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1. H f eÐnai fragmènh: apì thn upìjesh up�rqei oloklhr¸simh g : [0, 1] → R ¸ste |f(x)−g(x)| <
1 gia k�je x ∈ [0, 1]. H g eÐnai oloklhr¸simh, �ra fragmènh. Sunep¸c, up�rqei α > 0 ¸ste
|g(x)| ≤ α gia k�je x ∈ [0, 1]. 'Epetai ìti

|f(x)| ≤ |f(x)− g(x)|+ |g(x)| < 1 + α

gia k�je x ∈ [0, 1].
'Estw ε > 0. Apì thn upìjesh up�rqei oloklhr¸simh gε : [0, 1] → R ¸ste |f(x)− gε(x)| < ε

gia k�je x ∈ [0, 1]. 'Epetai ìti

∫ b

a

f(x) dx ≤
∫ b

a

(gε(x) + ε) dx =
∫ b

a

gε(x) dx + ε

kai ∫ b

a

f(x) dx ≥
∫ b

a

(gε(x)− ε) dx =
∫ b

a

gε(x) dx− ε.

'Epetai ìti ∫ b

a

f(x) dx−
∫ b

a

f(x) dx ≤ 2ε.

AfoÔ to ε > 0  tan tuqìn, h f eÐnai oloklhr¸simh.

2. H f eÐnai fragmènh, �ra up�rqei α > 0 ¸ste |f(x)| ≤ α gia k�je x ∈ [0, 1]. Ja deÐxoume
ìti h f eÐnai oloklhr¸simh qrhsimopoi¸ntac to krit rio tou Riemann. 'Estw ε > 0. Epilègoume
0 < b < 1 arket� mikrì ¸ste na ikanopoieÐtai h

2αb <
ε

2
.

Apì thn upìjesh, h f eÐnai oloklhr¸simh sto di�sthma [b, 1], �ra up�rqei diamèrish Q tou [b, 1]
me thn idiìthta

U(f, Q)− L(f,Q) <
ε

2
.

JewroÔme th diamèrish P = {0} ∪Q tou [0, 1]. Tìte,

U(f, P )− L(f, P ) = b(M0 −m0) + U(f, Q)− L(f, Q) < b(M0 −m0) +
ε

2
,

ìpou
M0 = sup{f(x) : 0 ≤ x ≤ b} ≤ α kai m0 = inf{f(x) : 0 ≤ x ≤ b} ≥ −α.

Apì tic teleutaÐec anisìthtec paÐrnoume M0 −m0 ≤ 2α, �ra

U(f, P )− L(f, P ) < 2αb +
ε

2
<

ε

2
+

ε

2
= ε.

Apì to krit rio tou Riemann, h f eÐnai oloklhr¸simh sto [0, 1].

3. (a) AfoÔ h f eÐnai oloklhr¸simh, mporoÔme na broÔme diamèrish P1 = {a = x0 < x1 < · · · <
xn = b} tou [a, b] ¸ste U(f, P1) − L(f, P1) < b − a. Pern¸ntac an qreiasteÐ se eklèptunsh thc
P1 mporoÔme na upojèsoume ìti to pl�toc thc P1 eÐnai mikrìtero apì 1. AfoÔ

n−1∑

k=0

(Mk −mk)(xk+1 − xk) < b− a =
n−1∑

k=0

(xk+1 − xk),

up�rqei k ∈ {0, 1, . . . , n − 1} ¸ste Mk −mk < 1. An jèsoume a1 = xk kai b1 = xk+1 blèpoume
ìti a1 < b1, a1, b1 ∈ [a, b], b1 − a1 < 1 kai

sup{f(x) : a1 ≤ x ≤ b1} − inf{f(x) : a1 ≤ x ≤ b1} = Mk −mk < 1.



(b) Me ton Ðdio trìpo deÐxte ìti up�rqei [a2, b2] ⊆ (a1, b1) me m koc mikrìtero apì 1/2 ¸ste

sup{f(x) : a2 ≤ x ≤ b2} − inf{f(x) : a2 ≤ x ≤ b2} <
1
2
.

Gia na petÔqete ton egkleismì [a2, b2] ⊂ (a1, b1) xekin ste apì èna upodi�sthma [c, d] tou [a1, b1]
me a1 < c < d < b1 (h f eÐnai oloklhr¸simh kai sto [c, d]). BreÐte diamèrish P2 tou [c, d] me
U(f, P2)− L(f, P2) < d−c

2 kai pl�toc mikrìtero apì 1/2 kai suneqÐste ìpwc prin.
Epagwgik� mporeÐte na breÐte [an, bn] ⊂ (an−1, bn−1) ¸ste bn − an < 1/n kai

sup{f(x) : an ≤ x ≤ bn} − inf{f(x) : an ≤ x ≤ bn} <
1
n

.

(g) H tom  twn kibwtismènwn diasthm�twn [an, bn] perièqei akrib¸c èna shmeÐo x0. Ja deÐxoume ìti
h f eÐnai suneq c sto x0: èstw ε > 0. Epilègoume n ∈ N me 1

n < ε. AfoÔ x0 ∈ [an+1, bn+1], èqoume
x0 ∈ (an, bn). Up�rqei δ > 0 ¸ste (x0 − δ, x0 + δ) ⊂ (an, bn). Tìte, gia k�je x ∈ (x0 − δ, x0 + δ)
èqoume

|f(x)− f(x0)| ≤ sup{f(x) : an ≤ x ≤ bn} − inf{f(x) : an ≤ x ≤ bn} <
1
n

< ε.

Autì deÐqnei th sunèqeia thc f sto x0.
(d) Ac upojèsoume ìti h f èqei peperasmèna to pl joc shmeÐa sunèqeiac sto [a, b]. Tìte, up�rqei
di�sthma [c, d] ⊂ [a, b] sto opoÐo h f den èqei kanèna shmeÐo sunèqeiac (exhg ste giatÐ). Autì
eÐnai �topo apì to prohgoÔmeno b ma: h f eÐnai oloklhr¸simh sto [c, d], �ra èqei toul�qiston èna
shmeÐo sunèqeiac se autì.

Gia thn akrÐbeia, to epiqeÐrhma pou qrhsimopoi same deÐqnei k�ti isqurìtero: an h f eÐnai
oloklhr¸simh tìte èqei toul�qiston èna shmeÐo sunèqeiac se k�je upodi�sthma tou [a, b]. Me
�lla lìgia, to sÔnolo twn shmeÐwn sunèqeiac thc f eÐnai puknì sto [a, b].

4. Apì thn prohgoÔmenh 'Askhsh, afoÔ h f eÐnai oloklhr¸simh sto [a, b], up�rqei x0 ∈ [a, b] sto
opoÐo h f eÐnai suneq c. AfoÔ f(x0) > 0, up�rqei di�sthma J ⊆ [a, b] me m koc δ > 0 ¸ste: gia
k�je x ∈ J isqÔei f(x) > f(x0)/2. AfoÔ h f eÐnai mh arnhtik  pantoÔ sto [a, b], èqoume

∫ b

a

f(x) dx ≥
∫

J

f(x) dx ≥ δ · f(x0)
2

> 0.

5. Qrhsimopoi¸ntac thn puknìthta twn arr twn elègqoume eÔkola ìti L(f, P ) = 0 gia k�je
diamèrish P tou [0, 1].

'Estw ε > 0. ParathroÔme ìti to sÔnolo A = {x ∈ [0, 1] : f(x) ≥ ε} eÐnai peperasmèno.
[Pr�gmati, an f(x) ≥ ε tìte x = p/q kai f(x) = 1/q ≥ ε dhlad  q ≤ 1/ε. Oi rhtoÐ tou [0, 1]
pou gr�fontai san an�gwga kl�smata me paronomast  to polÔ Ðso me [1/ε] eÐnai peperasmènoi to
pl joc (èna �nw fr�gma gia to pl joc touc eÐnai o arijmìc 1 + 2 + · · ·+ [1/ε] � exhg ste giatÐ)].

'Estw z1 < z2 < · · · < zN mÐa arÐjmhsh twn stoiqeÐwn tou A. MporoÔme na broÔme xèna
upodiast mata [ai, bi] tou [0, 1] pou èqoun m kh bi − ai < ε/N kai ikanopoioÔn ta ex c: a1 > 0,
ai < zi < bi an i < N kai aN < zN ≤ bN (parathr ste ìti an ε ≤ 1 tìte zN = 1 opìte bN = 1).
An jewr soume th diamèrish

Pε = {0 < a1 < b1 < a2 < b2 < · · · < aN < bN ≤ 1},
èqoume

U(f, Pε) ≤ ε · (a1 − 0) + 1 · (b1 − a1) + ε · (a2 − b1) + · · ·+ 1 · (bN−1 − aN−1)
+ε · (aN − bN−1) + 1 · (bN − aN ) + ε · (1− bN )

≤ ε ·
(

a1 + (a2 − b1) + · · ·+ (aN − bN−1) + (1− bN )
)

+
N∑

i=1

(bi − ai)

< 2ε.



Gia to tuqìn ε > 0 br kame diamèrish Pε tou [0, 1] me thn idiìthta

U(f, Pε)− L(f, Pε) < 2ε.

Apì to krit rio tou Riemann, h f eÐnai Riemann oloklhr¸simh.

6. Parathr ste pr¸ta ìti

lim
n→∞

∫ 1

0

nxnf(1) dx = lim
n→∞

(
f(1)

∫ 1

0

nxndx

)
= lim

n→∞

(
f(1) · n

n + 1

)
= f(1).

ArkeÐ loipìn na deÐxoume ìti

(∗) lim
n→∞

∫ 1

0

nxng(x) dx = 0,

ìpou g(x) = f(x)−f(1). H g eÐnai suneq c, �ra up�rqei α > 0 ¸ste |g(x)| ≤ α gia k�je x ∈ [0, 1].
'Estw ε > 0. Apì th sunèqeia thc g sto 1 kai to gegonìc ìti g(1) = 0, up�rqei δ ∈ (0, 1)

¸ste |g(x)| < ε gia k�je x ∈ [1− δ, 1]. 'Epetai ìti
∣∣∣∣
∫ 1

0

nxng(x) dx

∣∣∣∣ ≤
∫ 1−δ

0

nxn|g(x)| dx +
∫ 1

1−δ

nxn|g(x)| dx

≤ α

∫ 1−δ

0

nxndx + ε

∫ 1

1−δ

nxndx

≤ α · n(1− δ)n+1

n + 1
+ ε

∫ 1

0

nxndx

≤ α · n(1− δ)n+1

n + 1
+ ε · n

n + 1
≤ α(1− δ)n+1 + ε.

AfoÔ lim
n→∞

α(1− δ)n+1 = 0, up�rqei n0 ∈ N ¸ste α(1− δ)n+1 < ε gia k�je n ≥ n0. 'Ara,

∣∣∣∣
∫ 1

0

nxng(x) dx

∣∣∣∣ ≤ 2ε gia k�je n ≥ n0.

'Epetai h (∗).
7. H f eÐnai suneq c, �ra up�rqei M > 0 ¸ste |f(y)| ≤ M gia k�je y ∈ [0, 1]. 'Estw 0 < ε < 1.
Apì th sunèqeia thc f sto 0, up�rqei 0 < δ < 1 ¸ste: an 0 ≤ y ≤ δ tìte

|f(y)− f(0)| < ε

2
.

Epilègoume n0 ∈ N me thn idiìthta: gia k�je n ≥ n0 isqÔei
(

1− ε

4M + 1

)n

< δ.

Tìte, gia k�je n ≥ n0 mporoÔme na gr�youme (parathr ste ìti an 0 < x < 1 − ε
4M+1 tìte

|f(xn)− f(0)| < ε/2)

|an − f(0)| =

∣∣∣∣∣
∫ 1− ε

4M+1

0

(f(xn)− f(0))dx +
∫ 1

1− ε
4M+1

(f(xn)− f(0))dx

∣∣∣∣∣

≤
∫ 1− ε

4M+1

0

|f(xn)− f(0)| dx +
∫ 1

1− ε
4M+1

(|f(xn)|+ |f(0)|) dx

≤
(

1− ε

4M + 1

)
· ε

2
+

ε

4M + 1
· 2M

< ε.



'Ara, an → f(0).

8. Parathr ste pr¸ta ìti

lim
n→∞

∫ 1

0

nf(0)e−nxdx = lim
n→∞

(
f(0)

∫ 1

0

ne−nxdx

)
= lim

n→∞
(
f(0) · (1− e−n)

)
= f(0).

ArkeÐ loipìn na deÐxoume ìti

(∗) lim
n→∞

∫ 1

0

ne−nxg(x) dx = 0,

ìpou g(x) = f(x)−f(0). H g eÐnai suneq c, �ra up�rqei α > 0 ¸ste |g(x)| ≤ α gia k�je x ∈ [0, 1].
'Estw ε > 0. Apì th sunèqeia thc g sto 0 kai to gegonìc ìti g(0) = 0, up�rqei δ ∈ (0, 1)

¸ste |g(x)| < ε gia k�je x ∈ [0, δ]. 'Epetai ìti
∣∣∣∣
∫ 1

0

ne−nxg(x) dx

∣∣∣∣ ≤
∫ δ

0

ne−nx|g(x)| dx +
∫ 1

δ

ne−nx|g(x)| dx

≤ ε

∫ δ

0

ne−nxdx + α

∫ 1

δ

ne−nxdx

≤ ε · (1− e−nδ) + α · (e−nδ − e−n)
≤ ε + α · e−nδ.

AfoÔ lim
n→∞

α · e−nδ = 0, up�rqei n0 ∈ N ¸ste α · e−nδ < ε gia k�je n ≥ n0. 'Ara,

∣∣∣∣
∫ 1

0

ne−nxg(x) dx

∣∣∣∣ ≤ 2ε gia k�je n ≥ n0.

'Epetai h (∗).


