
Kef�laio 4

Mètro Lebesgue ston
EukleÐdeio q¸ro

4.1 Mètro Lebesgue

Orismìc 4.1.1. SumbolÐzoume me C thn oikogèneia twn anoikt¸n diasthm�twn
R =

∏k
j=1(aj , bj), −∞ < aj ≤ bj < ∞ ston EukleÐdeio q¸ro Rk. H C eÐnai

σ�k�luyh tou Rk. Gia k�je anoiktì di�sthma R orÐzoume

τ(R) = volk(R) =
k∏

j=1

(bj − aj).

H C kai h τ ep�goun èna exwterikì mètro λ∗k ston Rk. An Lk eÐnai h σ��lgebra
twn λ∗k�metr simwn uposunìlwn tou Rk tìte to λk = λ∗k|Lk

eÐnai pl rec mètro
sthn Lk.

To λ∗k eÐnai to exwterikì mètro Lebesgue ston Rk. To λk eÐnai to mè-
tro Lebesgue ston Rk. H Lk eÐnai h σ��lgebra twn Lebesgue metr simwn
uposunìlwn tou Rk.

Je¸rhma 4.1.2. K�je di�sthma S ston Rk eÐnai Lebesgue metr simo, kai

λk(S) = volk(S).

Gia thn apìdeixh tou Jewr matoc 4.1.2 apaitoÔntai ta ex c bohjhtik� l mma-
ta:

(i) 'Estw P =
∏k

j=1(aj , bj ]. Gia k�je j = 1, . . . , k jewroÔme mia diamèrish
aj = c0

j < c1
j < · · · < c

mj

j = bj tou [aj , bj ] kai, gia k�je 1 ≤ i1 ≤
m1, . . . , 1 ≤ ik ≤ mk orÐzoume Pi1,...,ik

=
∏k

j=1(c
ij−1
j , c

ij

j ]. Tìte,

volk(P ) =
∑

1≤i1≤m1,...,1≤ik≤mk

volk(Pi1,...,ik
).

(ii) 'Estw P, P1, . . . , Ps anoikt��kleist� diast mata ston Rk. Upojètoume ìti
ta P1, . . . , Ps eÐnai xèna kai ìti P = P1 ∪ · · · ∪ Ps. Tìte,

volk(P ) = volk(P1) + · · ·+ volk(Ps).
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(iii) 'Estw P, P1, . . . , Ps anoikt��kleist� diast mata ston Rk. Upojètoume ìti
ta P1, . . . , Ps eÐnai xèna kai ìti P1 ∪ · · · ∪ Ps ⊆ P . Tìte,

volk(P1) + · · ·+ volk(Ps) ≤ volk(P ).

(iv) 'Estw P, P1, . . . , Ps anoikt��kleist� diast mata ston Rk. Upojètoume ìti
P ⊆ P1 ∪ · · · ∪ Ps. Tìte,

volk(P ) ≤ volk(P1) + · · ·+ volk(Ps).

(v) 'Estw Q èna kleistì di�sthma kai èstw R1, . . . , Rs anoikt� diast mata
ston Rk. An Q ⊆ R1 ∪ · · · ∪Rs, tìte

volk(Q) ≤ volk(R1) + · · ·+ volk(Rs).

(vi) Gia k�je di�sthma S ston Rk isqÔei

λ∗k(S) = volk(S).

(vii) K�je di�sthma eÐnai Lebesgue metr simo.

Prìtash 4.1.3. To mètro Lebesgue λk eÐnai σ�peperasmèno all� ìqi pepera-
smèno.

Prìtash 4.1.4. K�je Borel uposÔnolo tou Rk eÐnai Lebesgue metr simo.

4.1aþ Lebesgue metr sima sÔnola

Prìtash 4.1.5. 'Estw E ∈ Lk. Gia k�je ε > 0 up�rqei A ⊆ Rk anoiktì
¸ste E ⊆ A kai λk(A \ E) < ε.

Je¸rhma 4.1.6. 'Estw E ⊆ Rk. To E eÐnai Lebesgue metr simo an kai mìno
an up�rqei Gδ�sÔnolo A ¸ste E ⊆ A kai λ∗k(A \ E) = 0.

Je¸rhma 4.1.7. 'Estw E ⊆ Rk. To E eÐnai Lebesgue metr simo an kai mìno
an up�rqei Fσ�sÔnolo B ¸ste B ⊆ E kai λ∗k(E \B) = 0.

Je¸rhma 4.1.8. 'Estw µ èna mètro ston (Rk,B(Rk)) ¸ste µ(P ) = volk(P )
gia k�je anoiktì�kleistì di�sthma P ston Rk. Tìte,

µ(E) = λk(E)

gia k�je Borel sÔnolo E ⊆ Rk.

Je¸rhma 4.1.9. O (Rk,Lk, λk) eÐnai h pl rwsh tou (Rk,B(Rk), λk).

Prìtash 4.1.10. 'Estw E ∈ Lk me λk(E) < ∞. Gia k�je ε > 0 up�rqoun
peperasmèna to pl joc xèna anoikt� diast mata R1, . . . , Rs ¸ste

λk(E 4 (R1 ∪ · · · ∪Rs)) < ε.
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4.1bþ Kanonikìthta tou mètrou Lebesgue

Orismìc 4.1.11 (kanonikì mètro). 'Estw (X, ρ) ènac metrikìc q¸roc,
A mia σ��lgebra pou perièqei thn Borel σ��lgebra B(X) tou X, kai èstw µ èna
mètro ston (X,A). To µ lègetai kanonikì an ikanopoieÐ ta ex c:

(i) µ(K) < ∞ gia k�je sumpagèc K ⊆ X.

(ii) µ(A) = inf{µ(U) : U anoiktì, A ⊆ U} gia k�je A ∈ A.

(iii) µ(U) = sup{µ(K) : K sumpagèc,K ⊆ U} gia k�je U anoiktì ston X.

H idiìthta (ii) lègetai exwterik  kanonikìthta tou µ kai h idiìthta (iii) lègetai
eswterik  kanonikìthta tou µ.

Prìtash 4.1.12 (kanonikìthta tou mètrou Lebesgue). To mètro
Lebesgue λk eÐnai kanonikì mètro ston EukleÐdeio q¸ro Rk. Epiplèon, isqÔei

µ(A) = sup{µ(K) : K sumpagèc,K ⊆ A}
gia k�je Lebesgue metr simo sÔnolo A.

4.1gþ Mètro Lebesgue kai aploÐ metasqhmatismoÐ

Prìtash 4.1.13. 'Estw A ∈ Lk. Gia k�je x ∈ Rk isqÔei x + A ∈ Lk kai

λk(x + A) = λk(A).

Prìtash 4.1.14. 'Estw A ∈ Lk. Gia k�je ρ > 0 isqÔei ρA ∈ Lk kai

λk(ρA) = ρkλk(A).

Prìtash 4.1.15. 'Estw A ∈ Lk kai èstw T : Rk → Rk grammik  apeikìnish.
Tìte, T (A) ∈ Lk kai

λk(T (A)) = |det T | · λk(A).

4.2 Mh metr sima sÔnola

Prìtash 4.2.1 (to l mma tou Steinhaus). 'Estw A ∈ Lk me λk(A) > 0.
Up�rqei δ > 0 ¸ste to sÔnolo

A−A = {x− y : x, y ∈ A}
na perièqei thn anoikt  mp�la B(0, δ).

Prìtash 4.2.2 (Vitali). Up�rqei E ⊂ R to opoÐo den eÐnai Lebesgue metr -
simo.

Orismìc tou E: OrÐzoume thn ex c sqèsh isodunamÐac sto R:

x ∼ y ⇐⇒ x− y ∈ Q.

To E orÐzetai, me qr sh tou axi¸matoc thc epilog c, na perièqei akrib¸c èna
shmeÐo apì k�je kl�sh isodunamÐac thc ∼.

Prìtash 4.2.3. 'Estw A ⊆ R me λ∗(A) > 0. Up�rqei F ⊆ A to opoÐo den
eÐnai Lebesgue metr simo.
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4.3 Metr sima sÔnola pou den eÐnai Borel

4.3aþ To triadikì sÔnolo tou Cantor

Kataskeu . JewroÔme to di�sthma I0 = [0, 1] kai to qwrÐzoume se trÐa Ðsa
diast mata. AfairoÔme to anoiktì mesaÐo di�sthma

(
1
3 , 2

3

)
. Onom�zoume I1 to

sÔnolo pou apomènei, dhlad 

I1 =
[
0,

1
3

]
∪

[
2
3
, 1

]
.

To I1 eÐnai profan¸c kleistì sÔnolo. QwrÐzoume kajèna apì ta diast mata[
0, 1

3

]
kai

[
2
3 , 1

]
se trÐa Ðsa diast mata kai afairoÔme to mesaÐo anoiktì di�sthma.

Onom�zoume I2 to kleistì sÔnolo pou apomènei, dhlad 

I2 =
[
0,

1
9

]
∪

[
2
9
,
1
3

]
∪

[
2
3
,
7
9

]
∪

[
8
9
, 1

]
.

SuneqÐzontac me autìn ton trìpo, kataskeu�zoume gia k�je n = 1, 2, . . . èna
kleistì sÔnolo In ètsi ¸ste h akoloujÐa (In) na èqei tic ex c idiìthtec:

(i) In ⊃ In+1 gia k�je n ≥ 0.

(ii) To In eÐnai h ènwsh 2n kleist¸n diasthm�twn, kajèna apì ta opoÐa èqei
m koc 1

3n .

To sÔnolo tou Cantor eÐnai to sÔnolo

C =
∞⋂

n=0

In.

Ta diast mata thc morf c
[

k
3n , k+1

3n

]
, n ∈ N, k = 0, 1, . . . , 3n − 1, onom�zontai

triadik� diast mata.

Prìtash 4.3.1 (sÔnolo tou Cantor). To C eÐnai kleistì, uperarijm simo
kai èqei mètro Lebesgue λ(C) = 0.

4.3bþ H sun�rthsh Cantor–Lebesgue

Kataskeu . JewroÔme ta sÔnola In pou qrhsimopoi jhkan gia thn kataskeu 
tou C. Gia k�je n ∈ N orÐzoume sun�rthsh fn : [0, 1] → [0, 1] wc ex c. An
Jn

1 , . . . , Jn
2n−1 eÐnai ta diadoqik� anoikt� diast mata pou sqhmatÐzoun to [0, 1]\In,

orÐzoume fn(0) = 0, fn(1) = 1, fn(x) = k
2n gia k�je x sto Jn

k , kai epekteÐnoume
grammik� se kajèna apì ta kleist� diast mata pou sqhmatÐzoun to In ¸ste na
prokÔyei suneq c sun�rthsh.

Prìtash 4.3.2 (sun�rthsh Cantor-Lebesgue). H akoloujÐa {fn}∞n=1

sugklÐnei omoiìmorfa se mia suneq  sun�rthsh f : [0, 1] → [0, 1]. H f eÐnai
aÔxousa kai epÐ. H eikìna tou C mèsw thc f èqei mètro λ(f(C)) = 1.

Prìtash 4.3.3. Up�rqoun Lebesgue metr sima uposÔnola tou R ta opoÐa den
eÐnai Borel.
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Kataskeu . JewroÔme th sun�rthsh g : [0, 1] → [0, 2] me g(x) = f(x) + x, ìpou
f h sun�rthsh Cantor–Lebesgue. H g eÐnai gnhsÐwc aÔxousa, suneq c kai epÐ
(to Ðdio kai h g−1).

To sÔnolo g(C) eÐnai metr simo kai λ(g(C)) = 1. 'Estw M èna mh metr simo
uposÔnolo tou g(C). Tìte, to K = g−1(M) eÐnai Lebesgue metr simo diìti eÐnai
uposÔnolo tou C to opoÐo èqei mhdenikì mètro. 'Omwc, to K den eÐnai sÔnolo
Borel: an  tan, to M = (g−1)−1(K) ja  tan sÔnolo Borel wc antÐstrofh eikìna
sunìlou Borel mèsw suneqoÔc sun�rthshc. Sunep¸c, to M ja  tan Lebesgue
metr simo.


