
������ ��� �	�
�� ���� ��

���� ����� 
�����

� ������  � !

" #$%&'( )*+ #$%*,,&-./0 1*234.4&5
67 8 9:;<=>?@9 ABC 9DEFAG@9CB HI=@B

TE
A>? >J KL>M NO;>?

E
@KE7 CBP@EA KL<7 HI=@B7 Q HBJEH< A> NO;> F>? EF>A9J9RAE K EFG ABC IC:=B GJ:C A:C9DEFAG@9C:C NO;:C =9 =B@9RE A>?

E S T N;B= K@GABAE @9JIAB7 E?A>M A>?NO;>? 9RCE K 9MJ>UB Q ED>M U KE FE;VH9KU@E U KE CE =?CA9AEU@9C>F>K<=>?@9 A>C
E
8 E N;9KE=A9R CE >;R=>?@9 HKECM=@EAE FVC: = W E?AGC Q HBJEH< =A> KN9RE A:C9DEFAG@9C:C NO;:C A>? S X> U9U>CG7 GA K >

E
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LEK
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∂yj

Q >FGA9 B iV=B A>? 8 E9RCE K AB7 @>;D<7
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∂

∂xi
− N j

i (x, y)
∂

∂yj

}
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∂xi
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x
AB7

M S n 9AEA>F R\>?@9 FE;VJJBJE A>
Y

=9 ICE U9KA>CKLG=B@9R>
x + dxi

LEK FE;EL>J>?8 >M@9 AB HKEHKLE= RE EFG AB =L>F KV AB7
TM S TFE;VJJBJB E?A< @9AEAGF K=B K=>H?CE@9R @9 @9AEAGF K=B A>? =B@9R>?

(x, y)
AB7HI=@B7 =A> =B@9R>

(x + dxi, y + dyi)
F>? EC<L9K =9 U9KA>CKLG C<@E Q GF>? A>

dyi
F;>=HK>;R\9AE K EFG AB =NI=B F>? >;R\9K ABC FE;VJJBJB @9AEAGF K=B =ABCLEA9M8 ?C=B A>?

dxi
Q F>? 9RCE K B

DY = 0
HBJEH<

dyi + Γi
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jdxk = 0

dyi = −Γi
jky

jdxk
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Γi
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∂

∂
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Z[CE7 @9AE=NB@EAK=@G7 =?CA9AEU@IC:C AB7 iV=B7 x̄i = x̄i(xr)
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


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x̄i = x̄i(xr)

ȳj =
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Christoffel
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∂xs

∂x̄j

∂xt
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j =

∂x̄i
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∂x̄j
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∂x̄j∂x̄k
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yl

)

=
∂xs
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s −
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dxi, δyj
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i dxi
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〉
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δyi,
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∂yj

〉
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δyi,
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∂yj

〉

= δi
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δxi
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∂xi
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∂yi
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∂xi
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∂ȳj
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Riemann S T {bh^�� d�� _� �^a u���de (covariant derivative) Dµ

9RCE K> ;?8 @G7 @9AEi>J<7 @ KE7 =?CV;AB=B7 >;K=@ICB7 FVC: =A>C >J KLG NO;> AB7HI=@B7 Q =9 >;K\GCA KE LEA9M8 ?C=B HBJEH<
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∂

∂xµ
− N j
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∂

∂yj

oz SÌp
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Í 1 *23,,0,0 ÎÏ/*/ÐÑ +Ò0
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n KE EF9K;>=A< �^a u�� �� � �t_^_`�f{� (parallel transport)

9CG7 =A>KN9R>?
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A>? C<@EA>7 FVC: EF W A>
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=ABC LEA9M8 ?C=B

dxµ
Q >;R\9AE K LEA W 9FILAE=BG=:C ECEDI;8 BLEC U KE ABC 9DEFAG@9CB HI=@B Q :7 B @9AEAGF K=B A>?

y
=A>

y + dyi
F>? i;R=L9AE K =A> C<@E FVC: EFG A>

x + dxµ
Q IA= K O=A9 A> HKVC?=@EA>?

TxE
F>? >;R\9AE K EFG E?A< AB @9AEAGF K=B Q HBJEH< A> HKVC?=@E EFG A>

(x, y)
=A>

(x + dxµ, y + dyi)
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Riemann
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γ(t) = xµ(t)
AB7 iV=B7

M
AB7 HI=@B7 Q @9 E;N< A> =B@9R>

x(0) = xµ(t0)
LE K AIPJ>7 A> =B@9R>

x(1) = xµ(t1) S 6 C u
9RCE K ICE =A>KN9R> A>? C<@EA>7 FVC: EFG A>
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AGA9 9DE;@G\>CAE7 HKEH>N KLI7 EF9K;>=AI7 FE;VJJBJ97 @9AEA>F R=9K7 A>? EPFG A>
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=A>
xµ(t0+dt)

LEK U9CKLV EFG A>
xµ(t)
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xµ(t+dt) = xµ(t)+dxµ(t)@IN;K CE D8 V=>?@9 =A> AIJ>7
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(
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