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ASKHSEIS � FULLADIO 7

(HmeromhnÐa Par�doshc: 8 DekembrÐou 2005)

1. 'Estw (X,A) ènac metr simoc q¸roc kai èstw f : X → R. DeÐxte ìti h f eÐnai A�metr simh
an kai mìno an f−1((q, +∞]) ∈ A gia k�je q ∈ Q.

2. 'Estw (X,A) ènac metr simoc q¸roc kai èstw f : X → R mia A�metr simh sun�rthsh.
OrÐzoume g : X → R me g(x) = 0 an f(x) ∈ Q kai g(x) = 1 an f(x) /∈ Q. DeÐxte ìti h g eÐnai
A�metr simh.

3. DeÐxte ìti k�je aÔxousa sun�rthsh f : R→ R eÐnai Borel metr simh.

4. (a) DeÐxte ìti an h g : R → R eÐnai suneq c kai h h : R → R eÐnai Borel metr simh, tìte h
h ◦ g : R→ R eÐnai Borel metr simh.
(b) Qrhsimopoi¸ntac th sun�rthsh Cantor–Lebesgue breÐte mia suneq  sun�rthsh g : R → R
kai mia Lebesgue metr simh sun�rthsh h : R → R ¸ste h h ◦ g : R → R na mhn eÐnai Lebesgue
metr simh.

5. 'Estw E èna Lebesgue metr simo uposÔnolo tou Rk me λ(E) < ∞, kai èstw f : E → R mia
Lebesgue metr simh sun�rthsh. OrÐzoume ωf : R→ R me

ωf (t) = λ({x ∈ E : f(x) > t}).

(a) DeÐxte ìti h ωf eÐnai fjÐnousa kai suneq c apì dexi�. Se poi� shmeÐa eÐnai asuneq c?
(b) An oi fn, f : E → R eÐnai Lebesgue metr simec kai fk ↑ f , deÐxte ìti ωfk

↑ ωf .

6. (a) 'Estw fn : R → R Lebesgue metr simec sunart seic kai èstw α ∈ R. DeÐxte ìti: an∑∞
n=1 λ({x : fn(x) > α}) < ∞, tìte up�rqei N ⊂ R me λ(N) = 0 ¸ste lim sup

n→∞
fn(x) ≤ α gia

k�je x /∈ N .
(b) 'Estw fn : R → R+ Lebesgue metr simec sunart seic kai èstw εn → 0+. DeÐxte ìti: an∑∞

n=1 λ({x : fn(x) > εn}) < ∞, tìte up�rqei N ⊂ R me λ(N) = 0 ¸ste fn(x) → 0 gia k�je
x /∈ N .
Upìdeixh. Qrhsimopoi ste thn 'Askhsh 1(g) tou FulladÐou 3 (L mma Borel–Cantelli).

7. 'Estw fn : [0, 1] → R Lebesgue metr simec sunart seic. DeÐxte ìti up�rqei akoloujÐa (αn)
jetik¸n pragmatik¸n arijm¸n kai up�rqei N ⊂ R me λ(N) = 0 ¸ste lim

n→∞
fn(x)

αn
= 0 gia k�je

x /∈ N .
Upìdeixh. Gia k�je n up�rqei βn > 0 ¸ste λ({x : |fn(x)| > βn}) < 1/2n.

8. 'Estw f : [0, 1]× [0, 1] → R sun�rthsh suneq c wc proc k�je metablht  qwrist�. DeÐxte ìti
h f eÐnai Borel metr simh.
Upìdeixh. Gr�yte thn f san ìrio akoloujÐac Borel metr simwn sunart sewn.


