
6 Oloklhrwsimìthta

Je¸rhma 6.1 An h f : [a, b] → R eÐnai monìtonh sun�rthsh tìte eÐnai
Riemann-oloklhr¸simh.

Apìdeixh An h −f eÐnai oloklhr¸simh, to Ðdio isqÔei gia thn f (Prìta-
sh 5.10). MporoÔme loipìn na upojèsoume ìti h f eÐnai aÔxousa (an ìqi,
jewroÔme thn −f).

Kat�arq n èqoume f(a) ≤ f(x) ≤ f(b) gia k�je x �ra h f eÐnai fragmènh.
Gia k�je diamèrish P ,

mi(f) = inf{f(x) : x ∈ [ti−1, ti]} = f(ti−1)

kai Mi(f) = f(ti).

Epomènwc

L(f,P) =
n∑

i=1

f(ti−1)(ti − ti−1) kai U(f,P) =
n∑

i=1

f(ti)(ti − ti−1)

�ra U(f,P)− L(f,P) =
n∑

i=1

(f(ti)− f(ti−1))(ti − ti−1).

JewroÔme t¸ra mia diamèrish P tou [a, b] se n Ðsa tm mata, opìte ti − ti−1 =
b−a
n

gia k�je i. Tìte

U(f,P)− L(f,P) =
n∑

i=1

(f(ti)− f(ti−1))
b− a

n
= (f(b)− f(a))

b− a

n
.

ArkeÐ epomènwc, an dojeÐ ε > 0, na dialèxoume n ∈ N ¸ste (f(b)−f(a)) b−a
n

<
ε, opìte gia thn antÐstoiqh diamèrish P ja èqoume U(f,P)−L(f,P) < ε kai
to sumpèrasma èpetai apì to Krit rio Riemann.

Par�deigma 6.2 f : [a, b] → R (ìpou a > 0) me f(x) = 1
x2 .

H f eÐnai fjÐnousa, �ra to olokl rwma up�rqei. Gia na to upologÐsoume,
jewroÔme mia tuqaÐa diamèrish P tou [a, b]. AfoÔ 1

ti
≤ 1

ti−1
èqoume

L(f,P) =
n∑

i=1

1

t2i
(ti−ti−1) ≤

n∑
i=1

1

titi−1

(ti−ti−1) ≤
n∑

i=1

1

t2i−1

(ti−ti−1) = U(f,P).
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All�
n∑

i=1

1

titi−1

(ti − ti−1) =
n∑

i=1

(
1

ti−1

− 1

ti

)
=

1

a
− 1

b

�ra

L(f,P) ≤ 1

a
− 1

b
≤ U(f,P).

AfoÔ h diamèrish P eÐnai tuqaÐa, kai to
∫ b

a
f eÐnai o mìnoc arijmìc pou ikano-

poieÐ thn anisìthta aut  gia k�je P , èpetai ìti
∫ b

a
f = 1

a
− 1

b
.

Pìrisma 6.3 An h f : [a, b] → R eÐnai kat� tm mata monìtonh (dhlad 
up�rqei diamèrish {a = x0 < x1 < . . . < xn = b} tou [a, b] ¸ste h f |[xi−1,xi]

na eÐnai monìtonh gia k�je i), tìte eÐnai oloklhr¸simh.

Apìdeixh Apì to Je¸rhma 6.1, to
∫ xi

xi−1
f up�rqei gia k�je i = 1, . . . , n.

Sunep¸c to
∫ b

a
f up�rqei apì thn Prìtash 5.7.

Parat rhsh 6.4 Apì to pìrisma prokÔptei ìti oi poluwnumikèc kai oi rh-
tèc sunart seic (se kleist� kai fragmèna upodiast mata tou pedÐou orismoÔ
touc) eÐnai oloklhr¸simec.

To pìrisma ìmwc den efarmìzetai se ìlec tic suneqeÐc sunart seic: Gia
par�deigma h f : [0, 1] → R me f(x) = x sin 1

x
ìtan x 6= 0 kai f(0) = 0

eÐnai suneq c all� den eÐnai monìtonh se kanèna di�sthma thc morf c [0, a]
(apìdeixh: �skhsh!). Gia na deÐxoume ìti k�je sun�rthsh orismènh kai suneq c
sto [a, b] eÐnai oloklhr¸simh sto [a, b], ja qreiasjoÔme thn isqurìterh ènnoia
thc omoiìmorfhc sunèqeiac.

Je¸rhma 6.5 An f : [a, b] → R eÐnai suneq c sun�rthsh, tìte to olokl -

rwma
∫ b

a
f up�rqei.

Apìdeixh AfoÔ h f eÐnai omoiìmorfa suneq c, an dojeÐ ε > 0 up�rqei δ > 0
¸ste an s, t ∈ [a, b] kai |s − t| < δ tìte |f(s) − f(t)| < ε

2(b−a)
. An loipìn P

eÐnai mia diamèrish1 tou [a, b] ¸ste |tk − tk−1| < δ gia k�je k, tìte gia k�je
s, t ∈ [tk−1, tk] ja èqoume |f(s) − f(t)| < ε

2(b−a)
, kai �ra Mk − mk ≤ ε

2(b−a)
.

Epomènwc

U(f,P)−L(f,P) =
n∑

k=1

(Mk−mk)(tk−tk−1) ≤
ε

2(b− a)

n∑
k=1

(tk−tk−1) =
ε

2
< ε. 2

1up�rqei tètoia diamèrish, p.q. se n Ðsa tm mata, me n > b−a
δ
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Je¸rhma 6.6 (Mèshc Tim c) An f : [a, b] → R eÐnai suneq c kai g :
[a, b] → R eÐnai oloklhr¸simh me g(x) ≥ 0 gia k�je x ∈ [a, b], tìte up�rqei
ξ ∈ [a, b] ¸ste ∫ b

a

fg = f(ξ)

∫ b

a

g.

Eidikìtera up�rqei ξ ∈ [a, b] ¸ste∫ b

a

f = f(ξ)(b− a).

Apìdeixh MporoÔme na upojèsoume ìti
∫ b

a
g > 0 (an

∫
g = 0, to sumpèrasma

isqÔei gia opoiod pote ξ). An m = inf{f(t) : t ∈ [a, b]} kai M = sup{f(t) :
t ∈ [a, b]} èqoume gia k�je t ∈ [a, b],

m ≤ f(t) ≤ M

mg(t) ≤ f(t)g(t) ≤ Mg(t) (g(t) ≥ 0)

�ra m

∫ b

a

g ≤
∫ b

a

fg ≤ M

∫ b

a

g

apì to Pìrisma 5.14. Dhlad  ∫ b

a
fg∫ b

a
g
∈ [m, M ].

AfoÔ h f eÐnai suneq c, èqoume {f(t) : t ∈ [a, b]} = [m, M ], �ra apì to
je¸rhma endi�meshc tim c up�rqei ξ ∈ [a, b] ¸ste

f(ξ) =

∫ b

a
fg∫ b

a
g

.

Parat rhsh 6.7 EÐnai eÔkolo na diapist¸sei kaneÐc ìti sto teleutaÐo
Je¸rhma h upìjesh g ≥ 0 den mporeÐ na paraleifjeÐ. Gia par�deigma, an

f, g : [0, 2] → R ìpou f(x) = x2 kai g(x) =

{
−1 an x ∈ [0, 1]
2 an x ∈ (1, 2]

tìte∫ 2

0
g = 1 kai

∫ 2

0
fg = 13

3
�ra

R
fgR
g

= 13
3

> 4 en¸ 0 ≤ f(ξ) ≤ 4 gia k�je

ξ ∈ [0, 2].
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Je¸rhma 6.8 'Estw f : [a, b] → R Riemann-oloklhr¸simh kai g orismènh
kai suneq c sto [m, M ] ìpou M = sup{f(s) : s ∈ [a, b]} kai m = inf{f(s) :
s ∈ [a, b]}. Tìte h sÔnjesh g ◦ f : [a, b] → R eÐnai oloklhr¸simh.

ShmeÐwsh Up�rqoun paradeÐgmata pou deÐqnoun ìti den eÐnai arketì h g na
eÐnai oloklhr¸simh.

Apìdeixh Jewr matoc Jètoume h = g ◦ f . ParathroÔme kat�arq n ìti
h h eÐnai fragmènh. Pr�gmati,

‖h‖ ≡ sup{|h(t)| : t ∈ [a, b]} = sup{|g(s)| : s ∈ [m, M ]} < ∞

afoÔ h g eÐnai suneq c, �ra fragmènh sto [m, M ].
'Estw ε > 0. AfoÔ h g eÐnai omoiìmorfa suneq c, up�rqei δ > 0 (kai

mpor¸ qwrÐc bl�bh thc genikìthtac na p�rw δ ≤ ε) ¸ste an x, y ∈ [m, M ]
kai |x− y| < δ na èqoume |g(x)− g(y)| < ε. An P eÐnai mia diamèrish tou [a, b]
tìte

U(h,P)− L(h,P) =
n∑

k=1

(Mk(h)−mk(h))(tk − tk−1).

H idèa eÐnai na qwrÐsoume ta diast mata se {kal�} kai {kak�}: sta {kal�}
diast mata h metabol  thc f na eÐnai to polÔ δ kai (ja dialèxoume th diamèrish
¸ste) ta upìloipa diast mata na èqoun {mikrì} sunolikì m koc. Sugkekrimè-
na, èstw G ⊆ {1, 2, . . . , n} to sÔnolo deikt¸n k gia touc opoÐouc to di�sthma
[tk−1, tk] èqei thn idiìthta 2 |f(s) − f(t)| < δ gia k�je s, t ∈ [tk−1, tk] kai B
to sÔnolo twn upoloÐpwn deikt¸n.

An k ∈ G, tìte gia k�je s, t ∈ [tk−1, tk] èqoume |f(s) − f(t)| < δ �ra
|h(s) − h(t)| = |g(f(s)) − g(f(t))| < ε (apì th sunèqeia thc g) kai sunep¸c
Mk(h)−mk(h) ≤ ε, opìte∑

k∈G

(Mk(h)−mk(h))(tk − tk−1) ≤ ε
∑
k∈G

(tk − tk−1) ≤ ε(b− a). (1)

An p�li j ∈ B, tìte up�rqoun s, t ∈ [tj−1, tj] ¸ste |f(s)−f(t)| ≥ δ opìte
Mj(f)−mj(f) ≥ δ. Epomènwc∑

j∈B

(Mj(f)−mj(f))(tj − tj−1) ≥ δ
∑
j∈B

(tj − tj−1).

2mporeÐ bèbaia kanèna di�sthma thc P na mhn èqei thn idiìthta aut , opìte G = ∅
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Efìson ìmwc h f eÐnai oloklhr¸simh sto [a, b] mporoÔme na epilèxoume thn
P ¸ste U(f,P)− L(f,P) < δ2, opìte

δ
∑
j∈B

(tj − tj−1) ≤
∑
j∈B

(Mj(f)−mj(f))(tj − tj−1)

≤
n∑

k=1

(Mk(f)−mk(f))(tk − tk−1) < δ2

�ra ∑
j∈B

(tj − tj−1) < δ. (2)

Qrhsimopoi¸ntac t¸ra ìti Mj(h) − mj(h) ≤ 2 sup{|h(x)| : x ∈ [m, M ]} =
2‖h‖, èqoume loipìn apì tic (1) kai (2)

U(h,P)−L(h,P)

=
∑
k∈G

(Mk(h)−mk(h))(tk − tk−1) +
∑
j∈B

(Mj(h)−mj(h))(tj − tj−1)

≤ ε(b− a) + 2‖h‖
∑
j∈B

(tj − tj−1) < ε(b− a) + 2‖h‖δ

≤ ε(b− a + 2‖h‖).

Pìrisma 6.9 An f : [a, b] → R eÐnai oloklhr¸simh, tìte oi |f | kai fn

(n ∈ N) eÐnai oloklhr¸simec. An epiplèon up�rqei δ > 0 ¸ste f(x) ≥ δ gia
k�je x ∈ [a, b], tìte h 1

f
eÐnai oloklhr¸simh.

Apìdeixh 'Eqoume |f | = g1 ◦ f , fn = g2 ◦ f kai 1
f

= g3 ◦ f ìpou g1, g2, g3 oi

suneqeÐc sunart seic g1(x) = |x|, g2(x) = xn (x ∈ R) kai g3(x) = 1
x
, x ≥ δ.
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