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1. H f eÐnai metr simh diìti fn → f kat� shmeÐo. 'Estw ε > 0. AfoÔ fn → f omoiìmorfa sto X,
up�rqei n0 ∈ N ¸ste: gia k�je n ≥ n0 kai gia k�je x ∈ X isqÔei |fn(x)− f(x)| < ε. H stajer 
sun�rthsh ε eÐnai oloklhr¸simh lìgw thc µ(X) < ∞, opìte, apì thn |f | < |fn0 |+ ε èpetai ìti h
|f | (�ra kai h f) eÐnai oloklhr¸simh. Tèloc, gia k�je n ≥ n0 èqoume

∣∣∣∣
∫

X

fn dµ−
∫

X

f dµ

∣∣∣∣ ≤
∫

X

|fn − f | dµ ≤ εµ(X).

AfoÔ to ε > 0  tan tuqìn, sumperaÐnoume ìti
∫

X

fn dµ →
∫

X

f dµ.

2. H stajer  sun�rthsh M eÐnai oloklhr¸simh lìgw thc µ(X) < ∞, opìte, to zhtoÔmeno
prokÔptei �mesa apì to je¸rhma kuriarqhmènhc sÔgklishc.

3. Apì tic |fn| ≤ g µ− σ.π. gia k�je n ∈ N kai fn → f µ− σ.π., èpetai ìti |f | ≤ g µ− σ.π. 'Ara,

|fn − f | ≤ 2g

µ − σ.π., gia k�je n ∈ N. AfoÔ |fn − f | → 0 µ − σ.π., to zhtoÔmeno prokÔptei �mesa apì to
je¸rhma kuriarqhmènhc sÔgklishc.

4. AfoÔ fn ≤ f µ− σ.π. gia k�je n ∈ N, èqoume ∫
X

fn dµ ≤ ∫
X

f dµ gia k�je n ∈ N. Sunep¸c,

lim sup
n→∞

∫

X

fn dµ ≤
∫

X

f dµ.

Apì to L mma tou Fatou paÐrnoume
∫

X

f dµ ≤ lim inf
n→∞

∫

X

fn dµ.

'Epetai ìti
lim sup

n→∞

∫

X

fn dµ = lim inf
n→∞

∫

X

fn dµ =
∫

X

f dµ.

'Ara, ∫

X

fn dµ →
∫

X

f dµ.

5. Oi upojèseic exasfalÐzoun ìti oi f, g kai telik� oi fn, gn paÐrnoun peperasmènec timèc sqedìn
pantoÔ. Apì thn |fn| ≤ gn èqoume −gn ≤ fn ≤ gn gia k�je n ∈ N, dhlad 

fn + gn ≥ 0 kai gn − fn ≥ 0.

AfoÔ fn + gn → f + g kai gn − fn → g − f , to L mma tou Fatou mac dÐnei:
∫

X

f dµ +
∫

X

g dµ =
∫

X

(f + g) dµ ≤ lim inf
n→∞

∫

X

(fn + gn) dµ = lim inf
n→∞

∫

X

fn dµ +
∫

X

g dµ

(qrhsimopoi same thn
∫

X
gn dµ → ∫

X
g dµ). 'Ara,

∫

X

f dµ ≤ lim inf
n→∞

∫

X

fn dµ.

P�li apì to L mma tou Fatou,
∫

X

g dµ−
∫

X

f dµ =
∫

X

(g − f) dµ ≤ lim inf
n→∞

∫

X

(gn − fn) dµ =
∫

X

g dµ− lim sup
n→∞

∫

X

fn dµ,



dhlad ,

lim sup
n→∞

∫

X

fn dµ ≤
∫

X

f dµ.

'Epetai ìti
lim sup

n→∞

∫

X

fn dµ = lim inf
n→∞

∫

X

fn dµ =
∫

X

f dµ.

'Ara, ∫

X

fn dµ →
∫

X

f dµ.

6. 'Estw A ∈ A. Apì to L mma tou Fatou paÐrnoume
∫

A

f dµ ≤ lim inf
n→∞

∫

A

fn dµ

kai ∫

X\A
f dµ ≤ lim inf

n→∞

∫

X\A
fn dµ

dhlad  ∫

X

f dµ−
∫

A

f dµ ≤ lim inf
n→∞

(∫

X

fn dµ−
∫

A

fn dµ

)
.

AfoÔ

−
∫

X

f dµ = lim
n→∞

(
−

∫

X

fn dµ

)
,

prosjètontac kat� mèlh paÐrnoume

−
∫

A

f dµ ≤ lim inf
n→∞

(
−

∫

A

fn dµ

)
= − lim sup

n→∞

∫

A

fn dµ.

Dhlad ,

lim sup
n→∞

∫

A

fn dµ ≤
∫

A

f dµ ≤ lim inf
n→∞

∫

A

fn dµ.

Sunep¸c, ∫

A

fn dµ →
∫

A

f dµ.

7. (=⇒) 'Eqoume
∣∣∣∣
∫

X

|fn| dµ−
∫

X

|f | dµ

∣∣∣∣ ≤
∫

X

∣∣ |fn| − |f |
∣∣ dµ ≤

∫

X

|fn − f | dµ → 0.

'Ara, ∫

X

|fn| dµ →
∫

X

|f | dµ.

(⇐=) 'Eqoume
∣∣ |fn − f | − |fn|

∣∣ ≤ |f |. H |f | eÐnai oloklhr¸simh kai |fn − f | − |fn| → −|f |. Apì
to je¸rhma kuriarqhmènhc sÔgklishc,

∫

X

(|fn − f | − |fn|) dµ →
∫

X

(−|f |) dµ.

'Eqoume upojèsei ìti ∫

X

|fn| dµ →
∫

X

|f | dµ.

Prosjètontac kat� mèlh, paÐrnoume
∫

X

|fn − f | dµ → 0.



8. Parathr ste ìti

gn = max{f1, . . . , fn} ≤ max{f1, . . . , fn, fn+1} = gn+1.

OrÐzoume g := lim
n→∞

gn (h g orÐzetai kal�, diìti h {gn} eÐnai aÔxousa). AfoÔ gn ≥ 0 sto X, apì
to je¸rhma monìtonhc sÔgklishc paÐrnoume

∫

X

g dµ = lim
n→∞

∫

X

gn dµ.

'Eqoume upojèsei ìti up�rqei M > 0 ¸ste gia k�je n ∈ N na isqÔei
∫

X
gn dµ ≤ M . Sunep¸c,

∫

X

g dµ ≤ M < ∞.

'Omwc, fn ≤ gn ≤ g gia k�je n ∈ N, kai fn → 0 µ−σ.π. Apì to je¸rhma kuriarqhmènhc sÔgklishc,
sumperaÐnoume ìti ∫

X

fn dµ → 0.


