
Mètra kai anaparast�seic

Je¸rhma 1 K�je1 *-anapar�stash π thc C(K) s� ènan q¸ro Hilbert H orÐzei èna
monadikì kanonikì fasmatikì mètro E(·) orismèno sta Borel uposÔnola tou K ¸ste∫

K

fdE = π(f) (f ∈ C(K)).

H apìdeixh sthrÐzetai se dÔo jemeli¸dh jewr mata, pou onom�zontai kai ta dÔo
{Jewr mata Anapar�stashc tou Riesz}:

Je¸rhma 2 Gia k�je jetik 2 grammik  morf  φ : C(K) −→ C up�rqei monadikì
kanonikì jetikì mètro Borel µ sto K ¸ste∫

K

fdµ = φ(f) (f ∈ C(K)).

Je¸rhma 3 Gia k�je fragmènh sesquilinear morf  ψ : H ×H −→ C up�rqei mo-
nadikìc T ∈ B(H) ¸ste

ψ(x, y) = 〈Tx, y〉 (x, y ∈ H)

kai ‖T‖ = sup{|ψ(x, y)| : ‖x‖ ≤ 1, ‖y‖ ≤ 1}.

Ja qreiasjeÐ èna L mma:

L mma 4 An M eÐnai mia peperasmènh oikogèneia apì kanonik� jetik� mètra Borel
sto K, tìte gia k�je Ω ⊆ K Borel up�rqei akoloujÐa (fn) suneq¸n sunart sewn me
0 ≤ fn ≤ 1 ¸ste

µ(Ω) = lim
n

∫
fndµ gia k�je µ ∈M.

Apìdeixh An µ ∈M , lìgw kanonikìthtac gia k�je n ∈ N brÐskw sumpagèc Kµ
n kai

anoiktì Uµ
n me Kµ

n ⊆ Ω ⊆ Uµ
n ¸ste

µ(Uµ
n )− µ(Kµ

n) <
1

n
.

Jètontac t¸ra

Kn =
⋃

µ∈M

Kµ
n kai Un =

⋂
µ∈M

Uµ
n ,

efìson h M eÐnai peperasmènh to Kn eÐnai sumpagèc, to Un anoiktì, Kn ⊆ Ω ⊆ Un

kai

µ(Un)− µ(Kn) = µ(Un \Kn) ≤ µ(Uµ
n \Kµ

n) <
1

n

gia k�je µ ∈M .

1newfasm, 02/06/07
2dhl. f ≥ 0 ⇒ φ(f) ≥ 0.
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Katìpin apì to L mma Urysohn brÐskw fn ∈ C(K) me 0 ≤ fn ≤ 1 ¸ste fn|Kn = 1
kai fn|Uc

n
= 0. Tìte,

µ(Kn) ≤
∫
fndµ ≤ µ(Un)

gia kaje µ ∈M , opìte∣∣∣∣∫ fndµ− µ(Ω)

∣∣∣∣ ≤ |µ(Un)− µ(Kn)| < 1

n
gia k�je µ ∈M. 23

ShmeÐwsh H monadikìthta sto Je¸rhma 2 èpetai kai apì to L mma: An µ, ν eÐnai
dÔo kanonik� jetik� mètra Borel kai

∫
fdµ =

∫
fdν gia k�je f ∈ C(K) me 0 ≤ f ≤ 1,

tìte µ = ν.

Apìdeixh tou Jewr matoc 1
Monadikìthta An dÔo kanonik� fasmatik� mètra Borel E(·) kai F (·) ikanopoioÔn∫

K

fdE = π(f) =

∫
K

fdF

gia k�je f ∈ C(K), tìte jètontac µx(Ω) = 〈E(Ω)x, x〉 kai νx(Ω) = 〈F (Ω)x, x〉,
èqoume ∫

K

fdµx =

∫
K

fdνx

gia k�je f ∈ C(K). Epeid  ta dÔo mètra eÐnai kanonik�, sumperaÐnoume ìti kat�
an�gkh ja tautÐzontai: µx(Ω) = νx(Ω), dhlad  〈E(Ω)x, x〉 = 〈F (Ω)x, x〉 gia k�je
Borel Ω ⊆ K. AfoÔ h isìthta aut  isqÔei gia k�je x ∈ H, sumperaÐnoume ìti
E(Ω) = F (Ω).

'Uparxh (i) An stajeropoi soume èna x ∈ H, h apeikìnish

C(K) −→ C : f −→ 〈π(f)x, x〉

eÐnai grammik  morf , kai eÐnai jetik , diìti an f ≥ 0, tìte f = g∗g ìpou g =
√
f ,

opìte
〈π(f)x, x〉 = 〈π(g)∗π(g)x, x〉 = ‖π(g)x‖2 ≥ 0.

Apì to Je¸rhma 2, up�rqei monadikì kanonikì jetikì mètro Borel µx sto K ¸ste∫
K

fdµx = 〈π(f)x, x〉 gia k�je f ∈ C(K). (1)

Ja deÐxw ìti up�rqei èna fasmatikì mètro E(·) pou {genn�ei} ìla ta µx me thn
ènnoia ìti

µx(Ω) = 〈E(Ω)x, x〉 gia k�je x ∈ H kai Ω Borel.

Tìte, an f ∈ C(K), apì ton orismì tou
∫
fdE ja èqw〈(∫

fgE

)
x, x

〉
=

∫
fdµx

3'Allh Apìdeixh: Jètw µo =
∑

µ∈M µ (peperasmèno �jroisma). 'Askhsh: To µo eÐnai kanonikì.
'Ara apì Lusin gia k�je h Borel fragmènh kai k�je n ∈ N up�rqei fn ∈ C(K) me ‖fn‖∞ ≤ ‖h‖∞ kai
µo[fn 6= h] < 1

n opìte kai µ[fn 6= h] < 1
n gia k�je µ ∈ M . Ef�rmosè to t¸ra sthn h = χΩ.
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gia k�je x ∈ H opìte ∫
fdE = π(f)

lìgw thc (1).

(ii) StajeropoioÔme t¸ra èna Borel uposÔnolo Ω ⊆ K kai jewroÔme thn apeikìnish

p = pΩ : H −→ R+ : x −→
√
µx(Ω).

Isqurismìc H pΩ eÐnai suneq c hminìrma kai ikanopoieÐ ton kanìna tou parallhlo-
gr�mmou.
Apìdeixh Apì to L mma 4, gia k�je Borel uposÔnolo Ω ⊆ K kai gia k�je peperasmènh
oikogèneia S ⊆ H up�rqei akoloujÐa (fn) suneq¸n sunart sewn me 0 ≤ fn ≤ 1 ¸ste

µx(Ω) = lim
n

∫
fndµx gia k�je x ∈ S

�ra

pΩ(x)2 = lim
n

∫
fndµx = lim

n
〈π(fn)x, x〉 gia k�je x ∈ S. (2)

Parat rhse ìti gia k�je n h apeikìnish

qn : H −→ R+ : x −→
√
〈π(fn)x, x〉

èqei tic idiìthtec:

qn(x+ y) ≤ qn(x) + qn(y), qn(λx) = |λ|qn(x)

qn(x) ≤ ‖x‖
qn(x+ y)2 + qn(x− y)2 = 2qn(x)2 + 2qn(y)2

Pr�gmati, an gn =
√
fn tìte

qn(x)2 = 〈π(gn)∗π(gn)x, x〉 = ‖π(gn)x‖2 .

Efarmìzontac loipìn thn (2) sthn oikogèneia S = {x, y, x + y, x − y, λx} apì tic
sqèseic autèc prokÔptoun oi

pΩ(x+ y) ≤ pΩ(x) + pΩ(y), pΩ(λx) = |λ|pΩ(x)

pΩ(x) ≤ ‖x‖
pΩ(x+ y)2 + pΩ(x− y)2 = 2pΩ(x)2 + 2pΩ(y)2.

DeÐxame loipìn ìti h pΩ eÐnai fragmènh hminìrma kai ikanopoieÐ ton kanìna tou paral-
lhlogr�mmou. 2

'Opwc eÐnai gnwstì (!!) k�je tètoia hminìrma proèrqetai apì mia sesquilinear kai
fragmènh morf 

φΩ : H ×H → C

pou orÐzetai apì thn sqèsh

φΩ(x, y) =
1

4

(
pΩ(x+ y)2 − pΩ(x− y)2

)
+
i

4

(
pΩ(x+ iy)2 − pΩ(x− iy)2

)
. (3)
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Apì to Je¸rhma 3, up�rqei monadikìc telest c E(Ω) ∈ B(H) ¸ste

〈E(Ω)x, y〉 = φΩ(x, y) gia k�je x, y ∈ H. (4)

(iii) Prèpei na deiqjeÐ ìti to E(·) eÐnai fasmatikì mètro. EÐnai fanerì apì ton ori-
smì ìti E(∅) = 0, E(K) = I kai, fusik�, ìti to Ω −→ 〈E(Ω)x, x〉 eÐnai σ-prosjetikì
mètro4 gia k�je x ∈ H.

EpÐshc eÐnai fanerì apì tic sqèseic

0 ≤ pΩ(x)2 = φΩ(x, x) ≤ ‖x‖2

ìti
0 ≤ 〈E(Ω)x, x〉 ≤ 〈x, x〉 gia k�je x ∈ H

opìte
0 ≤ E(Ω) ≤ I

kai eidikìtera
E(Ω)∗ = E(Ω).

Mènei na apodeiqjeÐ o

Isqurismìc E(Ω1 ∩ Ω2) = E(Ω1)E(Ω2) gia k�je zeÔgoc Borel uposunìlwn
Ω1,Ω2 tou K.

Apìdeixh Ja prokÔyei apì thn pollaplasiastikìthta thc π: π(fg) = π(f)π(g).
Ac uiojet soume ton akìloujo sumbolismì: An x, y ∈ H, gia k�je Borel fragmènh

h : K → C gr�foume∫
hdνx,y ≡

1

4

∫
hdµx+y −

1

4

∫
hdµx−y +

i

4

∫
hdµx+iy −

i

4

∫
hdµx−iy

opìte an f ∈ C(K) èqoume ∫
fdνx,y = 〈π(f)x, y〉 . (5)

Parat rhse ìti me to sumbolismì autì èqoume∫
χΩdνx,y = 〈E(Ω)x, y〉 gia k�je Borel Ω ⊆ K. (6)

Gia k�je f, g ∈ C(K) me 0 ≤ f, g ≤ 1 èqoume

〈π(fg)x, y〉 = 〈π(f)π(g)x, y〉 = 〈π(f)(π(g)x), y〉

kai sunep¸c, qrhsimopoi¸ntac thn (5) gia ta dianÔsmata z = π(g)x kai y,∫
fgdνx,y = 〈π(fg)x, y〉 = 〈π(f)(π(g)x), y〉 =

∫
fdνz,y . (7)

To pragmatikì mèroc thc isìthtac aut c dÐnei∫
fgdµx+y −

∫
fgdµx−y =

∫
fdµz+y −

∫
fdµz−y

4giatÐ 〈E(Ω)x, x〉 = φΩ(x, x) = pΩ(x)2 = µx(Ω).
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isodÔnama ∫
fgdµx+y +

∫
fdµz−y =

∫
fgdµx−y +

∫
fdµz+y.

AfoÔ h sqèsh aut  isqÔei gia k�je f ∈ C(K) me 0 ≤ f ≤ 1, kai ta mètra gdµx+y +
dµz−y kai gdµx−y + dµz+y eÐnai jetik� kanonik� mètra Borel, ta dÔo aut� mètra ja
tautÐzontai5, opìte h sqèsh ja isqÔei kai ìtan h f eÐnai Borel, �ra kai gia f = χΩ1 ,
dhlad  ∫

χΩ1gdµx+y +

∫
χΩ1dµz−y =

∫
χΩ1gdµx−y +

∫
χΩ1dµz+y

isodÔnama ∫
χΩ1gdµx+y −

∫
χΩ1gdµx−y =

∫
χΩ1dµz+y −

∫
χΩ1dµz−y.

Me ton Ðdio trìpo sumperaÐnoume ìti kai to fantastikì mèroc thc (7) isqÔei kai gia
f = χΩ1 opìte telik� ∫

χΩ1gdνx,y =

∫
χΩ1dνπ(g)x,y (8)

gia k�je Borel Ω1 ⊆ K. Apì thn (6), èqoume∫
χΩ1dνπ(g)x,y = 〈E(Ω1)π(g)x, y〉 = 〈π(g)x,E(Ω1)

∗y〉

kai apì thn (5)

〈π(g)x,E(Ω1)
∗y〉 =

∫
gdνx,E(Ω1)∗y

opìte h (8) dÐnei ∫
gχΩ1dνx,y =

∫
gdνx,E(Ω1)∗y.

AfoÔ h teleutaÐa isìthta isqÔei gia k�je g ∈ C(K) me 0 ≤ g ≤ 1, ìpwc prin èpetai
ìti ja isqÔei kai ìtan h g eÐnai Borel, �ra kai gia g = χΩ2 , dhlad ∫

χΩ2χΩ1dνx,y =

∫
χΩ2dνx,E(Ω1)∗y

gia k�je Borel Ω2 ⊆ K. All� apo thn (6)∫
χΩ1χΩ2dνx,y =

∫
χΩ1∩Ω2dνx,y = 〈E(Ω1 ∩ Ω2)x, y〉

kai

∫
χΩ2dνx,E(Ω1)∗y = 〈E(Ω2)x,E(Ω1)

∗y〉

sunep¸c

〈E(Ω1 ∩ Ω2)x, y〉 = 〈E(Ω2)x,E(Ω1)
∗y〉 = 〈E(Ω1)E(Ω2)x, y〉.

AfoÔ aut  h sqèsh isqÔei gia k�je x, y ∈ H, deÐxame ìti E(Ω1 ∩Ω2) = E((Ω1)E(Ω2),
pr�gma pou oloklhr¸nei thn apìdeixh. 2

5Monadikìthta sto Je¸rhma 2   L mma 4
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