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1. 'Estw X èna mh kenì sÔnolo kai èstw {An}∞n=1 mia akoloujÐa uposunìlwn tou X. OrÐzoume
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DeÐxte ta ex c:
(a) lim sup An = {x ∈ X : x ∈ An gia �peirec timèc tou n}.
(b) lim inf An = {x ∈ X : up�rqei n0(x) ∈ N ¸ste x ∈ An gia k�je n ≥ n0}.
(g) lim inf An ⊆ lim supAn. D¸ste par�deigma sto opoÐo o egkleismìc na eÐnai gn sioc.

2. 'Estw X èna mh kenì sÔnolo me �peira stoiqeÐa. OrÐzoume

F = {A ⊆ X | to A èqei dÔo stoiqeÐa}.

Perigr�yte tic σ(F) kai m(F).

3. (a) 'Estw A mia σ��lgebra sto X kai èstw f : X → Y . DeÐxte ìti h oikogèneia

{B ⊆ Y | f−1(B) ∈ A}

eÐnai σ��lgebra sto Y .
(b) 'Estw C mia σ��lgebra sto Y kai èstw E mia oikogèneia uposunìlwn tou Y gia thn opoÐa
isqÔei σ(E) = C. DeÐxte ìti an f−1(B) ∈ A gia k�je B ∈ E , tìte f−1(B) ∈ A gia k�je B ∈ C.
(g) 'Estw (X, ρ) kai (Y, d) metrikoÐ q¸roi kai èstw f : X → Y suneq c. DeÐxte ìti: an to B eÐnai
Borel sÔnolo ston Y , tìte to f−1(B) eÐnai Borel sÔnolo ston X.

4. (a) DeÐxte ìti h Borel σ��lgebra tou Rn par�getai apì thn oikogèneia twn anoikt¸n hmiq¸rwn
thc morf c {x = (x1, . . . , xn) |xj > aj}, ìpou j = 1, . . . , n kai aj ∈ R.
(b) 'Estw F = {B(x, r) |x ∈ Rn, r > 0} (B(x, r) eÐnai h anoikt  mp�la me kèntro to x kai aktÐna
r). DeÐxte ìti h Borel σ��lgebra tou Rn par�getai apì thn F .

5. 'Estw (X, ρ) ènac metrikìc q¸roc. DeÐxte ìti k�je kleistì uposÔnolo tou X eÐnai Gδ sÔnolo
kai k�je anoiktì uposÔnolo tou X eÐnai Fσ sÔnolo.

6. (a) 'Estw f : Rn → R. DeÐxte ìti to {x ∈ Rn | h f eÐnai suneq c sto x} eÐnai Gδ sÔnolo.
(b) 'Estw fk : Rn → R suneqeÐc sunart seic (k = 1, 2, . . .). DeÐxte ìti to

{x ∈ Rn | up�rqei to lim
k→∞

fk(x)}

eÐnai Fσδ sÔnolo, dhlad , arijm simh tom  Fσ sunìlwn.

7. 'Estw F mh ken  oikogèneia uposunìlwn tou mh kenoÔ sunìlou X. DeÐxte ìti gia k�je
A ∈ σ(F) up�rqei arijm simh upooikogèneia CA thc F ¸ste A ∈ σ(CA).


