0 yopog / C* dkyeppa C(X, A) ki éva Oecdpnua Tov Stinespring’

Ipokaropktika o’ Ty Toroloyio /Mpoynotiky Avaivon).

Aqupa 1. Eotw X guotodoykds (Ty) tomoroyikds yoog (mty. ovumayc Hausdorff 1) cvumayis uetot-
kog). Av Uy, Us elvar avowktd ovvoda ue Uy w Uy = X, t0te vadoyer Vi avouyté wote Vi < V1 € Uy
Kol V1 ) U2 = X.

AnddeEn. 'Botw Fy = U, F» = Uf. Eivaw khewotd ovvoha kaw Fo N Fy = .

Aol 0 X elvar puotohoyikdg, vtapyovv avoktd V; 2 F; ue Vo n Vi = . (v wiepimtoon wov o X
elval oupTTaynG Hetpukog exovue dist(Fh, Fa) : =0 > 0 kou pwopovpe vo Ogcovpe V; ={z | d(x, F;) <d/2}.)

Topa, agov Fy  V; épovpe Vi € FS ondte
VicVycFy=U;.
AMG 10 V5 elvar kKhewoto, omdte agov V) € Vi éxovue Vi € V. Suvenamg
VieV,cU.
Téhog, av x ¢ Us tote x € US = Fy < V4. Emopévag
ViulU; = X.
O

Ipotaon 2 (Shrinking Lemma). Eotw X @uotoroyikds (Ty) tomoroyikds ywoog (rty. ovumayns Hausdorff
1N obumayng uetowkdg). Av {Uy, ..., Uy} elvau (memepaouévo) avouktd kdlvuua tov X, tdéte vadoyet
avotktd kddvuua {Vi,..., Vol tov X ue V; €V, S Uy piakdOe i = 1,. .. n.

AmddeEn. Octoviag Wa := Usu- - - LU, &rovue d00 two avorktd ovvorha Uy, Wo pe Uy Wy = X. Antd
10 ANuua, vapyer Vi avokto mote Vi < Vi < Uy xau Vi u Wo = X. Emopévag to {V4, Us, ..., Uy,}
glvoL avolkTo Kaivuuo tov X.

O¢tovue W3 := V4 u Uz U - - - U Uy,. 'Exovue 0o two avorktd ovvoro Us, W3 ue Us U W3 = X. Ano 1o
Anupa, veapyer Vo avolktd wote Vo € Vo € Us kau Vo U W3 = X. Emouévog to {Vi, Vo, Us, ..., Uy}
£LVaL OVOLKTO KAAUUUIO, TOU X .

Suveyllovtag te autdv ToV TPOTo, UETA OITO N BNUATO £XOVUE OVTIKATAOTNOEL OA Ta. U; te 0voLKTa
V; € V; € U; kau Katalyoupe 0to emtfuunTo avorkto KAAVUUAL. O

Ozdpnua 3 (Awauepioeig g wovadag). Eotw X guotoroyrds (Ty) tomoropirds xdoeog (y. ovumayns
Hausdorff 1 ovurayng uetouxdg) kaw Uy, . . ., Ug avowktd vrocvvora tov X ue X = Uy u--- v Ug. Tote
vrdoyovv cuveyels cvvagtioes ¢; » X — [0,1], i = 1,..., kue supp(¢i) € U; yiakdOei = 1,...,k
kot ¢1(x) + -+ ¢p(x) = 1 pa kdbe x € X.

AmddeiEn. Amd to AMupa, vtdpyovy avolktd ovvora Vi, i = 1,...,k wote V; € U; kow X = Ule Vi.

[a tov 1810 AOYo vrapyouv avolktd ouvoho Wi, i =1,..., k wote W; € V; yiakabe i = 1,..., k Ko
k

X =Uiz Wi

Az6 to Afjupor Urysohn, yio k60 @ = 1,..., k vwdpyel ovveyng ovvdpmon f; : X — [0,1] dote
filx) = 1otav e e W; ka fi(z) = 0 otav x ¢ V;. [lapotnpolue OtL:

1. fi(z)+ fo(z) + -+ fi(z) > 0y kGBe z € X, yiott X = Wy U -+ U Wy, ontote € W, yuo
Kaow i = 1,...,k apa fi(z) = 1.

"Evyaplotieg oToug M.M. kar A X.



2. supp(fi) € U; yua kabe i = 1,....k, yiatt av to € X wavomotel fi(z) # 0 tote x € V.

Enouévog, -
supp(fi) = {z : fi(z) # 0} =V, = U;.
Ozmpovpe Tig ovveyelg ovvapmoelg ¢; : X — R with ¢; = ﬁ Elvor Kol oplouéveg kot
k
supp(¢;) < U; (eEnyetote ywat). Téhog, D, ¢i(z) = 1 yio kabe z € X. 0
i=1

O ywpog / C* aryeppa C(X, A). 'Eotw X ovuroyng ywpog Hausdorff (1. cuumayng petpikoc) kot
A ydpog Banach. Ovoudovue C(X, . A) Tov xdhpo Tov ouvveydv ovvoapmoemv f: X — A.

[N xabe f € C(X,A) novvapmon X — R : z — | f(x)].4 elvow ovveyng oe cuumayeg, OUvemmg
ppayuevn, apa sup{| f(z)|4 : € X} < co. Ebxola gaiveton 6tL

= flae = sup{|f(z)]a:ze X}

etvar vopua otov C(X, A). Onwg oty Hpaypatikn Avalvoy, amodekvietat 6tLo (C(X, A), | - [|.4,0)
glvo mpog Banach: ypnouomolel Kavelg 0Tt i opotopop@o. Bootky akohovdia, Tov TOLPVEL TYUES OE
TANPT UETPLKO Y DPO, OVYKALVEL OUOLOUOPPAL, KO OTL TO OUOLOUOPEPO OPLO CUVEXMV CUVAPTIOEWV ELVOL
OLVEYNG OVVAPTNON.

Avn A eivan C* dhyeBpa, evkoho gaiveton ot C (X, A) yivetan *-ahyeBpa e Tig TpaEelg Katd onueto

((fg)(x) = f(x)g(x), f*(x) == (f(2))*) xaw o | fglac < |flacolglac war [f*flacw = 1% 0
Anradn 1 C(X, A) etvan 1ote C*-ahyeppa.

Oeopnua 4. Yrdoyet wo yoouuuxn kow 1-1 ameikdwvion

P CX)®A—-C(X,A) ue f®a— f()a.
Heaxdva ©(C(X) ® A) elvaw wvkvij otov C(X, A).

Amdda&n. H amelkdvion

CX)xA—-CX,A):(f,a) — f(-)a

(6mov f(+)a elvaw ) ovvapmon z — A : x — f(x)a) elvar TPoQavdg SLYPOIILKT, ETOUEVIG ETALYEL UL
LOVOSLKTY YPAUULKT) OITELKOVLOT)

P:CX)®A—-C(X,A): fRa— f()a
amd TV KaBoAkn 0T TA TOU (AAYERPLKOT) TAVUOTIKOD YLVOUEVOU.

Ioyvotoudg: H @ eivan 1-1.
Arddeén tov loyvoiouod. 'Eotw u € C(X) ® A ue @(u) = 0. Aeiyvovpe 6t u = 0:

n
Mmopolpe va ypapovue o u oty popgn u = . fr®ak pneta {ai, ..., a,} < A ypopukd aveEapnro.
k=1

n n
Egooov ®(u) = >, fr()ar = 0, yia kaBe x € X €yovue >, fr(z)ar = 0. AMG ta {aq, ..., a,} elvar
k=1 k=1

YPOUULKC OVEEAPTNTOL, ETOUEVIIG OL CUVTELEOTES f1(T), . . 7, fn(z) elvon Ohor undev, yio kabe = € X.
n
SUVETMG OL OLVAPTNOELS f1, - - ., frn, UNdEVILOVTOL OAEg Ko dpau = Y, fr ® ax = 0 Onwg BEhaue.
k=1

Ioyvorouds: H ewkova @(C(X) ® A) etvan | - | 4,00-mvkviy otov C(X, A).
Anddeién tov loyvowouod. 'Botw F € C(X, A). O¢hovue va mpooeyyloovpue v F 1e ouvapTnoeLg

n

Ged(C(X)®A), M. g uopyng G = > gi(-)ak, 0mov gi € C(X) ko ay, € A.
k=1



'‘Botw € > 0. TN kb 2 € X, atd ) ouvexelo g F 070 o vitapyeL avorkTh eployn V, Tou & moTe M
F vo givan «oyedov otabepnp» oto V... Akpipéotepa,

yeVi = |F(y)—F@)|a<e.

H owcoyévera {V, : x € X} elvor avorktd KOAUUUo Tou oupstoryols xdpov X, ETOUEVOS VITAPYEL TETE-
paocpevo vrokaivuua {Vy,, ... Vg, }. Tpagovtag Vi, := V,, ko ay, == F(xy) € A éqovue

yeVi = |F(y) —arla=|F(y) — Fzg)|a <e. ()

"Eotw {g1, - - -, gn } SLOUEPLOT TNG LOVASAG TTOV OVTLOTOLYEL 0TO 0vOLKTO Kahvpua { V1, ...V, } (Oempnuo
3)oigr: X —[0,1], k =1,...,n elvaw ovveyelg ovvaptnoelg we supp(gx) S Vi yiaxabe k =1,...,n
Kow g1 () + -+ - + gn(z) = 1 yuo x@Be x € X. Mopoatnpolue tote oTL Yo kKabe k € [n],

v kabe x € X, av gp(z) > 010t | F(x) —arla <. (¥%)

[Mpaynot, av gg(x) > 0 tote x € Vi, onote | F(x) — agla < € amd v ().
n
Ioyvowouds: O¢tovpe G(z) = D) gr(x)ag. T kabe z € X,
k=1
|F(z) = G(z)]|a <e.

n
Arddeén tov Ioyvorouod. T kabe x € X, epocov Y. gi(z) = 1 €xovue
k=1

|F(z) = G(z)]|a= | (Z gk(fﬂ)) F(z) = ) gr(w)ax].a
k=1 k=1

= > g(x) (F(z) — ax) |4

o
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gr(z)e < e
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amod v (#x).

3

AeiEape 0T yo KaBe € > 0 vapyer Ge(x) = >, gr(x)a, omov g € C(X) ko ar € A, dnhadn
k=1
Gee ®(C(X)®A), wote |F — G| a0 = sup |F(z) — G(x)c|a <e. O
rzeX

Egappoyn

Oeopnua 5 (Stinespring). Av & : C — B etvau wa Ostikn yoouukn axetkovion uetasv C*-alyefowv ue
uovada pe v C petadetikn, tote n © etvar TAnows Oetixn.

Anédelén. By Gelfand, we may take C = C'(X) where X is compact Hausdorff. Given any n € N, we have

to prove that the map
o" . M, (C) — My,(B)

is positive.



Observe that the C* algebra C'(X, M,,(C)) can be identified with M,,(C) ~ C(X) ® M,, by considering each
continuous function F' : X — M,,(C) as defining an n x n matrix [ f;;] of continuous functions X — C given
by v+ fij(x) := (F(x)ej, €i)2[y), i.€. via the map

C(X, My(C)) > C(X) Q@ My, : F 2 fii(1) ® By

i,j=1
whose inverse satisfies
O(X) ® My — C(X, Mq(€)) : @ [ugg) = £(:)[us]
(in other words, we consider an element F' € M,,(C(X)) as a continuous function ' : X — M,,(C)).
Given a positive F' € C'(X, M,,) we need to prove that ®"(F) € M,,(B) is positive.
Observe that positivity of F' € C'(X, M,,) means F(z) € M, (C); forall x € X (yiat;).

By the proof of the last Theorem, given € > 0 we can find x1, . . ., z,, in X and continuous functions g; : X —
[0, 1] such that

|F(z Z 9k (2)Fi|ar,, < € uniformly in 2 e X

where Fy, := F(xy) € M, (C) are positive matrices. In other words

n

|F(:) Z () Fllar, (cx)) <€

where the norm in M, (C(X)) ~ C(X; M,) is given by | F'[| a7, (c(x)) = SUPzex |F(®) |,

Now recall (exercise!) that since ® is positive, it is bounded, and since ® is bounded, " is bounded - a priori
with a possibly larger norm (exercise!). Therefore we have

n

@™ (F Z (96 k) a8y < €] 2"

If we can show that each ®" (g F};) is a positive element of M, (B) we will be done, because we will have
shown that ®"(F’) is the limit (in the norm of M, (B)) of (finite sums of) positive elements, and hence is
positive (because the positive elements of any C* algebra form a (norm-) closed cone).

It thus remains to prove that ®" (g Fy,) is a positive element of M,,(B). Now identifying gy Fy, with gx ® F}, €
C(X)® M, and ®" : M,,(C) — M, (B) with ® ®id : C ® M,, — B® M,, we see that

Q" (gr ® Fr) = ®(g9x) ® F .

But gi, € C+ and ® is a positive linear map by assumption, so ®(gy) € B. Also F}, € M,,(C) by construction,
so the tensor product ®(gx) ® Fj, is in (B® M,,)+ (if ®(gi) = b*b for some b € B and Fj, = A* A for some
A € M, then ®(g;) ® F, = (b® A)*(b® A) which is positive since B ® M,, is a C*-algebra).

Alternative argument: Write Fj, = [a;;] where each a;; € C and recall that g, is a nonnegative function. Then

" (grF) = [P(graiz)]) = [P(gr)as]

(since a;; € C and g5, € C'(X) we have ®(gra;j) = ai; P(gx) by linearity of ®).

But now ®(gy,) := b € B, since g, > 0and @ is positive, and [a,;] is a positive scalar matrix. So, identifying the
scalar matrix [a;;] with the matrix [a;;1] € M,,(B) (we may assume that /3 is unital, passing to the unitisation
if needed) we have the factorization

" (g Fi.) = [bai;] = diag(v/b)[as;])diag(Vb)

we conclude, since [a;;] is positive, that ®" (g, F},) € M, (B)., as required . O



