
4 To Jemeli¸dec Je¸rhma tou Apeirosti-

koÔ LogismoÔ

4.1 To Jemeli¸dec Je¸rhma

Sthn par�grafo aut , mia sun�rthsh F : [a, b] → R ja onom�zetai diafo-
rÐsimh sto [a, b] an h F ′(x) up�rqei gia k�je x ∈ (a, b) kai up�rqoun oi
pleurikèc par�gwgoi

F ′
+(a) = lim

x→a+

F (x)− F (a)

x− a
kai F ′

−(b) lim
x→b−

F (x)− F (b)

x− b
.

Gr�foume gia suntomÐa F ′(a) = F ′
+(a) kai F ′(b) = F ′

−(b).

An mia sun�rthsh f : [a, b] → R eÐnai Riemann oloklhr¸simh sto [a, b],
tìte eÐnai Riemann oloklhr¸simh kai se k�je upodi�sthma [a, x]. Epomènwc
mporoÔme na jewr soume to olokl rwm� thc wc sun�rthsh tou �nw �krou
olokl rwshc:

Orismìc 4.1 'Estw f : [a, b] → R Riemann oloklhr¸simh. To aìristo
olokl rwma thc f eÐnai h sun�rthsh

F : [a, b] → R

F (x) =

∫ x

a

f.

TonÐzoume ìti en¸ to orismèno olokl rwma
∫ b

a
f eÐnai arijmìc, to aìristo

olokl rwma eÐnai sun�rthsh sto [a, b].

Parat rhsh 4.1 'Estw f : [a, b] → R eÐnai Riemann oloklhr¸simh kai
x, y ∈ [a, b]. An x ≤ y, apì to Pìrisma 5.16 èqoume1

|F (y)− F (x)| =
∣∣∣∣∫ x

a

f −
∫ y

a

f

∣∣∣∣ =

∣∣∣∣∫ y

x

f

∣∣∣∣ ≤ ‖f‖ (y − x) = ‖f‖|y − x|

(ìpou ‖f‖ = sup{|f(t)| : t ∈ [a, b]}). An p�li x > y, ex orismoÔ èqoume∫ y

x
f = −

∫ x

y
f , �ra kai p�li

|F (y)−F (x)| =
∣∣∣∣∫ y

a

f −
∫ x

a

f

∣∣∣∣ =

∣∣∣∣∫ x

y

f

∣∣∣∣ =

∣∣∣∣∫ y

x

f

∣∣∣∣ ≤ ‖f‖ (x−y) = ‖f‖|y−x|.

1efìson sup{|f(t)| : t ∈ [x, y]} ≤ sup{|f(t)| : t ∈ [a, b]}
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H anisìthta aut  deÐqnei ìti, ìtan h f eÐnai oloklhr¸simh, to aìristo olo-
kl rwm� thc, F , eÐnai (omoiìmorfa) suneq c sto [a, b]. 'Otan ìmwc h f eÐnai
suneq c, h F eÐnai ìqi mìnon suneq c, all� paragwgÐsimh:

Je¸rhma 4.2 Pr¸to Jemeli¸dec Je¸rhma tou ApeirostikoÔ
LogismoÔ To aìristo olokl rwma miac suneqoÔc sun�rthshc eÐnai dia-
forÐsimh sun�rthsh, me par�gwgo Ðsh me th sun�rthsh.

Genikìtera:
'Estw f : [a, b] → R Riemann oloklhr¸simh kai F (x) =

∫ x

a
f . An h f

eÐnai suneq c se k�poio shmeÐo xo ∈ [a, b], tìte h F eÐnai diaforÐsimh sto xo

kai F ′(xo) = f(xo). Epomènwc an h f eÐnai suneq c sto [a, b] tìte h F eÐnai
diaforÐsimh sto [a, b] kai F ′(x) = f(x).

Apìdeixh Gia k�je x ∈ [a, b] èqoume (efìson x− xo =
∫ x

xo
1dt)

F (x)−F (xo)−f(xo)(x−xo) =

∫ x

xo

f(t)dt−f(xo)

∫ x

xo

dt =

∫ x

xo

(f(t)− f(xo)) dt.

Epeid  h f eÐnai suneq c sto xo, gia k�je ε > 0 up�rqei δ > 0 ¸ste an
x ∈ [a, b] kai |x−xo| < δ tìte |f(x)− f(xo)| < ε. Sunep¸c gia k�je t metaxÔ
xo kai x èqoume |t − xo| < δ kai �ra |f(t) − f(xo)| < ε. Epomènwc, apì to
Pìrisma 5.16, ∣∣∣∣∫ x

xo

(f(t)− f(xo)) dt

∣∣∣∣ ≤ ε|x− xo|.

'Epetai ìti an x ∈ [a, b] kai 0 < |x− xo| < δ tìte∣∣∣∣F (x)− F (xo)

x− xo

− f(xo)

∣∣∣∣ =
1

|x− xo|

∣∣∣∣∫ x

xo

(f(t)− f(xo)) dt

∣∣∣∣
≤ 1

|x− xo|
ε|x− xo| = ε. (1)

AfoÔ to ε > 0 eÐnai aujaÐreto, an xo ∈ (a, b) h (1) deÐqnei ìti to ìrio

F ′(xo) = lim
x→xo

F (x)− F (xo)

x− xo

up�rqei kai isoÔtai me f(xo).
Sthn perÐptwsh xo = a, epeid  x ∈ [a, b], èqoume x > xo = a kai �ra h (1)

deÐqnei ìti to pleurikì ìrio

lim
x→xo+

F (x)− F (xo)

x− xo

= f(xo)
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me �lla lìgia ìti F ′
+(xo) = f(xo). OmoÐwc, ìtan xo = b, tìte F ′

−(xo) = f(xo).
2

Apì to Je¸rhma 4.2 èpetai ìti k�je suneq c sun�rthsh sto [a, b] eÐnai h
par�gwgoc k�poiac sun�rthshc.

Orismìc 4.2 'Estw f : [a, b] → R suneq c. Par�gousa   antipa-
r�gwgoc thc f lègetai k�je diaforÐsimh sun�rthsh H : [a, b] → R ¸ste
H ′ = f .

MÐa par�gousa thc f eÐnai to aìristo olokl rwma. Poièc �llec sunart seic
èqoun aut n thn idiìthta?

Pìrisma 4.3 'Estw f : [a, b] → R suneq c.
Mia sun�rthsh G : [a, b] → R eÐnai par�gousa thc f an kai mìnon an h G eÐnai
diaforÐsimh kai up�rqei mia stajer� c ∈ R ¸ste G(x) =

∫ x

a
f + c.

Apìdeixh AnG(x) =
∫ x

a
f+c, tìte apì to Je¸rhma 4.2 hG eÐnai diaforÐsimh

kai G′ = f .
An h G eÐnai diaforÐsimh kai G′ = f , tìte jètontac

F (x) ≡
∫ x

a

f

èqoume ìti h F ′ up�rqei sto [a, b] kai F ′(x) = f(x) = G′(x) gia k�je x ∈ [a, b]
�ra h sun�rthsh G − F , afoÔ èqei par�gwgo Ðsh me mhdèn sto [a, b], eÐnai
stajer .

Parat rhsh 4.4 An h f den eÐnai suneq c sto [a, b], den up�rqei p�nta diaforÐ-

simh sun�rthsh H : [a, b] → R ¸ste H ′ = f . 'Ena par�deigma eÐnai h f : [0, 1] → R
me

f(x) =
{

1, x 6= 0
−1 x = 0

Pr�gmati, an up rqe tètoia H : [0, 1] → R, ja  tan suneq c, �ra ja el�mbane
el�qisth tim , dhl. ja up rqe ξ ∈ [a, b] me H(ξ) = min{H(t) : t ∈ [0, 1]}. Efìson
H ′(0) = f(0) = −1 < 0, h tim  H(0) den mporeÐ na eÐnai el�qisth2. Efìson
H ′(1) = f(1) = 1, oÔte h tim  H(1) mporeÐ na eÐnai el�qisth3. Autì shmaÐnei
ìti 0 6= ξ 6= 1, �ra ξ ∈ (0, 1). Apì to Je¸rhma tou Fermat èpetai t¸ra ìti
f(ξ) = H ′(ξ) = 0, �topo.

2giatÐ up�rqei x > 0 ¸ste H(x)−H(0)
x−0 < − 1

2
3giatÐ up�rqei x < 1 ¸ste H(x)−H(1)

x−1 > 1
2
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Parat rhsh 4.5 Apì to Je¸rhma 4.2 èpetai ìti, an F eÐnai to aìristo

olokl rwma miac suneqoÔc sun�rthshc f : [a, b] → R, tìte
∫ b

a
F ′ = F (b) −

F (a) (efìson F (a) = 0).

• Genikìtera, an G : [a, b] → R eÐnai mia suneq¸c paragwgÐsimh sun�rthsh
(dhlad  h G′ up�rqei kai eÐnai suneq c) tìte ikanopoieÐ th sqèsh∫ b

a

G′ = G(b)−G(a). (2)

Apìdeixh H G eÐnai mia par�gousa thc G′, �ra up�rqei stajer� c ¸ste
G(x) =

∫ x

a
G′(t)dt+ c. Jètontac x = a brÐskoume c = G(a), kai sunep¸c∫ b

a

G′ = G(b)−G(a). 2

• Den eÐnai ìmwc en gènei al jeia ìti k�je diaforÐsimh sun�rthsh
G : [a, b] → R ikanopoieÐ th sqèsh (2).

MporeÐ paradeÐgmatoc q�rin h par�gwgoc na mhn eÐnai oloklhr¸simh: An

G : [0, 1] → R

G(x) =

{
x2 sin 1

x2 , x 6= 0
0 x = 0

tìte h G′ up�rqei sto [0, 1] kai eÔkola upologÐzoume ìti

G′(x) =

{
2x sin 1

x2 − 2
x

cos 1
x2 , x 6= 0

0 x = 0

All� h G′ den eÐnai fragmènh sto [0, 1] kai �ra den eÐnai oloklhr¸simh.

• Mènei na exetasjeÐ h perÐptwsh pou h G′ eÐnai apl¸c oloklhr¸simh (kai ìqi
kat�an�gkhn suneq c).

EÐnai axioshmeÐwto ìti kai p�li isqÔei h sqèsh (2). H apìdeixh ìmwc sthn
perÐptwsh aut  eÐnai teleÐwc diaforetik , kaj¸c den mporoÔme na epikale-
sjoÔme to Je¸rhma 4.2.

Je¸rhma 4.6 DeÔtero Jemeli¸dec Je¸rhma tou Apeirosti-
koÔ LogismoÔ 'Estw G : [a, b] → R diaforÐsimh. An h G′ eÐnai Riemann-
oloklhr¸simh sto [a, b], tìte∫ b

a

G′ = G(b)−G(a).
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Apìdeixh 'Estw P = {a = t0 < t1 < . . . < tn = b} mia tuqaÐa diamèrish tou
[a, b]. Efarmìzontac to Je¸rhma Mèshc Tim c se k�je [ti−1, ti], brÐskoume
ξi ∈ [ti−1, ti] ¸ste

G(ti)−G(ti−1) = G′(ξi)(ti − ti−1).

Efìson mi(G
′) ≤ G′(ξi) ≤ Mi(G

′) èqoume (me touc sumbolismoÔc tou Kefa-
laÐou 5)

L(G′,P) ≤
n∑

i=1

G′(ξi)(ti − ti−1) ≤ U(G′,P).

All�
n∑

i=1

G′(ξi)(ti − ti−1) =
n∑

i=1

(G(ti)−G(ti−1)) = G(b)−G(a)

�ra
L(G′,P) ≤ G(b)−G(a) ≤ U(G′,P).

'Omwc (afoÔ h G′ eÐnai oloklhr¸simh) to
∫ b

a
G′ eÐnai o monadikìc arijmìc pou

ikanopoieÐ thn anisìthta aut  gia k�je P , epomènwc
∫ b

a
G′ = G(b) − G(a).

2

Parat rhsh 4.7 H mèjodoc apìdeixhc tou Jewr matoc 4.2 mporeÐ na d¸sei
kai mia apìdeixh tou jewr matoc ìti

K�je suneq c sun�rthsh f : [a, b] → R eÐnai Riemann-oloklhr¸simh
qwrÐc na qrhsimopoihjeÐ h ènnoia thc omoiìmorfhc sunèqeiac.

Apìdeixh UpenjumÐzoume ìti h f eÐnai fragmènh (afoÔ eÐnai suneq c se kleistì
kai fragmèno di�sthma). Sunep¸c se k�je [a, x] ta k�tw kai �nw oloklhr¸mata

up�rqoun. OrÐzoume tic sunart seic A,K : [a, b] → R wc ex c:

K(x) =
∫ x

a
f, A(x) =

∫ x

a
f

(ex orismoÔ A(a) = K(a) = 0). Fusik� èqoume K(x) ≤ A(x) gia k�je x ∈ [a, b].
ArkeÐ na deÐxoume ìti oi K ′, A′ up�rqoun kai eÐnai Ðsec sto di�sthma (a, b). GiatÐ tìte
oi K kai A ja prèpei na diafèroun kat� stajer�, kai �ra K(b)−K(a) = A(b)−A(a),

dhlad 
∫ b
a f =

∫ b
a f .
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StajeropoioÔme èna xo ∈ (a, b) kai èstw xo < x < b. Tìte∫ xo

a
f +

∫ x

xo

f =
∫ x

a
f =⇒ K(xo) +

∫ x

xo

f = K(x)

kai omoÐwc

A(xo) +
∫ x

xo

f = A(x)

[H apìdeixh thc prosjetikìthtac tou �nw kai k�tw oloklhr¸matoc af netai wc
(apl ) �skhsh gia ton anagn¸sth]. 'Eqoume loipìn

K(x)−K(xo) =
∫ x

xo

f ≤
∫ x

xo

f = A(x)−A(xo).

All� ∫ x

xo

f ≥ mx(x− xo)

ìpou mx = inf{f(t) : t ∈ Ix} (me Ix sumbolÐzoume to kleistì di�sthma me �kra x
kai xo)4. OmoÐwc ∫ x

xo

f ≤ Mx(x− xo)

ìpou Mx = sup{f(t) : t ∈ Ix}. 'Eqoume loipìn

mx(x− xo) ≤ K(x)−K(xo) ≤ A(x)−A(xo) ≤ Mx(x− xo).

Sthn perÐptwsh a < x < xo, me ton Ðdio trìpo brÐskoume

mx(xo − x) ≤
∫ xo

x
f = K(xo)−K(x) ≤ A(xo)−A(x) ≤ Mx(xo − x)

�ra kai stic duo peript¸seic, an x 6= xo, èqoume

mx ≤
K(x)−K(xo)

x− xo
≤ A(x)−A(xo)

x− xo
≤ Mx.

QrhsimopoioÔme t¸ra th sunèqeia thc f sto xo: An dojeÐ ε > 0 up�rqei δ > 0
¸ste an x ∈ (a, b) kai |x − xo| < δ tìte |f(x) − f(xo)| < ε. An t ∈ Ix tìte
|t− xo| < δ, �ra

f(xo)− ε < f(t) < f(xo) + ε gia k�je t ∈ Ix

4Pr�gmati an jewr soume thn diamèrish P = {xo, x} tou [xo, x] èqoume
∫ x

xo
f ≥

L(f,P) = mx(x− xo).
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kai sunep¸c

f(xo)− ε ≤ inf{f(t) : t ∈ Ix}
sup{f(t) : t ∈ Ix} ≤ f(xo) + ε.

Epomènwc an 0 < |x− xo| < δ èqoume

f(xo)− ε ≤ mx ≤ Mx ≤ f(xo) + ε

kai �ra

f(xo)− ε ≤ mx ≤
K(x)−K(xo)

x− xo
≤ A(x)−A(xo)

x− xo
≤ Mx ≤ f(xo) + ε.

AfoÔ to ε > 0 eÐnai aujaÐreto, èpetai ìti ta ìria lim
x→xo

K(x)−K(xo)
x−xo

kai lim
x→xo

A(x)−A(xo)
x−xo

up�rqoun kai eÐnai Ðsa (me f(xo)). 'Ara oi A kai K eÐnai (suneqeÐc sto [a, b] kai)
diaforÐsimec sto (a, b) me K ′(x) = A′(x). Epomènwc diafèroun kat� stajer�.

4.2 Mèjodoi olokl rwshc

Sumbolismìc : [F (x)]ba = F (x)|ba = F (b)− F (a).

Je¸rhma 4.8 (Olokl rwsh kat� mèrh) An f, g : [a, b] → R eÐnai
diaforÐsimec sunart seic kai oi f ′, g′ eÐnai oloklhr¸simec, tìte

•
∫ b

a

f(x)g′(x)dx = [f(x)g(x)]ba −
∫ b

a

f ′(x)g(x)dx

• up�rqei c ∈ R ¸ste

∫
fg′ = fg −

∫
f ′g + c.

Apìdeixh H sun�rthsh fg eÐnai paragwgÐsimh kai

(fg)′ = fg′ + f ′g =⇒ fg′ = (fg)′ − f ′g.

Apì to Je¸rhma 4.6 èpetai ìti oi sunart seic
∫
f ′g kai

∫
(fg)′−

∫
f ′g èqoun

Ðsec parag¸gouc, �ra h diafor� touc eÐnai stajer .

Par�deigma 4.9∫
x cosxdx =

∫
x(sinx)′dx = x sin x−

∫
(x)′ sin xdx = x sin x+ cosx+ c.
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Je¸rhma 4.10 (pr¸to je¸rhma antikat�stashc) 'Estw φ : [a, b] →
R diaforÐsimh me φ′ oloklhr¸simh kai èstw I = φ([a, b]). An f : I → R eÐnai
suneq c sun�rthsh, tìte

•
∫ φ(b)

φ(a)

f =

∫ b

a

(f ◦ φ)φ′

•
∫ b

a

f(φ(t))φ′(t)dt =

∫ φ(b)

φ(a)

f(s)ds.

Apìdeixh To I eÐnai kleistì di�sthma giatÐ h φ eÐnai suneq c. H f eÐnai
oloklhr¸simh sto I, afoÔ eÐnai suneq c. OrÐzoume

F : I → R me F (x) =

∫ x

φ(a)

f

(to φ(a) den eÐnai kat� an�gkh �kro tou diast matoc I). AfoÔ h f eÐnai
suneq c, apì to Je¸rhma 4.2 h F eÐnai diaforÐsimh sto I kai F ′ = f . Sunep¸c
(f ◦ φ)φ′ = (F ′ ◦ φ)φ′ kai �ra∫ b

a

(f ◦ φ)φ′ =

∫ b

a

(F ′ ◦ φ)φ′.

'Omwc h F ◦ φ eÐnai diaforÐsimh kai h par�gwgìc thc (F ◦ φ)′ = (F ′ ◦ φ)φ′

(kanìnac alusÐdac) eÐnai oloklhr¸simh, giatÐ h F ′ ◦ φ eÐnai suneq c, �ra olo-
klhr¸simh, kai h φ′ eÐnai oloklhr¸simh. Sunep¸c apì to Je¸rhma 4.6∫ b

a

(F ′◦φ)φ′ =

∫ b

a

(F◦φ)′ = (F◦φ)(b)−(F◦φ)(a) =

∫ φ(b)

φ(a)

f−
∫ φ(a)

φ(a)

f =

∫ φ(b)

φ(a)

f.

Par�deigma 4.11∫ 2

1

1√
x+ 1

dx =

∫ 2

1

(x+ 1)−1/2dx =

∫ 2

1

(x+ 1)−1/2(x+ 1)′dx

Ed¸ an jèsoume y = φ(x) = x+ 1 kai f(y) = y−1/2 èqoume∫ 2

1

(x+ 1)−1/2(x+ 1)′dx =

∫ 2

1

f(φ(x))φ′(x)dx

�ra
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∫ 2

1

1√
x+ 1

dx =

∫ φ(2)

φ(1)

f(y)dy =

∫ 3

2

y−1/2dy =

[
y1/2

1/2

]3

2

= 2(
√

3−
√

2)

giatÐ
d

dy
2y1/2 = 2 · 1

2
y−1/2 = f(y).

Je¸rhma 4.12 (deÔtero je¸rhma antikat�stashc)
'Estw φ : [a, b] → R suneq¸c diaforÐsimh me φ′(x) 6= 0 gia k�je x ∈ [a, b] kai
èstw I = φ([a, b]). An f : I → R eÐnai suneq c, tìte

•
∫ b

a

f ◦ φ =

∫ φ(b)

φ(a)

f(φ−1)′

•
∫ b

a

f(φ(t))dt =

∫ φ(b)

φ(a)

f(s)(φ−1(s))′ds.

Apìdeixh Efìson h sun�rthsh φ′ eÐnai suneq c kai den mhdenÐzetai poujen�,
apì to Je¸rhma endiamèswn tim¸n den all�zei prìshmo sto [a, b]. 'Epetai ìti
h φ eÐnai gnhsÐwc monìtonh kai �ra antistrèyimh. An ψ : I → [a, b] eÐnai h
antÐstrof  thc tìte h ψ′ up�rqei kai eÐnai suneq c sto I. Efarmìzontac to
je¸rhma 4.10 sth sun�rthsh g = fψ′ brÐskoume∫ φ(b)

φ(a)

fψ′ =

∫ φ(b)

φ(a)

g =

∫ φ(b)

φ(a)

(g◦φ)φ′ =

∫ b

a

((fψ′)◦φ)φ′ =

∫ b

a

f(φ(t))·ψ′(φ(t))·φ′(t)dt.

All� ψ′(φ(t)) · φ′(t) = (ψ ◦ φ)′(t) = 1 (afoÔ ψ = φ−1) kai �ra∫ φ(b)

φ(a)

fψ′ =

∫ b

a

f(φ(t))dt .
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