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1. (a) Parathr ste ìti x ∈ lim supAn an kai mìno an gia k�je k ∈ N isqÔei x ∈ ⋃∞
j=k Aj , dhlad 

an kai mìno an gia k�je k ∈ N up�rqei j ≥ k ¸ste x ∈ Aj . Exhg ste giatÐ h teleutaÐa prìtash
isqÔei an kai mìno an x ∈ Aj gia �peirec timèc tou j.
(b) Parathr ste ìti x ∈ lim inf An an kai mìno up�rqei k ∈ N ¸ste x ∈ ⋂∞

j=k Aj , dhlad  an kai
mìno an up�rqei k ∈ N ¸ste gia k�je j ≥ k na isqÔei x ∈ Aj , dhlad  an kai mìno an to x an kei
se telik� ìla ta Aj .
(g) An k�poio x ∈ X an kei se telik� ìla ta Aj tìte to x an kei se �peira to pl joc Aj . Apì
ta (a) kai (b) èpetai ìti lim inf An ⊆ lim sup An. 'Ena par�deigma sto opoÐo o egkleismìc na eÐnai
gn sioc paÐrnoume an jewr soume èna mh kenì sÔnolo X kai jèsoume A2k = ∅ kai A2k−1 = X,
k = 1, 2, . . .. Tìte, lim inf An = ∅ kai lim supAn = X.

2. (a) Parathr ste pr¸ta ìti h σ(F) perièqei ìla ta monosÔnola tou X: an x ∈ X tìte,
epilègontac dÔo stoiqeÐa y kai z tou X \ {x} èqoume {x, y} ∈ F , {x, z} ∈ F kai {x} = {x, y} ∩
{x, z}.

H σ(F) perièqei ìla ta monosÔnola, epomènwc perièqei ìla ta arijm sima uposÔnola tou X
(arijm simec en¸seic monosunìlwn). Sunep¸c,

σ(F) ⊇ B = {A ⊆ X |A arijm simo   Ac arijm simo}.

'Omwc, h B eÐnai σ��lgebra kai F ⊆ B. 'Ara, σ(F) ⊆ B.
'Epetai ìti σ(F) = {A ⊆ X |A arijm simo   Ac arijm simo}.

(b) Gia to deÔtero er¸thma parathr ste ìti h F eÐnai monìtonh kl�sh: k�je aÔxousa   fjÐnousa
akoloujÐa disunìlwn eÐnai anagkastik� stajer . 'Epetai ìti m(F) = F .

3. (a) OrÐzoume B = {B ⊆ Y | f−1(B) ∈ A}.
1. H B eÐnai mh ken : f−1(Y ) = X ∈ A, �ra Y ∈ B.
2. An B ∈ B tìte f−1(B) ∈ A kai, afoÔ h A eÐnai σ��lgebra, f−1(Bc) = X \ f−1(B) ∈ A.

Sunep¸c, Bc ∈ B.
3. An Bn ∈ B, n ∈ N, tìte

f−1

( ∞⋃
n=1

Bn

)
=

∞⋃
n=1

f−1(Bn) ∈ A

diìti h A eÐnai σ��lgebra. Sunep¸c,
⋃∞

n=1 Bn ∈ B.
'Epetai ìti h B eÐnai σ��lgebra.
(b) Apì thn upìjesh èqoume E ⊆ B. Apì to (a) blèpoume ìti

C = σ(E) ⊆ B.

Autì shmaÐnei ìti f−1(B) ∈ A gia k�je B ∈ C.
(g) Efarmog  tou (b): p�rte E thn oikogèneia twn anoikt¸n uposunìlwn tou Y , C thn oikogèneia
twn Borel uposunìlwn tou Y , kai A thn oikogèneia twn Borel uposunìlwn tou X. Parathr ste
ìti an B ∈ E tìte to f−1(B) eÐnai anoiktì uposÔnolo tou X, �ra f−1(B) ∈ A.

4. (a) Jètoume F =
{{x = (x1, . . . , xn) |xj > aj}, j = 1, . . . , n, aj ∈ R

}
. DeÐxte diadoqik� ta

ex c:

1. H σ(F) perièqei ìlouc touc hmiq¸rouc thc morf c {x = (x1, . . . , xn) |xj ≥ aj}, {x =
(x1, . . . , xn) |xj < bj} kai {x = (x1, . . . , xn) |xj ≤ bj}, ìpou j = 1, . . . , n kai aj ∈ R.

2. H σ(F) perièqei ìla ta diast mata.



'Epetai ìti h σ(F) perièqei ìla ta Borel uposÔnola tou Rn.
(b) 'Estw F1 = {B(x, r) |x ∈ Qn, r ∈ Q+}. DeÐxte ìti k�je anoiktì uposÔnolo tou Rn gr�fetai
san arijm simh ènwsh sunìlwn apì thn F1. 'Epetai ìti k�je Borel uposÔnolo tou Rn an kei sthn
σ(F1) ⊆ σ(F).

5. 'Estw F èna kleistì uposÔnolo tou X. Tìte,

F =
∞⋂

n=1

{
x ∈ X : ρ(x, F ) <

1
n

}
,

ìpou ρ(x, F ) = inf{ρ(x, y) : y ∈ F}. Parathr ste ìti ta sÔnola An =
{
x ∈ X : ρ(x, F ) < 1

n

}
eÐnai anoikt�, diìti h x 7→ ρ(x, F ) eÐnai suneq c sun�rthsh. 'Ara, to F eÐnai Gδ sÔnolo.

'Estw G èna anoiktì uposÔnolo tou X. Apì to prohgoÔmeno er¸thma, up�rqoun anoikt�
sÔnola An ¸ste X \G =

⋂∞
n=1 An. 'Epetai ìti to G = (X \G)c =

⋃∞
n=1(X \An) eÐnai arijm simh

ènwsh kleist¸n sunìlwn, dhlad  Fσ�sÔnolo.

6. (a) OrÐzoume A = {x ∈ Rn | h f eÐnai suneq c sto x} kai gia k�je m ∈ N orÐzoume

Am =
{

x ∈ Rn : up�rqei δ > 0 ¸ste gia k�je y, z ∈ B(x, δ) na isqÔei |f(y)− f(z)| < 1
m

}
,

ìpou B(x, δ) h anoikt  EukleÐdeia mp�la me kèntro to x kai aktÐna δ. DeÐxte ìti A =
⋂∞

m=1 Am

kai ìti k�je Am eÐnai anoiktì sÔnolo. 'Epetai ìti to A eÐnai Gδ�sÔnolo.
(b) OrÐzoume B = {x ∈ Rn | up�rqei to lim

k→∞
fk(x)}. Parathr ste ìti, gia k�je x ∈ Rn, to

lim
k→∞

fk(x) up�rqei an kai mìno an h akoloujÐa (fk(x))∞k=1 eÐnai akoloujÐa Cauchy. 'Etsi, mporeÐte
na gr�yete to B sth morf 

B =
∞⋂

m=1




∞⋃

k=1




∞⋂

r,s=k

{
x ∈ Rn : |fr(x)− fs(x)| ≤ 1

m

}



 .

Apì th sunèqeia twn fk, gia k�je k kai m, to sÔnolo

∞⋂

r,s=k

{
x ∈ Rn : |fr(x)− fs(x)| ≤ 1

m

}

eÐnai kleistì sÔnolo (wc tom  kleist¸n sunìlwn). 'Ara, gia k�je m ∈ N, to sÔnolo

Bm =
∞⋃

k=1




∞⋂

r,s=k

{
x ∈ Rn : |fr(x)− fs(x)| ≤ 1

m

}


eÐnai Fσ�sÔnolo. 'Epetai ìti to B =
⋂∞

m=1 Bm eÐnai Fσδ�sÔnolo.

7. JewroÔme thn oikogèneia

A = {A ⊆ X | up�rqei arijm simh upooikogèneia CA thc F ¸ste A ∈ σ(CA)}.

MporoÔme na deÐxoume ìti h A eÐnai σ��lgebra:
(a) H A eÐnai mh ken : an E ∈ F tìte X ∈ σ(CX) ìpou CX = {E} ⊆ F . 'Ara, X ∈ A.
(b) An A ∈ A tìte up�rqei arijm simh CA ⊆ F ¸ste A ∈ σ(CA). 'Epetai ìti Ac ∈ σ(CA). 'Ara,
A ∈ A (p�rte CAc = CA).
(g) 'Estw An ∈ A. Up�rqoun arijm simec CAn ⊆ F ¸ste An ∈ σ(CAn). H oikogèneia C∪An =⋃∞

n=1 CAn ⊆ F eÐnai arijm simh kai gia k�je n ∈ N èqoume

An ∈ σ(CAn) ⊆ σ(C∪An).



'Ara,
∞⋃

n=1

An ∈ σ(C∪An).

Tèloc, an A ∈ F tìte A ∈ σ(CA) ìpou CA = {A} ⊆ F . 'Ara, A ∈ A. AfoÔ h σ��lgebra
A perièqei thn F , sumperaÐnoume ìti σ(F) ⊆ A. Dhlad , gia k�je A ∈ σ(F) up�rqei arijm simh
CA ⊆ F ¸ste A ∈ σ(CA).


