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#(H)

Let H be a Hilbert space. The algebra of all bounded linear
operators T : H— H is denoted #(H). It is complete under the

norm
| TIl = sup{|| Tx|| : x € ball(H)}

Moreover, it has an involution T — T* defined via
(T*x,y)=(x,Ty) forall x,yeH.
This satisfies

| T*T|| = | T|? the C* property.



%(H) is a C*-algebra

Structure of Z(H):
linear space

ring for composition of operators [thus, an associative
algebra]

*-vector space with identity
has a complete submultiplicative norm (|| TS|| < || T/ ||S|)
norm satisfies the C* property || T*T|| = || T||



Provisional Definitions

m Operator space: A linear subspace of #(H) (sometimes
assumed closed)

m Operator system: A selfadjoint (i.e. *-closed) linear
subspace of #(H) containing the identity

m C*-algebra: A selfadjoint, || - ||-closed subalgebra of #(H)



Function Spaces

A concrete function space is a linear subspace E C /.(I') for
some I.
Is E/N a concrete function space on some ['?

Remark
Every normed space can be isometrically represented as a
concrete function space.

Given (E,||-||) and n € N, consider
lo([n]; E) :={([X1,...,Xn] : X; € E} with sup norm.
Note that if E C /.(I') then {.([n]; E) C 4w([n] x I') isometrically.

Remark

If E is function space, so is {..([n]; E) for all n € N.



Operator Spaces

“Quantize”: Replace function in ¢.(I") by operators in % (H) for
some Hilbert space H.

Given a subspace E C #(H) and ne€ N, then

Mn(E) C My(#(H)) as linear spaces.

But note M,(#(H)) ~ %(H") as linear spaces, where

HM = {h:=[hy,...,h] - x; € H} with <B,T7'> =Y (e h),

and Mn(%Z(H)) — %(H") : [a;] — Awhere Ah = [T, a;hj].

Remark

If E is an operator space on H, then, for all n € N, M,(E) is an
operator space on H".

So the embedding j : E — %(H) defines a sequence of norms
{lI-lm ey - M€ N}



Operator Spaces

Definition
An operator space E is a pair (E,j) where E is a linear space
and j: E — %(H) a linear embedding. If

def ||
My(E) = HU(Xi/)]H%(Hn) (xj € E),

1xs]]

! the sequence of norms {Il-llps,() : n € N} is called the
operator space structure on E induced by j.

Definition

An operator space structure on a normed space (E,||-||) is the
operator space structure induced by a linear isometric
embedding j : E — %(H) for some Hilbert space H.

(Thus [[(x) () = |1l for all x € )

"Thanks, Dimos!



Completely bounded maps

Notation Given a linear map ¢ : Z(H) — #(H'), forany ne N
define ¢p: B(H") — B(H") : [ag] — [9(aj)].

Definition

A linear map ¢ : E — F between operator spaces is said to be
completely bounded if (each ¢, : My(E) — Mn(F) is bounded
and) |||l oo := supp||9nl| < co.

The map ¢ is said to be completely isometric if each

On : Mn(E) — Mp(F) is an isometry.

Thus if j: E — Z(H) is an isometric embedding, the induced
operator space structure on E is by definition the one making
Jn s (Ma(E), |Illmye)) = (B(H"), ||| s5(14n) isOmetric for all n, i.e.
making j a complete isometry.



The minimal operator space structure on (E, ||-||g)

Every normed space (E,||-||g) admits an operator space
structure.

Proof Embed E — {..(I') isometrically, then embed

leo(I) — B(la(IN)) = B(H) as diagonal operators. Let j be the
composite, so [|j(x)|zH) = ||Ix||g for all x € E. For ne N and

X = [xj] € Mn(E), define || x|/, £y := [lin(X) | z(rn)- O
This op. space structure is called the minimal op. structure

min E on (E, ||-||g)- It has the universal property:

If Fis an op. space and ¢ : F — E a bounded linear map, then
¢ is completely bounded and in fact ||¢ ||, = [|¢].

For ne N and x = [x;] € My(E),

1P| i = s {0 Cxy)]

(using ball(E*) for I').

a(Hny - 9 - E — Ccontraction}



The maximal operator space structure on (E, ||-||g)

Let .7 be the family of all isometric embeddings ¢ : E — %(H,)
(this is not empty since min E exists).

The max structure corresponds to the embedding given by the
‘direct sum’ (suitable defined) of all the embeddings

Each ¢ induces a norm ||-|| on each M,(E) given by

11x3][% = - The max norm is defined to be the

supremum of these norms:

1060 e = 50110 G e+ (6. Ho) €7}, ] € M E)

(this supremum is finite, since 2

1/ 1/2
10O |y < (Eis 003y H/?(Hd,)) = (islall) -

2Thanks, Mihalis!



The maximal and minimal operator space structures

The maximal operator space structure structure max E on
(E,||-||g) has the universal property:

If Vis an op. space and y : E — V a bounded linear map, then
y is completely bounded and in fact || y/||,, = ||v]].

To compare:
For ne N and x = [x;] € My(E),

1131 [ i = suP{ |9 (xj)]
DX e = s [| 10 (X))

B(Hm) - ¢ : E — C contraction}

(k) + 9 E = #A(H,) contraction}

(by the universal property of max, using contractions instead of
isometries does not increase |||

max) °



Example: min(¢'[d]) and max(¢'[d])

Let d € N and H = L?(TY). For k € [d] let V4 € #(H) be
multiplication by the k-th coordinate function:

(Vi) (z1,...,24) = zkf(z1,...,2q9) (f € H). Then

Vi,... Vg € #(H) are commuting unitaries. Write

G =span{ Vy,... Vg} C B(H).

The map

J: 0[d] — Gy C B(H) : [ak] — i ak Vi
k=1

is a linear isometry, and J(¢'[d]) ~ min(¢'[d]) completely
isometrically.



min(¢'[d]) and max(¢'[d]) continued

Let Fy4 be the free group in d generators uy, ..., uy and let

(7, Hz) be the universal unitary representation of Fy (the direct
sum of all unitary representations on (separable) Hilbert
spaces). Let Uy, ... Uy € B(Hr) be the images of the
generators: Uy = m(uk). These are free unitaries. Write
Zg=span{U,... Uy} C B(Hz).

The map

Jp  01[d] — Zy C B(Hz) - [ak]HZakUk
k=1

is a linear isometry, and J;(¢'[d]) ~ max(¢'[d]) completely
isometrically.
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