Metpa pne TIHES TEAECTES,
@aopotiko Ocwpnpao, Ocwpnpa Aroctorng Naimark

1 Mérpa pe Tipeg 0eTIKOVG TEAEGTES

Opwopog 1. Eotow (K, S) uetprioog yopog. | Mio owkoyéveia { E(Q) : Q € S} ppoyuevov teleotdv o’ évay
xaopo Hilbert H Jéyetor peTpo ue tiues Oetikovg tedeotes (positive operator valued measure, POVM) ov
IKOWVOTIOIEL TIG 1010THTES

1. Ta k6O x € H, n ameikovion iz, : Q@ —> (E(Q)x, x) ivar (o-mpoocbetiko, Ostid) uétpo opiouévo
omv S.

2. EQ)eB(H)s noxobe Qe S

3. B(g)=0 ku E(K)=1

H{E(Q) : Q € S} Aéyerau uerpo pe tipes mpofoies (projection valued measure, PVM) ov ikavomotel
emmAeoV TV 1010THTO,

4. E(Ql N Qg) = E(Ql)E(Qg) yio. Kxabe Ql, QQ eS.

Hopoampiosi 1. (o) H idotnra (1) ervar icodvvoun ue v oxolovdn: T xabe x,y € H, n anekdvion
Py : 2 — (E(Q)x,y) eivon pryadikd pétpo opiopévo oy S.

(B) Amo v (4) emeron ot kale E(QY) etvar opOn mpofoln (awtocvlvyns kou tavtodvvaun) kor oti kabe petpo
UE TIUES TPOoPoAeS e1vour UETADETIKY| OIKOYEVELO TEAEOTWV (TPAYLO. TTOV OEV IGYVEL EV VEVEL YIO. UETPO. LUE TUUES
Oetirovg teleoteg).

(y) Zovnbwg evorapouaote yia v mepimtwon wov o K ewvor ooumayns ywpos Hausdorff kor n S ervaur n o-
adyefpa twv Borel vroovvolwv tov K. Tote amautovue ovvnbwg to E va e1vai KOvoviKo uetpo, onloon (£
OPICLLOD) TO UETPO lhzy VO, EIVOL KOVOVIKO (BeTiko) uetpo Borel yia kalbe x € H.

Eoto LP(K) n C* alyefpa ohov TaV @paypHevov HETpNoueY eovapteewy | K — C.

Mpétaon 1. o kale POVM E o’ evav uetprioo ywpo (K, S), n oaxcikovion xqo — E () exexteverou oe
110, OETIKN LLOVOOI0L0, YPOLIKY ATEIKOVION

g: LY(K) — B(H).
Amooeiln. For a simple measurable function f = ), ¢;xq, (Where {€;} is a (finite) measurable partition of

K)welet Ug(f) := >, ¢;E(Q;). The map ¥ is a unital positive linear map (if f > 0 then ¢; > 0 for all ¢
and so Wo(f) = 0). We claim that |Wo(f)| < 2| f|x = 2max; |¢;]. 2

Indeed, for each x € H we have
(ol )23 = | Bz,
max|cz| Z|<E Yo, )| = (max|c)) Z<E V&, x)
= maX\cz'!)<E(uz‘Qz‘)w7$> = (max i) <x,x> = [ £l

since E({2) is a positive operator and ), E(€;) = E(u;Q;) = E(K) = 1.

'povm modifed 17 Tovviov 2025
This crude estimate will be improved below



Now for (z,y) € ball(H) x ball(H),

x+1i"y
2

Uo(fle,y) = Z "Wo(f)Tn, xny where z, :=

and so

3
KWo(f)z,y) < Z K@o(Nan, za)| < |Flx D lonl® < 2015
n=0

since ZO |lznl? = 2z +yl? + 2z —ylI* + = + iy > + |z —iyl* = :Cl2)? +2]y[* + 2]<]* + 2[iy[*) =
|zI* + |y|I* < 2 (by the paralellogram law). Thus |@o(f)| = sup{[{To(f)z, v)| : |[, [v] < 1} < 2|f|x
as claimed.

Since every f € L*(K) is a uniform limit of a sequence of simple functions, the map ¥ extends to a map
g LP(K) — B(H) which is linear, unital and positive. O

Note Now that W5 has been extended to a positive unital linear map defined on an abelian C*-algebra, we
know (as proved by Stinespring) that ¥ g is completely positive, and so |[Vg| = [|[¥ (1) = 1.
Hopatipnon 1. lia kabe (z,y) € H x H kou f € LP(K), gyovue

<‘1}E(f)$v y> = J;( fd,uacy

0moV fizy(2) = (E(Q)x,y) Kou 10 0loKINpwua ¢ TPOS TO ULYAOIKO UETPO [igy UTOPEL VO OpLobEel (EVal-
3 .
laxtika) w¢ o ypapuaros ovvovoouos § fdugy, = Y, 1" § fdug, 4, omov xy, = w KOl TO flg,, z, EIVOL

n=0
Oetirca uetpo.

2y avtiotpopn kotevBovoy:

210 g&ng ovpPorlovpe pe (K, S) evav cuumayn yopo Hausdorff K pe v c-akyefpa Borel S.
[Mopatmpovpe ot LP(K) mepeyel tnv C*-vnodyeppa C'(K), pe v e povada.

Mpétaon 2. [a kabe Oetikn povadioia ypoyyurn ameikovion ® : C(K) — B(H) vmapyer povadiko kavo-
viko Borel POVM Eg wote, av iy () := (Ee(Q)z,y) pia kabe (x,y) € H x H, va gyovue

(D(f)z,y) = L{ fdpgy yaxabe f e C(K). *)

Améoerén. The map ® is completely positive and unital, hence it is bounded with |®| = |®(1)| = 1. For
any (z,y) € H x H the map f — (®(f)z,y) is a linear functional on C'(K), bounded (by |z||y|), which
is positive when x = y. By the Riesz Representation theorem, it defines a unique Borel regular complex
measure /i, on K satisfying (*). 3

Claim For each Borel 2 < K the map (x,y) — fi4y(2) : H x H — C is sesquilinear and bounded.
Proof For z,y1,y2 € H and X\ € C we have, for each f € C(K),

| b, = @0+ X = @) + KO = | Fpa 3| Fa
Thus the regular Borel measures /i, ), + Ay, and /iy 4, +Afls,y, define the same bounded linear form on C(K),
and therefore are equal (by the uniqueness part of the Riesz Representation theorem).
We have shown that (z,y) — w4, (€2) is conjugate linear in y; the proof of linearity in z is identical.

To show that the map (x,y) — pay(2) is bounded, one way is to recall that |11,y (£2)| < ||pzy| for each
Borel Q < K by the definition of the total variation norm of 15, * and so0 |14, (Q)]]| < |z]y].

3 Alternatively, this map is a linear combination of four positive linear maps, of the form f — (®(f)&, &), each of which defines
a unique positive regular Borel measure on K and then the complex measure 15, can be defined as the same linear combination of
these positive measures.

4see W. Rudin, Real and Complex Analysis, Chapter 6



Here is an alternative proof:

Since fi4y is a linear combination of four measures of the form ¢, it suffices to consider this case. Now the
measure fi¢¢ is a positive regular Borel measure, so for every € > 0 there exist a compact set ' and an open
set U with F' < © < U such that pge (U) — pee(F) < €. By Urysohn’s lemma, there exists a continuous
f: K —[0,1] such that f(¢t) = 1fort e Fand f(t) = 0 fort ¢ U. Thus

XF < [ <xu
so pee(F) = JXqugg < ffdugg < fXUdH& = pee(U)

also e (F) < pee(Q) < pge(U) since F<QcU
hence de/ﬁsg - ugg(Q)’ < pee(U) — pee(F) < e

which shows that

nee(®) < [ fee + e < I71l€IP + e < 17 + o
and since € was arbitrary, we obtain ¢ (€2) < |€]?. Now the usual polarization argument (see the proof of
Proposition 1) yields the estimate |1,,(2)| < 2 ° for (z,y) € ball(H) x ball(H).

This completes the proof of the Claim. Thus the map (x,y) — f2,/(2) : H x H — C is sesquilinear and
bounded.

Now, by the Riesz Theorem for bounded sesquilinear forms on Hilbert space, there is a unique bounded
operator g (£2) such that ji,, () = (Eo(Q)x,y) forall (x,y) € H x H.

The fact that each /14, is a complex regular Borel measure which is positive for = y and yi,, (K) = {x,y)
yields immediately that E'y is a regular Borel POVM. Uniqueness of E¢ follws from the uniqueness of each
zy Which is guarranteed by the Riesz Representation theorem. O

Mépwopa 1. Kabe Oetikn povooioua ypouuukn oxcikovion © @ C(K) — B(H) emexteiveron o¢ puo Getirn
povadiaaa ypoyyury omxeovion V : LP(K) — B(H) mov ikavoroier V(xq) = Eg () yia kabe QL € S.

2vveros Vg oy = 9.

Amoderén. The map @ defines the POVM Eg as in Proposition 2. Apply Proposition 1 to E¢ to obtain the
map Vg, := V. The fact that U extends ® follows since from Remark 1 we have

Ve (flz,y) = L{ fdpz,  forall f e L7(K)
and by (*) of Proposition 2:
@)= [ fdus, forall f € C(K)
which show that if f € C'(K) then

<¢)(f)x7y> = <\IIE¢) (f)$7y>

forall (z,y) € H x H, and thus ®(f) = Y, (f). O
Yopporepog: Zvppoilovpe ov meplopopo Mg Ve : L2 (K) — B(H) omv C(K) pe Pp.
Hapatipnon 2. Or ancikovioeic @ — Eg kor E — @ g eivar avaopopes 1 pio tne aAlng.

>the bound 2 will be improved to 1 below, when we show that 0 < E(Q) < T



Anddeiln. The fact that given ¢ : C(K) — B(H) we have &, = ® was shown in Corollary 1.

On the other hand, given a (Borel, regular) POVM E(-) on K, Proposition 1 defines a unital positive linear
map Vg : LP(K) — B(H) which is uniquely determined by the condition

W p(f)a,y) = fK Fdpiay (1)

forall (z,y) € H x H and f € L*(K), where f14,/(2) = (E(Q)z, y).

Applying Proposition 2 to the restriction ® := ®p of the map ¥y to C(K) yields a POVM FEg such that,
writing fi,, (Q) := (Es(Q)z, y), we have

(Pr(g9)r,y) = J‘K 9dfizy 2)

forall (z,y) € H x H and g € C(K). Comparing (1) and (2), we have

J gdﬂa:y :f gdﬁa:y
K K

for all ¢ € C(K). By uniqueness in the Riesz Representation theorem, the scalar measures ji,,, and fiz,
are equal, for all (z,y) € H x H. This shows that the POVM’s E(-) and Eg(-) are equal. In other words,
Eg, =E.

Hpétaon 3. Zyv aupiuovoonuavey avtiotoryio @ < E wov opiooye,
n ® evar *-uoppiouog ov kot povov oy 1o E evor uetpo ue tiues npofotes (PVM).

Amdoderln. Assume first that £'(-) is a PVM. Then for Q; € K Borel (i = 1,2) we have
E(Ql)E<Qg) = E(Ql M Qg)
hence

Ue(xe)VE(X) = YE(Xa1n0) = YE(XQ1 X))

so that ¥y is multiplicative on characteristic functions. By linearity and continuity it follows that U is
multiplicative on the closed linear span of characteristic functions, which is L% (K).

Also, Vg is a positive linear map, and so selfadjoint. Thus, it is a *-morphism. Hence, so is its restriction
O to C(K), as claimed.

The converse is more interesting:

We start with a *-morphism ® : C(K) — B(H) and we wish to prove that the associated POVM E() is
a PVM. Equivalently, we wish to prove that the extension ¥ : L*(K) — B(H) of ® associated to F as
defined in Corollary 1 is multiplicative. ©

We will achieve our goal in two steps: First we show that we have
U(hg) = ¥(h)¥(g) whenh e LZ(K)butge C(K)

and then that
U(hh') = W(h)W¥(R') forall h,h' € LZ(K).

Fix (z,y) € H x H.1If g € C(K) then, for all f € C(K),
fK Fodiiny = (@(fg)z,5) = (B(f)(@(g)2), 1) = (@ (f)zg, )

= J fdﬂxg,y
K

SThe difficulty is that this extension was not constructed using some sort of continuity (it is not the case that bounded measurable
functions are approximable by continuous ones in some topology); it was constructed as a two-step process via the family of measures
{ttzy : (z,y) € H x H} defined from ® by duality.




where z, := ®(g)z. Uniqueness in the Riesz Representation theorem shows that the measures gdy,, and
diz, y (more formally, the measures {2 — SQ gdpizy and € — i, 4, (€2) ) are equal. It follows that for every
h e LP(K) we have

J hgdjiz, :J hdpiz, y -
K K

7 But
| B = ¥ @(9)), 5> = (o), W) ) = (Blg)oun) = | gdinas
K K

where y, = ¥(h)*y and so the previous displayed equality gives

J ghdpizy :J 9dpiz y,
K K

for all g € C(K). This shows that the measures hdy,, and dj, ,, are equal and so

J b hdjig, —f B dpgy,
K K

forall W' € L®(K). Thus

W) = [ Wb, = [ Weliny, = WO, = U W)y = W)V )
K K
and since the last equality holds for all (x,y) € H x H we finally conclude that
U(h'h) = W (h)¥(h)

holds for all h, k' € L*(K). Thus V¥ is multiplicative on the abelian algebra L% (K). In particular, setting
h = xq, and ' = xq, we obtain

E(Q N Q) = ¥(xa,n0,) = ¥(xa,x0,) = ¥(R)¥(h) = E(Q1)E(Q),

OT®G OAULE. O

2 To ®acpatiko Ocwpnua kot 10 Ocwpnpo Awectoing tov Naimark

Ozdpnpa 1 (To Gacpatiko Ocwpnua). Av A € B(H) eivar pvoioloyikog teAeotns, vmapyel Hovodiko Ko-
voviko petpo Borel ue tiueg mpofoles (PVM) E oto o(A) wote

A= f AE)
o(A)

oniaon
J fidpzy = (Az,y) paxabe (x,y)e Hx H
o(A)

omov f1(N) =\, Ae a(A).

Amdderln. Since A is normal, by the continuous functional calculus there exists a unique isometric unital
*-morphism @ : C(0(A)) — B(H) such that (f;) = A.

If E := Eg is the Borel regular POVM associated to ® (Proposition 2), for every (z,y) € H x H we have

| L Jay = @) forall [ € O(K)

"1t follows that U (hg) = U (h)¥(g), but we won’t need this



and in particular

J fdpay = (®(f1)z,y) = (Az,y).
a(A)
But by Proposition 3, since ® is multiplicative on C'(K), the POVM FE is in fact a PVM, onwg Oehope. [

Ozdpnpa 2 (Naimark’s dilation theorem). Eotw (K, S) ovurayns ywpos Hausdorff K e v o-alyefpa
Borel S. Eotw {E(Q) : Q € §} < B(H)4+ kavoviko Borel petpo pe tyueg Oetikovg tedeoteg (POVM). To E
Seyetan dia0ToAn o€ eva ueTpo ue tues tpofoiec (PVM) E o’ evav «ueyatvtepor ywpo Hilbert H': vrapyer
evag ywpog Hilbert H', jua ioouetpia V : H — H' xou eva PVM {E(Q) : Q € S} € B(H'), et010 wote

E(Q) =V*EQ)V jpakabe Qe S.

Anéoeién. The POVM E defines a unital positive linear map Vg : L%(K) — B(H) (Proposition 1) which
restricts to a map ¢ : C(K) — B(H) such that

(Pp(f)z,yyn = fK fduy, forall feC(K) +)

for all (z,y) € H x H (where p,, is the scalar measure associated to E). Since C'(K) is abelian, the map
®f is in fact completely positive.

Thus by Stinespring’s theorem @ dilates to a *-representation: there is a Hilbert space H’, an isometry
V : H — H' and a *-representation 7w : C(K) — B(H') such that

Op(f)=V*r(f)V forall feC(K).
By Proposition 2 the map 7 defines a unique POVM E : S — B (H') such that

w(F)E o = fK fdiiey forall feC(K)

(where [i, is the scalar measure associated to E). Since the map 7 is a unital *-morphism, F is in fact a
PVM (Proposition 3).

Now for all for all (z,y) € H x H we have

(@e(fz,yyun =V (Ve yp = =()(V), Vy))m = L{ fdpgy forall feC(K)

where £ := Vz and ) := Vy. Comparing with (+), we obtain

J fdpizy :j fdpig, forall fe C(K)
K K

and hence uniqueness in the Riesz representation theorem shows that the measures 1, and fi¢,) are equal.
This means that for all Borel sets {2 € K we have

iy () = figy ()
ie. B,y = BV, Vyyw = V*EQVa,yu

forall (x,y) € H x H, and so E(Q) = V*E(Q)V, onog ehaye. O
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