SvumAnpoua yio tov Ct
(Me aopur) o paTnon 0To nadnua.)
Aqupa 1. Av A € B(Hs, H3) ku B € C1(Hy, Hy), tét¢ 0 AB avijker otov C1(Hy, H3).

Anéoelén. Let A = V| A| be the polar decomposition of A. Then AB = V|A|B : Hy — Hy — Hj.

(i) We first prove that |A|B : Hy — Hs is trace class. Indeed, we know that B factorizes as the product
B = CD of Hilbert-Schmidt operators (C' = W|B|'/? and D = |B|'/? where B = W|B| is the polar
decomposition of B). We claim that |A|C' : H; — Hy is Hilbert-Schmidt. ' If {z,,} is an orthonormal basis
of Hy, we have

Tr((JA|C)*(JA|C)) = D (|A|Cn, |A|Can) = Y [[|A|Cz, |
< D AP ICzal® = A1 ) | O
= |A|* ) (Can, Cap) = |A|* Tr(C*C) < 0
which proves the claim.
It follows that |A|B = (] A|C)D is the product of two Hilbert-Schmidt operators, hence is trace class.

(ii) Writing T := |A|B : Hy — Hy which is trace class, it remains to prove that V'I' : H; — Hj is trace class.
It suffices to prove that (VT')* = T*V* is trace class. Now V* : H3 — H> is a partial isometry. Observe that

[ T*V*? = VIT*V* = V[T*PV*
hence |T*V*| =VI|T*|V*
by uniqueness of square roots (both |[T*V*| and V'|T*|V* are positive and their squares are equal).

Let {e,, : n € N1} be an orthonormal basis of (ker V*)* and {e,, : n € No} an orthonormal basis of ker V*.
Then {e,, : n € N; U Ny} is an orthonormal basis of Hs and we have

Te(|T*V*)) = > (T*V¥|en, en)

neN

DIVITH [V en, en) = D T*V¥en, V¥en)

neN neN
— Z (T*|V*en, V¥en)+0.
neNy

Now setting f,, := V*e,, we have an orthonormal family in H2 which we can extend to an orthonormal basis
of Hy and so

Te(T*VH) = S T fus f < ST fus fy = Te(IT¥))

neNy neN

which is finite, since 7 is trace class (because 7" is). Thus (V' T")* is trace class and hence so is V'T'. U
Mopwopa 2. Av A e B(Hy, Hy) kou B € C1(Hy, H2), téte 0 BA avijker otov C1(Hy, Ha).

Arddeén. Apkel va deiEovue ot (BA)* € C1(Ha, Hy). AMG (BA)* = A*B* xow A* € B(Hy, Hp) evd
B* € C1(Hz, Hy). Enouévawg A* B* € C1(Ha, Hy) amd to Anupa. d

'Recall that a bounded operator X : H1 — H> is Hilbert Schmidt iff | X||3 := Y. X x| is finite for some (hence any)
orthonormal basis {x,} of H;.



