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1. 'Estw X q¸roc me nìrma kai Y grammikìc upìqwroc tou X. DeÐxte ìti an int(Y ) 6= ∅, tìte
Y = X.

2. 'Estw B(xn, rn) mia fjÐnousa akoloujÐa apì kleistèc mp�lec se èna q¸ro Banach X. DeÐxte

ìti
∞⋂

n=1
B(xn, rn) 6= ∅. [Upìdeixh: DeÐxte ìti ‖xn+1 − xn‖ ≤ rn − rn+1 gia k�je n.]

3. 'Estw X n-di�statoc pragmatikìc grammikìc q¸roc, kai x1, . . . , xm dianÔsmata pou par�goun
ton X. Tìte, gia k�je x ∈ X up�rqoun λ1, . . . , λm ∈ R (ìqi anagkastik� monadik�) ¸ste
x =

∑m
i=1 λixi. OrÐzoume

‖x‖ = inf
{ m∑

i=1

|λi| : λi ∈ R, x =
m∑

i=1

λixi

}
.

DeÐxte ìti o (X, ‖ · ‖) eÐnai q¸roc me nìrma.

4. JewroÔme ton Rn me tic nìrmec ‖ · ‖p, 1 ≤ p ≤ ∞. DeÐxte ìti an 1 ≤ p < q ≤ ∞ kai x ∈ Rn,
tìte

‖x‖q ≤ ‖x‖p ≤ n
1
p− 1

q ‖x‖q.

DeÐxte ìti gia k�je ε > 0 up�rqei N ∈ N ¸ste, gia k�je p > N kai k�je x ∈ Rn,

‖x‖∞ ≤ ‖x‖p ≤ (1 + ε)‖x‖∞.

5. 'Estw Ck[0, 1] o q¸roc ìlwn twn f : [0, 1] → R pou èqoun k suneqeÐc parag¸gouc, me nìrma
thn

‖f‖ = max
0≤s≤k

(max{|fs(t)| : t ∈ [0, 1]}) .

DeÐxte ìti o Ck[0, 1] eÐnai q¸roc Banach.

6. 'Estw f : [0, 1] → R. H kÔmansh thc f orÐzetai apì thn

V (f) = sup

{
n∑

i=1

|f(ti)− f(ti−1)| : n ∈ N, 0 = t0 < t1 < . . . < tn = 1

}
.

An V (f) < +∞, tìte lème ìti h f èqei fragmènh kÔmansh. JewroÔme ton q¸ro BV [0, 1] ìlwn twn
sunart sewn f : [0, 1] → R pou èqoun fragmènh kÔmansh, eÐnai suneqeÐc apì dexi� kai ikanopoioÔn
thn f(0) = 0. DeÐxte ìti h ‖f‖ = V (f) eÐnai nìrma ston BV [0, 1] kai ìti o (BV [0, 1], ‖ · ‖) eÐnai
q¸roc Banach.

7. 'Estw x = (xn) ∈ `∞. DeÐxte ìti h apìstash tou x apì ton c0 eÐnai Ðsh me

d(x, c0) = lim sup
n

|xn|.

8. 'Estw 1 ≤ p < +∞ kai K kleistì kai fragmèno uposÔnolo tou `p. DeÐxte ìti to K eÐnai
sumpagèc an kai mìno an gia k�je ε > 0 up�rqei n0(ε) ∈ N ¸ste gia k�je n ≥ n0 kai k�je
x = (ξk) ∈ K,

∞∑

k=n

|ξk|p < ε.


