Avw 6iblaywvonoinon Golub-Kahan

using LinearAlgebra
using Distributions
using Statistics

@ewpnua
Eotw A € R™", m > n. Téte undpxouv opBoywviot nivakec U € R™ ™ kat V € R™*" tétolol WoTe:
[y 3 0 |
0 a B
UTAV = B = 0 a, B (1)
0 0 an,
0

Kataokeun nivakwv U, V ka1 B

'EXOUUE TIC £€NC OXETELC:

AV =UB
AU =vBT
Alapepioeic katd othAwv twv U kat V:
U=lwl...lum] , V=]vi]...|vn]
£XOUpE:
Avg = aguy, + Br_1up—1, (2)
ATuy, = apvr + Brvkaa (3)

viak = 1 :n, petn oluBaon ét Bouo = 0 kat Bpun+1 = 0.
Opiloupe ta diavlopata:

Tt = Avg — Bro1up-1, (4)
Pr = ATuk — QRpUE (5)

Ané opBokavovikdtnta Twv U, EXOUYE:

ap = £[|7lly,
ur = re/ag, (ar #0)

Av 1o a; = 0, téte o nivakacg A(:, 1: k) eivat eN\etnoug taéne.
Mapoépola cupnepaivoupe ot

ﬂk = j:||pk||2,
Vi1 = Pk/Br,  (Br #0)



AAYyOp16poG: Avw 616t1aywvonoinon Golub-Kahan

E{cobog: A € R™" ue rank(A) =n
1. k=0, po=v., Bo=1, ug=0 (6nov, v. 1n otAAn tov V, tuxaio Kavovikomoinuévo
d1dvuoua)

2. while Br # 0

V1 = Di/ Br
k=k+1
T = Avp — Bro1up1
ar = ||rxlly
up = ri/ak
pr = ATup — ayuy
Br = ||pk||2
MNpdtaon
Eotw A € R™", m > n, tétoloc Wote:
UTAV =B

U cR™™ V e R"™" opBoywviot kat B §idaywvioc.

loxUouv ta akéAouba:

i) rank(A) = rank(B)
ii) || All, = || Bl],

W) || Allp = [1Bllp

Anodei€n
i) 'EXOUHE TIC OXEOELC:

AV = UB
ATu=vBT

MapatnpoUpe étu

V(B'B)VT = (VvBYBVT = (ATU)BVT
= AT(UB)VT = AT(AV)VT
= ATA(VVT) = ATA

Apa ot nivakec AT A kat BT B éxouv ¢ idiec 1Slotipéc.
ii)
rank(A) = rank(UT AV) = rank(B)



i)

I|Al|, = \/max eigenvalues(AT A)

MNapadetypa:

= \/max eigenvalues(BT B) = || B||,

1Allp =

U V]| = [|Bl|

r r
2 2
DB b
=1 =1

Eotw X € R 6nou z;~N(0,1),yaj=1,...,4

function X gen wi(r, c, u, o)

X = ones(r, c)
for j = 2:c

x = rand(Normal(u, o), r)
while abs.(mean(x)) > le-2
x = rand(Normal(u, o), r)

end
X[z, j1 = x
end

return X
end

X _gen wi (generic function with
X = X gen wi(6, 5, 0, 1)

6x5 Matrix{Float64}:

1.0 0.80335 0.0414786 0.
1.0 -0.613232 1.369 2
1.0 -0.335788 -1.50575 -2.
1.0 -0.581439 0.520122 -0.
1.0 0.605846 -0.602642 0.
1.0 0.14313 0.130375 -0.

function GKUB(A)
r, ¢ = size(A)

# Random Unit 2-norm Vector
X = rand(c, 1)
p=x ./ norm(x)

# Initialization
b=1

u = zeros(r, 1)
a_vec = zeros(1l, c)
b vec = zeros(1l, c)
U = zeros(r, c)

V = zeros(c, c)

for k = 1:c

# Process
v=p/b

1 method)

679752 -0.
.06523 0
10626 -0.
961605 -0.
768666 0O
457502 0

0793035

.33859

85044
680528

910311
.405988



r=A*v -Db*u

a = norm(r)

u=r/ a
p=A"*u.-a*yv
b = norm(p)

# Creation and displayof a,b,U,V
println("\nFor $k-ith iteration we get the following results:")
a vec[k] = a
println("\na value is = $a")
b vec[k] = b
println("b value is = $b")
Ul:, k] =u
println("\nU matrix is as follows:")
display(U)
V[:, k] = v
println("\nV matrix is as follows:")
display(V)

end

# Upper Bidiagonal
Bu = Bidiagonal(vec(a vec), b vec[l:end-1], :U)
println("\n And the Bidiagonal matrix is: ")
display(Bu)
return Bu, U, V

end

GKUB (generic function with 1 method)

Bu, U, V = GKUB(X);

For 1-ith iteration we get the following results:

2.3801585004094252
0.9121998102057345

a value is
b value is

U matrix is as follows:
6x5 Matrix{Float64}:

0.403682 0.0 0.0 0.0 0.0
0.482101 0.0 0.0 0.0 0.0
0.182141 0.6 0.0 0.0 0.0
0.251481 0.0 0.0 0.0 0.0
0.553768 0.0 0.0 0.0 0.0
0.448935 0.0 0.0 0.0 0.0

V matrix is as follows:
5x5 Matrix{Float64}:

0.918412 0.0 0.0 0.0 0.0
0.0537153 0.0 0.0 0.0 0.0
0.0314995 0.0 0.0 0.0 0.0
0.0423078 0.0 0.0 0.0 0.0
0.388397 0.0 0.0 0.0 0.

For 2-ith iteration we get the following results:

2.516559939239301
2.6216972088349486

a value is
b value is

U matrix is as follows:
6x5 Matrix{Float64}:

0.403682 0.19013 0.0 0.0 0.0
0.482101 ©0.59249% 0.0 0.0 0.0
0.182141 -0.681221 0.0 0.0 0.0
0.251481 -0.205732 0.0 0.0 0.0
0.553768 -0.0806924 0.0 0.0 0.0
0.448935 -0.31607 0.0 0.0 0.0



V matrix is as follows:
5x5 Matrix{Float64}:

0.918412 0.149246
0.0537153  0.102148
0.0314995 0.20074
0.0423078 0.837722
0.388397 -0.47457

For 3-ith iteration we

a value is
b value is

U matrix is as follows:
6x5 Matrix{Float64}:

0.403682 0.19013
0.482101  0.592496
0.182141 -0.681221
0.251481 -0.205732
0.553768 -0.0806924
0.448935 -0.31607

V matrix is as follows:
5x5 Matrix{Float64}:

0.918412 0.149246
0.0537153  0.102148
0.0314995 0.20074
0.0423078  0.837722
0.388397 -0.47457

0.
0.
0.
0.

[cNoNoNo
[cNoNoNo
[cNoNoNo

0.0 0.
get the following

[cNoNoNoNO]
[cNoNoNoNO]

1.302008316224737
0.6256251412441101

-0.
-0.
-0.
-0.
0.
0.

527749
145216
47618

265973
371018
515025

[cNoNoNoNoNO]
[cNoNoNoNoNO]
[cNoNoNoNoNO]

-0.
-0.
0.
0.
0.

334393
0814049
472977
366154
723725

[cNoNoNO)
[cNoNoNO)

0.

[cNoNoNoN]
[cNoNoNoNC]

results:

[cNoNoNoNoNO]

For 4-ith iteration we get the following results:

a value is
b value is

U matrix is as follows:
6x5 Matrix{Float64}:

0.403682 0.19013
0.482101  0.592496
0.182141 -0.681221
0.251481 -0.205732
0.553768 -0.0806924
0.448935 -0.31607

V matrix is as follows:
5x5 Matrix{Float64}:

0.918412 0.149246
0.0537153 0.102148
0.0314995 0.20074
0.0423078  0.837722
0.388397 -0.47457

For 5-ith iteration we get the following resul

a value is
b value is

U matrix is as follows:
6x5 Matrix{Float64}:

0.403682 0.19013
0.482101  0.592496
0.182141 -0.681221
0.251481 -0.205732
0.553768 -0.0806924
0.448935 -0.31607

V matrix is as follows:
5x5 Matrix{Float64}:

0.918412 0.149246
0.0537153 0.102148
0.0314995 0.20074
0.0423078 0.837722
0.388397 -0.47457

1.8506434847318782
0.03517455718054779

-0.527749  0.4381
-0.145216 -0.3631
-0.47618 0.0583
-0.265973 -0.6212
0.371018 0.4691
0.515025 -0.2582
-0.334393 -0.149
-0.0814049 0.613
0.472977 -0.662
0.366154 0.276
0.723725 0.292

0.7915057643131803
6.070864548156873e-13

-0.527749  0.4381
-0.145216 -0.3631
-0.47618 0.0583
-0.265973 -0.6212
0.371018 0.4691
0.515025 -0.2582
-0.334393 -0.149
-0.0814049 0.613
0.472977 -0.662
0.366154 0.276
0.723725 0.292

29
4
418
9
02
83

[cNoNoNoNoNO)
[cNoNoNoNCNO)

757
965
196
371
806

[cNoNoNoNO)

0
0
0
0.
0
ts

29
4
418
9
02
83

757
965
196
371
806

.557722
.459964
.458391
.27466

.263623
.349745

.000188264
.776595
.544519
.293228
.120068



And the Bidiagonal matrix is:
5x5 Bidiagonal{Float64, Vector{Float64}}:
2.38016 0.9122 . . .
2.51656 2.6217
1.30201 0.625625
1.85064 0.0351746
. 0.791506

, yd
EAaxiota Tetpaywva
To povtéAo nou YeviKa neplypaget onolodnnote npaypatiké ocluvolo dedopévwy gival tng HopPAG:
y = X:B + €,

6nou y eivat (n x 1) to Sidvuopa twv responses, X eival (n X p) nivakag oxediacpou, B eival (p x 1) dtavucpa
ayvwoTtwy oUVTEAECTWV Kal € givat (n X 1) Sidvuopa tuxaiou opdpatog, énou € = (€1, €2, ..., &) Kat
e ~ N(0,0%1,).

Eotw X € R™", m > n, rank(X) = n. Xpnowonowbvtag tnv avw Sidlaywvonoinong Golub-Kahan, o X
napayovtonoleitat wg e€AC:

B
X=UBVT = [U, Uy [ 01] vi=u,B VT

6nouU; € R™ ™, VT ¢ R™" e opBokavovikéc othlec akat By € R™" Siayvioc.

AoyikA eniAuonc:
y=XB=UB,V'S
Oérovue VIg=w
O¢rovue y' = UlTy

= y=UBiw= UlTy:Blw:>

Enidvon dudaydviov ovemuatos: Biw = 3
YTmoloyiouos Twv cvvredeotov B : = Vw

AAyop16pog:

1. Egappoyr tn¢ Golub-Kahan 616taywvonoinong oto X, i.e.:
X=U-B-V"

oov Uy mxn , V n Xn opBoywviot nivakeg kat By n X n 616taywdviog.
2. eétovpe y' = Uly.

3. En{Avon 6161aywviov cvotAuatoc: Biw = y'
4. YTMOAOY10MOC TWV CLVTEAECTAV:

B=V-w



MNapadeypa
X

6x5 Matrix{Float64}:

1.0 0.80335 0.0414786 0.679752 -0.0793035
1.0 -0.613232 1.369 2.06523 0.33859
1.0 -0.335788 -1.50575 -2.10626  -0.85044
1.0 -0.581439 0.520122 -0.961605 -0.680528
1.0 0.605846 -0.602642 0.768666  0.910311
1.0 0.14313 0.130375 -0.457502  0.405988

Oewpw éva ypauuIko HOVTENO:
y = Boxzo + Piz1 + Poxa+. .. +Paxs = 8z1 + 3z2 + ¢,

pee ~ Ng(0,0%1)

# Coefficients
b=1[0,8,3,0,0]

5-element Vector{Int64}:
0

OO Wwo

# Error
€ = rand(Normal(0,0.2),size(X,1))

6-element Vector{Float64}:
-0.2768414338869029
-0.3721912294939491
-0.18218706581482014
-0.18944768415687768
-0.356629488940073
-0.28327184457013477

# y with noise
y = X*b + ¢

6-element Vector{Float64}:
6.274392633698537
-1.1710496184398425
-7.385741474944603
-3.2805902263477114
2.682208974660359
1.252895980581617

» Nwpitepa npaypatonotjoape tnv Sidtaywvonoinon, ondte unoloyiloupe 10 y' = UlTy:

y ton = U" * vy

5-element Vector{Float64}:
1.8458342383785291
5.592911617587741
2.888663007080618
5.716178250586674
6.253622652823209



« EniAuon tou Sidlaywviou cucthuato¢ Biw = y':

w = Bu \ y ton

5-element Vector{Float64}:
0.24580338996333204
1.3821349184928011
0.8066096435387833
2.9385816234784503
7.900918647446257

YnoAoylopOg TWV GUVTEAECTWY /35 =V w:

b hat =V * w

5-element Vector{Float64}:
-0.27628204189778616
8.028727622328985
3.022981447559847
-0.04104504261730346
-0.06490192488920876

o YnevBupion twv cuvteAeatwv nou opicape Atav B = 8 kat B2 = 3.

« 18 =8ll,:
norm(b_hat - b)

0.28910576830913215



