
Kef�laio 5

Metr simec sunart seic

5.1 Metrhsimìthta

Orismìc 5.1.1. 'Estw (X,A1) kai (Y,A2) dÔo metr simoi q¸roi. Mia su-
n�rthsh f : X → Y lègetai (A1,A2)�metr simh an gia k�je E ∈ A2 isqÔei
f−1(E) ∈ A1.

Prìtash 5.1.2. An A2 = σ(E) tìte h f : X → Y eÐnai (A1,A2)�metr simh
an kai mìno an gia k�je E ∈ E isqÔei f−1(E) ∈ A1.

Prìtash 5.1.3. 'Estw X kai Y dÔo metrikoÐ q¸roi. K�je suneq c sun�rthsh
f : X → Y eÐnai (B(X),B(Y ))�metr simh.

5.1aþ Periorismìc kai sugkìllhsh

Orismìc 5.1.4. 'Estw f : X → Y . Gia k�je E ⊆ X sumbolÐzoume me fE ton
periorismì thc f sto E. Dhlad , fE : E → Y kai fE(x) = f(x) gia k�je x ∈ E.

'Estw A1 mia σ��lgebra uposunìlwn tou X. JumhjeÐte ìti h oikogèneia
A ¹ E = {A ∩ E | A ∈ A} eÐnai σ��lgebra sto E. Eidikìtera, an E ∈ A tìte

A ¹ E = {A | A ⊆ E, A ∈ A}.
Prìtash 5.1.5. 'Estw (X,A1), (Y,A2) dÔo metr simoi q¸roi, kai èstw f :
X → Y . Upojètoume ìti ta E1, . . . , En ∈ A1 eÐnai xèna kai X = E1 ∪ · · · ∪ En.

Tìte, h f eÐnai (A1,A2)�metr simh an kai mìno an gia k�je j = 1, . . . , n h
fEj eÐnai (A1 ¹ Ej ,A2)�metr simh.

To Ðdio isqÔei an antÐ gia thn peperasmènh diamèrish {E1, . . . , En} tou X
jewr soume �peirh arijm simh diamèrish {Ej}∞j=1 tou X.

5.2 Metr simec sunart seic me pragmatikèc timèc

Orismìc 5.2.1. (a) Mia sun�rthsh f : (X,A) → R lègetai A�metr simh ( ,
pio apl�, metr simh) an eÐnai (A,B(R))�metr simh.
(b) Mia sun�rthsh f : (X,A) → R lègetai A�metr simh ( , pio apl�, metr simh)
an eÐnai (A,B(R))�metr simh.
ShmeÐwsh. H oikogèneia twn Borel uposunìlwn tou R eÐnai h

B(R) = {A,A ∪ {+∞}, A ∪ {−∞}, A ∪ {+∞,−∞} | A ∈ B(R)}.
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Autì èrqetai se sumfwnÐa me ton genikì orismì miac Borel σ��lgebrac, an jew-
r soume to R san topologikì q¸ro me basikèc perioqèc tou +∞ kai tou −∞ ta
sÔnola thc morf c (a,+∞] kai [−∞, a) (ìpou a ∈ R) antÐstoiqa.

Orismìc 5.2.2. (a) Mia sun�rthsh f : Rk → R   R lègetai Borel metr -
simh an eÐnai B(Rk)�metr simh.
(b) Mia sun�rthsh f : Rk → R   R lègetai Lebesgue metr simh an eÐnai
Lk�metr simh.

5.2aþ QarakthrismoÐ metrhsimìthtac

Prìtash 5.2.3. 'Estw f = (f1, . . . , fk) : (X,A) → Rk. H f eÐnai (A,B(Rk))�
metr simh an kai mìno an k�je fj eÐnai (A,B(R))�metr simh.

Prìtash 5.2.4. H f : (X,A) → R eÐnai metr simh an kai mìno an gia k�je
a ∈ R èqoume

f−1((a,+∞)) = {x ∈ X : f(x) > a} ∈ A.

ShmeÐwsh. Sthn prohgoÔmenh Prìtash mporoÔme na antikatast soume thn
oikogèneia {(a,+∞) : a ∈ R} me opoiad pote apì tic {[a,+∞) : a ∈ R},
{(−∞, a) : a ∈ R}   {(−∞, a] : a ∈ R}.
Prìtash 5.2.5. 'Estw f : (X,A) → R. Ta ex c eÐnai isodÔnama:
(a) H f eÐnai metr simh.
(b) Ta sÔnola f−1({+∞}) kai E = f−1(R) an koun sthn A, kai h fE eÐnai
(A ¹ E)�metr simh.
(g) Gia k�je a ∈ R èqoume f−1((a,+∞]) ∈ A.

5.2bþ Pr�xeic metaxÔ metr simwn sunart sewn

Prìtash 5.2.6. 'Estw (X,A1), (Y,A2) kai (Z,A3) treic metr simoi q¸roi.
An h f : X → Y eÐnai (A1,A2)�metr simh kai h g : Y → Z eÐnai (A2,A3)�
metr simh, tìte h g ◦ f : X → Z eÐnai (A1,A3)�metr simh.

Prìtash 5.2.7. 'Estw f kai g : (X,A) → R dÔo A�metr simec sunart seic.
Tìte, oi f + g kai f · g eÐnai A�metr simec.

Prìtash 5.2.8. 'Estw f kai g : (X,A) → R dÔo A�metr simec sunart seic.
Tìte, to sÔnolo

E = {x : f(x) = +∞, g(x) = −∞} ∪ {x : f(x) = −∞, g(x) = +∞}

an kei sthn A kai h (f + g) ¹ Ec eÐnai (A ¹ Ec)�metr simh.

SÔmbash. 0 · (+∞) = (+∞) · 0 = 0 · (−∞) = (−∞) · 0 = 0.

Prìtash 5.2.9. 'Estw f kai g : (X,A) → R dÔo A�metr simec sunart seic.
Tìte, h f · g eÐnai A�metr simh.

Prìtash 5.2.10. 'Estw f kai g : (X,A) → R dÔo A�metr simec sunart seic.
Tìte, ta sÔnola {x ∈ X : f(x) = g(x)} kai {x ∈ X : f(x) < g(x)} an koun
sthn A.
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Prìtash 5.2.11. 'Estw f1, . . . , fn : (X,A) → R metr simec sunart seic.
Tìte, oi sunart seic max{f1, . . . fn} kai min{f1, . . . , fn} eÐnai A�metr simec.

Prìtash 5.2.12. 'Estw f : (X,A) → R mia A�metr simh sun�rthsh. Tìte,
oi sunart seic f+ = max{f, 0} kai f− = −min{f, 0} eÐnai A�metr simec.

Prìtash 5.2.13. 'Estw (fn) mia akoloujÐa metr simwn sunart sewn fn :
(X,A) → R. Tìte, oi sunart seic sup

n≥1
fn, inf

n≥1
fn, lim sup

n→∞
fn kai lim inf

n→∞
fn eÐnai

A�metr simec.

Prìtash 5.2.14. 'Estw (fn) mia akoloujÐa metr simwn sunart sewn fn :
(X,A) → R. Tìte, to sÔnolo

A = {x ∈ X : to lim
n→∞

fn(x) up�rqei sto R}

an kei sthn A kai h sun�rthsh f = lim
n→∞

fn : A → R eÐnai metr simh.

5.3 Aplèc sunart seic

Orismìc 5.3.1. 'Estw E ⊆ X. H sun�rthsh χE : X → R pou orÐzetai apì

thn χE(x) =
{

1 an x ∈ E
0 an x /∈ E

, lègetai qarakthristik  sun�rthsh tou

E.

Parat rhsh 5.3.2. EÔkola elègqoume ìti

tχE + sχF = tχE\F + (t + s)χE∩F + sχF\E , χEχF = χE∩F , χEc = 1− χE

gia k�je E, F ⊆ X kai gia k�je t, s ∈ R.

Prìtash 5.3.3. 'Estw (X,A) metr simoc q¸roc kai èstw E ⊆ X. Tìte, h
χE eÐnai A�metr simh an kai mìno an E ∈ A.

Orismìc 5.3.4. 'Estw X èna mh kenì sÔnolo. Mia sun�rthsh φ : X → R
lègetai apl  an to sÔnolo tim¸n thc eÐnai peperasmèno.

Prìtash 5.3.5. (a) Mia sun�rthsh φ : X → R eÐnai apl  an kai mìno an eÐnai
grammikìc sunduasmìc (peperasmènwn to pl joc) qarakthristik¸n sunart sewn
uposunìlwn tou X.

(b) An h φ : X → R eÐnai apl , tìte up�rqei diamèrish {E1, . . . , Em} tou X se
xèna, mh ken� sÔnola Ei, kai up�rqoun a1, . . . , am ∈ R, diaforetikoÐ an� dÔo,
¸ste

φ = a1χE1 + · · ·+ amχEm .

Up�rqei mÐa mìno anapar�stash thc φ me tic parap�nw idiìthtec. Aut  h anapa-
r�stash lègetai kanonik  morf  thc φ.

(g) An (X,A) eÐnai ènac metr simoc q¸roc kai an φ : X → R eÐnai mia apl 
sun�rthsh me kanonik  morf  thn φ = a1χE1 + · · · + amχEm , tìte h φ eÐnai
A�metr simh an kai mìno an E1, . . . , Em ∈ A.
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Prìtash 5.3.6. (a) K�je grammikìc sunduasmìc twn apl¸n sunart sewn
φ1, . . . , φs : X → R (me suntelestèc pragmatikoÔc arijmoÔc) eÐnai apl  sun�r-
thsh.
(b) An φ, ψ : X → R eÐnai dÔo aplèc sunart seic, tìte oi φ · ψ, max{φ, ψ} kai
min{φ, ψ} eÐnai aplèc sunart seic.

Je¸rhma 5.3.7 (prosèggish sun�rthshc apì aplèc sunart -
seic). 'Estw f : X → [0, +∞]. Up�rqei aÔxousa akoloujÐa {φn} apl¸n sunar-
t sewn pou sugklÐnei kat� shmeÐo sthn f : gia k�je x ∈ X isqÔei φn(x) → f(x).

Epiplèon, an h f eÐnai fragmènh se k�poio E ⊆ X, tìte φn → f omoiìmorfa
sto E.

Orismìc thc φn: OrÐzoume G = {x ∈ X : f(x) = 0}. Gia k�je n ∈ N qwrÐzoume
to (0, n] se n ·2n diadoqik� anoikt��kleist� diast mata m kouc 1/2n kai jètoume

Ek
n =

{
x ∈ X :

k − 1
2n

< f(x) ≤ k

2n

}
, k = 1, 2, . . . , n · 2n

kai
Fn = {x ∈ X : f(x) > n}.

Tèloc, orÐzoume

φn = n · χFn +
n·2n∑

k=1

k − 1
2n

χEk
n
.

Je¸rhma 5.3.8 (prosèggish metr simhc sun�rthshc apì aplèc
metr simec sunart seic). 'Estw (X,A) ènac metr simoc q¸roc kai èstw
f : X → [0, +∞] mia A�metr simh sun�rthsh. Up�rqei aÔxousa akoloujÐa {φn}
apl¸n metr simwn sunart sewn pou sugklÐnei kat� shmeÐo sthn f : gia k�je
x ∈ X isqÔei φn(x) → f(x).

Epiplèon, an h f eÐnai fragmènh se k�poio E ⊆ X, tìte φn → f omoiìmorfa
sto E.

Apìdeixh. An h f eÐnai metr simh, tìte oi φn pou orÐsthkan parap�nw eÐnai
metr simec.


