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1. (a) Parathr ste ìti

λ(A(ε)) ≤
∞∑

n=1

λ
((

qn − ε

2n
, qn +

ε

2n

))
=

∞∑
n=1

2ε

2n
= 2ε.

(b) An to [0, 1] \ A(ε)  tan kenì, ja eÐqame [0, 1] ⊆ A(ε), opìte 1 ≤ λ(A(ε)). 'Omwc, an ε < 1
2 ,

apì to (a) paÐrnoume λ(A(ε)) ≤ 2ε < 1.
(g) AfoÔ 0 ≤ qn ≤ 1, gia k�je j ∈ N èqoume A ⊆ A(1/j) ⊆ [−1/j, 1 + 1/j]. 'Ara,

A ⊆
∞⋂

j=1

[−1/j, 1 + 1/j] = [0, 1].

EpÐshc, apì to (a),
λ(A) ≤ λ(A(1/j)) ≤ 2/j

gia k�je j ∈ N. 'Ara, λ(A) = 0.
(d) 'Eqoume Q∩ [0, 1] = {qn : n ∈ N} ⊆ A(1/j) gia k�je j ∈ N, �ra Q∩ [0, 1] ⊆ ∩∞j=1A(1/j) = A.

Gia k�je j ∈ N, to [0, 1] \A(1/j) eÐnai kleistì kai poujen� puknì (diìti den perièqei rhtoÔc).
Ac upojèsoume ìti to A eÐnai arijm simo. An A = {xn : n ∈ N}, tìte mporoÔme na gr�youme

[0, 1] = A ∪ ([0, 1] \A) =

( ∞⋃
n=1

{xn}
)
∪




∞⋃

j=1

([0, 1] \A(1/j))


 .

Autì odhgeÐ se �topo: ìla ta sÔnola {xn}, [0, 1] \A(1/j) eÐnai kleist�, �ra k�poio apì aut� ja
èprepe na perièqei di�sthma, apì to je¸rhma tou Baire. Sunep¸c, to A eÐnai uperarijm simo.

2. K�noume pr¸ta thn epiplèon upìjesh ìti to A eÐnai fragmèno uposÔnolo tou [0,∞). Dhlad ,
up�rqei m > 0 ¸ste A ⊆ [0,m]. 'Estw ε > 0. AfoÔ λ(A) = 0, up�rqei akoloujÐa {Rk}
diasthm�twn Rk = [ak, bk] ⊂ [0,∞) ¸ste A ⊆ ∪∞k=1Rk kai

∑∞
k=1(bk − ak) < ε. Tìte,

{x2 : x ∈ A} ⊆
∞⋃

k=1

[a2
k, b2

k]

kai ∞∑

k=1

(b2
k − a2

k) =
∞∑

k=1

(bk − ak)(bk + ak) ≤ 2m

∞∑

k=1

(bk − ak) < 2mε.

AfoÔ λ∗({x2 : x ∈ A}) ≤ 2mε gia to tuqìn ε > 0, sumperaÐnoume ìti λ({x2 : x ∈ A}) = 0.
'Estw t¸ra A ⊂ [0,∞) me λ(A) = 0. OrÐzoume Am = A ∩ [0,m], m ∈ N. Tìte, λ(Am) = 0

kai to prohgoÔmeno b ma deÐqnei ìti λ({x2 : x ∈ Am}) = 0. AfoÔ

{x2 : x ∈ A} =
∞⋃

m=1

{x2 : x ∈ Am},

èpetai ìti λ({x2 : x ∈ A}) = 0. To Ðdio isqÔei an A ⊂ (−∞, 0] kai λ(A) = 0.
Gia thn genik  perÐptwsh, an A ⊆ R kai λ(A) = 0, orÐzoume A+ = {x ∈ A : x ≥ 0},

A− = {x ∈ A : x < 0} kai, qrhsimopoi¸ntac to prìhgoÔmeno b ma, paÐrnoume

λ(B) ≤ λ({x2 : x ∈ A+}) + λ({x2 : x ∈ A−}) = 0.

3. (a) To C eÐnai kleistì wc tom  kleist¸n sunìlwn: èqoume C =
⋂∞

n=0 I(n) kai k�je I(n) eÐnai
peperasmènh ènwsh kleist¸n diasthm�twn.



(b) To C den èqei memonwmèna shmeÐa: èstw x ∈ C. Gia k�je n ∈ N, to x an kei se k�poio apì ta
2n kleist� diast mata I

(n)
k pou sqhmatÐzoun to I(n). Toul�qiston èna apì ta �kra tou I

(n)
k , ac

to poÔme yn, eÐnai diaforetikì apì to x. To m koc tou I
(n)
k eÐnai Ðso me 1/3n, �ra |x− yn| ≤ 1/3n.

K�je �kro diast matoc I
(n)
k eÐnai shmeÐo tou C. Sunep¸c, yn ∈ C, yn 6= x kai yn → x. 'Epetai

ìti to x eÐnai shmeÐo suss¸reushc tou C.

(g) An k�poio (mh tetrimmèno) di�sthma J perièqetai sto C, tìte gia k�je n èqoume J ⊆ I
(n)
k , ìpou

I
(n)
k eÐnai k�poio apì ta kleist� diast mata pou sqhmatÐzoun to I(n). Tìte, λ(J) ≤ λ(I(n)

k ) =
1/3n. AfoÔ autì sumbaÐnei gia k�je n, sumperaÐnoume ìti λ(J) = 0, �topo.

4. DeÐqnoume me epagwg  ìti: gia k�je n ∈ N, o 1/4 brÐsketai sto eswterikì k�poiou apì ta
I
(n)
k , kai qwrÐzei to I

(n)
k se dÔo mèrh pou èqoun lìgo 3 : 1 an n perittìc kai 1 : 3 an n �rtioc.

'Epetai ìti 1
4 ∈ C all�, gia k�je n ∈ N, o 1

4 den eÐnai �kro kanenìc apì ta 2n kleist� diast mata
I
(n)
k pou sqhmatÐzoun to I(n).

Gia par�deigma, ac upojèsoume ìti x ∈ I
(n)
k = (a, b) kai x − a = 3(b − x) (ed¸, o n eÐnai

perittìc). Sto epìmeno b ma, qwrÐzoume to [a, b] se trÐa Ðsa mèrh kai krat�me ta
[
a, 2a+b

3

]
,[

2b+a
3 , b

]
. Parathr ste ìti x = 3b+a

4 , �ra 2b+a
3 < x < b kai

b− x = b− 3b + a

4
=

b− a

4
= 3

(
3b + a

4
− 2b + a

3

)
= 3

(
x− 2b + a

3

)
.

5. (a) An cn ∈ {0, 1, 2} tìte

0 ≤
∞∑

n=1

cn

3n
≤

∞∑
n=1

2
3n

= 1.

(b) 'Estw x ∈ [0, 1]. QwrÐzoume to [0, 1] sta trÐa upodiast mata
[
0, 1

3

]
,
(

1
3 , 2

3

)
kai

[
2
3 , 1

]
. Jètoume

c1 = 0, an x ∈ [
0, 1/3

]

c1 = 1, an x ∈ (
1/3, 2/3

)

c1 = 2, an x ∈ [
2/3, 1

]
.

'Etsi, se k�je perÐptwsh, èqoume
c1

3
≤ x ≤ c1

3
+

1
3
.

Ac upojèsoume ìti x ∈ [
0, 1

3

]
. QwrÐzoume autì to di�sthma sta trÐa upodiast mata

[
0, 1

9

]
,
(

1
9 , 2

9

)
kai

[
2
9 , 1

3

]
, kai jètoume c2 = 0, 1   2 antÐstoiqa an to x an kei sto aristerì, sto mesaÐo   sto

dexiì apì aut� ta diast mata. An�loga orÐzetai to c2 ìtan x ∈ (
1
3 , 2

3

)
  x ∈ [

2
3 , 1

]
, ètsi ¸ste, se

k�je perÐptwsh, na èqoume
c1

3
+

c2

32
≤ x ≤ c1

3
+

c2

32
+

1
32

.

SuneqÐzoume thn epilog  twn cn me autì ton trìpo ètsi ¸ste, gia k�je N , na èqoume

N∑
n=1

cn

3n
≤ x ≤

N∑
n=1

cn

3n
+

1
3N

.

AfoÔ loipìn, gia k�je N èqoume 0 ≤ x−
N∑

n=1

cn

3n ≤ 1
3N , èpetai ìti h seir�

∞∑
n=1

cn

3n sugklÐnei sto x,

dhlad 

x =
∞∑

n=1

cn

3n
.

(g) 'Estw ìti k�poioc x ∈ [0, 1] èqei dÔo diaforetik� triadik� anaptÔgmata:

x =
∞∑

k=1

ck

3k
=

∞∑

k=1

bk

3k
.



'Estw n o mikrìteroc fusikìc gia ton opoÐo ck 6= bk, kai ac upojèsoume ìti cn < bn. AfoÔ

∞∑

k=n

ck

3k
=

∞∑

k=n

bk

3k
,

kai ∞∑

k=n

ck

3k
≤ cn

3n
+

∞∑

k=n+1

2
3k

=
cn + 1

3n
≤ bn

3n
≤

∞∑

k=n

bk

3k
,

blèpoume ìti
bn = cn + 1, ck = 2 an k > n, bk = 0 an k > n.

Sunep¸c,

x =
n∑

k=1

bk

3k
=

m

3n
,

ìpou m = b13n−1 + b23n−2 + · · ·+ bn.
AntÐstrofa, an x = m/3n gia k�poion m ∈ N, gr�foume ton m sth morf  m = b13n−1 +

b23n−2+· · ·+bn, ìpou bj ∈ {0, 1, 2} kai bn 6= 0, kai paÐrnoume dÔo diaforetik� triadik� anaptÔgmata
gia ton x, ta 0 · b1b2 · · · bn kai 0 · b1 · · · bn−1(bn − 1)2 · · · 2 · · ·.
(d) 'Estw x ∈ [0, 1] kai 0 · c1c2 · · · h triadik  par�stash pou br kame gia ton x sto (b). EÐnai
fanerì ìti x ∈ I(1) an kai mìno an c1 = 0   c1 = 2. EpÐshc, x ∈ I(2) an kai mìno an c1 ∈ {0, 2}
kai c2 ∈ {0, 2}. Me ton Ðdio trìpo, x ∈ I(n) an kai mìno an c1, . . . , cn ∈ {0, 2}. An t¸ra x ∈ C,
tìte x ∈ ⋂∞

n=1 I(n). 'Epetai ìti, gia k�je n ∈ N, cn ∈ {0, 2}.
'Estw t¸ra x ∈ [0, 1] \C kai èstw 0 · c1c2 · · · mia triadik  par�stash tou x. An x /∈ I(1), tìte

1
3 < x < 2

3 . All�, apì th sqèsh c1
3 ≤ x ≤ c1

3 + 1
3 paÐrnoume 0 < c1 < 2, �ra c1 = 1. Upojètoume

ìti, gia k�poio n ≥ 2, èqoume x ∈ I(n−1) all� x /∈ I(n). AfoÔ x /∈ I(n), to x den mporeÐ na eÐnai
�kro k�poiou triadikoÔ diast matoc apì aut� pou apoteloÔn to I(n−1). Up�rqei loipìn monadikì
anoiqtì triadikì di�sthma m kouc 1

3n−1 sto opoÐo an kei to x kai, anagkastik�, autì eÐnai to
(

n−1∑

k=1

ck

3k
,

n−1∑

k=1

ck

3k
+

1
3n−1

)
.

To gegonìc ìti x /∈ I(n) shmaÐnei ìti to x an kei sto mesaÐo anoiqtì trÐto autoÔ tou diast matoc,
dhlad 

n−1∑

k=1

ck

3k
+

1
3n

< x <

n−1∑

k=1

ck

3k
+

2
3n

.

Apì autì kai th sqèsh
n−1∑

k=1

ck

3k
+

cn

3n
≤ x ≤

n−1∑

k=1

ck

3k
+

cn + 1
3n

paÐrnoume 0 < cn < 2, dhlad  cn = 1. An loipìn x /∈ C, tìte, gia ton el�qisto fusikì n me
x /∈ I(n), isqÔei cn = 1.

6. JewroÔme to di�sthma I(0) = [0, 1] kai to qwrÐzoume se trÐa diast mata: to mesaÐo èqei m koc
δ
3 kai ta �lla dÔo èqoun to Ðdio m koc. AfairoÔme to anoiktì mesaÐo di�sthma kai onom�zoume I(1)

to sÔnolo pou apomènei. To I(1) eÐnai profan¸c kleistì sÔnolo, kai λ(I(1)) = 1− δ
3 . QwrÐzoume

kajèna apì ta dÔo diast mata pou sqhmatÐzoun to I(1) se trÐa diast mata: to mesaÐo èqei m koc δ
32

kai ta �lla dÔo èqoun to Ðdio m koc. Katìpin, afairoÔme to mesaÐo anoiktì di�sthma. Onom�zoume
I(2) to sÔnolo pou apomènei. To I(2) eÐnai profan¸c kleistì sÔnolo, kai

λ(I(2)) = λ(I(1))− 2
δ

32
= 1− δ

3
− 2

δ

32
.

SuneqÐzontac me autìn ton trìpo, kataskeu�zoume gia k�je n = 1, 2, . . . èna kleistì sÔnolo I(n)

ètsi ¸ste h akoloujÐa (I(n)) na èqei tic ex c idiìthtec:



1. I(n) ⊃ I(n+1) gia k�je n ≥ 0.

2. To I(n) eÐnai h ènwsh 2n kleist¸n diasthm�twn pou èqoun to Ðdio m koc.

3. λ(I(n)) = 1− δ
3 − 2 δ

32 − · · · − 2n−1 δ
3n .

Tèloc, orÐzoume

Dδ =
∞⋂

n=0

I(n).

ParathroÔme ìti

λ(Dδ) = lim
n→∞

λ(I(n)) = lim
n→∞

[
1− δ

(
1−

(
2
3

)n−1
)]

= 1− δ.

An I
(n)
k eÐnai k�poio apì ta kleist� diast mata pou sqhmatÐzoun to I(n), tìte to m koc tou I

(n)
k eÐ-

nai Ðso me 1
2n

[
1− δ

(
1− (

2
3

)n−1
)]
→ 0. Qrhsimopoi¸ntac aut n thn plhroforÐa kai douleÔontac

ìpwc sthn 'Askhsh 3, mporoÔme na deÐxoume ìti to Dδ eÐnai tèleio kai den perièqei diast mata.

7*. Apì thn prohgoÔmenh 'Askhsh isqÔei to ex c: an I eÐnai èna di�sthma m kouc α, kai an
akolouj soume th diadikasÐa kataskeu c tou sunìlou tou Cantor afair¸ntac sto n�ostì b ma
anoikt� upodiast mata m kouc αδ/3n (ìpou 0 < δ < 1), tìte to sÔnolo pou prokÔptei den perièqei
diast mata kai èqei mètro α(1− δ).

PaÐrnoume 0 < δ1 < 1 kai kataskeu�zoume sÔnolo D1 sto [0, 1] me ton parap�nw trìpo. To
D1 den perièqei diast mata kai λ(D1) = 1− δ1.

To B1 = [0, 1] \D1 eÐnai mia arijm simh ènwsh anoikt¸n diasthm�twn: B1 = ∪jR
1
j . Se k�je

kleistì di�sthma R1
j , j ∈ N, k�noume thn Ðdia kataskeu  me k�poio 0 < δ2 < 1 (to Ðdio gia k�je

j). ProkÔptei sÔnolo D2
j pou den perièqei diast mata kai èqei mètro λ(D2

j ) = (1 − δ2)λ(R1
j ).

OrÐzoume
D2 = D1 ∪ (∪∞j=1D

2
j

)
.

Tìte,
λ(D2) = (1− δ1) + (1− δ2)δ1 = 1− δ1δ2.

To B2 = [0, 1] \D2 eÐnai p�li mia arijm simh ènwsh anoikt¸n diasthm�twn: B2 = ∪jR
2
j . Se k�je

kleistì di�sthma R2
j , j ∈ N, k�noume thn Ðdia kataskeu  me k�poio 0 < δ3 < 1 (to Ðdio gia k�je

j).
Epagwgik�, orÐzoume mia akoloujÐa {Dn} uposunìlwn tou [0, 1] me tic ex c idiìthtec:

1. Dn+1 ⊂ Bn = [0, 1] \Dn.

2. λ(Dn) = 1− δ1δ2 · · · δn.

3. To Dn \Dn−1 eÐnai ènwsh arijm simwn to pl joc mh epikaluptìmenwn kleist¸n sunìlwn
Dn

j , kajèna apì ta opoÐa den perièqei diast mata.

MporoÔme m�lista na epilèxoume sugkekrimmèna δj = 2j+1
2j+2 ¸ste

δ1δ2 · · · δn =
2n + 1
2n+1

→ 1
2
.

OrÐzoume E = ∪∞n=1D
n. Tìte, λ(E) = lim

n→∞
λ(Dn) = lim

n→∞
(1 − δ1 · · · δn) = 1

2 . To E eÐnai
metr simo, afoÔ k�je Dn eÐnai sÔnolo Borel.

'Estw J = [a, b] upodi�sthma tou [0, 1]. O isqurismìc eÐnai ìti up�rqei upodi�sthma Rn
j

k�poiou Bn ¸ste Rn
j ⊆ J .

Apìdeixh. Me eic �topo apagwg . 'Estw ìti den up�rqei R1
j ⊂ B1 me R1

j ⊆ J . Parathr ste
ìti up�rqei j ¸ste R1

j ∩ J 6= ∅ (alli¸c ja eÐqame J ⊆ D1, �topo). AfoÔ to R1
j = (aj , bj) eÐnai

anoiktì, to R1
j ∩ J eÐnai di�sthma. DiakrÐnoume tic ex c peript¸seic:



(a) aj < a < bj < b: up�rqei R1
t = (at, bt) me bj < at ≤ b (alli¸c, [bj , b] ⊆ D1 to opoÐo eÐnai

�topo). Tìte ìmwc, up�rqei R1
s = (as, bs) ⊆ [bj , at) lìgw thc kataskeu c tou D1. 'Ara, up�rqei

R1
s ⊆ J . Autì eÐnai �topo.

(b) a < aj < b < bj : katal goume se �topo me ton Ðdio trìpo.

(g) J = [a, b] ⊂ R1
j = (aj , bj): sto R1

j kataskeu�sthke to D2
j . Epanalamb�nontac to sullo-

gismì, blèpoume ìti eÐte up�rqei j ¸ste R2
j ⊆ J   up�rqei j ¸ste J ⊆ R2

j .
SuneqÐzontac ètsi, blèpoume ìti eÐte up�rqoun n kai j ¸ste Rn

j ⊆ J   gia k�je n up�rqei j
¸ste J ⊆ Rn

j . H deÔterh perÐptwsh apokleÐetai giatÐ tìte ja eÐqame

λ(J) ≤ inf
n

λ(Rn
j ) = 0

(parathr ste ìti λ(Rn
j ) ≤ δ1···δn

3n ). 2

Up�rqei loipìn k�poio Rn
j , anoiktì upodi�sthma k�poiou Dn, ¸ste Rn

j ⊆ J . 'Omwc tìte, sto
Rn

j kataskeu�sthke to Dn+1
j , to opoÐo èqei mètro λ(Rn+1

j ) = λ(Rn
j )(1 − δn+1), mèsa se autì

arijm sima to pl joc Dn+2
j me sunolikì mètro λ(Rn

j )δn+1(1 − δn) klp. Dhlad , to sunolikì
mètro twn Dm

j , m > n pou kataskeu�sthkan mèsa sto Rn
j eÐnai Ðso me

λ(Rn
j )(1− δn+1δn+2 · · ·) = λ(Rn

j )
(

1− 1
2δ1 · · · δn

)
.

'Epetai ìti

λ(E ∩Rn
j ) = λ(Rn

j )
(

1− 1
2δ1 · · · δn

)
> 0 kai λ(Rn

j \ E) = λ(Rn
j )

1
2δ1 · · · δn

> 0.

AfoÔ Rn
j ⊆ J , sumperaÐnoume ìti

λ(E ∩ J) > 0 kai λ(J \ E) > 0.


