES TOU OAOXANPOUAUTOS
Riemann, 6tay autd undpyet.

[To avaiuTixd:

Av P, Q eivan Sroepioetc tou [a, b] xoau P C Q (dnhadr n Q meptéyel Gha o
onuela e P) tote 1 Q Myetow exAéntuvon g P.

IMeétaocy 5.1 Av P, Q eivar diapepioes tov [a, b],
(a) L(f,P) <U(f,P).



(B) Av P C Q, téte L(f,P) < L(f,Q) km U(f,P)>U(f, Q).
(y) TIa kide P,Q, L(f,P)<U(f, Q).
(6) sup{L(f,P): P dupépion wouv |a,b]} <inf{U(f, Q) : Q dapépion wov [a,bl}.

Ano6deln (o) Llpogavéc and v avisdtnta m; < M;.

(B) ©a unodéooupe mpodta 6Tt oL duo Brogepioels Blopépouy wévo xatd €va
oruelo s:

P={a=ty<...<tp 1< tp<...<t,=0b}
Q=PU{s}={a=ty<...<tp1<s<tlpy<...<t,=Db}

Tore

U(f,P)=Mqt1—to)+Mi(to—t1)+.. .+ Mty —tx_1)+...+Mt,—t,_1)
U(f, Q)=Myti—to)+Mi(ta—t1)+.. . +M(s—tp_1)+ M (tx—5)+.. .+ M(t,—t,_1)

6mou M' = sup{f(x) : v € [ty_1,s]} xao M" = sup{f(z) : z € [s,tx]}, dpa
M < My xou M" < My, (vl [ti—1,8] C [te—1,tx] xou [s,tk] C [tr—1,tx]),
onoTE

U(f7 73) — U(f, Q) = Mk(tk — tk—l) — M/(S — tk,’—l) — M”(tk — S)
= (M — M) (s = tp1) + (My — M")(tp — 5) > 0.

Ouoiwc 0 poc my(ty —tx—1) Tou adpoiopatoc L(f, P) avuxadictatar and tov
m/'(s —ty—1) + m"(ty, — s) o710 dpowoua L(f, Q), 61ou

m' =inf{f(x) : © € [ty_1, 8]} xu m” = inf{f(x) : z € [s, 1]}, dpa m' > my,
xou m” > my, onéte L(f, Q) > L(f, P).

H yevueh neplntwon, 6tav n Q dagepet and tny P xatd £ onuela, anodeix-
VOETON UE oA TV TV (Bl entyetonudtwy: Ay Q = PU{s1, S2,. .., 5}
(6mou s; ¢ P) Véroupe Q1 = P U{s1}, Q2 = PU {s1,52},...,Qr = Q xau
Tapatneolue 6Tt xdlde Q; dupépet amd Ty Qi1 xutd éva uévo onuelo. Lu-
VEmWe and v mponyoluevn mopdypoago éyovue L(f, Q;) < L(f, Qit1) xou
U(f, Qi) > U(f,Qit1), dpo telxd

L(f,P) < L(f, 1)
xau U(f,P)>U(f, Q1)



(v) Egopudlovpe to (B) oty kownj exkdéntuvon R =P U Q twv P xa Q:
L(f,P) < L(f,R)
U(f,R) <U(f, Q).

Ané 1o (o) duwe éyovpe  L(f,R) < U(f,R)

Aol GUVETS L(f,P) <U(f, Q).

(8) And 7o (y) mpoxintet ot xde U(f, Q) elvan dvw @ppdyua Tou cuvéhou

{L(f,P) : P . tou [a,b]}.

Yuvenwe undpyet 1o sup{L(f,P) : P Sy tou [a,b]} = L xou
L <U(f, Q) yw onowdfirote dopépton Q tou |[a, b].

Auté buwe onuatvel 6Tt To L elvan v xdTte Qpdypo ToU GUVOROU

[U(f,Q) : Q b, o [a, 8]},
doo To ohvoro autéd €yet infimum xar Yoot

L <inf{U(f, Q) : Q doy. tou [a,b]}. O

Optowode 5.1 Eoww f: [a,b] — R gpayuérn. Opilovue

b
/ f=mf{U(f, Q) : Q dwuépion wov [a, b]}

To dvw oAokAnfpwpua tng f oo [a,b] ka

b
/ f =sup{L(f,P) : P dwauépion wov |a, b]}

0o kdTw oAokArjpwua tng f oTo [a,b].
[To %t xou To@w oloxhfpwud xdie poyUévng ouvdptnone f mdvTta umde-

YOUY %ol f_:f < fabf]

Av fabf = f_;f wite n f Aéyerar Riemann-oAokAnpdoiun oo [a,b] ka

/abe/abf(S)dsi’/ibfsz-

Owav n f elvar Riemann-olokAnpdoun oo [a,b], ypdpovue ya ouvvrouta
f € Rla, b].

YvuPoAouog Oérovue / f=0.
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Moagathpnon 5.2 Av n f evar okoxkAnpdoiun oo |a,b], tdte o fabf efvar
0 povadikds apruds mou ikavorolel Tny aviodtnta

b
L.P)< [ £ <UGP)
yia kdOe dauépron P wov [a, b].
H enduevn amiy| Lpbdtaon etvon 10 Pacind xpithplo ohoxANpeoOTNToC:

IMeoétaor 5.3 (KpwthApro Riemann) Eotw f : [a,b] — R gpaypérn. H
[ elvar okokAnpaoun av kar pdvov av yia kde € > 0 vndpyer owapépion Pe
wov |a, b] dote

U(fape) _L(f>7)s) <E. (1)

Nagathpnon 5.4 Av nP. ikavoroiel tny (1), tée PeBaing kdle exAénturon
¢ emiong Ty ikavonoiel, agov and tny Hpdraon 5.1 av P O P wdre U(f, P) <
U(f,P:) kar L(f,P) > L(f,P-), dpa

U(f,P) = L(f,P) SU(f,P:) — L(f,P.) <e.
Arndédeln Kputnplov Riemann Trodétouue npwta 6t 1 f Oev  elvon
ohoxdnpwotun. Téte Yo éyouue f_abf > fabf Av Yéoouvye £ = f_;f - fabf,
161 € > 0 xou, emedr xde Srauépion P;)u [a, b] wavonowel L(f,P) ijf

xaw U(f,P) > f_:f, Vo €youpe avayxaotxd U(f,P) — L(f,P) > €, ondte 10
xpitripto Riemann dev wxavonoteltan.
Trovétouye T@pa 6T 1) f elvar oAoxhnp®otur), oToTE

b
sup{L(f, Q) : Q day. tou [a,b]} :/ f=mf{U(f,R): R dwoy. Ttou [a,b]}.

Av Sodel £ > 0, vndpyet droépron Q tou [a,b] dote fff — 5 < L(f, Q) o

2
opolwe undpyel Swpépton R tou [a, b] dote fabf+§ > U(f,R), onote €youue

U(f,R)—L(f,Q)</abf+§—(/abf—g) _.

Av Yéoouye tdpa P, = QUR €youue and tny llpdtaon 5.1(8) 6w U(f, P.) <
U(f,R) xou L(f, P) > L(f, Q), dpa

U(f7PE)—L<f,7D€)<€. O



IMépropa 5.5 Eoww f : [a,b] — R gpaypérn. Av vndpye axolovdia dia-
pepioewy {P,} wv [a,b] dote im(U(f,P,) — L(f,P,)) = 0 téte n f elva
oAoKkANpooUn Kal

b
!/f=WWUﬁm=@wumm

Anédeln Egboov n axohovdio (U(f, Pn) — L(f, Pn))n teivet o0 0, Y
x&de & > 0 undpyer n, € N dote U(f, Py,) — L(f, Pn,) < €. Enopévac o [ f
urdpyet and To xpithplo Riemann. Mo xdde n €youpe

uﬁngs/fgmﬁng
&QO( Og/f_L<f7Pn>SU(f7,Pn)_L(faPn)
- 0<U(P) - [1<UGP) - (P

ondte lim([ f — L(f,P,)) = 0 xou Uim(U(f, Py) — [ f) = 0.

MNagadeiypata 5.6 (a) f : [a,b] — R owdepri: av f(x) = ¢ ya kdOe
x € [a,b] téte [ € R[a,b] kai f:f =c(b—a).
(B) [ :a,b] — R owlepny extés evds onuciov: av f(r) = ¢ ya kdle
z € [a,b] \ {x,} tbre f € Rla,b] ka1 fabf =c(b—a).
(v) Av [:]0,1] = R pe f(z) = 22, téte f € R[0,1] ka1 fol w?dx = .
(6) H ovvdptnon Dirichlet (f : [0,1] — R pe f(z) =1 drav x pntés kar
f(x) =0 drav = dppnrog) dev elvon Riemann-oAokAnpdoipn.
(o) T xdde Srowépton P tou [a, b] éyouye M; = m; = ¢ xon CUVETMC

n

L(f,P)=U(f.P) = clt; —ti) = c(b— a).

=1

Eroyévec

sup{L(f,P) : P Bw. tou [a,b]} = inf{U(f,P) : P dwo. tou [a,b]} = c(b—a).
(B) T va amobei&ouye v ohoxhnpwowdtnta e f, ahhd xou yior vor umo-
hoyiooupe T0 ohoxhfpwua, opxel vo «eyxhwPloouvyey 10 T, GE €val «opXE-

T4 Wixpdy Do TNUA.  LUYXEXPWEVA, AV T, € (a,b) punopolue vo StohéEouue
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Po={a<z,— L <zo+ L <b}yiaxdde (apxetd peydho)! n € N, xou o
éyouue (Vétovtag M = max{ f(x,),c} xa m = min{ f(z,), c})

s =e (=D =a) +m (@t 1) - e D)) +e (b= (0,4 3))

:c(b—a)+2(m—c)%
0P = (=1 =) 21 (04 1) = (o= D)) e (b= (@ + 1)

ondte im(U(f,P,) — L(f,Pn)) = 0. Apa 1 f eivar ohoxhnpdowun (and to

tehevtaio [16piopa) xou

b
/ f= lignL(f,Pn) =c(b—a).

(v) Auoupotpe o [0,1] o nfoa yépn: P, ={0 <L < ... <L <1} Tére
Vo éyouue My, = k?, my, = (k — 1)?, ondrte
n—1\"1 1
—— —1)2
( n ) n nd (k=1)
k=1

L/, ( ) <‘)271ﬁ--~+
PR

npdyua mou defyver 6tL ) f elvon ohoxhnpdon (and to tekeutaio ldpioua),
o

! 1 Lnn+D)@2n+1) 1
2 2 _
/0 d:z:—th(f P.) = 111£nn3 E k _llTILn/]’I,’?’ 5 =3

157])\ TETOLO WOTE % < min{z, — a,b — z,}. Tuc nspm‘rwoag o = a T, =D,
Xpnmponmoups avtl e P, e dwpeploec Q, = {a,a + 1,b}, xou R, = {a,b — +,b}
avtioTouya.



(8) Omowr dropépion P tou [0,1] xou va dewpriooupe, oe xdde SidoTnua
[te—1,ti] umdpyouv xar pntol xau dpernror. Emopévee my = 0 xou M = 1
yw xdde k =1,...,n, dea L(f,P) = 0 xou U(f,P) =1 onore folf =0 %o

[If=1

IIpoétaor 5.7 (IlpocVetixdtnta) Eotw a < c <b. Av f € Ra, c] ka
I € Rle, b téte f € Ra,b] kar

[r=f ]

Ievikérepa, av a = 11 < x2 < ... <z, = b ka1 f € R[x;_1, x;] ya kdle i,

tote f € Ra, b] ka1
f= |
/“ i=1 Y ¥i-1

A7éderEn (tou npdtou oyupopol) Mropolue va unodécouye 6tia < ¢ < b
(av ¢ =a % c=b, Sev undpyet titote Vanodelouye).
‘Ecotww n € N. Agot f € Ra, c] undpyet dapépton Q, tou [a, c] dote
1 , c
U(f,Qn) — L(f, Q) < - wan dpa U(f,Qn) —/ f< e

Eniong, agol f € Rlc, b] undpyet dwpépton R, tou [c,b] dote

U(f,Rn) — L(f,Ry) <% xol dcpocU(f,Rn)—/bf< %

Hopatneotue bpwc 6t n P, = Q,, UR,, elvor dtapépton tou [a, c| U [c, b] =
[a, b] xou 6T

U(f,Pn)
L(f, Pn)

U(f,Qn) +U(f, Rn)
L(f, Qn) + L(f, Rn).

LUVETOG €)Y OUUE

— 0

1 1 2
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doa, amo To Ibploua 5.5 T0 fbf UTIAEYEL Xou

/f_th(fP)_th(f Q) +limU(f, R,) /f+/f O

Optowde 5.2 Ava < b kat f € Rla,b], optlovue

[r==[+

IMagathenon 5.8 Me tov Opioud 5.2, dev eivon 60oxoho va Bellel xavelc 6Tt
1 Hpdtaon 5.7 emexteiveton w¢ e€ng:
Av f € Rla, b] vdve ya kdle x,y, z € |a,b] (avetdptnra and Tn didraér Tous)

y z z
Lrefo=]s
T Y T

Ieétaocyn 5.9 Fowa<c<d<b Ar f e Ra,b] vite f € Rc,d].

Anédeln Eow ¢ > 0. YTndpyet dwyépon P tou [a,b] wote U(f,P) —
L(f,P) < e. Mropolue vo untodécoupe 6t ta onyeio ¢, d avixouv otny P
(yuti, av o emovvédoupe oty P, 1 dwawopd U(f, P) — L(f, P) dev Yo peya-
rooer (Hpdtaon 5.1)). "Etor urnopote va unotdécouue 6t

P={a=t)<...<tr=c<...<tj=d<...<t, =0}

‘Eyoupe

n

U(f,P) = L(f,P) =Y (M; —my)(t; — ti1) <. (2)

[apatnpolue topo 6T 1) .
Q=PnNnle,d ={c=ty <tpy1 <...<t;=d}
elvan Blopépton tou [c, d] %o ot
J
U(f,Q) = L(f,Q) = > (Mi—m)(t; —ti1) <Z (M; = my)(t; = ti1) < e
i=k+1

yiatt 6hot ot tpocletéol 1o dlpotoua (2) ebvar un apyntixol. And o xprthplo
Riemann, 1o ohoxhipwya fcdf undpyet. O



IMeétaoy 5.10 (yYepapuixotnta) Av f,g € Rla,b] ka1t A € R tére f +

Ag € Rla,b] kat . i .
/G(fJMg):/aerA/ag

ATno6dellr Ou detlouye 6TL

Wrroeman  wa [Uro=[1+ [
(i) \f € R[a, 8] :wttéxf:Alwi

(i) D xdde n € N undpyet dropépion Py, tou [a, b] wote U(f, Pn) — L(f, Pn) <
1/2n xa® U(g, P,) — L(g,P,) < 1/2n, ondte

UGS, Pa) + Ule, P) < LS. Pa) + (g, P) + )

‘Eyoupe

[opatipnoe duws 61
mi(f) +mi(g) <mi(f +g), dpa L(f,Pn) + L(g, Pn) < L(f + 9, Pn).

[Hedypoty, my(f) +mi(g) = inf{f(s): s € [ti_1,t;]} + Inf{g(t) : ¢ € [ti—1, ]}
= inf{f(s) +g(t) : s,t € [ti-1, L]}
< inf{f(s) +g(s) : s € [ti-1, til} = mi(f + 9).]

Ouolwe arodewcvieTon Ot

M;(f) + Mi(g) = Mi(f +9g) dpa U(f,Pp) +U(g,Pn) = U(f + g, Pn).

2Hpdeyportt: undpyouy Q, xou Ry, wote U(f, Q) — L(f, Qn) < 1/2n xu U(g,Ry) —
L(g,R,) <1/2n. HP, = Q,, UR,, xavonowel xou Tic 300 ovadTNTES.

3lodtnTo yewind dev oylel: yio tapdderyua av f(z) =z xo g(z) = 1 —z 070 [0, 1], 618
m(f) =m(g) =0 dpa m(f) +m(g) =0eve f+g=1dpa m(f+g)=1.




‘Eyouue howndyv
<UL P +U(9.P) < LU P) + Llg. P+ (4)

ané v (3), o

S|

onédte im (U(f + g,Pn) — L(f + g, Prn)) = 0 xou cuvende and to [lbpopa 5.5

Tou xpttnplou Riemann to [(f + ¢) undpyet xou wolta ye 10 6pto
lim L(f + g,Pn). Ouwe and 1ty (4) éyouue

1
L(f, Pa) + L(9: Pn) < L(f + 9, Pn) < L(f, Pa) + L(g, Pu) +
oo (oot T 6ptar lim L( f, Py,) xou lim L(g, P,,) undpyouy)

lim L(f + g, P,) = lim L(f, P,) + lim L(g, P,)

Brpoi [t+a=[r+]s

(ii) Two va BefZoupe 6t to [Af undpyer xan 6Tt [Af = X [ f, e€etdloupe npota
Ty mepintwon A > 0. Téte

mi(Af) = nf{Af(s) : s € [tig, 6]} = Anf{f(s) - 5 € [tig, ti]} = Ami(f)
xou opolwe M;(Af) = AM;(f), dpo yio xdde dopépton P,
LOVLP) = AL(f,P) xau UM P) = \U(f, P).
Avdotndy Sodei e > 0 emhéyouye dwpépton P, wote U(f, P.)—L(f, P:) < e/A

xou éyouge U(Nf, P.) — LIAf, P.) < &, dpa 1o [Af undpye.
Ané v A ueptd buwe, i xdde Sropépion P tou [a, b] éyouue

LM, P) = AL(f,P) < A / f <AU(f,P) = UM P)
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X0l ETEWY| TO f)\f elvor 0 uévog aprdude Tou txavomolel Ty avichHTn T

LOM.P) < / A <UL P)

Yo OAeg TIC Otopepioels, avayxaoTixd Yo €youue )\ff = f)\f
[ao v mepintwon A < 0 gpyalouacte avdhoyo TIRATNEOYTIS OTL

mi(Af) = nf{Af(s) : s € [ticg, &)} = Asup{[f(s) : s € [tio1, ]} = AM;(f)
xar  M;(Nf) = dm;(f). O

[ ta emdpeva, Yo yperactel uo napathenon:

Moagathenon 5.11 Av f:[a,b] — [m, M| téte ya kdOe s,t € [a,b] éyoupe
[f(s) = f(O)] < M —m.

Hedyportt, enedr| f(s) < M xaw f(t) > m éyouue f(s)—f(t) <M f(t) <
M — m xou adhdlovtac ta s xou t €youue opoilwg f(t) — f(s) < M —
Mpbtaoy 5.12 Ay f,g € Rla, b] wére' f - g € Ra, b].

An6deln 'Eotw || f]| = sup{|f(t)| : t € [a,b]}. ' xdde Sropéplon
P={a=1t)<...<t,=>b}xouxdle s,t € [t;_1,t;] €youye

f(s)g(s) = f(8)g(t) = F(s)(g(s) = g(1)) + (f(s) = F(2))g(t)
< [f(s)l-lg(s) =g+ 1f(s) = F(B)]-19()]
< [IF1(Mi(g) — mi(g)) + (Mi(f) = mi(f))llgll =

(Xpnmpononf}aape ™y Hocpaw’]pncn). Enouévwe, mafpvovtag supremum ¢
TEPOQ S & [ti—lati];

Mi(fg) — f(D)g(t) < Ki = Mi(fg) — Ki < f(t)g(t)
Yo xde t € [ti_1,t;], dpa mafpvovtoc infimum we npog t € [t;_1, ti],

Mi(fg) — Ki <mi(fg) = Mi(fg) —mi(fg) < Ki.

4 , ; , . , . b P
opatfienoe o 1 Ipdtaon avagépetar ubvo oty vrapén wu [ fg xo dev umopel va
yenowomoundel yia Tov urodoyious tou.
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Actope ot
M;(fg) —mi(fg) < [ fI[(Mi(g) —mi(g)) + (Mi(f) —mi(f))llgll

v xde 1 = 1,...,n, dpa, TpocVETOVTAC TIC AVIOOTNTES AUTEC XATA UEAT),

Av howndy Sovel e > 0, emhéyouyue wa Swapépton Py wote U(g, P1)—L(g, P1) <
a7y (Umopdn Tou fab g) xou o Swpépion Py wote U(f, P2) — L(f, P2) < 557

(Umapén Tou fab f) onbte v v xowt| exhéntuvon P = Py U Py da oy bouy
xat oL 500 aVIGHTNTES

3

U(g,P) — L(g, P) 2[lgll”

9
< m xou U(f, P) — L(f, P) <

doat amb TNV TEONYOUUEVY) AVIGOTNTA €Y OUUE
U(fg,P)—L(fg,P)<€ O

IMeétaocy 5.13 (Oetxdtnta) Av f € Rla,b] kar f(xr) > 0 ya kdde
x € [a,b] tdre f;f > 0.

An6derEn T xde Swopépion P éyouue L(f,P) > 0 epdboov m;(f) > 0 xou

doa
b
[r=tum =0
IMépwopa 5.14 Av f,g € Rla,b] ka1 f(z) > g(x) ya kdle x € [a,b] tére
b b
fa f 2 fa 9g-

Anodelly Egoapudloviag Ty mponyoluevn TpoTacT 6T 1N apVNnTIxT ouvdp-
m™on h = f — g éyouue fab(f —g) > 0. AN\& and ™ YeoumxoTNTOL TOU
ONOXATPOUATOC ETETAL OTL fabf - fabg = fab(f —g)>0. O

IMeétaocy 5.15 Av f € Ria,b] vdte |f| € Rla,b] ka

‘[félnﬂ
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Arndbdelr Ilpéna mpata va armodetbovpe tny Umapén tou ff |f]: T xde
droépton P tou [a, b, x&e i xou xdVe x,y € [ti_1,t;] €youye

[f (@) = [f W)l < [f(2) = Fy)l < Mi(f) = ma(f),

oo v Togatipnon 5.11. Tlaipvovtog supremum w¢ meog = xot Yetd infimum
w¢ Tpog Y (6nwe oty anddeln e Llpdtaong 5.12) Beloxouye

Mi([f1) = mi(lf]) < Mi(f) — mi(f).

"Eretar 6Tt

U(lf,P) = L(f,P) SU(f,P) = L(f,P).

Enopévwe, av Sodei € > 0, Swrhéyovtac Swpépion P dote U(f,P)—L(f,P) <
g, Ya éyovue U(|f],P) — L(| f|,P) < & xau dpa T0 fab | f] umdpyet.
Topa, eneidn

=) < f(t) < |fI(t) vy xdde t € [a,b]
éneTon amd To Ilbpoua 5.14 6T

_/ab’f|§/abf§/ab|f] dpat /abf‘ﬁ/ab|f|‘

IMégwopa 5.16 Av f € Ra,b] kmm < f(z) < M ya kdle x € [a, b] tdre

b
m(b—a)g/ f<M(@D-a).

/abf‘éfab\f\é\!fl\(b—a)

érov || ]| = sup{|f ()] : ¢ € [a,B]}.

Eriong

An6deEn Egopudlovye to Hoptopa 5.14: and thy ovieotnram < f(z) < M
Y xde z € [a, b] éyouvye m(b—a) < f;f < M(b—a) xavomo my | f(x)] < || f]]
Y xé&de x € [a, b] €xoupe ff lfI < |IfI1(b = a).
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