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1. (a) Upojètoume ìti fn → f kat� mètro. 'Estw ε > 0 kai η > 0. H φ eÐnai omoiìmorfa suneq c,
�ra up�rqei δ > 0 ¸ste: an |z − y| < δ tìte |φ(z)− φ(y)| < ε. Sunep¸c, gia k�je n ∈ N èqoume

{x ∈ X : |(φ ◦ fn)(x)− (φ ◦ f)(x)| ≥ ε} ⊆ {x ∈ X : |fn(x)− f(x)| ≥ δ}.
AfoÔ fn → f kat� mètro, up�rqei n0 ∈ N ¸ste: gia k�je n ≥ n0,

µ({x ∈ X : |fn(x)− f(x)| ≥ δ}) < η.

'Ara, gia k�je n ≥ n0 èqoume

µ({x ∈ X : |(φ ◦ fn)(x)− (φ ◦ f)(x)| ≥ ε}) ≤ η.

AfoÔ to η > 0  tan tuqìn,

µ({x ∈ X : |(φ ◦ fn)(x)− (φ ◦ f)(x)| ≥ ε}) → 0.

Dhlad , φ ◦ fn → φ ◦ f kat� mètro.
(b) Upojètoume ìti fn → f sqedìn omoiìmorfa. 'Estw ε > 0. Up�rqei A ∈ A me µ(A) < ε, ¸ste
fn → f omoiìmorfa sto X \ A. AfoÔ h φ eÐnai omoiìmorfa suneq c, φ ◦ fn → φ ◦ f omoiìmorfa
sto X \ A: jewr ste tuqìn η > 0 kai breÐte δ > 0 ¸ste: an |z − y| < δ tìte |φ(z)− φ(y)| < η.
Up�rqei n0 ∈ N ¸ste: gia k�je n ≥ n0 kai gia k�je x ∈ X \A,

|fn(x)− f(x)| < δ, kai sunep¸c, |(φ ◦ fn)(x)− (φ ◦ f)(x)| < η.

2. (a) ParathroÔme pr¸ta ìti χEn4Em = |χEm − χEn |. Sunep¸c,

µ(En 4 Em) =
∫

X

χEn4Em dµ =
∫

X

|χEm − χEn | dµ

gia k�je m,n ∈ N. Autì apodeiknÔei ìti h {χEn} eÐnai Cauchy kat� mètro an kai mìno an
µ(En 4 Em) → 0 ìtan m,n →∞.
(b) 'Estw ε > 0. Apì thn

µ({|χEn − χEm | ≥ ε}) ≤ 1
ε

∫

X

|χEn − χEm | dµ

èpetai ìti an h {χEn} eÐnai Cauchy kat� mèso tìte eÐnai Cauchy kat� mètro. AntÐstrofa, ac
upojèsoume ìti h {χEn} eÐnai Cauchy kat� mètro. Tìte,

∫

X

|χEn − χEm | dµ = µ({|χEn − χEm | = 1}) = µ({|χEn − χEm | ≥ 1}) → 0

ìtan m,n →∞. 'Ara, h {χEn} eÐnai Cauchy kat� mèso.
(g) 'Estw ìti h {χEn} eÐnai Cauchy sqedìn omoiìmorfa. JewroÔme tuqìn δ > 0. Up�rqei A ∈ A
me µ(A) < δ ¸ste: gia k�je 0 < ε < 1 up�rqei n0 ∈ N ¸ste gia k�je n, n ≥ n0,

|χEn(x)− χEm(x)| < ε an x /∈ A.

AfoÔ ε < 1, autì shmaÐnei ìti En 4 Em ⊆ A, �ra
∫

X

|χEm − χEn | dµ ≤ µ(A) < δ.

To δ > 0  tan tuqìn, �ra h {χEn} eÐnai Cauchy kat� mèso.
To antÐstrofo den isqÔei: jewr ste thn akoloujÐa E1 = [0, 1), E2 = [0, 1/2), E3 = [1/2, 1),

E4 = [0, 1/3), E5 = [1/3, 2/3), E6 = [2/3, 1) klp. Tìte, h {χEn} eÐnai Cauchy kat� mèso all� den



eÐnai Cauchy sqedìn omoiìmorfa (ja sunèkline sqedìn omoiìmorfa, en¸ h {χEn
(x)} den sugklÐnei

gia kanèna x ∈ [0, 1)).

3. Jètoume J := lim infn→∞
∫

X
fn dµ. Up�rqei upakoloujÐa {fkn} thc {fn} ¸ste

J = lim
n→∞

∫

X

fkn dµ.

'Eqoume fkn
→ f kat� mètro, �ra up�rqei upakoloujÐa {flkn

} thc {fkn
} ¸ste flkn

→ f sqedìn
pantoÔ. Apì to L mma tou Fatou,

∫

X

f dµ ≤ lim inf
n→∞

∫

X

flkn
dµ = lim

n→∞

∫

X

flkn
dµ = J.

4. Upojètoume ìti to sumpèrasma den isqÔei. Tìte, up�rqoun ε > 0 kai upakoloujÐa {fkn
} thc

{fn} ¸ste

(∗)
∣∣∣∣
∫

X

(fkn − f) dµ

∣∣∣∣ ≥ ε gia k�je n ∈ N.

AfoÔ fn → f kat� mètro, èqoume fkn
→ f kat� mètro. 'Ara, up�rqei upakoloujÐa {flkn

} thc
{fkn} me flkn

→ f sqedìn pantoÔ. AfoÔ h g eÐnai oloklhr¸simh kai flkn
→ f sqedìn pantoÔ,

mporoÔme na qrhsimopoi soume to je¸rhma kuriarqhmènhc sÔgklishc: paÐrnoume
∫

X

(flkn
− f) dµ → 0,

to opoÐo eÐnai �topo, lìgw thc (∗).

5. (a) OrÐzoume Ak = {x ∈ X : sup
n∈N

|fn(x)| ≤ k}. Tìte, Ak ⊆ Ak+1 gia k�je k ∈ N, kai h

upìjesh exasfalÐzei ìti Ak ↗ X \ Z, ìpou µ(Z) = 0. 'Ara, lim
k→∞

µ(Ak) = µ(X).
'Estw δ > 0. AfoÔ µ(X) < ∞, mporoÔme na gr�youme µ(X \Ak) = µ(X)−µ(Ak) → 0. 'Ara,

up�rqei k0 ∈ N ¸ste µ(X \ Ak0) < δ. Jètoume A = X \ Ak0 kai M = k0. Tìte, µ(A) < δ kai
|fn(x)| ≤ M gia k�je n ∈ N kai gia k�je x ∈ X \A.
(b) AfoÔ µ(X) < ∞, gia na deÐxoume ìti fngn → fg kat� mètro arkeÐ na deÐxoume ìti k�je
upakoloujÐa thc {fngn} èqei upakoloujÐa pou sugklÐnei sthn fg µ-sqedìn pantoÔ (jumhjeÐte ìti
oi dÔo prot�seic eÐnai isodÔnamec ìtan µ(X) < ∞).

JewroÔme thn {fkngkn}. Tìte, fkn → f kat� mètro. 'Ara, up�rqei upakoloujÐa {flkn
} thc

{fkn} h opoÐa sugklÐnei sthn f sqedìn pantoÔ. OmoÐwc, glkn
→ g kat� mètro, �ra up�rqei

upakoloujÐa {gslkn
} thc {glkn

} h opoÐa sugklÐnei sthn g sqedìn pantoÔ. Tìte, fslkn
gslkn

→ fg

sqedìn pantoÔ. 'Epetai to zhtoÔmeno.

6. (a) Upojètoume pr¸ta ìti gia k�je ε > 0 isqÔei limn→∞ µ(∪∞k=nEk(ε)) = 0. AfoÔ µ(X) < ∞,
autì shmaÐnei ìti µ(lim supn En(ε)) = 0 gia k�je ε > 0. JewroÔme to sÔnolo

Z =
∞⋃

s=1

lim sup
n

En(1/s).

Tìte, µ(Z) = 0. Ja deÐxoume ìti, an x ∈ A = X \Z tìte fn(x) → f(x). 'Estw ε > 0. BrÐskoume
s ∈ N ¸ste 1/s < ε. AfoÔ x /∈ lim supn En(1/s), up�rqei n0 ∈ N ¸ste: an n ≥ n0, tìte
x /∈ En(1/s). Dhlad , gia k�je n ≥ n0 èqoume

|fn(x)− f(x)| < 1
s

< ε.

(b) Upojètoume t¸ra ìti fn → f sto A = X \ Z, ìpou µ(Z) = 0. 'Estw ε > 0. An x ∈ A, tìte
telik� isqÔei |fn(x)− f(x)| < ε. Dhlad , lim supn En(ε) ⊆ Z. 'Ara,

0 ≤ lim
n→∞

µ(∪∞k=nEk(ε)) = µ(lim sup
n

En(ε)) ≤ µ(Z) = 0.



7. Upojètoume pr¸ta ìti fn → f kat� mèso. Apì thn anisìthta tou Chebyshev blèpoume ìti
fn → f kat� mètro. 'Estw ε > 0. Up�rqei n0 ∈ N ¸ste: an n ≥ n0 tìte

∫
X
|fn − f | dµ < ε/2.

EpÐshc, up�rqei δ > 0 ¸ste an µ(A) < δ tìte
∣∣∫

A
f dµ

∣∣ < ε/2 kai
∣∣∫

A
fn dµ

∣∣ < ε/2 gia k�je
n < n0 (exhg ste giatÐ). Tìte, gia k�je n ≥ n0 kai gia k�je A ∈ A me µ(A) < δ èqoume

∣∣∣∣
∫

A

fn dµ

∣∣∣∣ ≤
∫

A

|fn − f | dµ +
∣∣∣∣
∫

A

f dµ

∣∣∣∣ ≤
∫

X

|fn − f | dµ +
∣∣∣∣
∫

A

f dµ

∣∣∣∣ < ε/2 + ε/2 = ε.

'Ara, oi fn eÐnai omoiìmorfa oloklhr¸simec.
AntÐstrofa, upojètoume ìti oi fn eÐnai omoiìmorfa oloklhr¸simec kai fn → f kat� mètro.

'Estw ε > 0. Up�rqei δ > 0 ¸ste: an µ(A) < δ tìte
∣∣∫

A
f dµ

∣∣ < ε kai
∣∣∫

A
fn dµ

∣∣ < ε gia
k�je n ∈ N. AfoÔ fn → f kat� mètro, mporoÔme na broÔme n0 ∈ N ¸ste: an n ≥ n0 tìte
µ({|fn − f | ≥ ε}) < δ. Tìte, gia k�je n ≥ n0 èqoume

∫

X

|fn − f | dµ =
∫

{|f−fn|≥ε}
|f − fn| dµ +

∫

{|f−fn|<ε}
|f − fn| dµ

≤
∫

{|f−fn|≥ε}
|f − fn| dµ + ε · µ(X)

≤
∫

{|f−fn|≥ε}
|f | dµ +

∫

{|f−fn|≥ε}
|fn| dµ + ε · µ(X)

< 2ε + ε · µ(X)
= (2 + µ(X))ε.

AfoÔ to ε > 0  tan tuqìn,
∫

X
|f − fn| dµ → 0.

8. (=⇒) IsqÔei. Gia k�je A ∈ A èqoume
∣∣∣∣
∫

A

fn dµ−
∫

A

f dµ

∣∣∣∣ =
∣∣∣∣
∫

A

(fn − f) dµ

∣∣∣∣ ≤
∫

A

|fn − f | dµ ≤
∫

X

|fn − f | dµ.

An fn → f kat� mèso, tìte
∫

X
|fn − f | dµ → 0, ap� ìpou èpetai ìti

∫
A

fn dµ → ∫
A

f dµ.
(⇐=) Den isqÔei. P�rte X = [0, 2π] me to mètro Lebesgue kai fn(x) = sin(nx). Elègxte ìti

∫

A

fn dµ → 0

gia k�je Lebesgue metr simo A ⊂ [0, 2π]: xekin ste apì thn perÐptwsh pou to A eÐnai upodi�-
sthma tou [0, 2π] kai proseggÐste to tuqìn metr simo A ⊆ [0, 2π] me peperasmènec en¸seic xènwn
diasthm�twn.

Parathr ste t¸ra ìti
∫

[0,2π]

|fn| dλ =
∫

[0,2π]

| sin(nx)| dλ = 4

gia k�je n ∈ N.


