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(HmeromhnÐa Par�doshc: 11 IounÐou 2007)

1. 'Estw X ènac apeirodi�statoc q¸roc Banach.
(a) DeÐxte ìti SX

w
= BX .

(b) DeÐxte ìti h sun�rthsh ‖ · ‖ : (X,w) → R me x 7→ ‖x‖ den eÐnai suneq c se kanèna shmeÐo
tou X.

2. Ston `1 jewroÔme th sun jh basik  akoloujÐa {en}. DeÐxte ìti en
w∗−→ 0 all� den up�rqei

akoloujÐa (yk) kurt¸n sunduasm¸n twn en me ‖yk‖1 → 0.

3. 'Estw (en) h sun jhc b�sh tou `2. JewroÔme to sÔnolo

A = {em + men : 1 ≤ m < n, m, n ∈ N}.
DeÐxte ìti to 0 an kei sthn w�kleist  j kh tou A all� den up�rqei akoloujÐa (ak) sto A me
ak

w−→ 0.

4. 'Estw X ènac q¸roc Banach. DeÐxte ìti o X∗ eÐnai w∗�akoloujiak� pl rhc: an x∗n ∈ X∗

kai gia k�je x ∈ X h akoloujÐa (x∗n(x)) eÐnai akoloujÐa Cauchy, tìte up�rqei x∗0 ∈ X∗ ¸ste
x∗n

w∗−→ x∗0.

5. SÔmfwna me to je¸rhma Mazur, an xn
w−→ 0 ston q¸ro Banach X, tìte up�rqei akoloujÐa

(yk) kurt¸n sunduasm¸n twn xn me ‖yk‖ → 0. Den eÐnai ìmwc swstì ìti mporoÔme na p�roume
yk = 1

k (x1 + · · ·+ xk) ston parap�nw isqurismì.
(a) 'Ena par�deigma eÐnai to ex c: Ston L2(−π, π) jewroÔme thn akoloujÐa

xn(t) =
1
n

n2∑

k=1

eikt.

DeÐxte ìti xn
w−→ 0. BreÐte sugkekrimènh akoloujÐa (yk) kurt¸n sunduasm¸n twn xn me ‖yk‖2 →

0. DeÐxte ìmwc ìti ∥∥∥∥
x1 + · · ·+ xn

n

∥∥∥∥
2

6→ 0 ìtan n →∞.

(b) DeÐxte ìti an fn ∈ L2(−π, π) kai fn
w−→ 0, tìte up�rqei upakoloujÐa (fkn) thc (fn) ¸ste

∥∥∥∥
fk1 + · · ·+ fkn

n

∥∥∥∥
2

→ 0 ìtan n →∞.

6. 'Estw X ènac autopaj c q¸roc Banach, èstw (xn) mia fragmènh akoloujÐa ston X kai
x0 ∈ X. OrÐzoume

Kn = conv{xm : m ≥ n}‖·‖.
DeÐxte ìti xn

w−→ x0 an kai mìno an
⋂∞

n=1 Kn = {x0}.

7. 'Estw (xn) fragmènh akoloujÐa se ènan q¸ro Banach X. Upojètoume ìti up�rqei akoloujÐa
(x∗k) ston X∗ me X∗ = span{x∗k : k ∈ N} kai lim

n→∞
x∗k(xn) = 0 gia k�je k. DeÐxte ìti xn

w−→ 0.

8. 'Estw xn ∈ c0 me xn
w−→ 0. DeÐxte ìti up�rqei upakoloujÐa (xkn) thc (xn) ¸ste

∥∥∥∥
xk1 + · · ·+ xkn

n

∥∥∥∥ → 0 ìtan n →∞.


