O 2V gvanl «KABOAMKOC» GUUTTAYNG UETELKOS YWOEOS

Ipétacn 1. Kade cuusrayng uetpikog xweogs X elval Guveyng eukova tov cuvodov 2N: vitapye
wa guveyng ka el agewovion p - 2N - X.

Amobeién. Claim. There is a sequence {m, : n € N} of natural numbers and for each n € N a
family {M, : T € {0,1}™} of closed subsets of X such that

O X =U{M, : T €{0,1}™}
(ii) For each n € N and each 7 = (t(1),...,t(n)) € {0,1}, we have

1
n
« M, = U{MU . 6 €{0,1)mm+}

o diam(M,) <

where a(i) = (i) for i <m, and o(i) = t(m,) for m, <i < m,;.

Proof of the Claim. For n = 1: The space X is totally bounded, so it can be covered by a finite
number of open sets of diameter at most 1. Allowing repetitions if necessary, we may assume
that the required number is 2™ for some m; € N; noting that 2™ is the number of points in
{0,1}™, we may index the closures M, of these sets by 7 € {0,1}"™, so T = (07y, ..., Gy,) with
g; € {0,1}.

For n = 2: Each M, is totally bounded, so it can be covered by finitely many closed sets
{M,, : o €[24]}, each with diameter at most 1/2. Allowing repetitions if necessary, we may
assume that each M, is covered by the same number of sets. So now

(t,0) €{0,1}™ x {0, 13}% = {0,1}"2 where m, = m; + k; and (7,6) = (o4, ... ,Om,) With g; € {0, 1}.
Induction step: having constructed {M, : 7 € {0,1}"} as in the claim, each M, is totally
bounded, so it can be covered by finitely many closed sets {M,, : ¢ € [2%]}, each with diameter
at most i Allowing repetitions if necessary, we may assume that each M, is covered by the

n

same muber of sets, so we may write
(1,0) € {0,1}™ x {0, 1}*» = {0, 1}™+ where m, ; = m, + k,.

This proves the Claim. Now for any ¢ = (oy, 09, ...) € {0,1}Y we have a sequence (branch of a
tree)

.....

Thus we have a well defined map



Oa Seiéw o1 n p ewvar el Tov X.

Let x € X. Since X = [J{M, : 7 € {0,1}™}, there exists a (not necessarily unique) 7 € {0,1}™ s.t.

.....

Continuing inductively we see that there exists ¢ = (64, ...,0,,...) € 2V such that for every
n € N we have x € M,

neN

Thus x = p(g); p is a surjection.

Oa 6eifw O0TL n p €vaL GUVEYNG.

Suppose (6%) is a sequence of elements of 2N which converges to ¢ € 2N, This means
equivalently, by definition of the product topology, that |, — ¢,| = O for all n € N.

We will show that
lipl d(p(¢*),p(c)) =0

where d is the metric on X.
Since |6},—ag,| — O for all n, there is i, such that |g},—G,| < 5 when i > i, and hence |6},—c,| = 0
when i > i, (because |¢}, — c,| € {0,1}).

Let € > 0. Choose k € N with % < e and let ji :=max{i, : n < m}. Thus we have
i>j, = &, =0, for n<my.

But then
M.t = Moi,03.....0m,

..... ny,

and therefore, by the definition of the function p,

p(d) € M,

150254445 G’”’k

for all i > j,. Since both p(¢®) and p(o) belong to Mg, ..., Oy it follows that

, _ ]
d(p("), p(0)) < diam(My, g,.....5,,) < 7 < &

We have shown that given € > 0 there exists j, € N (depending on &) such that
[ Z.]k = d(P(GL):P(G)) <§g,

OTmwg YENauE. O



