
511. JEWRIA METROU (2005�06)
UPODEIXEIS � FULLADIO 3

1. (a) 'Eqoume lim inf
n→∞

An = ∪∞k=1

(
∩∞j=kAj

)
, dhlad  ∩∞j=kAj ↗ lim inf

n→∞
An. Apì th sunèqeia tou

µ èpetai ìti
µ

(
lim inf
n→∞

An

)
= lim

k→∞
µ

(∩∞j=kAj

)
= sup

k∈N
µ

(∩∞j=kAj

)
.

Apì th monotonÐa tou µ, gia k�je k ∈ N èqoume µ
(
∩∞j=kAj

)
≤ infj≥k µ(Aj). 'Epetai ìti

µ
(
lim inf
n→∞

An

)
≤ sup

k∈N
inf
j≥k

µ(Aj) = lim inf
n→∞

µ(An).

(b) 'Eqoume lim sup
n→∞

An = ∩∞k=1

(
∪∞j=kAj

)
, dhlad  ∪∞j=kAj ↘ lim sup

n→∞
An. Apì thn upìjesh ìti

µ (∪∞n=1An) < ∞ kai th sunèqeia tou µ èpetai ìti

µ

(
lim sup

n→∞
An

)
= lim

k→∞
µ

(∪∞j=kAj

)
= inf

k∈N
µ

(∪∞j=kAj

)
.

Apì th monotonÐa tou µ, gia k�je k ∈ N èqoume µ
(
∪∞j=kAj

)
≥ supj≥k µ(Aj). 'Epetai ìti

µ

(
lim sup

n→∞
An

)
≥ inf

k∈N
sup
j≥k

µ(Aj) = lim sup
n→∞

µ(An).

(g) 'Estw ε > 0. AfoÔ
∑∞

n=1 µ(An) < ∞, up�rqei k ∈ N ¸ste

µ
(∪∞j=kAj

) ≤
∞∑

j=k

µ(Aj) < ε.

AfoÔ to ε > 0  tan tuqìn kai µ

(
lim sup

n→∞
An

)
≤ µ

(
∪∞j=kAj

)
gia k�je k ∈ N, sumperaÐnoume ìti

µ

(
lim sup

n→∞
An

)
= 0.

2. AfoÔ h {µn} eÐnai aÔxousa, to µ(A) = limn→∞ µn(A) up�rqei (kai endeqomènwc eÐnai �peiro)
gia k�je A ∈ A. EpÐshc, µ(A) ≥ µn(A) gia k�je n ∈ N kai gia k�je A ∈ A. DeÐqnoume ìti to µ
eÐnai mètro:
(i) Apì ton orismì tou µ èqoume µ(∅) = lim

n→∞
µn(∅) = 0, afoÔ µn(∅) = 0 gia k�je n ∈ N.

(ii) 'Estw {Ak}∞k=1 akoloujÐa xènwn sunìlwn sthn A. Gia k�je N ∈ N èqoume

N∑

k=1

µ(Ak) =
N∑

k=1

lim
n→∞

µn(Ak) = lim
n→∞

N∑

k=1

µn(Ak)

= lim
n→∞

µn

(∪N
k=1Ak

) ≤ lim
n→∞

µn (∪∞k=1Ak)

= µ (∪∞k=1Ak) .

'Epetai ìti ∞∑

k=1

µ(Ak) ≤ µ (∪∞k=1Ak) .

Gia thn antÐstrofh anisìthta parathr ste ìti, gia k�je n ∈ N,

µn (∪∞k=1Ak) =
∞∑

k=1

µn(Ak) ≤
∞∑

k=1

µ(Ak).



3. AfoÔ to µ eÐnai σ�peperasmèno, up�rqei akoloujÐa {Bn}∞n=1 xènwn sunìlwn sthn A ¸ste
X = ∪∞n=1Bn. 'Estw E ∈ A. Gia k�je i ∈ I èqoume

µ(E ∩Ai) =
∞∑

n=1

µ(E ∩Bn ∩Ai).

'Epetai (exhg ste giatÐ) ìti

{i ∈ I : µ(E ∩Ai) > 0} = ∪∞n=1{i ∈ I : µ(E ∩Bn ∩Ai) > 0}.

ArkeÐ loipìn na deÐxoume ìti: gia k�je n ∈ N, to sÔnolo Un = {i ∈ I : µ(E ∩Bn ∩Ai) > 0} eÐnai
arijm simo. Parathr ste ìti, gia k�je n kai gia k�je k, to sÔnolo

Un,k = {i ∈ I : µ(E ∩Bn ∩Ai) > 1/k}

eÐnai peperasmèno: ta sÔnola (E ∩Bn ∩Ai)i∈Un,k
eÐnai xèna kai perièqontai sto E ∩Bn, �ra

1
k
· card(Un,k) ≤ µ(E ∩Bn) ≤ µ(Bn) < ∞.

'Epetai ìti to Un = ∪∞k=1Un,k eÐnai arijm simo.

4. 'Estw A ∈ A me µ(A) = ∞. OrÐzoume

S = {B ∈ A, B ⊆ A, 0 < µ(B) < ∞}

kai jètoume
s = sup(S).

AfoÔ to µ eÐnai hmipeperasmèno, to sÔnolo S eÐnai mh kenì. Sunep¸c, s > 0.
Upojètoume ìti s < ∞. Gia k�je n ∈ N brÐskoume Bn ∈ S ¸ste µ(Bn) >

(
1− 1

n

)
s.

JewroÔme to sÔnolo
B = ∪∞n=1Bn.

Tìte, B ∈ A kai B ⊆ A. DiakrÐnoume dÔo peript¸seic:
(a) An µ(B) < ∞, tìte B ∈ S. EpÐshc,

µ(B) ≥ µ(Bn) >

(
1− 1

n

)
s

gia k�je n ∈ N, �ra µ(B) = s. JewroÔme to A \ B: èqoume µ(A \ B) = ∞. AfoÔ to µ eÐnai
hmipeperasmèno, mporoÔme na broÔme C ⊆ A \ B ¸ste 0 < µ(C) < ∞. 'Omwc tìte, B ∪ C ⊆ A
kai 0 < µ(B ∪ C) < ∞, opìte B ∪ C ∈ S kai µ(B ∪ C) = µ(B) + µ(C) > s. 'Atopo.
(b) An µ(B) = ∞, apì thn µ(B) = lim

k→∞
µ

(∪k
n=1Bn

)
mporoÔme na broÔme k ∈ N ¸ste

µ
(∪k

n=1Bn

)
> s.

AfoÔ ∪k
n=1Bn ∈ S, katal goume p�li se �topo.

SumperaÐnoume loipìn ìti s = ∞. Dhlad , gia k�je M > 0 up�rqei B ∈ A ¸ste B ⊆ A kai
M < µ(B) < ∞.

5. OrÐzoume

A = {A ∈ σ(F) : gia k�je ε > 0 up�rqei F ∈ F ¸ste µ(A4 F ) < ε}.

EÐnai fanerì ìti F ⊆ A. Eidikìtera, A 6= ∅.
An A ∈ A kai an ε > 0, tìte up�rqei F ∈ F ¸ste µ(A4 F ) < ε. ParathroÔme ìti F c ∈ F

kai Ac 4 F c = A4 F , �ra µ(Ac 4 F c) < ε. 'Epetai ìti Ac ∈ A.
'Estw {An}∞n=1 akoloujÐa xènwn sunìlwn sthn A kai èstw ε > 0. AfoÔ to µ eÐnai pe-

perasmèno mètro, èqoume
∑∞

n=1 µ(An) = µ
( ∪∞n=1 An

)
< ∞. Sunep¸c, up�rqei k ∈ N ¸ste



∑∞
n=k+1 µ(An) < ε

2 . Gia n = 1, . . . , k brÐskoume Fn ∈ F ¸ste µ(An 4 Fn) < ε
2n+1 . AfoÔ h F

eÐnai �lgebra, h ènwsh F = F1 ∪ · · · ∪ Fk ∈ F . Parathr ste ìti

(∪∞n=1An)4 F ⊆ (∪∞n=k+1An

) ∪ (A1 4 F1) ∪ · · · ∪ (Ak 4 Fk).

Sunep¸c,

µ ((∪∞n=1An)4 F ) ≤
∞∑

n=k+1

µ(An) +
k∑

n=1

µ(An 4 Fn) <
ε

2
+

k∑
n=1

ε

2n+1
< ε.

'Epetai ìti ∪∞n=1An ∈ A.
Apì ta parap�nw, h A eÐnai σ��lgebra. AfoÔ A ⊇ F , sumperaÐnoume ìti A = σ(F).

6. AfoÔ B \A ⊆ A4B kai µ(A4B) = 0, h plhrìthta tou (X,A, µ) exasfalÐzei ìti B \A ∈ A
kai µ(B \A) = 0. Me ton Ðdio trìpo blèpoume ìti A \B ∈ A kai µ(A \B) = 0.

H A eÐnai σ��lgebra, sunep¸c, A ∩B = A \ (A \B) ∈ A kai µ(A ∩B) = µ(A)− µ(A \B) =
µ(A) − 0 = µ(A). OmoÐwc, B = (A ∩ B) ∪ (B \ A) ∈ A kai µ(B) = µ(A ∩ B) + µ(B \ A) =
µ(A ∩B) + 0 = µ(A).

7. (a) DeÐqnoume pr¸ta ìti A ⊆ Ã: an E ∈ A, tìte E ∩A ∈ A gia k�je A ∈ A (den qrei�zetai h
upìjesh ìti µ(A) < ∞). Eidikìtera, h Ã eÐnai mh ken .

'Estw E ∈ Ã. Gia k�je A ∈ A me µ(A) < ∞ èqoume Ec∩A = A\ (E∩A) ∈ A. 'Ara, Ec ∈ Ã.
Tèloc, èstw {En}∞n=1 akoloujÐa sunìlwn sthn Ã. Gia k�je A ∈ A me µ(A) < ∞ èqoume

(∪∞n=1En) ∩A = ∪∞n=1(En ∩A) ∈ A
diìti h A eÐnai σ��lgebra kai En ∩A ∈ A gia k�je n ∈ N. 'Ara, ∪∞n=1En ∈ Ã.
(b) Upojètoume ìti to µ eÐnai σ�peperasmèno. Up�rqei akoloujÐa {Bn}∞n=1 xènwn sunìlwn sthn
A ¸ste X = ∪∞n=1Bn. 'Estw E ∈ Ã. Tìte, E ∩ Bn ∈ A gia k�je n ∈ N. AfoÔ h A eÐnai
σ��lgebra,

E = ∪∞n=1(E ∩Bn) ∈ A.

Dhlad , Ã ⊆ A.
(g) DeÐxte pr¸ta ìti to µ̃ eÐnai mètro ston (X, Ã). 'Estw E èna topik� metr simo sÔnolo ston
(X, Ã, µ̃). Tìte, gia k�je A ∈ Ã me µ̃(A) < ∞ èqoume E ∩ A ∈ Ã. Apì ton orismì tou µ̃ autì
shmaÐnei ìti gia k�je A ∈ A me µ(A) = µ̃(A) < ∞ èqoume E ∩A ∈ Ã kai µ̃(E ∩A) ≤ µ̃(A) < ∞,
dhlad  E ∩ A ∈ A. Sunep¸c, E ∈ Ã. AfoÔ k�je topik� metr simo sÔnolo tou (X, Ã, µ̃) eÐnai
sthn Ã, o (X, Ã, µ̃) eÐnai koresmènoc q¸roc mètrou.

8. (a)=⇒(g): ParathroÔme pr¸ta ìti µ(X) > 0: alli¸c ja eÐqame {µ(A) : A ∈ A} = {0}.
EpÐshc, up�rqei A1 ∈ A ¸ste 0 < µ(A1) < µ(X): alli¸c ja eÐqame {µ(A) : A ∈ A} = {0, µ(X)}.

Ac upojèsoume ìti èqoume breÐ xèna sÔnola A1, . . . , Ak ∈ A ¸ste µ(An) > 0 gia k�je
n = 1, . . . , k kai µ(Bk) > 0, ìpou Bk = X \ (A1 ∪ · · · ∪ Ak). Parathr ste ìti k�poio apì ta
sÔnola

Un,k = {µ(C) : C ∈ A, C ⊆ An} (n ≤ k)   Jk = {µ(C) : C ∈ A, C ⊆ Bk}
eÐnai �peiro. Pr�gmati, gia k�je A ∈ A èqoume

µ(A) = µ(A ∩A1) + · · ·+ µ(A ∩Ak) + µ(A ∩Bk) ∈ U1,k + · · ·+ Uk,k + Jk.

An loipìn ta Un,k (n ≤ k) kai Jk  tan peperasmèna, tìte to {µ(A) : A ∈ A} ja  tan peperasmèno.
SuneqÐzoume wc ex c:

1. An to Jk eÐnai �peiro, brÐskoume Ak+1 ∈ A, xèno prìc ta A1, . . . , Ak, me µ(Ak+1) >
0 kai µ(Bk \ Ak+1) > 0. Ta sÔnola A1, . . . , Ak+1 èqoun jetikì mètro, to Ðdio kai to
X \ (A1 ∪ · · · ∪Ak+1).

2. An k�poio Un,k eÐnai �peiro, brÐskoume xèna A′n, A′′n ∈ A me An = A′n ∪ A′′n kai µ(A′n) > 0,
µ(A′′n) > 0. Tìte, ta Am,m 6= n kai A′n, A′′n èqoun jetikì mètro, to Ðdio kai to sumpl rwma
thc ènws c touc.



Dhlad , up�rqoun xèna sÔnola A1, . . . , Ak+1 ∈ A ¸ste µ(An) > 0 gia k�je n = 1, . . . , k + 1 kai
µ(Bk+1) > 0, ìpou Bk+1 = X \ (A1 ∪ · · · ∪Ak+1).

H diadikasÐa aut  orÐzei �peirh akoloujÐa {An}∞n=1 xènwn sunìlwn apì thn A ¸ste µ(An) > 0
gia k�je n ∈ N.
(g)=⇒(b): JewroÔme akoloujÐa {An}∞n=1 xènwn sunìlwn apì thn A ¸ste µ(An) > 0 gia k�je
n ∈ N. AfoÔ to µ eÐnai peperasmèno, èqoume

∞∑
n=1

µ(An) = µ (∪∞n=1An) < ∞,

sunep¸c, lim
n→∞

µ(An) = 0. 'Ara, gia k�je ε > 0 up�rqei n ∈ N ¸ste 0 < µ(An) < ε.

(b)=⇒(a): Ac upojèsoume ìti to M = {µ(A) : A ∈ A} eÐnai peperasmèno. Apì thn upìjesh,
to sÔnolo twn jetik¸n stoiqeÐwn tou M eÐnai mh kenì, �ra to M èqei el�qisto jetikì stoiqeÐo
µ(B) = ε > 0, gia k�poio B ∈ A. Tìte, p�li apì thn upìjesh, up�rqei A ∈ A ¸ste 0 < µ(A) < ε.
Katal xame se �topo, �ra to M eÐnai �peiro.


