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1. (a) Apì ton orismì tou µ∗ èqoume µ∗(∅) = 0. EpÐshc, an A ⊆ B ⊆ X èqoume µ∗(A) ≤ µ∗(B)
(an B 6= ∅ tìte µ∗(A) ≤ 1 = µ∗(B) en¸ an B = ∅ tìte A = ∅ kai µ∗(A) = 0 = µ∗(B)).

'Estw {An}∞n=1 akoloujÐa uposunìlwn tou X. An An = ∅ gia k�je n ∈ N tìte ∪∞n=1An = ∅,
�ra µ∗ (∪∞n=1An) = 0 =

∑∞
n=1 µ∗(An). An up�rqei m ∈ N ¸ste Am 6= ∅, tìte ∪∞n=1An 6= ∅, �ra

µ∗ (∪∞n=1An) = 1 = µ∗(Am) ≤
∞∑

n=1

µ∗(An).

Apì ta parap�nw èpetai ìti to µ∗ eÐnai exwterikì mètro.
(b) Ja deÐxoume ìti Aµ∗ = {∅, X}. 'Estw A èna mh kenì gn sio uposÔnolo tou X. Tìte,
µ∗(A) = µ∗(X \A) = 1. Sunep¸c,

µ∗(A ∩X) + µ∗(Ac ∩X) = 2 > 1 = µ∗(X).

Autì deÐqnei ìti A /∈ Aµ∗ .

2. (a) DeÐxte ìti:

1. An E = {n1, . . . , n2k} tìte µ∗(E) = 2k.

2. An E = {n1, . . . , n2k−1} tìte µ∗(E) = 2k.

Gia par�deigma, an E = {n1, . . . , n2k−1} tìte

E ⊂ (∪k−1
j=1{n2j−1, n2j}

) ∪ {n2k−1, n1},

�ra

µ∗(E) ≤
k−1∑

j=1

τ({n2j−1, n2j}) + τ({n2k−1, n1}) = 2k.

AfoÔ to E den kalÔptetai apì ligìtera apì k disÔnola, èqoume µ∗(E) = 2k.
Tèloc, an to E èqei �peira stoiqeÐa tìte, gia k�je k ∈ N mporoÔme na broÔme Ak ⊂ E me

card(Ak) = 2k. 'Ara, µ∗(E) ≥ µ∗(Ak) = 2k gia k�je k ∈ N. Dhlad , µ∗(E) = ∞.
(b) Ja deÐxoume ìti Aµ∗ = {∅,N}. 'Estw A èna mh kenì gn sio uposÔnolo tou N. An m ∈ A kai
n /∈ A tìte gia to E = {m,n} èqoume

µ∗(A ∩ E) + µ∗(Ac ∩ E) = µ∗({m}) + µ∗({n}) = 2 + 2 = 4 > 2 = µ∗(E).

Autì deÐqnei ìti A /∈ Aµ∗ .

3. JewroÔme ta sÔnola Am = {m}, m = 1, 2, . . .. Tìte, ∪∞m=1Am = N. 'Ara,

ϕ (∪∞m=1Am) = lim sup
n→∞

1
n

card(N ∩ {1, . . . , n}) = lim sup
n→∞

n

n
= 1.

'Omwc, gia k�je m ∈ N kai gia k�je n ≥ m èqoume card(Am ∩ {1, . . . , n}) = 1. 'Ara,

ϕ(Am) = lim sup
n→∞

1
n

card(Am ∩ {1, . . . , n}) = lim sup
n→∞

1
n

= 0.

Dhlad ,

ϕ (∪∞m=1Am) = 1 > 0 =
∞∑

m=1

ϕ(Am).

AfoÔ h ϕ den eÐnai σ�upoprosjetik , h ϕ den eÐnai exwterikì mètro sto N.



4. 'Eqoume deÐxei ìti an {Bn}∞n=1 eÐnai akoloujÐa xènwn µ∗�metr simwn uposunìlwn tou X tìte

µ∗
( ∪∞n=1 (Bn ∩ E)

)
=

∞∑
n=1

µ∗(Bn ∩ E)

gia k�je E ⊆ X. EpÐshc, gia k�je N ∈ N isqÔei

µ∗
( ∪N

n=1 (Bn ∩ E)
)

=
N∑

n=1

µ∗(Bn ∩ E).

'Estw {An}∞n=1 mia aÔxousa akoloujÐa µ∗�metr simwn uposunìlwn tou X. OrÐzoume B1 = A1

kai Bn = An \ An−1 gia n ≥ 2. Tìte, ta sÔnola Bn eÐnai xèna kai µ∗�metr sima. EpÐshc
∪∞n=1Bn = ∪∞n=1An kai ∪N

n=1Bn = ∪N
n=1An = AN gia k�je N ∈ N. Gr�foume

µ∗
( ∪∞n=1 (An ∩ E)

)
= µ∗

(
(∪∞n=1An) ∩ E

)
= µ∗

(
(∪∞n=1Bn) ∩ E

)

= µ∗
( ∪∞n=1 (Bn ∩ E)

)
=

∞∑
n=1

µ∗(Bn ∩ E)

= lim
N→∞

(
N∑

n=1

µ∗(Bn ∩ E)

)
= lim

N→∞
µ∗

(
(∪N

n=1Bn) ∩ E
)

= lim
N→∞

µ∗(AN ∩ E).

5. (a) ApodeiknÔoume thn σ�upoprosjetikìthta tou µ∗. 'Estw {En}∞n=1 akoloujÐa uposunìlwn
tou X. ArkeÐ na exet�soume thn perÐptwsh µ∗(En) < ∞ gia k�je n ∈ N. 'Estw ε > 0. Gia k�je
n brÐskoume An ∈ A ¸ste En ⊆ An kai µ(An) < µ∗(En) + ε/2n. Tìte, ∪∞n=1En ⊆ ∪∞n=1An, kai

µ∗
( ∪∞n=1 En

) ≤ µ
( ∪∞n=1 An

) ≤
∞∑

n=1

µ(An) <

∞∑
n=1

µ∗(En) + ε.

AfoÔ to ε > 0  tan tuqìn, blèpoume ìti µ∗
( ∪∞n=1 En

) ≤ ∑∞
n=1 µ∗(En).

(b) 'Estw (X, Ã, µ) h pl rwsh tou µ. DeÐxte diadoqik� ta ex c:

1. An A ∈ A tìte µ∗(A) = µ(A).

2. A ⊆ Aµ∗ . Ja qreiasteÐte thn ex c parat rhsh: an E ⊆ X me µ∗(E) < ∞, tìte up�rqoun
Fn ∈ A ¸ste Fn ⊇ E gia k�je n kai µ(Fn) < µ∗(E) + 1

n . Sunep¸c, F = ∩∞n=1Fn ⊇ E kai
µ(F ) = µ∗(E). Qrhsimopoi¸ntac aut n thn parat rhsh mporoÔme na gr�youme

µ∗(E ∩A) + µ∗(E ∩Ac) ≤ µ(F ∩A) + µ(F ∩Ac) = µ(F ) = µ∗(E)

gia k�je A ∈ A.

3. An A,F ∈ A, µ(F ) = 0 kai B ⊆ F , tìte A ∪B ∈ Aµ∗ . Dhlad , Ã ⊆ Aµ∗ .

4. An A ∈ Aµ∗ kai µ(A) = µ∗(A) < ∞, tìte A ∈ Ã. Ja bohj sei h parat rhsh tou B matoc
2.

5. An to µ eÐnai σ�peperasmèno tìte Aµ∗ ⊆ Ã.

6. (a) 'Eqoume G2 \G1 ⊆ G2 \ E diìti E ⊆ G1. AfoÔ G2 \G1 ∈ Aµ∗ kai to G2 eÐnai metr simo
k�luma tou E, sumperaÐnoume ìti µ(G2 \G1) = 0.

Me ton Ðdio trìpo blèpoume ìti µ(G1 \G2) = 0. Sunep¸c,

µ(G1 4G2) = µ(G2 \G1) + µ(G1 \G2) = 0.

Tèloc, apì tic µ(G1 \G2) = µ(G1 \G2) = 0 èpetai ìti

µ(G2) = µ(G2 ∩G1) + µ(G2 \G1) = µ(G2 ∩G1) + µ(G1 \G2) = µ(G1).



(b) 'Estw A ∈ Aµ∗ me A ⊆ G \ E. Tìte, E ⊆ G \A. 'Ara,

µ(G) = µ∗(E) ≤ µ∗(G \A) = µ(G \A) = µ(G)− µ(A),

ìpou qrhsimopoi same th monotonÐa tou µ∗, to gegonìc ìti G \ A ∈ Aµ∗ kai thn upìjesh ìti
µ(G) < ∞. 'Epetai ìti µ(A) = 0. 'Ara, to G eÐnai µ∗�metr simo k�luma tou E.

7. (a) To µ∗ eÐnai exwterikì mètro sto R: h mình idiìthta pou qrei�zetai prosoq  eÐnai h
σ�upoprosjetikìthta. Pio sugkekrimèna, h perÐptwsh µ∗(∪∞n=1An) = ∞. Autì shmaÐnei ì-
ti to ∪∞n=1An eÐnai uperarijm simo kai èqei shmeÐo sumpÔknwshc sto �peiro. Parathr ste ìti
toul�qiston èna apì ta An eÐnai uperarijm simo. EpÐshc, an upojèsoume ìti up�rqoun pepe-
rasmèna to pl joc uperarijm sima Am, ta Am1 , . . . , Ams

, kai kanèna apì aut� den èqei sh-
meÐo sumpÔknwshc sto �peiro, tìte, gia k�je j = 1, . . . , s up�rqei αj > 0 ¸ste to sÔnolo
{x ∈ Amj

: |x| > αj} na eÐnai arijm simo. Tìte, an jèsoume α = max{α1, . . . , αs} blèpoume ìti
to sÔnolo {x ∈ ∪∞n=1An : |x| > α} eÐnai arijm simo. Autì eÐnai �topo.

Apomènoun loipìn dÔo peript¸seic:

1. K�poio Am èqei shmeÐo sumpÔknwshc sto �peiro. Tìte, µ∗(Am) = ∞, �ra

µ∗(∪∞n=1An) = ∞ = µ∗(Am) =
∞∑

n=1

µ∗(An).

2. Up�rqoun �peira to pl joc uperarijm sima Am, kanèna ìmwc den èqei shmeÐo sumpÔknwshc
sto �peiro. AfoÔ µ∗(Am) = 1 gia kajèna apì aut�, paÐrnoume

µ∗(∪∞n=1An) = ∞ =
∞∑

n=1

µ∗(An).

(b) 'Estw A arijm simo uposÔnolo tou R. Tìte, gia k�je E ⊆ R to E ∩A eÐnai arijm simo, �ra

µ∗(E ∩A) + µ∗(E ∩Ac) = 0 + µ∗(E ∩Ac) ≤ µ∗(E)

apì th monotonÐa tou µ∗. 'Epetai ìti A ∈ Aµ∗ , kai sunep¸c,

Aµ∗ ⊇ {A ⊆ R |A arijm simo   Ac arijm simo}.

'Estw t¸ra A uperarijm simo uposÔnolo tou R me uperarijm simo sumpl rwma. MporoÔme na
broÔme uperarijm sima G ⊆ A kai F ⊆ Ac ta opoÐa den èqoun shmeÐo sumpÔknwshc sto �peiro
(exhg ste giatÐ). An jèsoume E = G ∪ F tìte to E den èqei shmeÐo sumpÔknwshc sto �peiro
(exhg ste giatÐ), �ra

µ∗(E ∩A) + µ∗(E ∩Ac) = µ∗(G) + µ∗(F ) = 1 + 1 = 2 > 1 = µ∗(E).

'Ara, A /∈ Aµ∗ .
(g) K�je E ⊆ R èqei µ∗�metr simo k�luma. DiakrÐnoume dÔo peript¸seic:

1. To E eÐnai arijm simo. Tìte, E ∈ Aµ∗ opìte mporoÔme na p�roume G = E.

2. To E eÐnai uperarijm simo. PaÐrnoume G = R. An A ∈ Aµ∗ kai A ⊆ R \ E = Ec, tìte to
A den èqei arijm simo sumpl rwma (parathr ste ìti Ac ⊇ E) �ra eÐnai arijm simo. 'Epetai
ìti µ(A) = 0.


