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Kef�laio 1Metriko� q¸roi
1.1 Orismì
'Estw X èna mh kenì sÔnolo. Mia apeikìnish d : X �X ! R lègetai metrik  stoX (  sun�rthsh apìstash
 sto X) an gia k�je x; y; z 2 X ikanopoioÔntai ta ex 
:(M1) d(x; y) � 0,(M2) d(x; y) = 0 an kai mìno an x = y,(M3) d(x; y) = d(y; x),(M4) d(x; y) � d(x; z) + d(z; y) (trigwnik  anisìthta).To zeug�ri (X; d) lègetai metrikì
 q¸ro
. Ta stoiqe�a tou X lègontai shme�a touq¸rou, kai o arijmì
 d(x; y) apìstash tou x apì to y. Oi (M1)�(M4) e�nai taaxi¸mata th
 metrik 
.'Estw (X; d) èna
 metrikì
 q¸ro
, kai Y èna mh kenì uposÔnolo tou X . Jew-roÔme ton periorismì th
 d sto Y � Y . Or�zoume dhlad  ~d : Y � Y ! R jètonta
~d(x; y) = d(x; y)gia k�je x; y 2 Y . EÔkola elègqoume ìti o (Y; ~d) e�nai metrikì
 q¸ro
: h ~dikanopoie� ta axi¸mata (M1)�(M4). Lème ìti o (Y; ~d) e�nai èna
 upìqwro
 tou(X; d). H ~d e�nai h metrik  pou ep�getai sto Y apì thn d.D�noume t¸ra k�poia apl� parade�gmata metrik¸n q¸rwn. K�poia apì aut�e�nai eidikè
 peript¸sei
 genikìterwn paradeigm�twn ta opo�a ja exet�soume analu-tik� sthn epìmenh par�grafo. Se k�je per�ptwsh epalhjeÔste ìti ikanopoioÔntaita axi¸mata th
 metrik 
.(a) H pragmatik  euje�a. JewroÔme to sÔnolo X = R twn pragmatik¸n arij-m¸n, me metrik  thn d(x; y) = jx� yj:5



6(b) O Eukle�deio
 q¸ro
. JewroÔme to sÔnolo ìlwn twn diatetagmènwn m-�dwn x = (�1; : : : ; �m) pragmatik¸n arijm¸n, me thn Eukle�deia metrik : an tax = (�1; : : : ; �m) kai y = (�1; : : : ; �m) an koun ston Rm , or�zoumed(x; y) =p(�1 � �1)2 + � � �+ (�m � �m)2:(g) O q¸ro
 akolouji¸n `1. O q¸ro
 X = `1 apotele�tai apì ìle
 ti
 frag-mène
 akolouj�e
 pragmatik¸n arijm¸n: h akolouj�a x = (�1; : : : ; �k; : : :) (gia sun-tom�a ja gr�foume x = (�k)) an kei ston X an up�rqeiMx > 0 (pou exart�tai apìthn akolouj�a x) ¸ste 8k 2 N; j�kj �Mx:IsodÔnama, x = (�k) 2 X () supfj�kj : k 2 Ng < +1:Or�zoume thn apìstash dÔo fragmènwn akolouji¸n x = (�k); y = (�k) w
 ex 
:d(x; y) = supfj�k � �kj : k 2 Ng:(d) O q¸ro
 sunart sewn C[a; b℄. 'Estw [a; b℄ èna kleistì di�sthma sto R. Oq¸ro
 X = C[a; b℄ apotele�tai apì ìle
 ti
 suneqe�
 sunart sei
 f : [a; b℄! R (tashme�a tou q¸rou e�nai sunart sei
).H apìstash dÔo shme�wn tou q¸rou or�zetai w
 ex 
: an f; g : [a; b℄ ! R e�naisuneqe�
 sunart sei
, jètoumed(f; g) = maxt2[a;b℄ jf(t)� g(t)j(to max or�zetai kal�: h jf � gj e�nai suneq 
 sto [a; b℄, �ra pa�rnei mègisth tim ).O metrikì
 q¸ro
 pou or�zetai ètsi, sumbol�zetai me C[a; b℄ kai lègetai q¸ro
 twnsuneq¸n sunart sewn sto [a; b℄.(e) H diakrit  metrik . JewroÔme tuqìn mh kenì sÔnolo X , kai gia k�jex; y 2 X or�zoume d(x; y) = ( 1 , an x 6= y,0 , an x = y.H d e�nai h diakrit  metrik  sto sÔnolo X .1.2 Parade�gmata metrik¸n q¸rwn(a) O q¸ro
 B(A) twn fragmènwn sunart sewn sto A. JewroÔme tuqìn mhkenì sÔnolo A. Mia sun�rthsh f : A ! R an kei ston B(A) an kai mìno an e�naifragmènh (dhlad , an supfjf(a)j : a 2 Ag < +1.) An f; g 2 B(A), or�zoume thnapìstas  tou
 mèsw th
 d(f; g) = supa2A jf(a)� g(a)j:



7Parathr ste pr¸ta ìti h apìstash e�nai kal� orismènh: afoÔ f; g 2 B(A), up�r-qoun Mf ;Mg > 0 tètoioi ¸ste: gia k�je a 2 A, jf(a)j � Mf kai jg(a)j � Mg .Epomènw
, gia k�je a 2 A èqoumejf(a)� g(a)j � jf(a)j+ jg(a)j �Mf +Mg;dhlad  0 � d(f; g) = supa2A jf(a)� g(a)j �Mf +Mg < +1:Oi (M2) kai (M3) elègqontai eÔkola: an f; g 2 B(A), tìted(f; g) = supa2A jf(a)� g(a)j = supa2A jg(a)� f(a)j = d(g; f);kai d(f; g) = 0 ) supa2A jf(a)� g(a)j = 0) gia k�je a 2 A; jf(a)� g(a)j = 0) gia k�je a 2 A; f(a) = g(a)) f � g:Gia thn trigwnik  anisìthta: èstw f; g; h 2 B(A). Gia k�je a 2 A èqoumejf(a)� g(a)j = jf(a)� h(a) + h(a)� g(a)j� jf(a)� h(a)j+ jh(a)� g(a)j� supa2A jf(a)� h(a)j+ supa2A jh(a)� g(a)j= d(f; h) + d(h; g):'Epetai ìti d(f; g) = supa2A jf(a)� g(a)j � d(f; h) + d(h; g):(b) Oi q¸roi akolouji¸n `p. 'Estw 1 � p < 1. Ta shme�a tou q¸rou `p e�naioi akolouj�e
 pragmatik¸n arijm¸n x = (�k) gia ti
 opo�e
1Xk=1 j�kjp < +1:Orismì
 (suzuge�
 ekjète
). 'Estw 1 < p < +1. O suzug 
 ekjèth
 q tou por�zetai mèsw th
(�) 1p + 1q = 1:Dhlad , q = p=(p� 1). O q e�nai ki autì
 megalÔtero
 apì 1, kai lìgw summetr�a
th
 (�) o p e�nai me th seir� tou o suzug 
 ekjèth
 tou q. Lème loipìn ìti oi p kaiq e�nai suzuge�
 ekjète
. ParathroÔme ìti, an p kai q e�nai suzuge�
 ekjète
,p+ q = pq ) (p� 1)(q � 1) = 1:



8An loipìn or�soume f(t) = tp�1, t 2 [0;+1), tìte h f e�nai gnhs�w
 aÔxousa,kai or�zetai h ant�strofh sun�rthsh g th
 f . Den e�nai dÔskolo na doÔme ìtig(s) = sq�1, s 2 [0;+1). Pr�gmati,g(f(t)) = [f(t)℄q�1 = t(p�1)(q�1) = t:Prin or�soume thn apìstash dÔo shme�wn tou `p, ja de�xoume dÔo klasikè
 anisì-thte
: thn anisìthta tou H�older kai thn anisìthta tou Minkowski. Basikì rìlosthn apìdeix  tou
 pa�zei h anisìthta tou Young.Anisìthta tou Young. 'Estw f : [0;+1)! [0;+1) gnhs�w
 aÔxousa, suneq 
kai ep� sun�rthsh, me f(0) = 0. An g e�nai h ant�strofh sun�rthsh th
 f , tìtegia k�je a; b > 0 isqÔei ab � Z a0 f(t)dt+ Z b0 g(s)ds:Apìdeixh: K�nte èna sq ma:

To ginìmeno ab e�nai to embadìn tou orjogwn�ou. Se k�je per�ptwsh,ab � E1 +E2 = Z a0 f(t)dt+ Z b0 g(s)ds:Isìthta isqÔei an kai mìno an b = f(a). 2Efarmog : Pa�rnoume f(t) = tp�1, p > 1. H ant�strofh th
 f e�nai h g(s) = sq�1,ìpou q e�nai o suzug 
 ekjèth
 tou p. Apì thn anisìthta tou Young, gia k�jea; b > 0, ab � Z a0 tp�1dt+ Z b0 sq�1ds;dhlad (1) ab � app + bqq ; a; b � 0:



9Mia �llh apìdeixh th
 anisìthta
 (1) mpore� na doje� me th bo jeia twn kurt¸nkai ko�lwn sunart sewn. 'Estw C èna di�sthma sto R. Mia sun�rthsh f : C ! Rlègetai kurt  an(2) f(tx+ (1� t)y) � tf(x) + (1� t)f(y)gia k�je x; y 2 C kai t 2 (0; 1). H f lègetai gnhs�w
 kurt  an opoted pote èqoumeisìthta sthn (1) èpetai ìti x = y. H f : C ! R lègetai ko�lh (ant�stoiqa, gnhs�w
ko�lh) an h �f e�nai kurt  (ant�stoiqa, gnhs�w
 kurt ).H sun�rthsh f : (0;+1)! R me f(x) = lnx e�nai gnhs�w
 ko�lh (èqei arnhtik deÔterh par�gwgo). An loipìn x; y > 0 kai t; s 2 (0; 1) me t+ s = 1, tìte(3) ln(tx+ sy) � t lnx+ s ln y = ln(xtys):'Epetai ìti(4) xtys � tx+ sy;me isìthta mìno an x = y. 'Estw t¸ra a; b > 0 kai p; q suzuge�
 ekjète
. Efarmì-zonta
 thn (4) me x = ap, y = bq kai t = 1=p, s = 1=q, pa�rnoume thn (1). IsìthtaisqÔei mìno an ap = bq.Anisìthta tou H�older (1889) 'Estw p; q > 1 suzuge�
 ekjète
. Anx = (�k) 2 `p ; y = (�k) 2 `q;tìte h z = (�k�k) 2 `1, kai1Xk=1 j�k�kj �  1Xk=1 j�k jp!1=p 1Xk=1 j�kjq!1=q :Apìdeixh: K�noume pr¸ta thn epiplèon upìjesh ìti1Xk=1 j�kjp = 1Xk=1 j�kjq = 1:Gia k�je k = 1; 2; : : :, apì thn (1) èqoumej�k�kj = j�kjj�kj � j�kjpp + j�kjqq :Prosjètonta
 kat� mèlh pa�rnoume1Xk=1 j�k�kj � 1p 1Xk=1 j�kjp + 1q 1Xk=1 j�kjq= 1p + 1q = 1;



10dhlad  thn anisìthta tou H�older s� aut  thn eidik  per�ptwsh (giat�?).Gia th genik  per�ptwsh: mporoÔme na upojèsoume ìti x; y 6= 0 (giat�?), opìteor�zoume �0k = �k(P1k=1 j�kjp)1=p ; �0k = �k(P1k=1 j�kjq)1=q ; k 2 N:Apì ton trìpo orismoÔ tou
, oi (�0k), (�0k) ikanopoioÔn ti
1Xk=1 j�0k jp = 1Xk=1 j�kjpP1k=1 j�kjp = 1 = 1Xk=1 j�kjqP1k=1 j�kjq = 1Xk=1 j�0kjq :Apì to pr¸to b ma th
 apìdeixh
 (to efarmìzoume gia ti
 (�0k), (�0k)), blèpoume ìti1Xk=1 j�0k�0kj = 1Xk=1 j�k�kj(P1k=1 j�k jp)1=p (P1k=1 j�k jq)1=q � 1;dhlad  1Xk=1 j�k�kj �  1Xk=1 j�kjp!1=p 1Xk=1 j�kjq!1=q : 2Parat rhsh: 'Otan p = 2, o suzug 
 ekjèth
 tou p e�nai o q = 2, kai h anisìthtatou H�older me p = q = 2 den e�nai �llh apì thn anisìthta Cau
hy-S
hwarz: Anx = (�k); y = (�k) 2 `2, tìte1Xk=1 j�k�kj �vuut 1Xk=1 j�k j2 �vuut 1Xk=1 j�kj2:Anisìthta tou Minkowski (1896) 'Estw p � 1. An x = (�k) 2 `p kai y = (�k) 2`p, tìte h z = (�k + �k) 2 `p kai 1Xk=1 j�k + �kjp!1=p �  1Xk=1 j�kjp!1=p + 1Xk=1 j�k jp!1=p :Apìdeixh: An p = 1, h anisìthta pa�rnei th morf 1Xk=1 j�k + �kj � 1Xk=1 j�kj+ 1Xk=1 j�kjh opo�a epalhjeÔetai eÔkola afoÔ j�k + �kj � j�kj+ j�kj gia k�je k 2 N.



11'Estw ìti p > 1. Gia k�je n 2 N èqoume:nXk=1 j�k + �k jp = nXk=1 j�k + �kjp�1j�k + �kj� nXk=1 j�k + �kjp�1 (j�k j+ j�kj)= nXk=1 j�k + �kjp�1j�k j+ nXk=1 j�k + �kjp�1j�kj:Gia kajèna apì ta dÔo ajro�smata efarmìzoume thn anisìthta tou H�older me ek-jète
 p; q (ta ajro�smata èqoun n ìrou
, all� h anisìthta isqÔei kai s� aut  thnper�ptwsh - giat�?). Tìte,Sn := nXk=1 j�k + �kjp�  nXk=1 j�k + �kjq(p�1)!1=q 24 nXk=1 j�kjp!1=p + nXk=1 j�kjp!1=p35 ;kai epeid  q(p� 1) = qp� p = p, pa�rnoumeSn � S1=qn 24 nXk=1 j�kjp!1=p + nXk=1 j�kjp!1=p35 :An Sn > 0, diairoÔme me S1=qn , kai afoÔ 1� 1q = 1p , èqoume nXk=1 j�k + �kjp!1=p �  nXk=1 j�k jp!1=p + nXk=1 j�kjp!1=p�  1Xk=1 j�k jp!1=p + 1Xk=1 j�kjp!1=p :(An Sn = 0, tìte aut  h teleuta�a anisìthta isqÔei oÔtw
   �llw
.) AfoÔ to dexiìmèlo
 e�nai peperasmèno, to aristerì paramènei fragmèno anex�rthta apì to n.Af nonta
 to n na p�ei sto �peiro, sumpera�noume ìti h z = (�k + �k) 2 `p kai 1Xk=1 j�k + �kjp!1=p �  1Xk=1 j�k jp!1=p + 1Xk=1 j�kjq!1=q : 2MporoÔme t¸ra na or�soume thn ex 
 metrik  dp ston `p, p � 1: an x = (�k) 2`p kai y = (�k) 2 `p, or�zoumedp(x; y) =  1Xk=1 j�k � �kjp!1=p :



12Ta axi¸mata (M1)�(M3) th
 metrik 
 elègqontai �mesa. H trigwnik  anisìthtae�nai sunèpeia th
 anisìthta
 tou Minkowski: Pr�gmati, an x = (�k); y = (�k); z =(�k) 2 `p, tìtedp(x; y) =  1Xk=1 j�k � �kjp!1=p=  1Xk=1 j(�k � �k) + (�k � �k)jp!1=p�  1Xk=1 j�k � �kjp!1=p + 1Xk=1 j�k � �kjp!1=p= dp(x; z) + dp(z; y):'Ara, o `p me th metrik  dp, e�nai metrikì
 q¸ro
.1.3 Topologikè
 ènnoie
(a) 'Estw (X; d) metrikì
 q¸ro
. Gia k�je x0 2 X kai r > 0,1. H anoikt  mp�la me kèntro x0 kai akt�na r e�nai to sÔnoloD(x0; r) = fy 2 X : d(y; x0) < rg:2. H kleist  mp�la me kèntro x0 kai akt�na r e�nai to sÔnoloB(x0; r) = fy 2 X : d(y; x0) � rg:3. H sfa�ra me kèntro x0 kai akt�na r e�nai to sÔnoloS(x0; r) = fy 2 X : d(y; x0) = rg:Parathrhsei
(i) Gia k�je x0 2 X kai r > 0 isqÔei x0 2 D(x0; r) � B(x0; r).(ii) Mpore� ìmw
 na sumbe� S(x0; r) = ; (par�deigma: diakrit  metrik ).(iii) S(x0; r) = B(x0; r)nD(x0; r).Se autì to m�jhma oi metrikè
 ja e�nai (w
 èna bajmì) fusiologikè
 - gia par�-deigma, oi sfa�re
 ja e�nai p�nta mh kenè
.(b) 'Estw x0 2 X kai " > 0. H D(x0; ") lègetai "-perioq  tou x0. An x0 2 A � X ,to x0 lègetai eswterikì shme�o tou A an up�rqei " > 0 tètoio ¸ste D(x0; ") � A.'Ena uposÔnolo A tou X lègetai anoiktì an k�je shme�o tou A e�nai eswterikìtou shme�o. Gia tuqìn A � X , to eswterikì AÆ tou A e�nai to sÔnolo ìlwn twn



13eswterik¸n shme�wn tou A. To AÆ e�nai to megalÔtero anoiktì uposÔnolo tou A.To A e�nai anoiktì an kai mìno an A = AÆ.(g) Mia akolouj�a (xn) shme�wn tou (X; d) sugkl�nei sto x 2 X (gr�foume xn ! x)an limn!1 d(xn; x) = 0. IsodÔnama, an gia k�je " > 0 up�rqei n0 = n0(") 2 N methn idiìthta: gia k�je n � n0, d(xn; x) < ".Aplè
 sunèpeie
 tou orismoÔ e�nai oi parak�tw.(i) An xn ! x kai xn ! y, tìte x = y (monadikìthta tou or�ou).(ii) An xn ! x, tìte h (xn) e�nai fragmènh (dhlad , up�rqei kleist  mp�la stonX pou perièqei ìla ta xn).(iii) An xn ! x kai yn ! y ston X , tìte d(xn; yn)! d(x; y).(d) 'Ena uposÔnolo K tou X lègetai kleistì an: gia k�je (xn) sto K me xn ! x 2X , èpetai ìti x 2 K. To K e�nai kleistì an kai mìno an to X nK e�nai anoiktì.To x0 2 X lègetai shme�o epaf 
 touK an gia k�je " > 0 isqÔeiK\D(x0; ") 6=;. To sÔnolo twn shme�wn epaf 
 tou K sumbol�zetai me K, onom�zetai kleist j kh (  kleistìthta) tou K, kai e�nai to mikrìtero kleistì sÔnolo pou perièqei toK. To K e�nai kleistì an kai mìno an K = K.(e) 'Estw (X; d) kai (Y; d) dÔo metriko� q¸roi. Lème ìti mia apeikìnish T : X ! Ye�nai suneq 
 sto x0 2 X an gia k�je " > 0 up�rqei Æ > 0 me thn idiìthta: and(x; x0) < Æ tìte d(T (x); T (x0)) < ". H T e�nai suneq 
 an e�nai suneq 
 se k�jex0 2 X .IsqÔoun ta ex 
:(i) H T e�nai suneq 
 sto x0 , an xn ! x0 w
 pro
 thn d, tìte T (xn)! T (x0) w
pro
 thn d.(ii) H T e�nai suneq 
 , gia k�je A � Y anoiktì, to T�1(A) e�nai anoiktì uposÔ-nolo tou X .Shme�wsh: Bebaiwje�te ìti ìla ta parap�nw s�
 e�nai gnwst�, maz� me ti
 apode�-xei
 tou
 (èqoun g�nei sto m�jhma {Eisagwg  sthn An�lush II}).Orismì
 'Estw (X; d) metrikì
 q¸ro
. 'Ena uposÔnolo M tou X lègetai puknìston X an M = X:(Dhlad , an gia k�je x 2 X up�rqei akolouj�a (xn) stoM me xn ! x. IsodÔnama,an gia k�je x 2 X kai k�je " > 0 isqÔei D(x; ") \M 6= ;.)O (X; d) lègetai diaqwr�simo
 an up�rqei arijm simo M � X pou e�nai puknìston X .Paradeigmata(a) JewroÔme thn pragmatik  euje�a R (me th metrik  d(x; y) = jx� yj.) O R e�naidiaqwr�simo
: to sÔnolo Q twn rht¸n e�nai arijm simo, kai Q = R (an x 2 R kai" > 0, tìte up�rqei rhtì
 sto (x� "; x+ "), dhlad  D(x; ") \ Q 6= ;.)(b) O q¸ro
 akolouji¸n `1 den e�nai diaqwr�simo
. Gia na to apode�xoume, jabasistoÔme sthn akìloujh genik  parat rhsh:



14Parat rhsh: 'Estw (X; d) metrikì
 q¸ro
. A
 upojèsoume ìti mporoÔme nabroÔme xi; i 2 I ston X (I èna sÔnolo deikt¸n) kai � > 0 pou ikanopoioÔn thn8i; j 2 I i 6= j =) d(xi; xj) � �:Tìte, k�je puknì M � X èqei toul�qiston tìsa stoiqe�a ìsa to I .Apìdeixh: Oi mp�le
 D(xi; �=2), i 2 I e�nai xène
. An to M e�nai puknì, se k�jeD(xi; �=2) up�rqei k�poio mi 2 M . An i 6= j, tìte mi 6= mj afoÔ D(xi; �=2) \D(xj ; �=2) = ;. 'Ara, h f : I !M me f(i) = mi e�nai èna pro
 èna. Dhlad , to Mèqei toul�qiston tìsa stoiqe�a ìsa to I . 2Sto par�deigma tou `1, jewroÔme to sÔnolo A = fx = (�k) : �k 2 f0; 1g; k 2 Ng.K�je akolouj�a me ìrou
 0   1 e�nai fragmènh, �ra A � `1.ParathroÔme ìti an x = (�k); y = (�k) 2 A kai x 6= y, tìte d(x; y) = 1 (giat�?).SÔmfwna me thn parat rhsh, an M e�nai puknì uposÔnolo tou `1, tìte to M èqeitoul�qiston tìsa stoiqe�a ìsa to A.'Omw
, to diag¸nio epiqe�rhma tou Cantor de�qnei ìti to A e�nai uperarijm simo.'Epetai ìti k�je puknì uposÔnolo tou `1 e�nai uperarijm simo, dhlad  o `1 dene�nai diaqwr�simo
.(g) O q¸ro
 akolouji¸n `p, 1 � p <1 e�nai diaqwr�simo
. JewroÔme to sÔnoloM = fy = (�1; : : : ; �n; 0; 0; : : :) : n 2 N; �k 2 Qg:To M e�nai arijm simo (giat�?) Ja de�xoume ìti M = `p. 'Estw x = (�k) 2 `p kai" > 0. Y�qnoume y 2M tètoio ¸ste dp(x; y) < ".ParathroÔme ta ex 
:(i) H seir� Pk j�k jp sugkl�nei, �ra up�rqei n 2 N tètoio ¸ste1Xk=n+1 j�kjp < "p2 :(ii) Gia k�je k = 1; : : : ; n mporoÔme na broÔme rhtì osod pote kont� ston �k.MporoÔme loipìn na broÔme rhtì �k , k = 1; : : : ; n pou na ikanopoie� thnj�k � �kjp < "p2n; k = 1; : : : ; n:Prosjètonta
, èqoume nXk=1 j�k � �kjp < "p2 :Or�zoume y = (�1; : : : ; �n; 0; 0; : : :). Tìte, y 2M kaidp(x; y) =  nXk=1 j�k � �kjp + 1Xk=n+1 j�k jp!1=p< �"p2 + "p2 �1=p = ":AfoÔ ta x 2 `p kai " > 0  tan tuqìnta, isqÔeiM = `p (�ra, o `p e�nai diaqwr�simo
).



151.4 Ask sei
1. 'Estw X to sÔnolo ìlwn twn diatetagmènwn m-�dwn apì 0   1. Dhlad , X =f0; 1gm. Or�zoume d(x; y) = to pl jo
 twn suntetagmènwn sti
 opo�e
 diafèrounoi m-�de
 x kai y. De�xte ìti h d e�nai metrik .2. JewroÔme ton C[0; �℄ me apìstash thn d(f; g) = maxt2[0;�℄ jf(t) � g(t)j. Anx(t) = sin t kai y(t) = 
os t, bre�te ton mikrìtero r > 0 gia ton opo�o y 2 B(x; r).3. De�xte ìti èna mh kenì A � (X; d) e�nai anoiktì an kai mìno an e�nai ènwsh apìanoiktè
 mp�le
.4. To x0 lègetai shme�o suss¸reush
 tou A � (X; d) an gia k�je " > 0 mporoÔmena broÔme y 2 A, y 6= x0 tètoio ¸ste d(x0; y) < ". De�xte ìti to x0 e�nai shme�osuss¸reush
 tou A an kai mìno an gia k�je " > 0 h D(x0; ") perièqei �peira shme�atou A.5. An A;B � (X; d), de�xte ìti A [ B = A [B kai A \ B � A \B.6. 'Estw (X; d) metrikì
 q¸ro
, kai ; 6= A � X . H di�metro
 diam(A) tou Aor�zetai apì thn diam(A) = supfd(x; y) : x; y 2 Ag. De�xte ìti:(a) A � B =) diam(A) � diam(B).(b) diam(A) = 0() to A e�nai monosÔnolo.7. 'Estw A;B mh ken� uposÔnola tou metrikoÔ q¸rou (X; d). H apìstash d(A;B)twn A;B or�zetai apì thn d(A;B) = inffd(a; b) : a 2 A; b 2 Bg. De�xte ìtiA \ B 6= ; =) d(A;B) = 0. D¸ste par�deigma kleist¸n kai xènwn uposunìlwnA;B tou R2 me d(A;B) = 0.8. 'Estw B mh kenì uposÔnolo tou metrikoÔ q¸rou (X; d). H apìstash tou x 2 Xapì to B or�zetai apì thn d(x;B) = inffd(x; b) : b 2 Bg. De�xte ìti gia k�jex; y 2 X isqÔei jd(x;B) � d(y;B)j � d(x; y).9. An A � (X; d), de�xte ìti x 2 A an kai mìno an d(x;A) = 0. De�xte ìti an Ae�nai kleistì uposÔnolo tou X kai x =2 A, tìte d(x;A) > 0.10. 'Estw (X; d) metrikì
 q¸ro
, kai A;B xèna, kleist� uposÔnola tou X . De�xteìti up�rqei f : X ! [0; 1℄ suneq 
 sun�rthsh, me thn idiìthta: f(a) = 0 gia k�jea 2 A, kai f(b) = 1 gia k�je b 2 B.11. JewroÔme to q¸ro s ìlwn twn akolouji¸n pragmatik¸n arijm¸n. 'Estw (mk)akolouj�a jetik¸n arijm¸n, me Pkmk < +1. Or�zoume apìstash d ston s w
ex 
: an x = (�k), y = (�k) 2 s, jètoumed(x; y) = 1Xk=1mk j�k � �kj1 + j�k � �kj :De�xte ìti o (s; d) e�nai metrikì
 q¸ro
, kai upolog�ste th di�metrì tou.



1612. De�xte ìti gia k�je �1; : : : ; �n 2 R,(j�1j+ � � �+ j�nj)2 � n �j�1j2 + � � �+ j�nj2� :13. (a) Bre�te mia akolouj�a x = (�k) pou èqei ìrio to 0, all� x =2 `p gia k�jep � 1.(b) De�xte ìti an x 2 `p gia k�poio p � 1, tìte �k ! 0.14. Bre�te x = (�k) tètoia ¸ste x =2 `1 all� x 2 `p gia k�je p > 1.15. JewroÔme to q¸ro B[a; b℄ ìlwn twn fragmènwn f : [a; b℄! R me apìstash thnd(f; g) = supt2[a;b℄ jf(t)� g(t)j. De�xte ìti o B[a; b℄ den e�nai diaqwr�simo
.16. JewroÔme to q¸ro C[a; b℄ ìlwn twn suneq¸n f : [a; b℄ ! R me apìstash thnd(f; g) = maxt2[a;b℄ jf(t)� g(t)j. De�xte ìti e�nai diaqwr�simo
.17. De�xte ìti h eikìna anoiktoÔ sunìlou mèsw suneqoÔ
 apeikìnish
 metaxÔ me-trik¸n q¸rwn den e�nai anagkastik� anoiktì sÔnolo.18. 'Estw f; g : [a; b℄ ! R suneqe�
 sunart sei
, kai èstw p; q suzuge�
 ekjète
.De�xte thn anisìthta tou H�older��Z ba f(t)g(t)dt�� �  Z ba jf(t)jpdt!1=p Z ba jg(t)jq!1=q :De�xte thn anisìthta tou Minkowski Z ba jf(t) + g(t)jpdt!1=p �  Z ba jf(t)jpdt!1=p + Z ba jg(t)jpdt!1=p :19. 'Estw f : [a; b℄! R suneq 
, kai 0 < q < p < r < +1. De�xte ìtiZ ba jf(t)jpdt �  Z ba jf(t)jqdt! r�pr�q  Z ba jf(t)jrdt!p�qr�q :



17Upode�xei
 - apant sei
1. Parathr ste ìti an x = (�1; : : : ; �m) kai y = (�1; : : : ; �m) 2 X, tìte: an �k = �k èqoumej�k � �kj = 0, en¸ an �k 6= �k èqoume j�k � �kj = 1. 'Ara, to pl jo
 twn suntetagmènwnsti
 opo�e
 diafèroun oi x kai y isoÔtai med(x; y) = mXk=1 j�k � �kj:T¸ra mporoÔme eÔkola na elègxoume ìti h d e�nai metrik :(a) d(x; y) =Pmk=1 j�k � �kj � 0, me isìthta mìno an j�k � �kj = 0 gia k�je k, dhlad  an�k = �k gia k�je k, dhlad  an x = y.(b) d(y; x) =Pmk=1 j�k � �kj =Pmk=1 j�k � �kj = d(x; y).(g) An x = (�k), y = (�k) kai z = (�k) 2 X, tìted(x; y) = mXk=1 j�k � �kj = mXk=1 j(�k � �k) + (�k � �k)j� mXk=1 j�k � �kj + mXk=1 j�k � �kj= d(x; z) + d(z; y):2. 'Eqoume y 2 B(x; r) an kai mìno an d(x; y) � r. O mikrìtero
 r gia to opo�o isqÔeiaut  h anisìthta e�nai h apìstash twn x kai y:d(x; y) = max0�t�� j sin t� 
os tj =r max0�t��(sin t� 
os t)2= r max0�t��(1� sin(2t)) = p2:3. 'Estw ìti A = [i2ID(xi; ri) ìpou xi 2 X kai ri > 0. An a 2 A, tìte up�rqei i0 2 Igia to opo�o a 2 D(xi0 ; ri0). Jètoume r(a) = ri0 � d(a; xi0 ) > 0. Apì thn trigwnik anisìthta, D(a; r(a)) � D(xi0 ; ri0) � A:To tuqìn a 2 A e�nai eswterikì shme�o tou A, �ra to A e�nai anoiktì.'Estw A anoiktì uposÔnolo tou X. Gia k�je a 2 A mporoÔme na broÔme r(a) > 0tètoio ¸ste a 2 D(a; r(a)) � A. Tìte,A = [a2AD(a; r(a)):4. Upojètoume pr¸ta ìti to x0 e�nai shme�o suss¸reush
 tou A. 'Estw ìti up�rqei " > 0tètoio ¸ste to D(x0; ") \A na e�nai peperasmèno sÔnolo. Dhlad ,D(x0; ") \ A = fx0g [ fy1; : : : ; yNg



18gia k�poia yi 6= x0 (toul�qiston èna tètoio yi up�rqei, apì ton orismì tou shme�oususs¸reush
). Jètoume "1 = minfd(x0; y1); : : : ; d(x0; yN )g > 0. Tìte,D(x0; "1) \A = fx0g;to opo�o e�nai �topo, p�li apì ton orismì tou shme�ou suss¸reush
.Ant�strofa: upojètoume ìti k�je perioq  tou A perièqei �peira shme�a tou A. Tìte,gia k�je " > 0, to D(x0; ")\A e�nai �peiro sÔnolo, �ra èqei stoiqe�o diaforetikì apì tox0. 'Epetai ìti to x0 e�nai shme�o suss¸reush
 tou A.5. (a) AfoÔ A;B � A [B, èqoume A;B � A [B. 'Ara,A [B � A [B:Ant�strofa, èstw x 2 A [B. Up�rqoun xn 2 A [ B me xn ! x. Qwr�
 periorismìth
 genikìthta
 mporoÔme na upojèsoume ìti �peiroi ìroi th
 (xn) br�skontai sto A.Dhlad , up�rqoun k1 < k2 < : : : < kn < : : : tètoioi ¸ste xkn 2 A. AfoÔ xn ! x,èpetai ìti xkn ! x. AfoÔ xkn 2 A, sumpera�noume ìti x 2 A. An �peiroi ìroi th
 (xn)br�skontai sto B, me ton �dio trìpo blèpoume ìti x 2 B. Se k�je per�ptwsh x 2 A [ B,opìte A [B � A [B:(b) AfoÔ A \B � A;B, èqoume A \B � A;B. 'Ara,A \B � A \B:6. (a) An A � B, tìte fd(x; y) : x; y 2 Ag � fd(x; y) : x; y 2 Bg. 'Ara,diam(A) = supfd(x; y) : x; y 2 Ag � supfd(x; y) : x; y 2 Bg = diam(B):(b) An A = fag, tìte diam(A) = supfd(x; y) : x; y 2 Ag = supfd(a; a)g = supf0g = 0.An p�li up�rqoun a1 6= a2 sto A, tìte diam(A) � d(a1; a2) > 0. 'Ara, diam(A) = 0()to A e�nai monosÔnolo.7. (a) 'Estw w 2 A \B. Tìte,0 � d(A;B) = inffd(a; b) : a 2 A; b 2 Bg � d(w;w) = 0:Dhlad , d(A;B) = 0.(b) Or�zoume ta uposÔnola A = f(n; 0) : n 2 Ng kai B = f(k; 1k ) : k 2 Ng tou Eukle�-deiou q¸rou R2 . Tìte A \ B = ;, ta A;B e�nai kleist� giat� ìla ta shme�a tou
 e�naimemonwmèna, kai d(A;B) � d((n; 0); (n; 1=n)) = 1=ngia k�je n 2 N, �ra d(A;B) = 0.8. 'Estw x; y 2 X. Gia k�je b 2 B èqoume d(x; b) � d(x; y) + d(y; b). AfoÔ d(x;B) �d(x; b), sumpera�noume ìtid(x;B) � d(x; y) + d(y; b) =) d(x;B)� d(x; y) � d(y; b):AfoÔ autì isqÔei gia k�je b 2 B, pa�rnoumed(x;B)� d(x; y) � inffd(y; b) : b 2 Bg = d(y;B);



19dhlad  d(x;B)� d(y;B) � d(x; y):'Omoia blèpoume ìti d(y;B)� d(x;B) � d(x; y). 'Ara,jd(x;B)� d(y;B)j � d(x; y):'Epetai ìti h d(�; B) : X ! R e�nai omoiìmorfa suneq 
.9. (a) 'Estw x 2 A. Up�rqei akolouj�a (xn) sto A me xn ! x. Tìte, 0 � d(x;A) �d(x; xn) ! 0. 'Ara, d(x;A) = 0. Ant�strofa, an d(x;A) = 0, tìte gia k�je n 2 NmporoÔme na broÔme xn 2 A me d(x; xn) < 1=n, opìte xn ! x kai autì shma�nei ìtix 2 A.(b) AfoÔ x =2 A kai to A e�nai kleistì, up�rqei r > 0 tètoio
 ¸ste D(x; r)\A = ;. Autìshma�nei ìti d(x; a) � r gia k�je a 2 A, �ra d(x;A) � r > 0.10. Gia k�je x 2 X èqoume d(x;A)+d(x;B) > 0. An to �jroisma autì  tan �so me mhdèn,ja e�qame d(x;A) = d(x;B) = 0 kai afoÔ ta A;B e�nai kleist�, apì thn prohgoÔmenh�skhsh ja e�qame x 2 A \ B, to opo�o e�nai �topo giat� ta A;B èqoun upoteje� xèna.Or�zoume f : X ! R me f(x) = d(x;A)d(x;A) + d(x;B) :O paronomast 
 den mhden�zetai, �ra h f e�nai kal� orismènh. Ep�sh
, h f e�nai su-neq 
 giat� oi d(�; A) kai d(�; B) e�nai suneqe�
 sunart sei
 apì thn 'Askhsh 8. AfoÔd(x;A); d(x;B) � 0, e�nai fanerì ìti 0 � f(x) � 1 gia k�je x 2 X.Tèlo
, an a 2 A tìte f(a) = d(a;A)d(a;A) + d(a;B) = 0;en¸ an b 2 B tìte f(b) = d(b; A)d(b; A) + d(b; B) = d(b;A)d(b;A) = 1:11. H d e�nai kal� orismènh, giat� an x = (�k) kai y = (�k) 2 s, tìted(x; y) = 1Xk=1mk j�k � �kj1 + j�k � �kj � 1Xk=1mk < +1:Autì de�qnei tautìqrona ìti h di�metro
 tou (s; d) e�nai diam(s) �P1k=1mk.Apì ti
 idiìthte
 th
 metrik 
, h mình pou qrei�zetai èlegqo e�nai h trigwnik  ani-sìthta: an x = (�k), y = (�k) kai z = (�k) 2 s, tìte gia k�je k 2 N, qrhsimopoi¸nta
to gegonì
 ìti h t1+t e�nai aÔxousa sto [0;+1) kai thn j�k � �kj � j�k � �kj + j�k � �kj,pa�rnoume j�k � �kj1 + j�k � �kj � j�k � �kj+ j�k � �kj1 + j�k � �kj+ j�k � �kj= j�k � �kj1 + j�k � �kj+ j�k � �kj + j�k � �kj1 + j�k � �kj + j�k � �kj� j�k � �kj1 + j�k � �kj + j�k � �kj1 + j�k � �kj :



20Prosjètonta
 w
 pro
 k afoÔ pollaplasi�soume me tou
 jetikoÔ
 mk, èqoumed(x; y) = 1Xk=1mk j�k � �kj1 + j�k � �kj� 1Xk=1mk j�k � �kj1 + j�k � �kj + 1Xk=1mk j�k � �kj1 + j�k � �kj= d(x; z) + d(z; y):Tèlo
, an p�roume xM = (M; : : : ;M; : : :) ìpou M > 0, kai y = (0; : : : ; 0; : : :), èqoumediam(s) � d(xM ; y) = 1Xk=1mk M1 +M = M1 +M 1Xk=1mk;kai afoÔ M1+M % 1 ìtan M !1, pa�rnoumediam(s) � supM>0 d(xM ; y) = � supM>0 M1 +M � 1Xk=1mk = 1Xk=1mk:Dhlad , diam(s) =P1k=1mk.12. Apì thn anisìthta Cau
hy-S
hwarz,j�1j+ � � �+ j�nj = 1 � j�1j+ � � �+ 1 � j�nj� �12 + � � � + 12�1=2 �j�1j2 + � � � + j�nj2�1=2= pn �j�1j2 + � � � + j�nj2�1=2 :Uy¸nonta
 sto tetr�gwno pa�rnoume to zhtoÔmeno.13. (a) Pa�rnoume �k = 1ln(k+1) , k 2 N. Tìte, �k ! 0 ìtan k ! 1, ìmw
 to krit riosumpÔknwsh
 de�qnei ìti 1Xk=1 1[ln(k + 1)℄p = +1gia k�je p � 1. 'Ara ( 1ln(k+1) ) =2 `p gia ìla ta p � 1.(b) Upojètoume ìti x = (�k) 2 `p gia k�poio p � 1. Tìte,1Xk=1 j�kjp < +1:AfoÔ h seir� sugkl�nei, pa�rnoume j�kjp ! 0. 'Epetai ìti j�kj ! 0, �ra �k ! 0.14. Dokim�ste �k = 1k . 'Eqoume P1k=1 1k = +1 (h armonik  seir� apokl�nei), ìmw
 giak�je p > 1 h seir� P1k=1 1kp sugkl�nei (An�lush II).15. Gia k�je x 2 (a; b) jewroÔme th sun�rthsh fx : [a; b℄ ! R pou or�zetai w
 ex 
:fx(t) = 1 an a � t � x kai fx(t) = 0 an x < t � b. K�je fx e�nai fragmènh, �ra an keiston B[a; b℄. To pl jo
 twn fx e�nai uperarijm simo (ìsa ta shme�a tou (a; b)).



21'Estw x < y sto (a; b). Tìte, up�rqei t0 me x < t0 < y. Autì m�
 d�nei fx(t0) = 0 kaify(t0) = 1. 'Ara,d(fx; fy) = supfjfx(t)� fy(t)j : t 2 [a; b℄g � jfx(t0)� fy(t0)j = 1:Sto metrikì q¸ro B[a; b℄ br kame uperarijm sima to pl jo
 shme�a (ti
 fx) pou an� dÔoapèqoun apìstash toul�qiston �sh me 1 (e�nai akrib¸
 �sh me 1 - giat�?). Apì genik parat rhsh, o q¸ro
 den mpore� na e�nai diaqwr�simo
.16. De�qnoume pr¸ta to ex 
: an p(t) = a0+a1t+� � �+amtm, ai 2 R, e�nai èna polu¸numosto [a; b℄, tìte gia k�je " > 0 mporoÔme na broÔme polu¸numo q(t) = b0+b1t+ � � �+bmtmme rhtoÔ
 suntelestè
 bi 2 Q, tètoio ¸sted(p; q) = maxt2[a;b℄ jp(t)� q(t)j < ":Pr�gmati, an M = maxfjaj; jbjg, gia k�je i = 0; 1; : : : ; m mporoÔme na broÔme bi 2 Qtètoion ¸ste jai � bij < "M j(m+ 1) :Tìte, an or�soume q(t) = b0 + b1t+ � � � + bmtm, gia k�je t 2 [a; b℄ èqoumejp(t)� q(t)j = j(a0 � b0) + (a1 � b1)t+ � � �+ (am � bm)tmj� ja0 � b0j + ja1 � b1j � jtj + � � �+ jam � bmj � jtjm< "m+ 1 + "M(m+ 1)M + � � � + "Mm(m+ 1)Mm= ":Dhlad , d(p; q) < ".Or�zoume D = fq(t) = b0+b1t+ � � �+bmtm : m 2 N[f0g; bi 2 Qg. To D e�nai arijm simosÔnolo. An f 2 C[a; b℄ kai " > 0, apì to je¸rhma touWeierstrass up�rqei polu¸numo p mepragmatikoÔ
 suntelestè
, tètoio ¸ste d(f; p) < "=2. Apì thn prohgoÔmenh parat rhsh,up�rqei q 2 D gia to opo�o d(p; q) < "=2. 'Ara,d(f; q) � d(f; p) + d(p; q) < "2 + "2 = ":AfoÔ h f kai to "  tan tuqìnta, blèpoume ìti D = C[a; b℄. AfoÔ to D e�nai arijm simo,o C[a; b℄ e�nai diaqwr�simo
.17. Jètoume X = Y = R me th sun jh metrik  d(x; y) = jx � yj. Or�zoume f : R ! Rme f(x) = 0 gia k�je x 2 R. H f e�nai suneq 
, all� den stèlnei ta mh ken� anoikt�uposÔnola tou R se anoikt� uposÔnola tou R: an ; 6= A � R anoiktì, tìte f(A) = f0g,to opo�o den e�nai anoiktì.18. (a) Jètoume A = �R jf jp�1=p kai B = �R jgjq�1=q . An A = 0   B = 0, tìte apì thsunèqeia twn f; g blèpoume ìti f � 0   g � 0 sto [a; b℄, opìte h anisìthta g�netai 0 � 0.An A > 0 kai B > 0, qrhsimopoi¸nta
 thn anisìthta tou Young gr�foume�����Z ba f(t)A g(t)B dt����� � Z ba jf(t)jA jg(t)jB dt



22 � Z ba �1p jf(t)jpAp + 1q jg(t)jqBq � dt= 1p R ba jf jpAp + 1q R ba jgjqBq= 1p + 1q = 1:'Ara, �����Z ba fg����� � AB = �Z ba jf jp�1=p�Z ba jgjq�1=q :(b) An p = 1, h anisìthta tou Minkowski e�nai apl :Z jf + gj � Z (jf j + jgj) = Z jf j + Z jgj:An p > 1, qrhsimopoi¸nta
 thn anisìthta tou H�older gr�foumeZ jf + gjp = Z jf + gjp�1jf + gj � Z jf + gjp�1(jf j + jgj)= Z jf + gjp�1jf j + Z jf + gjp�1jgj� �Z jf + gj(p�1)q�1=q �Z jf jp�1=p+ �Z jf + gj(p�1)q�1=q �Z jgjp�1=p= �Z jf + gjp�1=q  �Z jf jp�1=p +�Z jgjp�1=p! ;giat� (p�1)q = p. An to aristerì mèlo
 e�nai gn sia jetikì, diair¸nta
 me �R jf + gjp�1=qkai qrhsimopoi¸nta
 thn 1� 1q = 1p , pa�rnoume�Z jf + gjp�1=p = �Z jf + gjp�1� 1q � �Z jf jp�1=p +�Z jgjp�1=p :An R jf + gjp = 0, tìte den èqoume t�pota na de�xoume.19. ParathroÔme ìti oi � = r�qr�p kai � = r�qp�q e�nai suzuge�
 ekjète
 kai p = q� + r� .Efarmìzonta
 thn anisìthta tou H�older gia ti
 jf jq=� kai jf jr=�, pa�rnoumeZ jf jp = Z jf jq=� � jf jr=�� �Z (jf jq=�)��1=��Z (jf jr=�)��1=�= �Z jf jq� r�pr�q �Z jf jr�p�qr�q :



Kef�laio 2Pl rei
 metriko� q¸roi
2.1 Akolouj�e
 Cau
hy - pl rei
 metriko� q¸roiOrismì
 'Estw (X; d) èna
 metrikì
 q¸ro
. Mia akolouj�a (xn) ston X lègetaiakolouj�a Cau
hy an gia k�je " > 0 up�rqei n0 = n0(") 2 N tètoio
 ¸sten;m � n0 =) d(xn; xm) < ":'Ena apì ta pio basik� apotelèsmata sthn {An�lush I} e�nai to ex 
: miaakolouj�a (xn) pragmatik¸n arijm¸n sugkl�nei an kai mìno an e�nai akolouj�aCau
hy.To parap�nw den isqÔei se k�je metrikì q¸ro (X; d). Par�deigma: p�rteX = (0; 1℄ me apìstash thn d(x; y) = jx � yj. H akolouj�a xn = 1n e�nai Cau
hyall� den sugkl�nei se shme�o tou X (to shme�o 0, sto opo�o h (xn) {jèlei} nasugkl�nei, den an kei ston X .) Dokim�ste na d¸sete austhr  apìdeixh tou ìti denup�rqei x 2 X tètoio ¸ste xn ! x.Up�rqoun p�ntw
 arketè
 omoiìthte
 an�mesa sth jewr�a twn akolouji¸nCau
hy tuqìnto
 metrikoÔ q¸rou (X; d) kai thn ant�stoiqh jewr�a sto R.Prìtash 2.1.1 An h (xn) sugkl�nei sto x, tìte h (xn) e�nai akolouj�a Cau
hy.Apìdeixh: 'Estw " > 0. AfoÔ xn ! x, up�rqei n0 = n0(") 2 N tètoio
 ¸sten � n0 =) d(x; xn) < "2 :An loipìn n;m � n0, tìted(xn; xm) � d(xn; x) + d(x; xm) < "2 + "2 = ": 223



24 Lème ìti èna sÔnoloA � X e�nai fragmèno an up�rqoun x0 2 X kai r > 0 tètoia¸ste A � B(x0; r). Mia akolouj�a (xn) e�nai fragmènh an up�rqoun x0 2 X; r > 0tètoia ¸ste 8n 2 N; xn 2 B(x0; r):Prìtash 2.1.2 K�je akolouj�a Cau
hy (xn) e�nai fragmènh.Apìdeixh: Pa�rnoume " = 1. Up�rqei n0 2 N tètoio
 ¸ste: an n;m � n0, tìted(xn; xm) < 1. Eidikìtera, n � n0 =) d(xn; xn0) < 1:Pa�rnoume r = maxfd(x1; xn0) + 1; : : : ; d(xn0�1; xn0) + 1g. Elègxte ìtid(xn; xn0) � rgia k�je n 2 N, dhlad  ìloi oi ìroi th
 (xn) br�skontai sthn B(xn0 ; r). 2Prìtash 2.1.3 'Estw (xn) akolouj�a Cau
hy. Upojètoume ìti up�rqoun x 2 Xkai upakolouj�a (xkn) th
 (xn) me xkn ! x. Tìte, xn ! x (an loipìn mia akolouj�aCau
hy èqei sugkl�nousa upakolouj�a, tìte sugkl�nei.)Apìdeixh: 'Estw " > 0. H (xkn) sugkl�nei sto x, �ra up�rqei n0 2 N tètoio
¸ste n � n0 =) d(x; xkn) < "2 :AfoÔ h (xn) e�nai Cau
hy, up�rqei n1 2 N tètoio
 ¸sten;m � n1 =) d(xn; xm) < "2 :Jètoume n2 = maxfn0; n1g. An n � n2, tìte kn � n � n2 � n1, �rad(xn; xkn) < "2 ;kai kn � n � n2 � n0, �ra d(x; xkn ) < "2 :Prosjètonta
, blèpoume ìti an n � n2,d(x; xn) � d(x; xkn ) + d(xkn ; xn) < "2 + "2 = ":Dhlad , xn ! x. 2Orismì
 'Estw (X; d) metrikì
 q¸ro
. O X lègetai pl rh
 an k�je akolouj�aCau
hy (xn) ston X sugkl�nei (se shme�o tou X).Me b�sh autìn ton orismì, o X = (0; 1℄, me metrik  thn d(x; y) = jx � yj, dene�nai pl rh
.Oi sumpage�
 metriko� q¸roi m�
 d�noun mia pr¸th eure�a kl�sh pl rwn metri-k¸n q¸rwn (jumhje�te ìti, o X e�nai sumpag 
 , 8(xn) ston X , up�rqoun x 2 Xkai upakolouj�a (xkn) th
 (xn) me xkn ! x):



25Prìtash 2.1.4 K�je sumpag 
 metrikì
 q¸ro
 (X; d) e�nai pl rh
.Apìdeixh: 'Estw (xn) akolouj�a Cau
hy ston X . AfoÔ o X e�nai sumpag 
,up�rqei upakolouj�a (xkn) th
 (xn) me xkn ! x 2 X . Apì thn Prìtash 2.1.3,xn ! x: 2Argìtera, ja qreiastoÔme èna krit rio gia to pìte èna
 upìqwro
 enì
 pl rou
metrikoÔ q¸rou e�nai pl rh
:Prìtash 2.1.5 'Estw (X; d) metrikì
 q¸ro
, kai èstw Y èna
 upìqwro
 tou X .(a) An o Y e�nai pl rh
 w
 pro
 thn epagìmenh metrik , tìte o Y e�nai kleistìuposÔnolo tou X .(b) An o (X; d) e�nai pl rh
 kai o Y e�nai kleistì uposÔnolo tou X , tìte o Y e�naipl rh
 w
 pro
 thn epagìmenh metrik .Eidikìtera, an o X e�nai pl rh
, tìte o e�nai Y pl rh
 metrikì
 q¸ro
 an kai mìnoan o Y e�nai kleistì uposÔnolo tou X .Apìdeixh: (a) 'Estw xn 2 Y kai xn ! x 2 X . H (xn) sugkl�nei ston X , �ra e�naiakolouj�a Cau
hy ston X (Prìtash 2.1.1). H apìstash ~d ston Y e�nai apl¸
 operiorismì
 th
 d, �ra h (xn) e�nai Cau
hy ston Y . O Y e�nai pl rh
 w
 pro
 thn ~d,�ra h (xn) sugkl�nei se shme�o tou Y . H sÔgklish aut  e�nai tautìqrona sÔgklishw
 pro
 thn d ston X , kai apì monadikìthta tou or�ou, to ìrio prèpei na e�nai tox. Dhlad , x 2 Y . Autì apodeiknÔei ìti to Y e�nai kleistì uposÔnolo tou X .(b) 'Estw (xn) akolouj�a Cau
hy ston Y . AfoÔ xn 2 Y � X , h (xn) e�naiakolouj�a Cau
hy ston X . O X e�nai pl rh
, �ra up�rqei x 2 X tètoio ¸stexn ! x. Epomènw
, x 2 Y . 'Omw
 to Y e�nai kleistì, �ra x 2 Y . Dhlad , xn ! xston Y . 22.2 Pl rei
 metriko� q¸roi - parade�gmataMia genik  parat rhsh gia ton trìpo me ton opo�o de�qnoume ìti èna
 metrikì
 q¸-ro
 e�nai pl rh
: jewroÔme tuqoÔsa akolouj�a (xn) pou e�nai Cau
hy ston (X; d),kai (a) entop�zoume to shme�o x sto opo�o ja prèpei na sugkl�nei h (xn) (sta kla-sik� parade�gmata, polÔ suqn� m�
 bohj�ei h plhrìthta th
 pragmatik 
 euje�a
).(b) de�qnoume ìti x 2 X .(g) de�qnoume ìti xn ! x w
 pro
 th metrik  d.Prìtash 2.2.1 O Eukle�deio
 q¸ro
 Rm me metrik  thnd(x; y) =  mXk=1(�k � �k)2!1=2e�nai pl rh
.



26Apìdeixh: 'Estw (xn) akolouj�aCau
hy ston Rm . Gr�foume xn = (�n1; : : : ; �nm),�nk 2 R.'Estw " > 0. H (xn) e�nai Cau
hy, epomènw
 up�rqei n0(") 2 N me thn idiìthtan; s � n0 =) d(xn; xs) < ":Sthn per�ptws  ma
 autì shma�nei ìti(�) n; s � n0 =)  mXk=1(�nk � �sk)2!1=2 < ":H basik  parat rhsh e�nai ìti8k = 1; : : : ;m; j�nk � �skj �  mXk=1(�nk � �sk)2!1=2 < ":Epomènw
, an n; s � m0, tìte gia k�je k = 1; : : : ;m qwrist� èqoumej�nk � �skj < ":Autì shma�nei ìti: gia k�je k = 1; : : : ;m h akolouj�a (�nk) e�nai Cau
hy sto R.Apì thn plhrìthta tou R èpetai ìti up�rqoun �1; : : : ; �m 2 R tètoioi ¸ste�n1 ! �1 ; : : : ; �nm ! �mkaj¸
 n ! 1. Or�zoume x = (�1; : : : ; �m) 2 Rm , kai mènei na de�xoume ìtid(xn; x)! 0 kaj¸
 n!1.Epistrèfoume sthn (�): gia k�je n; s � n0 èqoume mXk=1(�nk � �sk)2!1=2 < ":StajeropoioÔme to n kai af noume to s na p�ei sto �peiro: mXk=1(�nk � �sk)2!1=2 !  mXk=1(�nk � �k)2!1=2 :'Ara, gia k�je n � n0 èqoumed(xn; x) =  mXk=1(�nk � �k)2!1=2 � ":AfoÔ to " > 0  tan tuqìn, blèpoume ìti d(xn; x)! 0. Dhlad , xn ! x. 2



27Prìtash 2.2.2 O q¸ro
 `1 twn fragmènwn akolouji¸n, me metrik  thnd(x; y) = supfj�k � �kj : k 2 Nge�nai pl rh
.Apìdeixh: 'Estw (xn) akolouj�a Cau
hy ston `1. Gr�foume xn = (�nk) =(�n1; : : : ; �nk; : : :).'Estw " > 0. H (xn) e�nai Cau
hy, �ra up�rqei n0(") 2 N me thn idiìthta(�) 8n; s � n0; supfj�nk � �sk j : k 2 Ng < ":Epomènw
, an n; s � n0 èqoume gia k�je k 2 N qwrist�(��) j�nk � �skj < ":Autì shma�nei ìti gia k�je k 2 N h akolouj�a (�nk) e�nai Cau
hy (w
 pro
 n) stoR. 'Ara, up�rqoun �k 2 R tètoioi ¸ste�n1 ! �1 ; : : : ; �nk ! �k ; : : : (n!1):Or�zoume x = (�1; : : : ; �k; : : :). Prèpei pr¸ta na de�xoume ìti x 2 `1.Epistrèfonta
 sthn (�) kai stajeropoi¸nta
 s = n0, èqoume8n � n0 8k 2 N; j�nk � �n0kj < "kai, gia k�je k 2 N, j�nk � �n0kj ! j�k � �n0kjkaj¸
 n!1. 'Ara, j�k � �n0kj � " gia k�je k 2 N, dhlad 8k 2 N; j�k j � j�n0kj+ ":'Omw
 xn0 2 `1. 'Ara, up�rqei M > 0 tètoio
 ¸ste j�n0kj � M gia k�je k 2 N.'Epetai ìti supk j�kj �M + ", dhlad  x 2 `1.Ep�sh
, apì thn (��), af nonta
 to s!1 èqoume:8n � n0 8k 2 N; j�nk � �kj � ";dhlad , gia k�je n � n0,d(xn; x) = supfj�nk � �kj : k 2 Ng � ":AfoÔ to " > 0  tan tuqìn, xn ! x w
 pro
 thn d. 2Orismì
. O q¸ro
 
 apotele�tai apì ìle
 ti
 sugkl�nouse
 akolouj�e
 pragma-tik¸n arijm¸n. K�je sugkl�nousa akolouj�a e�nai fragmènh, epomènw
 o 
 e�naiuposÔnolo tou `1. Ton blèpoume san upìqwro tou `1, me metrik  thnd(x; y) = supfj�k � �k j : k 2 Ng:JewroÔme ep�sh
 to q¸ro 
0 twn mhdenik¸n akolouji¸n (x = (�k) 2 
0 an kai mìnoan �k ! 0 ìtan k !1) san upìqwro tou 
.



28Prìtash 2.2.3 Oi 
 kai 
0 e�nai pl rei
 metriko� q¸roi.Apìdeixh: O 
 e�nai ex orismoÔ upìqwro
 tou `1. SÔmfwna me thn Prìtash 2.1.5,gia na de�xoume ìti e�nai pl rh
 arke� na de�xoume ìti e�nai kleistì uposÔnolo tou`1. 'Estw x = (�k) 2 
. Dhlad , up�rqoun xn = (�nk) 2 
 me xn ! x. Prèpei nade�xoume ìti x 2 
, dhlad  ìti h (�k) sugkl�nei sto R. Arke� na de�xoume ìti h (�k)e�nai Cau
hy sto R.'Estw " > 0. AfoÔ xn ! x, up�rqei n0 2 N tètoio
 ¸ste d(x; xn) < " gia k�jen � n0. Dhlad ,(1) 8n � n0 8k 2 N; j�k � �nkj < ":Krat�me èna mìno n: ton n0. H xn0 = (�n0k) an kei ston 
, dhlad  sugkl�nei,dhlad  e�nai Cau
hy. 'Ara, up�rqei k0 2 N tètoio
 ¸ste(2) 8s; r � k0; j�n0s � �n0rj < ":Tìte, qrhsimopoi¸nta
 ti
 (1) kai (2) blèpoume ìti, gia k�je s; r � k0,j�s � �rj � j�s � �n0sj+ j�n0s � �n0rj+ j�n0r � �rj< "+ "+ " = 3":'Ara, h (�k) e�nai Cau
hy, dhlad  x 2 
. AfoÔ 
 � 
, o 
 e�nai kleistì uposÔnolotou `1.Gia to deÔtero isqurismì, èstw x = (�k) 2 
0. Dhlad , up�rqoun xn = (�nk) 2 
0me xn ! x. Prèpei na de�xoume ìti x 2 
0, dhlad  ìti �k ! 0 ìtan k !1.'Estw " > 0. AfoÔ xn ! x, up�rqei n0 2 N tètoio
 ¸ste d(x; xn) < " gia k�jen � n0. Dhlad ,(3) 8n � n0 8k 2 N; j�k � �nkj < ":H xn0 = (�n0k) an kei ston 
0, �ra, up�rqei k0 2 N tètoio
 ¸ste(4) 8k � k0; j�n0kj < ":Tìte, qrhsimopoi¸nta
 ti
 (3) kai (4) blèpoume ìti, gia k�je k � k0,j�kj � j�k � �n0kj+ j�n0kj < "+ " = 2":'Ara, �k ! 0 ìtan k !1, dhlad  x 2 
0. 2Prìtash 2.2.4 O q¸ro
 `p, 1 � p < +1, e�nai pl rh
.Apìdeixh: Ja mimhjoÔme thn apìdeixh th
 Prìtash
 2.2.1. 'Estw (xn) akolouj�aCau
hy ston `p. Gr�foume xn = (�nk) = (�n1; : : : ; �nk; : : :), �nk 2 R.



29'Estw " > 0. H (xn) e�nai Cau
hy, epomènw
 up�rqei n0(") 2 N me thn idiìthta(�) n; s � n0 =)  1Xk=1 j�nk � �skjp!1=p < ":'Ara, gia k�je n; s � n0 kai k�je k 2 N èqoumej�nk � �sk j �  1Xk=1 j�nk � �sk jp!1=p < ":Dhlad , gia k�je k 2 N h akolouj�a (�nk) e�nai Cau
hy (w
 pro
 n) sto R. Apìthn plhrìthta tou R, up�rqoun �1; : : : ; �k; : : : 2 R tètoioi ¸ste�n1 ! �1 ; : : : ; �nk ! �k; : : :kaj¸
 n!1. Or�zoume x = (�1; : : : ; �k; : : :). Prèpei pr¸ta na de�xoume ìti x 2 `p.Krat�me N 2 N stajerì, kai apì thn (�) èqoume8n; s � m0;  NXk=1 j�nk � �skjp!1=p < ";kai  NXk=1 j�nk � �sk jp!1=p !  NXk=1 j�nk � �k jp!1=pkaj¸
 s!1, opìte 8n � n0;  NXk=1 j�nk � �kjp!1=p � ";kai af nonta
 to N !1 pa�rnoume(��) 8n � n0;  1Xk=1 j�nk � �kjp!1=p � ":Dhlad , p.q. gia n = n0, h (�nk � �k) 2 `p, kai afoÔ (�nk) 2 `p, apì thn anisìthtatou Minkowski blèpoume ìti x = (�k) = ((�k � �nk) + �nk) 2 `p.Epiplèon, h (��) e�nai isodÔnamh me thn8n � n0; d(x; xn) � ";ap� ìpou sumpera�noume ìti xn ! x. 2Kle�noume aut  thn par�grafo me merik� shmantik� parade�gmata metrik¸nq¸rwn pou den e�nai pl rei
:



30(a) JewroÔme to sÔnolo Q twn rht¸n arijm¸n, me metrik  thn d(x; y) = jx� yj. O(Q; d) den e�nai pl rh
: e�nai upìqwro
 th
 pragmatik 
 euje�a
, ki an  tan pl rh
ja èprepe na e�nai kleistì uposÔnolo tou R. 'Omw
, Q = R.(b) JewroÔme to q¸ro C[a; b℄ twn suneq¸n sunart sewn f : [a; b℄! R, me metrik thn d(f; g) = maxt2[a;b℄ jf(t)� g(t)j:O (C[a; b℄; d) e�nai pl rh
 metrikì
 q¸ro
 (�skhsh). JewroÔme ton upìqwro Xtou C[a; b℄ pou apotele�tai apì ta polu¸numa p : [a; b℄! R. Apì to Je¸rhma touWeierstrass, gia k�je f 2 C[a; b℄ kai k�je " > 0, mporoÔme na broÔme polu¸numop 2 X tètoio ¸ste d(f; p) = maxt2[a;b℄ jf(t)� p(t)j < ":Dhlad , X = C[a; b℄ 6= X (up�rqoun suneqe�
 f pou den e�nai polu¸numa). 'Ara, oX den e�nai kleistì uposÔnolo tou C[a; b℄, kai apì thn Prìtash 2.1.5 sumpera�noumeìti o X den e�nai pl rh
.Ta parade�gmata (a) kai (b) e�nai kat� k�poion trìpo {teqnht�}: xekin same meènan pl rh q¸ro (thn pragmatik  euje�a   to q¸ro twn suneq¸n sunart sewn sto[a; b℄), kai p rame èna gn sio puknì uposÔnolì tou (tou
 rhtoÔ
   ta polu¸numa)san upìqwrì tou, me thn epagìmenh dhlad  metrik . AfoÔ o upìqwrì
 ma
 dene�nai kleistì
, den mpore� na e�nai pl rh
 metrikì
 q¸ro
. A
 doÔme ki èna pioousiastikì par�deigma:(g) JewroÔme to q¸ro X twn suneq¸n sunart sewn f : [0; 1℄! R, t¸ra ìmw
 memia �llh metrik : d(f; g) = Z 10 jf(t)� g(t)jdt:EÔkola elègqoume ìti h d ikanopoie� ta axi¸mata (M1)�(M4).O (X; d) den e�nai pl rh
: Or�zoume mia akolouj�a suneq¸n sunart sewn (fn),n � 3, ston X w
 ex 
:fn(t) = 8>>><>>>: 0 , 0 � t � 12 ,n �t� 12� , 12 < t < an = 12 + 1n ,1 , an � t � 1.



31

(1) H (fn) e�nai akolouj�a Cau
hy w
 pro
 thn d: èstw n > m. Tìte,am = 12 + 1m > 12 + 1n = an;kai (blèpe Sq ma),d(fn; fm) = Z 1=20 jfn � fmj+ Z am1=2 jfn � fmj+ Z 1am jfn � fmj= Z am1=2 jfn � fmj � am � 12 = 1m:'Estw t¸ra " > 0. Up�rqei n0 2 N me 1n0 < ", kai an n;m � n0, tìted(fn; fm) � 1m � 1n0 < ";dhlad , h (fn) e�nai Cau
hy.(2) A
 upojèsoume ìti fn ! f (w
 pro
 thn d) gia k�poia suneq  f : [0; 1℄ ! R.Dhlad , Z 10 jfn(t)� f(t)jdt! 0kaj¸
 n!1. Eidikìtera,0 � Z 1=20 jf(t)jdt = Z 1=20 jfn(t)� f(t)jdt � Z 10 jfn(t)� f(t)jdt! 0;kai afoÔ h f e�nai suneq 
 sto [0; 1℄, prèpei na isqÔei f(t) = 0, t 2 [0; 1=2℄.'Estw t¸ra Æ 2 (1=2; 1). Up�rqei n0 2 N tètoio ¸ste 12 + 1n < Æ gia k�jen � n0. Tìte, gia k�je n � n0 èqoumefn(t) = 1; t 2 [Æ; 1℄:



32'Omw
, 0 � Z 1Æ jfn(t)� f(t)jdt � Z 10 jfn(t)� f(t)jdt! 0;�ra Z 1Æ j1� f(t)jdt = 0(giat�?). Apì th sunèqeia th
 f , sumpera�noume ìti f(t) = 1 gia k�je t 2 [Æ; 1℄,kai afoÔ to Æ  tan tuqìn sto (1=2; 1), èpetai ìti f(t) = 1 gia k�je t 2 (1=2; 1℄.'Epetai ìti h f e�nai asuneq 
 sto shme�o t0 = 1=2, to opo�o e�nai �topo afoÔ h fupotèjhke suneq 
 sto [0; 1℄.Br kame akolouj�a Cau
hy (fn) ston X , h opo�a den sugkl�nei (w
 pro
 thnd) se stoiqe�o tou X . 'Ara, o (X; d) den e�nai pl rh
. 22.3 Pl rwsh metrikoÔ q¸rou*To sÔnolo Q twn rht¸n arijm¸n me th sun jh metrik  d(x; y) = jx � yj den e�naipl rh
 metrikì
 q¸ro
. {Prosjètont�
} tou ìmw
 k�poia shme�a, pa�rnoume thnpl rh pragmatik  euje�a R. To R e�nai h {pl rwsh} tou Q. To RnQ apotele�taiakrib¸
 apì ta ìria eke�nwn twn akolouji¸n Cau
hy sto Q pou den sugkl�nounsto R (ta ìria pou {le�poun}).Ja doÔme (en suntom�a) me poiìn trìpo k�je metrikì
 q¸ro
X mpore� na {g�nei}puknì
 mèsa se ènan pl rh metrikì q¸ro X̂ (o opo�o
 e�nai me mia ènnoia monadikì
kai lègetai pl rwsh tou X). H diadikas�a th
 pl rwsh
 bas�zetai akrib¸
 stomontèlo {Q ! R}.Orismì
 'Estw (X; d) kai (Y; �) dÔo metriko� q¸roi. Mia apeikìnish T : (X; d)!(Y; �) lègetai isometr�a an diathre� ti
 apost�sei
. Dhlad , an gia k�je x1; x2 2 XisqÔei �(T (x1); T (x2)) = d(x1; x2):Parathr ste ìti mia isometr�a e�nai p�nta èna pro
 èna: an T (x1) = T (x2), tìte0 = �(T (x1); T (x2)) = d(x1; x2) =) x1 = x2:DÔo metriko� q¸roi X kai Y lègontai isometriko� an up�rqei T : X ! Y isometr�aep�. DÔo isometriko� q¸roi ousiastik� taut�zontai, afoÔ ta shme�a tou
 br�skontaise antistoiq�a èna pro
 èna kai oi apost�sei
 diathroÔntai.Je¸rhma 2.3.1 'Estw (X; d) metrikì
 q¸ro
. Up�rqei pl rh
 metrikì
 q¸ro
(X̂; d̂) o opo�o
 èqei puknì upìqwro W pou e�nai isometrikì
 me ton (X; d).Idèa th
 apìdeixh
: Fantaste�te ton X san mh pl rh q¸ro, ìpw
 sto Sq ma (kaièqete sto mualì sa
 to Q). Up�rqoun akolouj�e
 Cau
hy ston X pou den èqoun



33ìrio ston X (p.q. h (xn) pou katal gei sto kenì: de {br�skei} to ìriì th
 mèsasto q¸ro). 'Alle
, ìpw
 h (yn), sugkl�noun se k�poio y 2 X .

(1) Or�zoume mia sqèsh isodunam�a
 � sto sÔnolo twn akolouji¸n Cau
hy tou X :(xn) � (x0n)() d(xn; x0n)! 0:Akolouj�e
, ìpw
 h (yn), pou sugkl�noun se y 2 X e�nai isodÔname
 me stajerè
akolouj�e
: yn ! y 2 X () (yn) � (y; y; : : :):JewroÔme to sÔnolo X̂ twn kl�sewn isodunam�a
 th
 � (prèpei bèbaia pr¸ta nade�xete ìti h � e�nai sqèsh isodunam�a
).(2) O X mpore� na jewrhje� san uposÔnolo tou X̂: an y 2 X , sto y antistoiqe�fusiologik� h stajer  akolouj�a Cau
hy (y; y; : : :), kaj¸
 kai h kl�sh th
, poue�nai stoiqe�o tou X̂.An y 6= y0 ston X , tìte den mpore� na isqÔei (y; y; : : :) � (y0; y0; : : :) (giat�?)'Ara, diaforetik� shme�a tou X or�zoun diaforetikè
 kl�sei
 ston X̂.(3) Sumbol�zoume ta stoiqe�a tou X̂ me x̂; ŷ; : : :.(4) Pw
 or�zoume metrik  d̂ ston X̂? 'Estw x̂; ŷ 2 X̂ . JewroÔme tuqìnte
 antipro-s¸pou
 (xn) 2 X̂, (yn) 2 Ŷ , kai jètoumed̂(x̂; ŷ) = limn!1 d(xn; yn):Prèpei pr¸ta na de�xoume ìti autì to ìrio up�rqei. Jumhje�te ìti oi (xn); (yn) e�naiakolouj�e
 Cau
hy: apì thn trigwnik  anisìthta,jd(xn; yn)� d(xm; ym)j � d(xn; xm) + d(yn; ym)! 0kaj¸
 n;m!1. 'Ara, h (d(xn; yn)) e�nai Cau
hy sto R, kai èqei ìrio.Prèpei akìma na de�xoume ìti h epilog  twn antipros¸pwn (xn) 2 x̂ kai (yn) 2 ŷden èqei shmas�a, kai ìti h d̂ ikanopoie� ta axi¸mata th
 metrik 
 ('Askhsh). 'Etsi,or�sthke o (X̂; d̂).



34(5) Or�zoume W = fb̂ : b 2 Xg, ìpou b̂, b 2 X , e�nai h kl�sh th
 stajer 
akolouj�a
 (b; b; : : :).Parathr ste ìti d̂(b̂1; b̂2) = limn!1 d(b1; b2) = d(b1; b2) an b1; b2 2 X . Dhlad ,h T : (X; d)! (W; d̂) me b! b̂ e�nai isometr�a ep�.(6) Tèlo
, de�qnoume ìti o (X̂; d̂) e�nai pl rh
, kai ìti W = X̂ ('Askhsh).(7) An ( ~X; ~d) e�nai èna
 �llo
 pl rh
 metrikì
 q¸ro
 pou èqei puknì upìqwro iso-metrikì me ton (X; d), tìte apodeiknÔetai ìti oi (X̂; d̂) kai ( ~X; ~d) e�nai isometriko�.Dhlad , h pl rwsh tou (X; d) g�netai {kat� monadikì trìpo}.Den ja qrhsimopoi soume to apotèlesma pou perigr�yame. Gia mia leptomer apìdeixh, de�te p.q. to bibl�o tou E. Kreyszig.2.4 To Je¸rhma tou BaireSkopì
 ma
 e�nai na apode�xoume to je¸rhma tou Baire sthn akìloujh morf :Je¸rhma 2.4.1 'Estw (X; d) pl rh
 metrikì
 q¸ro
. An (Fn) e�nai mia akolouj�akleist¸n uposunìlwn tou X tètoia ¸ste X = S1n=1 Fn, tìte toul�qiston èna apìta Fn èqei mh kenì eswterikì.Orismì
. 'Estw (X; d) metrikì
 q¸ro
, kai èstw ; 6= A � X . H di�metro
 tou Aor�zetai apì thn diam(A) := supfd(x; y)jx; y 2 Ag:Parathrhsei
.(i) 0 � diam(A) � +1.(ii) diam(A) < +1, to A e�nai fragmèno.(iii) diam(A) = diam(A).Gia thn apìdeixh tou Jewr mato
 tou Baire ja qreiastoÔme ton ex 
 qarakth-rismì tou pl rou
 metrikoÔ q¸rou (Cantor):Je¸rhma 2.4.2 'Estw (X; d) metrikì
 q¸ro
. O X e�nai pl rh
 an kai mìnoan gia k�je fj�nousa akolouj�a F1 � F2 � : : : � Fn � : : : kleist¸n mh ken¸nuposunìlwn tou X me diam(Fn)! 0, up�rqei x 2 X tètoio ¸ste T1n=1 Fn = fxg.Apìdeixh: ()) Arke� na de�xoume ìti T1n=1 Fn 6= ;. Giat�, an x; y 2 T1n=1 Fn tìte0 � d(x; y) � diam(Fn)! 0;dhlad  d(x; y) = 0, �ra x = y. An loipìn to T1n=1 Fn e�nai mh kenì, tìte ja e�naimonosÔnolo.



35Gia na de�xoume ìti to T1n=1 Fn e�nai mh kenì, douleÔoume w
 ex 
: afoÔ k�jeFn 6= ;, mporoÔme na epilèxoume xn 2 Fn, n 2 N.Isqurismì
. H (xn) e�nai akolouj�a Cau
hy ston X .Apìdeixh: 'Estw " > 0. AfoÔ diam(Fn) ! 0, up�rqei n0 2 N tètoio
 ¸ste: giak�je n � n0, diam(Fn) < ". An n > m � n0, tìte xn; xm 2 Fm (h (Fn) e�naifj�nousa), �ra d(xn; xm) � diam(Fm) < ": 2O X e�nai pl rh
 kai h (xn) e�nai akolouj�a Cau
hy, �ra up�rqei x 2 X mexn ! x. Ja de�xoume ìti x 2 T1n=1 Fn:'Estw m 2 N. 'Eqoume xm; xm+1; xm+2; : : : 2 Fm kai xn ! x, �ra x 2 Fm =Fm. AfoÔ to m  tan tuqìn, x 2 T1m=1 Fm.(() 'Estw (xn) akolouj�a Cau
hy ston X . Or�zoume:F 0n = fxn; xn+1; : : :g = fxm : m � ng;kai Fn = F 0n. AfoÔ h (F 0n) e�nai fj�nousa akolouj�a mh ken¸n sunìlwn, h (Fn)e�nai fj�nousa akolouj�a kleist¸n mh ken¸n sunìlwn.Isqurismì
. diam(Fn)! 0.Apìdeixh: 'Estw " > 0. H (xn) e�nai akolouj�a Cau
hy, �ra up�rqei n0 2 Ntètoio
 ¸ste: gia k�je n;m � n0, d(xn; xm) < ": An loipìn n � n0, tìte gia k�jex; y 2 F 0n isqÔei d(x; y) < " (giat�?) epomènw
diam(Fn) = diam(F 0n) � ": 2Apì ton isqurismì kai thn upìjes  ma
, èpetai ìti T1n=1 Fn = fxg gia k�poiox 2 X . Tìte, 0 � d(xn; x) � diam(Fn)! 0;dhlad  xn ! x. 'Ara, o X e�nai pl rh
. 2Parat rhsh. H upìjesh diam(Fn) ! 0 den e�nai peritt . P�rte Fn = [n;+1),n 2 N. K�je Fn e�nai kleistì uposÔnolo tou R, kai F1 � F2 � : : : � Fn � : : :,ìmw
 T1n=1 Fn = ; (giat�?).Prin d¸soume thn apìdeixh tou Jewr mato
 tou Baire a
 doÔme mia k�pw
aploÔsterh prìtash:Prìtash 2.4.1 'Estw (X; d) metrikì
 q¸ro
, kai G1; G2 anoiqt� pukn� uposÔnolatou X . Tìte, to G1 \G2 e�nai (anoiqtì) puknì uposÔnolo tou X .Apìdeixh: 'Estw D(x0; r0) anoiqt  mp�la ston X . Jèloume na de�xoume ìtiD(x0; r0) \G1 \G2 6= ;:



36To G1 e�nai puknì ston X , �ra up�rqei x1 2 D(x0; r0)\G1. To D(x0; r0)\G1 e�naianoiqtì, �ra to x1 e�nai eswterikì tou shme�o. Epomènw
, up�rqei r1 > 0 tètoio
¸ste D(x1; r1) � D(x0; r0) \G1:'Omw
 to G2 e�nai puknì, �ra up�rqeix2 2 D(x1; r1) \G2 � D(x0; r0) \G1 \G2:Dhlad , D(x0; r0) \G1 \G2 6= ;. 2E�nai fanerì ìti, epagwgik�, mporoÔme na de�xoume ìti an G1; : : : ; Gm e�naianoiqt� pukn� uposÔnola tou metrikoÔ q¸rou (X; d), tìte to �dio isqÔei kai gia thntom  tou
. An o (X; d) e�nai pl rh
, mporoÔme na de�xoume k�ti parap�nw (Baire):Je¸rhma 2.4.3 'Estw (X; d) pl rh
 metrikì
 q¸ro
. An (Gn) e�nai mia akolouj�aanoiqt¸n pukn¸n uposunìlwn tou X , tìte to T1n=1Gn e�nai puknì uposÔnolo touX .Apìdeixh: 'Estw D(x0; r0) anoiqt  mp�la ston X . Jèloume na de�xoume ìtiD(x0; r0) \ 1\n=1Gn! 6= ;:AfoÔ to G1 e�nai puknì, up�rqei x1 2 D(x0; r0)\G1, ki afoÔ to D(x0; r0)\G1 e�naianoiqtì, up�rqei r1 > 0 (mporoÔme m�lista na upojèsoume ìti r1 � 1, mikra�nont�
to an qreiaste�) ¸ste D(x1; r1) � D(x0; r0) \G1:(P�rte pr¸ta kat�llhlh anoiqt  mp�la me kèntro to x1, kai met�, kleist  memikrìterh akt�na). To G2 e�nai puknì, �ra up�rqei x2 2 D(x1; r1) \ G2, kai toD(x1; r1) \ G2 e�nai anoiqtì, epomènw
 mporoÔme na broÔme 0 < r2 � 1=2 tètoio¸ste D(x2; r2) � D(x1; r1) \G2:Epagwgik�, br�skoume xn 2 X kai 0 < rn � 1=n, tètoia ¸steD(xn; rn) � D(xn�1; rn�1) \Gn; n 2 N:Apì thn kataskeu ,D(x1; r1) � D(x2; r2) � : : : � D(xn; rn) � : : :kai diam(D(xn; rn)) � 2rn ! 0. O X e�nai pl rh
, opìte to Je¸rhma tou Cantorma
 exasfal�zei ìti 1\n=1D(xn; rn) = fxggia k�poio x 2 X . Tìte,



37(i) x 2 D(xn; rn) � D(xn�1; rn�1) \ Gn � Gn gia k�je n 2 N, dhlad  x 2T1n=1Gn.(ii) x 2 D(x1; r1) � D(x0; r0) \G1 � D(x0; r0).Dhlad , D(x0; r0) \ 1\n=1Gn! 6= ;: 2To Je¸rhma 2.4.1 e�nai sunèpeia tou Jewr mato
 2.4.3:Apìdeixh tou Jewr mato
 2.4.1: 'Estw (X; d) pl rh
 metrikì
 q¸ro
, kai (Fn)akolouj�a kleist¸n uposunìlwn tou X , tètoia ¸ste X = S1n=1 Fn.Upojètoume ìti F Æn = ; gia k�je n 2 N. Or�zoume Gn = XnFn. K�je Gn e�naianoiqtì, kai Gn = XnFn = XnF Æn = Xn; = X;dhlad  k�je Gn e�nai anoiqtì kai puknì ston X . Apì to Je¸rhma 2.4.3,1\n=1Gn 6= ; =) Xn 1[n=1Fn 6= ;:Autì antif�skei pro
 thn upìjesh. 'Ara, toul�qiston èna apì ta Fn èqei mh kenìeswterikì. 2To Je¸rhma tou Baire ja pa�xei polÔ shmantikì rìlo sth melèth twn q¸rwnBana
h. Gia thn ¸ra, d�noume tre�
 efarmogè
 apì ti
 opo�e
 g�netai faner  h isqÔ
tou:(1) To je¸rhma tou Osgood (1897) 'Estw fn : [0; 1℄ ! R, n 2 N, suneqe�
sunart sei
. Upojètoume ìti gia k�je t 2 [0; 1℄ h akolouj�a (fn(t)) e�nai fragmènh.Tìte, up�rqoun [a; b℄ � [0; 1℄ kai M > 0 tètoia ¸ste8t 2 [a; b℄ 8n 2 N; jfn(t)j �M:(Dhlad , h (fn) e�nai omoiìmorfa fragmènh sto [a; b℄.)'Ena par�deigma prin apì thn apìdeixh: p�rte san fn thn sun�rthsh sto sq ma.EÔkola elègqoume ìti gia k�je t 2 [0; 1℄, fn(t) ! 0 kaj¸
 n ! 1. 'Ara, h



38(fn(t))n2N e�nai fragmènh gia k�je t.

H (fn) den e�nai omoiìmorfa fragmènh sto [0; 1℄, giat� maxt2[0;1℄ jfn(t)j = n!1.'Omw
 h (fn) e�nai omoiìmorfa fragmènh p.q. sto [ 12 ; 1℄, giat� fn � 0 sto [ 12 ; 1℄ ann � 2, kai jf1(t)j � 1 sto [ 12 ; 1℄. Dhlad ,8t 2 [1=2; 1℄ 8n 2 N; jfn(t)j � 1:Apìdeixh tou jewr mato
: Gia k�je m 2 N or�zoumeAm = ft 2 [0; 1℄ : 8n 2 N; jfn(t)j � mg:(a) K�je Am e�nai kleistì: an tk 2 Am kai tk ! t, tìte8n 2 N; jfn(tk)j � mkai, apì thn sunèqeia twn fn èqoume fn(tk)! fn(t) kaj¸
 k !1, �ra8n 2 N; jfn(t)j � m;dhlad  t 2 Am.(b) [0; 1℄ = S1m=1Am: 'Estw t 2 [0; 1℄. Apì thn upìjesh, h (fn(t)) e�nai fragmènh,dhlad  up�rqei Mt > 0 tètoio
 ¸ste, gia k�je n 2 N, jfn(t)j � Mt. Up�rqeim = m(t) 2 N me m �Mt, kai gi� autì to m èqoume t 2 Am.(g) O [0; 1℄ e�nai pl rh
 metrikì
 q¸ro
, opìte to Je¸rhma tou Baire ma
 exasfa-l�zei ìti k�poio Am0 èqei mh kenì eswterikì, dhlad  up�rqei di�sthma [a; b℄ � Am0 .'Omw
 tìte, h (fn) e�nai omoiìmorfa fragmènh sto [a; b℄:8t 2 [a; b℄ 8n 2 N; jfn(t)j � m0: 2(2) Prìtash. 'Estw f : [1;1)! R suneq 
 sun�rthsh me thn idiìthta:8x � 1; limn!1 f(nx) = 0:Tìte, f(y)! 0 kaj¸
 y !1.



39Apìdeixh: 'Estw " > 0. Or�zoumeAm = fx � 1 : 8n � m jf(nx)j � "g:(a) K�je Am e�nai kleistì: an xk 2 Am kai xk ! x, tìte gia k�je n � m, apì thnsunèqeia th
 f sto nx, jf(nx)j = limk!1 jf(nxk)j � ":'Ara, x 2 Am.(b) [1;1) = S1m=1Am: 'Estw x � 1. Apì thn upìjesh, f(nx) ! 0. 'Ara, up�rqeim0 2 N tètoio
 ¸ste, gia k�je n � m0, jf(nx)j � ". Dhlad , x 2 Am0 .(g) O [1;1) e�nai pl rh
 metrikì
 q¸ro
 (kleistì uposÔnolo th
 pragmatik 
euje�a
). Apì to Je¸rhma tou Baire, k�poio Am èqei mh kenì eswterikì. Dhlad ,up�rqoun m 2 N kai [
; Æ℄ � Am. ParathroÔme ta ex 
:1. An x 2 [
; Æ℄, tìte jf(nx)j � " gia k�je n � m. Dhlad , jf(y)j � " gia k�je(�) y 2 [m
;mÆ℄ [ [(m+ 1)
; (m+ 1)Æ℄ [ : : :2. Up�rqei k � m tètoio
 ¸ste, gia k�je s � k, sÆ > (s+1)
 (arke� na dialèxoumek > 
=(Æ � 
).) Tìte,[k
; kÆ℄ [ [(k + 1)
; (k + 1)Æ℄ [ : : : = [k
;1):Apì thn (�) èpetai ìti, gia k�je y � k
, jf(y)j � ".Gia tuqìn " > 0 br kameM(= k
) > 0 tètoion ¸ste jf(y)j � " gia k�je y �M .'Ara, limy!1 f(y) = 0. 2(3) Prìtash. JewroÔme to q¸ro C[0; 1℄ twn suneq¸n sunart sewn sto [0; 1℄, memetrik  thn d(f; g) = maxt2[0;1℄ jf(t)� g(t)j. To sÔnolo M twn f 2 C[0; 1℄ pou denèqoun par�gwgo se kanèna shme�o tou [0; 1℄ e�nai puknì ston C[0; 1℄.Ja qrhsimopoi soume to Je¸rhma tou Baire kai to ex 
 L mma:L mma 2.4.1 Gia k�je suneq  f : [0; 1℄! R kai k�je " > 0, mporoÔme na broÔmeg : [0; 1℄! R suneq  kai kat� tm mata grammik , me thn idiìthta d(f; g) < ".[H g lègetai kat� tm mata grammik  an up�rqei diamèrish P = f0 = t0 < t1 <: : : < tN = 1g tètoia ¸ste h g na e�nai grammik  se k�je (ti�1; ti), i = 1; : : : ; N .℄
Apìdeixh: Ja qrhsimopoi soume thn omoiìmorfh sunèqeia th
 f : Gia to dosmèno" > 0 up�rqei Æ > 0 tètoio
 ¸ste: an t; s 2 [0; 1℄ kai jt� sj < Æ tìte jf(s)� f(t)j <"=2.



40 Br�skoume fusikì arijmì N pou ikanopoie� thn 1=N < Æ, kai qwr�zoume to[0; 1℄ se N �sa tm mata. Pa�rnoume dhlad  th diamèrish P = �0; 1N ; : : : ; N�1N ; 1	.Or�zoume g ètsi ¸ste na e�nai grammik  se k�je � i�1N ; iN �, i = 1; : : : ; N , kai sta�kra k�je upodiast mato
 na sump�ptei me thn f :g(i=N) = f(i=N); i = 0; 1; : : : ; N:'Estw t 2 [0; 1℄. Up�rqei de�kth
 1 � i � N tètoio
 ¸ste i�1N � t � iN . Tìte,(�) jf(t)� g(t)j � jf(t)� f(i=N)j+ jf(i=N)� g(t)j:'Omw
, ����t� iN ���� < Æ =) ��f(t)� f(i=N)�� < "2 ;kai, apì th grammikìthta th
 g sto [ i�1N ; iN ℄ kai to gegonì
 ìti j iN � i�1N j = 1N < Æ,blèpoume ìti����f� iN �� g(t)���� = ����g� iN �� g(t)���� � ����g� iN �� g� i� 1N ����� = ����f� iN �� f� i� 1N ����� < "2 :Epistrèfonta
 sthn (�), blèpoume ìti jf(t) � g(t)j < "2 + "2 = ". AfoÔ to t  tantuqìn, d(f; g) < ". 2Gia k�je n 2 N jewroÔme to sÔnoloDn = �f 2 C[0; 1℄ : 8t 2 [0; 1℄ 9y 2 �t� 1n; t+ 1n�\ (0; 1) : jf(y)�f(t)j > njy� tj�:Isqurismì
. K�je f 2 T1n=1Dn e�nai suneq 
, poujen� paragwg�simh sun�rthsh.Apìdeixh: 'Estw f 2 TnDn. Gia k�je t 2 [0; 1℄ kai k�je n 2 N, up�rqei yn =yn(t) 2 (0; 1) tètoio ¸ste jt� ynj < 1n kai jf(yn)� f(t)j > njyn � tj. AfoÔ yn 6= t,yn ! t, kai limn!1��f(yn)� f(t)yn � t �� =1;den up�rqei h f 0(t).Arke� loipìn na de�xoume ìti to TnDn e�nai puknì ston C[0; 1℄, kai, sÔmfwname to Je¸rhma tou Baire, arke� na de�xoume ìti k�je Dn e�nai anoiqtì kai puknì.Isqurismì
. K�je Dn e�nai anoiqtì uposÔnolo tou C[0; 1℄.Apìdeixh: E�nai pio eÔkolo na de�xoume ìti to sumpl rwma D
n tou Dn e�naikleistì. 'Estw fk 2 D
n kai fk ! f w
 pro
 thn d (autì shma�nei ìti h sÔgklishe�nai omoiìmorfh - giat�?)AfoÔ fk 2 D
n, up�rqei tk 2 [0; 1℄ tètoio ¸ste, gia k�je y 2 (0; 1) me jy� tkj <1=n na isqÔei jf(y)� f(tk)j � njy � tkj.



41AfoÔ tk 2 [0; 1℄, up�rqoun t 2 [0; 1℄ kai upakolouj�a (tkm) th
 (tk) me tkm ! t.Ja de�xoume ìti an y 2 (0; 1) kai jy� tj < 1=n, tìte jf(y)� f(t)j � njy� tj (opìte,f 2 D
n.)'Estw " > 0 kai y 2 (0; 1) me jy � tj < 1=n. ParathroÔme ta ex 
:
(i) An ykm = y + (tkm � t), tìte ykm ! y. 'Ara, gia meg�la m èqoume ykm 2 (0; 1)kai jykm � tkm j = jy � tj < 1=n. Opìte,��fkm(ykm)� fkm(tkm)�� � njy � tj:(ii) H f e�nai omoiìmorfa suneq 
 kai tkm ! t. Ep�sh
, ykm � y = tkm � t ! 0.'Ara, gia meg�la m isqÔoun oijf(t)� f(tkm)j < " ; jf(y)� f(ykm)j < ":(iii) P�li gia meg�la m, d(fkm ; f) < " (afoÔ fkm ! f .)Pa�rnoume m tìso meg�lo pou na ikanopoioÔntai ta (i), (ii) kai (iii), kai gr�-foumejf(y)� f(t)j � jf(y)� f(ykm)j+ jf(ykm)� fkm(ykm)j+ jfkm(ykm)� fkm(tkm)j+ jfkm(tkm)� f(tkm)j+ jf(tkm)� f(t)j< "+ d(f; fkm) + njy � tj+ d(fkm ; f) + "< njy � tj+ 4":To " > 0  tan tuqìn, �ra jf(y)�f(t)j � njy�tj. Autì isqÔei gia to tuqìn y 2 (0; 1)me jy � tj < 1=n, �ra f 2 D
n. 2Isqurismì
. K�je Dn e�nai puknì uposÔnolo tou C[0; 1℄.Apìdeixh: 'Estw f 2 C[0; 1℄ kai èstw " > 0. Apì to L mma, up�rqei g : [0; 1℄! Rsuneq 
, kat� tm mata grammik , tètoia ¸ste d(f; g) < "=2. Epomènw
, arke� nabroÔme h 2 Dn tètoia ¸ste d(g; h) < "=2.H g e�nai kat� tm mata grammik , dhlad  up�rqoun 0 = t0 < t1 < : : : < tN = 1tètoia ¸ste h g na e�nai grammik  se k�je (ti�1; ti). 'Estw li h kl�sh th
 g sto(ti�1; ti).Or�zoume mia mikr  {odontwt } sun�rthsh w : [0; 1℄ ! R tètoia ¸ste: 0 �w(t) < "=2 sto [0; 1℄, kai oi kl�sei
 th
 w e�nai (kat� apìluth tim  �se
 kai) mega-lÔtere
 apì n+maxfjlj j : j = 1; : : : ; Ng. Jètoume h = g + w, opìted(g; h) = maxt2[0;1℄ jw(t)j < "2 :



42Ja de�xoume ìti h 2 Dn: 'Estw t 2 [0; 1℄. Up�rqei de�kth
 i � N gia ton opo�ot 2 [ti�1; ti℄. Epilègoume jsj < 1=n tìso mikrì ¸ste sto di�sthma me �kra ta t; t+soi g kai w na e�nai kai oi dÔo grammikè
 (to s mpore� na e�nai jetikì   arnhtikì).An y e�nai èna shme�o tou anoiqtoÔ diast mato
 me �kra t; t+ s, èqoume y 2 (0; 1),jy � tj < 1=n, kaijh(y)� h(t)j � jw(y)� w(t)j � jg(y)� g(t)j> �n+maxj jlj j� jy � tj � jlijjy � tj= njy � tj:'Ara, h 2 Dn. 22.5 Ask sei
1. 'Estw (xn) fragmènh akolouj�a ston (X; d). E�nai h (xn) Cau
hy? Sugkl�nei?2. 'Estw (xn) kai (yn) dÔo akolouj�e
 Cau
hy sto metrikì q¸ro (X; d). De�xteìti h akolouj�a pragmatik¸n arijm¸n an = d(xn; yn) sugkl�nei.3. JewroÔme dÔo metrikè
 d1 kai d2 sto �dio sÔnolo X . Upojètoume ìti up�rqouna; b > 0 tètoioi ¸ste: gia k�je x; y 2 X ,ad1(x; y) � d2(x; y) � bd1(x; y):De�xte ìti mia akolouj�a (xn) ston X e�nai Cau
hy ston (X; d1) an kai mìno ane�nai Cau
hy ston (X; d2).4. 'Estw (xn) akolouj�a se èna metrikì q¸ro (X; d), tètoia ¸ste1Xn=1 d(xn; xn+1) < +1:De�xte ìti h (xn) e�nai Cau
hy.5. 'Estw (X; d) metrikì
 q¸ro
. An k�je kleist  mp�la B(x; r) tou X e�nai pl rh
metrikì
 q¸ro
 w
 pro
 thn epagìmenh metrik , tìte o X e�nai pl rh
.6. 'Estw (X; d) metrikì
 q¸ro
, kaiM puknì uposÔnolo touX . An k�je akolouj�aCau
hy stoiqe�wn tou M sugkl�nei ston X , tìte o X e�nai pl rh
.7. JewroÔme to sÔnolo Z twn akera�wn me metrik  thn d(m;n) = jm� nj. De�xteìti o (Z; d) e�nai pl rh
 metrikì
 q¸ro
.8. JewroÔme to sÔnolo N twn fusik¸n me metrik  thn d(m;n) = j 1m � 1n j. De�xteìti o (X; d) den e�nai pl rh
 metrikì
 q¸ro
.



439. 'Estw U mh kenì, anoiqtì uposÔnolo tou R. Or�zoume th sun�rthsh�(x; y) = jx� yj+ ���� 1d(x; U
) � 1d(y; U 
) ����sto U � U . De�xte ìti o (U; �) e�nai pl rh
 metrikì
 q¸ro
.10. (a) De�xte ìti o q¸ro
 C[a; b℄ twn suneq¸n sunart sewn f : [a; b℄ ! R memetrik  thn d(f; g) = maxt2[a;b℄ jf(t)� g(t)j e�nai pl rh
.[De�xte pr¸ta ìti d(fn; f)! 0 an kai mìno an fn ! f omoiìmorfa.℄11. 'Estw 
00 � `1 o upìqwro
 pou apotele�tai apì ìle
 ti
 akolouj�e
 x = (�k)twn opo�wn oi ìroi e�nai telik� mhdèn. Dhlad , x 2 
00 an kai mìno an up�rqeinx 2 N tètoio
 ¸ste �k = 0 gia k�je k � nx.De�xte ìti o 
00 den e�nai pl rh
.12. JewroÔme to R me metrik  thn d(x; y) = j ar
tanx � ar
tanyj. De�xte ìti h de�nai metrik , all� o (R; d) den e�nai pl rh
.13. JewroÔme ton upìqwro Y tou C[a; b℄ pou apotele�tai apì ìle
 ti
 suneqe�
f : [a; b℄! R me f(a) = f(b). De�xte ìti o Y e�nai pl rh
.14. De�xte ìti k�je mh kenì sÔnolo X me th diakrit  metrik  g�netai pl rh
metrikì
 q¸ro
.15. JewroÔme ton C[a; b℄ me metrik  thn d(f; g) = R 10 jf � gj. De�xte ìti h (fn) mefn(t) = 8<:n , 0 � t � 1n2 ,1pt , 1n2 � t � 1,e�nai akolouj�a Cau
hy, all� den sugkl�nei.16. JewroÔme ton 
00 me metrik  thn d(x; y) =P1k=1 j�k � �kj. (Parathr ste ìtiautì e�nai èna peperasmèno �jroisma: up�rqei n(x; y) 2 N tètoio
 ¸ste �k = �k = 0gia k�je k � n(x; y).) De�xte ìti h akolouj�a xn = (1; 122 ; : : : ; 1n2 ; 0; 0; : : :) e�naiakolouj�a Cau
hy w
 pro
 thn d, all� den sugkl�nei ston (
00; d).17. 'Estw X pl rh
 metrikì
 q¸ro
, Y metrikì
 q¸ro
, kai f : X ! Y suneq 
.De�xte ìti an (An) e�nai fj�nousa akolouj�a mh ken¸n kleist¸n uposunìlwn touX me diam(An)! 0, tìte f(TnAn) = Tn f(An).
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45Upode�xei
 - apant sei
1. 'Oqi. P�rte a
 poÔme thn akolouj�a ak = (�1)k sto R. E�nai fragmènh, all�jak � ak+1j = 2 gia k�je k 2 N, opìte h (ak) den e�nai akolouj�a Cau
hy. AfoÔ den e�naiCau
hy, den sugkl�nei.2. Gia k�je m;n 2 N èqoumed(xn; yn) � d(xn; xm) + d(xm; ym) + d(ym; yn);dhlad , an � d(xn; xm) + am + d(yn; ym) =) an � am � d(xn; xm) + d(yn; ym):Lìgw summetr�a
, jan � amj � d(xn; xm) + d(yn; ym):'Estw " > 0. AfoÔ oi (xn); (yn) e�nai Cau
hy, mporoÔme na broÔme n0 2 N tètoion ¸stean n;m � n0, tìte d(xn; xm) < "2 ; d(yn; ym) < "2 :Tìte, gia k�je n;m � n0, jan � amj < "2 + "2 = ":'Ara, h (an) e�nai akolouj�a Cau
hy sto R, opìte sugkl�nei.3. Upojètoume ìti h (xn) e�nai akolouj�a Cau
hy ston (X; d1). 'Estw " > 0. Up�rqein0 2 N tètoio
 ¸ste, an m;n � n0 tìte d1(xn; xm) < "=b. Tìte, an m;n � n0,d2(xn; xm) � b � d(xn; xm) < b"b = ";kai afoÔ to " > 0  tan tuqìn, h (xn) e�nai akolouj�a Cau
hy ston (X; d2). H ant�strofhkateÔjunsh e�nai entel¸
 an�logh.4. 'Estw " > 0. AfoÔP1n=1 d(xn; xn+1) < +1, up�rqei N 2 N tètoio
 ¸ste1Xn=N d(xn; xn+1) < ":An k > l � N , tìted(xl; xk) � d(xl; xl+1) + d(xl+1; xl+2) + � � �+ d(xk�1; xk)� 1Xn=l d(xn; xn+1)� 1Xn=N d(xn; xn+1) < ":'Ara, h (xn) e�nai akolouj�a Cau
hy.5. 'Estw (xn) akolouj�a Cau
hy ston X. 'Eqoume de� ìti k�je akolouj�a Cau
hy e�naifragmènh. Up�rqoun loipìn x 2 X kai r > 0 tètoia ¸ste: gia k�je n 2 N,xn 2 B(x; r):



46H B(x; r) e�nai pl rh
 metrikì
 q¸ro
 me thn epagìmenh metrik  (apì thn upìjesh),kai h (xn) e�nai Cau
hy ston X, �ra Cau
hy kai ston (B(x; r); d). Epomènw
, up�rqeix0 2 B(x; r) tètoio ¸ste d(xn; x0)! 0. Dhlad , xn ! x0 ston X.H (xn)  tan tuqoÔsa akolouj�a Cau
hy ston X, �ra o (X; d) e�nai pl rh
.6. 'Estw (xn) akolouj�a Cau
hy ston X. To M e�nai puknì uposÔnolo tou X, �ra giak�je n 2 N mporoÔme na broÔme wn 2M me thn idiìthta d(xn; wn) < 1=n.'Estw " > 0. AfoÔ h (xn) e�nai Cau
hy, up�rqei n0 2 N tètoio
 ¸ste: gia k�jen;m � n0, d(xn; xm) < "3 :Ep�sh
, up�rqei n1 2 N tètoio
 ¸ste 1=n1 < "=3. An jèsoume n2 = maxfn0; n1g, tìtegia k�je n;m � n2 èqoumed(wn; wm) � d(wn; xn) + d(xn; xm) + d(xm; wm)< 1n + "3 + 1m< "3 + "3 + "3 = ":Epomènw
, h (wn) e�nai Cau
hy sto M . Apì thn upìjes  ma
, up�rqei x 2 X tètoio ¸sted(wn; x)! 0. 'Omw
, d(wn; xn) � 1=n, dhlad  d(wn; xn)! 0. 'Ara,0 � d(xn; x) � d(xn; wn) + d(wn; x)! 0 + 0 = 0:Dhlad , xn ! x. AfoÔ h (xn)  tan tuqoÔsa akolouj�a Cau
hy ston X, o (X; d) e�naipl rh
.7. 'Estw (xn) akolouj�a Cau
hy sto Z. Gia " = 1=2 > 0, br�skoume n0 2 N tètoion ¸ste,an n;m � n0 tìte d(xn; xm) < 1=2. Eidikìtera, gia k�je n � n0 èqoumed(xn; xn0) < 12 :'Omw
, apì ton orismì th
 metrik 
, èqoume d(y; xn0 ) � 1 an y 6= xn0 . Autì shma�nei ìtixn = xn0 gia k�je n � n0. Dhlad , h (xn) e�nai telik� stajer , opìte sugkl�nei (giat�?).8. Or�zoume xn = n. H (xn) e�nai akolouj�a Cau
hy ston (N; d): èstw " > 0. Up�rqein0 2 N tètoio
 ¸ste 1=n0 < "=2. Tìte, an m;n � n0 èqoumed(xn; xm) = d(n;m) = ��� 1n � 1m ��� � 1n + 1m � 2n0 < ":A
 upojèsoume ìti up�rqei k 2 N tètoio
 ¸ste xn ! k w
 pro
 thn d. Tìte,d(xn; k)! 0() ��� 1n � 1k ���! 0() 1n ! 1kkaj¸
 n!1. 'Omw
, 1=n! 0, �ra 1=k = 0 to opo�o e�nai �topo.Br kame akolouj�a Cau
hy ston (N; d), h opo�a den sugkl�nei w
 pro
 thn d. 'Ara, o(N; d) den e�nai pl rh
.9. ParathroÔme ìti an x; y 2 U , tìte d(x;U
) > 0 kai d(y; U
) > 0 (giat� to U
 e�naikleistì kai x; y =2 U
). 'Ara, h � or�zetai kal�.



47Den e�nai dÔskolo na elègxete ìti h � e�nai metrik . To pio endiafèron shme�o e�naiìti �(x; y) = 0 =) jx� yj+ ����� 1d(x; U
) � 1d(y;U
) ����� = 0 =) jx� yj = 0 =) x = y:'Estw (xn) akolouj�a Cau
hy ston (U; �). Gia k�je " > 0 up�rqei n0 2 N tètoio
 ¸ste,an m;n � n0 tìte 0 � jxn � xmj � �(xn; xm) < ";�ra h (xn) e�nai akolouj�a Cau
hy kai ston (R; j � j). Up�rqei loipìn x 2 R tètoio ¸stejxn � xj ! 0. Ep�sh
,0 � ����� 1d(xn; U
) � 1d(xm; U
) ����� � �(xn; xm) < ";dhlad , h (1=d(xn; U
)) e�nai Cau
hy ston (R; j � j), �ra e�nai fragmènh. Up�rqei loipìnM > 0 me thn idiìthta: gia k�je n 2 N,1d(xn; U
) �M =) d(xn; U
) � 1M :AfoÔ xn ! x w
 pro
 thn j � j, èqoume d(xn; U
)! d(x;U
), kaid(x; U
) = limn!1 d(xn; U
) � 1M > 0;dhlad  x 2 U . Tèlo
,�(x; xn) = jx� xnj+ ����� 1d(x;U
) � 1d(xn; U
) �����! 0:10. Apì ton orismì th
 metrik 
 tou C[a; b℄,d(fn; f)! 0 , 8" > 0 9n0(") 2 N : 8n � n0 d(fn; f) < ", 8" > 0 9n0(") 2 N : 8n � n0 maxt2[a;b℄ jfn(t)� f(t)j < ", 8" > 0 9n0(") 2 N : 8n � n0 8t 2 [a; b℄ jfn(t)� f(t)j < ";to opo�o e�nai akrib¸
 o orismì
 th
 omoiìmorfh
 sÔgklish
 th
 (fn) sthn f .'Estw t¸ra (fn) akolouj�a Cau
hy ston C[a; b℄. 'Estw " > 0. Up�rqei n0(") 2 Ntètoio
 ¸ste 8n;m � n0 d(fn; fm) < ";dhlad , 8n;m � n0 8t 2 [a; b℄ jfn(t)� fm(t)j < ":Autì shma�nei ìti h (fn) e�nai omoiìmorfa Cau
hy. Apì gnwstì je¸rhma (An�lush II),up�rqei suneq 
 sun�rthsh f : [a; b℄! R tètoia ¸ste fn ! f omoiìmorfa. 'Opw
 e�dameparap�nw, autì gr�fetai isodÔnama sth morf  d(fn; f)! 0.AfoÔ h (fn)  tan tuqoÔsa akolouj�a Cau
hy ston C[a; b℄, o C[a; b℄ e�nai pl rh
.11. Arke� na de�xoume ìti o 
00 den e�nai kleistì uposÔnolo tou `1 (giat� o `1 e�naipl rh
).



48 Or�zoumexn = �1; 12 ; : : : ; 1n; 0; : : :�; x = �1; 12 ; : : : ; 1n ; 1n+ 1 ; : : :� 2 `1n
00:Tìte, d(xn; x) = sup(j1� 1j; : : : ; ��� 1n � 1n ���; ���0� 1n+ 1 ���; : : :) = 1n+ 1 ! 0:Br kame (xn) ston 
00 me xn ! x 2 `1n
00. 'Ara, o 
00 den e�nai kleistì uposÔnolo tou`1.12. Den e�nai dÔskolo na elègxete ta axi¸mata th
 metrik 
. To mìno shme�o pouqrei�zetai prosoq  e�nai h aitiolìghsh th
 sunepagwg 
d(x; y) = j ar
tan x� ar
tan yj = 0 =) x = y;h opo�a ìmw
 prokÔptei �mesa apì to gegonì
 ìti h f(x) = ar
tan x e�nai gnhs�w
 aÔxou-sa, �ra èna pro
 èna, sto R.Gia na de�xoume ìti o (R; d) den e�nai pl rh
, or�zoume xn = n. H (xn) e�nai akolouj�aCau
hy ston (R; d): èstw " > 0. AfoÔ limx!1 ar
tanx = �=2, up�rqei n0 2 N tètoio
¸ste j�=2� ar
tannj < "=2 gia k�je n � n0. Tìte, an m;n � n0 èqoumed(xn; xm) = d(n;m) = j ar
tan n� ar
tanmj� j�=2� ar
tannj + j�=2� ar
tanmj< "2 + "2 = ":A
 upojèsoume ìti up�rqei w 2 R tètoio
 ¸ste xn ! w w
 pro
 thn d. Tìte,d(xn; w)! 0() j ar
tann� ar
tanwj ! 0() ar
tann! ar
tanwkaj¸
 n!1. 'Omw
 tìte ar
tanw = �=2, to opo�o e�nai �topo.Br kame akolouj�a Cau
hy ston (R; d), h opo�a den sugkl�nei w
 pro
 thn d. 'Ara, o(R; d) den e�nai pl rh
.13. O C[a; b℄ e�nai pl rh
, epomènw
 arke� na de�xoume ìti o Y e�nai kleistì uposÔnolotou C[a; b℄. 'Estw f; fn : [a; b℄! R me fn 2 Y kai d(fn; f)! 0.Apì thn upìjesh pou k�noume, fn(x)! f(x) gia k�je x 2 [a; b℄, �rafn(a)! f(a); fn(b)! f(b):'Omw
 fn 2 Y , �ra fn(a) = fn(b) gia k�je n 2 N. 'Epetai ìtif(a) = limn!1 fn(a) = limn!1 fn(b) = f(b);dhlad  f 2 Y . Autì apodeiknÔei ìti to Y e�nai kleistì uposÔnolo tou C[a; b℄.14. 'Estw (xn) akolouj�a Cau
hy ston X. Gia " = 1=2 > 0, br�skoume n0 2 N tètoio¸ste, an n;m � n0 tìte d(xn; xm) < 1=2. Eidikìtera, gia k�je n � n0 èqoumed(xn; xn0) < 12 :



49'Omw
, h d e�nai h diakrit  metrik , dhlad  d(y; xn0) = 1 an y 6= xn0 . Autì shma�nei ìtixn = xn0 gia k�je n � n0. Dhlad , h (xn) e�nai telik� stajer , opìte sugkl�nei (giat�?).15. K�nte èna sq ma. 'Estw m < n. Oi fn; fm sump�ptoun sto [ 1m2 ; 1℄ (�se
 me 1=pt).'Ara, d(fn; fm) = Z 1=n20 jn�mjdt+ Z 1=m21=n2 ��� 1pt �m���dt= n�mn2 + 2pt�����1=m21=n2 �m� 1m2 � 1n2 �= 1n � mn2 + 2m � 2n � 1m + mn2= 1m � 1n < 1m:'Estw " > 0. Up�rqei n0 2 N tètoio
 ¸ste 1n0 < ". An n > m � n0, tìted(fn; fm) = 1m � 1n � 1n0 < ":'Ara, h (fn) e�nai akolouj�a Cau
hy.'Estw ìti up�rqei f : [0; 1℄ ! R suneq 
, tètoia ¸ste d(fn; f) ! 0. Gia k�je Æ > 0br�skoume n0 2 N tètoio ¸ste 1=n20 < Æ. Tìte, gia k�je n � n0 èqoume0 � Z 1Æ ��� 1pt � f(t)���dt � Z 11=n2 ��� 1pt � f(t)���dt= Z 11=n2 jfn(t)� f(t)jdt � Z 10 jfn(t)� f(t)jdt= d(fn; f)! 0:'Ara, Z 1Æ ��� 1pt � f(t)���dt = 0 =) f(t) = 1pt ; t 2 [Æ; 1℄:To Æ 2 (0; 1)  tan tuqìn, �ra f(t) = 1pt sto (0; 1℄. 'Omw
 tìte, limt!0+ f(t) = +1, toopo�o e�nai �topo afoÔ f 2 C[0; 1℄.16. An n > m, tìted(xn; xm) = mXk=1 ��� 1k2 � 1k2 ���+ nXk=m+1 ��� 1k2 � 0���+ 1Xk=n+1 j0� 0j = nXk=m+1 1k2 � 1Xk=m+1 1k2 :'Omw
 h seir� P1k=1 1k2 sugkl�nei, �ra an m�
 d¸soun " > 0 up�rqei n0(") 2 N tètoio
¸ste, gia k�je m � n0 1Xk=m+1 1k2 < ":'Epetai ìti: an n > m � n0, tìte d(xn; xm) < ". Dhlad , h (xn) e�nai akolouj�a Cau
hyston 
00.



50 A
 upojèsoume ìti xn ! x = (�k)k 2 
00. Ja de�xoume ìti �k = 1k2 gia k�je k 2 N, toopo�o e�nai �topo (giat� tìte, x =2 
00). 'Estw ìti up�rqei k0 2 N tètoio
 ¸ste �k0 6= 1=k20 .Dhlad , ����k0 � 1k20 ��� = � > 0. Tìte, gia k�je n > k0 isqÔeid(xn; x) = nXk=1 ��� 1k2 � �k���+ 1Xk=n+1 j�kj � ��� 1k20 � �k0 ��� = �;to opo�o e�nai �topo afoÔ d(xn; x)! 0.'Allo
 trìpo
: de�xte ìti o 
00 me aut  th metrik  den e�nai kleistì uposÔnolo tou `1(giat� autì e�nai arketì?).17. 'Eqoume T1n=1 An � Am gia k�je m 2 N, �raf  1\n=1An! � f(Am) gia k�je m 2 N:'Epetai ìti f  1\n=1An! � 1\m=1 f(Am) = 1\n=1 f(An):Gia ton ant�strofo egkleismì: èstw y 2 T1n=1 f(An). Gia k�je n 2 N, up�rqei xn 2 Antètoio ¸ste f(xn) = y.AfoÔ diam(An) ! 0, h (xn) e�nai akolouj�a Cau
hy (jumhje�te thn apìdeixh toujewr mato
 tou Cantor). O X e�nai pl rh
, �ra up�rqei x 2 X gia to opo�o xn ! x.Autì to shme�o x an kei sto T1n=1An (gia thn akr�beia, T1n=1An = fxg - jumhje�te p�lithn apìdeixh tou jewr mato
 tou Cantor). Tèlo
, afoÔ h f e�nai suneq 
, èqoumef(x) = limn!1 f(xn) = limn!1 y = y:Dhlad , y = f(x) 2 f�T1n=1 An�.



Kef�laio 3Q¸roi me nìrma
3.1 Grammiko� q¸roi3.1.1 'Ena mh kenì sÔnolo X lègetai grammikì
 q¸ro
 (  dianusmatikì
 q¸ro
)p�nw apì to R an e�nai efodiasmèno me dÔo pr�xei
+ : X �X ! X (thn prìsjesh)kai � : R �X ! X (ton pollaplasiasmì)pou ikanopoioÔn ta ex 
:(I) Axi¸mata th
 prìsjesh
: gia k�je x; y; z 2 X ,1. x+ y = y + x.2. x+ (y + z) = (x+ y) + z.3. Up�rqei èna stoiqe�o ~0 2 X tètoio ¸ste, gia k�je x 2 X , ~0 + x = x.4. Gia k�je x 2 X up�rqei (monadikì) �x 2 X tètoio ¸ste x+ (�x) = ~0.Dhlad , to X e�nai antimetajetik  om�da me thn pr�xh th
 prìsjesh
.(II) Axi¸mata tou pollaplasiasmoÔ: gia k�je x; y 2 X kai �; � 2 R,1. �(�x) = (��)x.2. 1x = x.3. �(x + y) = �x + �y.4. (�+ �)x = �x+ �x.'Amese
 sunèpeie
 twn axiwm�twn tou grammikoÔ q¸rou e�nai, gia par�deigma, oi0x = ~0; �~0 = ~0; �x = (�1)x:51



52Sth sunèqeia ja qrhsimopoioÔme eleÔjera tètoiou e�dou
 idiìthte
 (h dom  tougrammikoÔ q¸rou ja jewrhje�, se genikè
 grammè
, gnwst ). Ta stoiqe�a tou Xja lègontai shme�a (  kai dianÔsmata).3.1.2. Parade�gmata (a) O Rm g�netai grammikì
 q¸ro
 me pr�xei
 ti
(�1; : : : ; �m) + (�1; : : : ; �m) = (�1 + �1; : : : ; �m + �m);�(�1; : : : ; �m) = (��1; : : : ; ��m):EÔkola elègqoume ìti ~0 = (0; : : : ; 0) kai �(�1; : : : ; �m) = (��1; : : : ;��m).(b) To sÔnolo s twn akolouji¸n pragmatik¸n arijm¸n g�netai grammikì
 q¸ro
 anor�soume prìsjesh kai pollaplasiasmì kat� suntetagmènh: an x = (�k), y = (�k),kai � 2 R, jètoume x+ y = (�k + �k) ; �x = (��k):(g) An A 6= ; kai F (A) e�nai to sÔnolo ìlwn twn sunart sewn f : A ! R, tìteto F (A) g�netai grammikì
 q¸ro
 an or�soume prìsjesh kai pollaplasiasmì kat�shme�o: an f; g 2 F (A) kai � 2 R, or�zoume f + g; �f 2 F (A) jètonta
(f + g)(t) = f(t) + g(t) ; (�f)(t) = �f(t) ; t 2 A:3.1.3 An X e�nai èna
 grammikì
 q¸ro
 kai Y èna mh kenì uposÔnolo tou X , toY lègetai (grammikì
) upìqwro
 tou X an gia k�je x; y 2 Y kai �; � 2 R èqoume�x + �y 2 Y .EÔkola elègqoume ìti o Y e�nai upìqwro
 tou X an kai mìno an o Y e�naigrammikì
 q¸ro
 me pr�xei
 tou
 periorismoÔ
 twn +; � sta Y � Y kai R � Yant�stoiqa. O Y lègetai gn sio
 upìqwro
 tou X an e�nai upìqwro
 tou X kaiY 6= f0g; X .Poll� apì ta klasik� parade�gmata q¸rwn pou parousi�zoun endiafèron giath Sunarthsiak  An�lush e�nai upìqwroi tou s   k�poiou F (A):(1) O `1 e�nai grammikì
 q¸ro
: an �; � 2 R kai x = (�k); y = (�k) e�nai fragmène
akolouj�e
, tìte h �x+ �y = (��k + �yk) e�nai fragmènh.(2) O 
 e�nai grammikì
 q¸ro
: an x = (�k); y = (�k) 2 
, tìte up�rqoun a; b 2 Rtètoia ¸ste �k ! a, �k ! b. Tìte, gia k�je �; � 2 R èqoume ��k + ��k ! �a+�b.Dhlad , �x+ �y 2 
.(3) O 
0 e�nai grammikì
 q¸ro
: an x = (�k); y = (�k) 2 
0 kai �; � 2 R, tìte�k ! 0; �k ! 0 =) ��k + ��k ! 0 =) �x + �y 2 
0:(4) O `p, 1 � p < +1 e�nai grammikì
 q¸ro
: an1Xk=1 j�kjp < +1 ; 1Xk=1 j�kjp < +1;



53tìte, gia k�je �; � 2 R, apì thn anisìthta tou Minkowski, 1Xk=1 j��k + ��k jp!1=p � j�j 1Xk=1 j�kjp!1=p + j�j 1Xk=1 j�kjp!1=p < +1;dhlad  (��k + ��k) 2 `p.(5) O B(A) e�nai grammikì
 q¸ro
: an oi f; g : A! R e�nai fragmène
 sunart sei
kai �; � 2 R, tìte h �f + �g e�nai fragmènh sun�rthsh.(6) O C[a; b℄ e�nai grammikì
 q¸ro
: an oi f; g : [a; b℄! R e�nai suneqe�
 sunart -sei
, tìte h �f +�g e�nai suneq 
 gia k�je �; � 2 R. Tele�w
 an�loga, oi suneq¸
paragwg�sime
 sunart sei
 C1[a; b℄, oi paragwg�sime
 sunart sei
 D[a; b℄, oi Rie-mann oloklhr¸sime
 sunart sei
 I [a; b℄ e�nai grammiko� upìqwroi tou F [a; b℄.3.1.4 An x1; : : : ; xm e�nai dianÔsmata tou grammikoÔ q¸rou X , tìte grammikì
sunduasmì
 twn xi e�nai k�je di�nusma th
 morf 
�1x1 + � � �+ �mxm; �i 2 R:An M � X , M 6= ;, tìte o upìqwro
 pou par�getai apì to M (gr�foume span(M)  hMi) e�nai to sÔnolo ìlwn twn grammik¸n sunduasm¸n stoiqe�wn tou M :span(M) = f�1x1 + � � �+ �mxm : �i 2 R; xi 2M;m 2 Ng:EÔkola blèpoume ìti o span(M) e�nai ìntw
 upìqwro
 tou X .3.1.5 An x1; : : : ; xm 2 X , lème ìti ta xi e�nai grammik� anex�rthta an�1x1 + � � �+ �mxm = ~0 =) �1 = : : : = �m = 0:IsodÔnama, an kanèna xi den gr�fetai san grammikì
 sunduasmì
 twn xj , j 6= i.Lème ìti to peperasmèno sÔnolo fx1; : : : ; xmg e�nai grammik� anex�rthto an tax1; : : : ; xm e�nai grammik� anex�rthta. Piì genik�, èna mh kenì M � X lègetaigrammik� anex�rthto an k�je peperasmèno uposÔnolì tou e�nai grammik� anex�r-thto.Ta x1; : : : ; xm lègontai exarthmèna an up�rqoun �i 2 R ìqi ìloi mhdèn, tètoioi¸ste �1x1+ � � �+�mxm = ~0. 'Ena M 6= ; lègetai exarthmèno an èqei peperasmènoexarthmèno uposÔnolo, an dhlad  up�rqoun exarthmèna x1; : : : ; xm 2M .Parade�gmata. (a) Ston C[a; b℄, to sÔnoloM = f1; t; : : : ; tN ; : : :g e�nai grammik�anex�rthto: A
 upojèsoume ìti �0 + �1t + � � �+ �N tN = ~0 gia k�poio N 2 N, kai�N 6= 0. Autì shma�nei ìti to polu¸numo P (t) = �0+�1t+ � � �+�N tN mhden�zetaitautotik� sto [a; b℄. 'Ara kai h N -st  tou par�gwgo
 e�nai tautotik� 0 sto [a; b℄.'Omw
, P (N)(t) � N !�N 6= 0;�topo. 'Ara, to M e�nai grammik� anex�rthto (giat�?).



54(b) Or�zoume Ænk = 0 an n 6= k kai Ænk = 1 an n = k. To sÔnoloM = fen : n 2 Ng(ìpou en = (Ænk)k2N) e�nai grammik� anex�rthto ston s (exhg ste), �ra kai stou
`p; 1 � p � 1, 
, kai 
0.3.1.6 Lème ìti o q¸ro
 X èqei peperasmènh di�stash an up�rqei n 2 N tètoio
¸ste1. Ston X up�rqoun n to pl jo
 grammik� anex�rthta dianÔsmata x1; : : : ; xn.2. An k � n+ 1, opoiad pote k dianÔsmata tou X e�nai grammik� exarthmèna.'Epetai ìti ta x1; : : : ; xn par�goun to q¸ro: X = spanfx1; : : : ; xng (�skhsh).O X èqei �peirh di�stash an X 6= f0g kai o X den èqei peperasmènh di�stash.Dhlad , an perièqei �peiro grammik� anex�rthto uposÔnolo.Par�deigma: O C[a; b℄ kai oi q¸roi `p, 1 � p � 1 e�nai apeirodi�statoi.3.1.7 'Ena uposÔnolo M tou X lègetai b�sh (Hamel b�sh) tou X an e�nai gram-mik� anex�rthto kai par�gei ton X . Anab�lloume thn apìdeixh tou Jewr mato
'Uparxh
 B�sh
:Je¸rhma K�je grammikì
 q¸ro
 X èqei b�sh. Opoiesd pote dÔo b�sei
 tou Xèqoun to �dio pl jo
 stoiqe�wn.To pl jo
 twn stoiqe�wn mia
 b�sh
 tou X lègetai di�stash tou X .3.2 Q¸roi me nìrma - Q¸roi Bana
hOrismì
. 'Estw X èna
 grammikì
 q¸ro
. Mia sun�rthsh k � k : X ! R lègetainìrma an ikanopoie� ta ex 
: gia k�je x; y 2 X kai � 2 R,(N1) kxk � 0.(N2) kxk = 0, x = 0.(N3) k�xk = j�j kxk.(N4) kx+ yk � kxk+ kyk.(h nìrma tou dianÔsmato
 x {metr�ei} thn apìstash tou x apì to 0, kai zht�me naèqei ti
 piì fusiologikè
 idiìthte
 pou h apìstash ja èprepe na èqei.)K�je nìrma ep�gei mia metrik  ston X : gia k�je x; y 2 X , or�zoumed(x; y) = kx� yk:Prìtash 3.2.1 H d e�nai metrik .Apìdeixh: (M1) d(x; y) = kx� yk � 0, apì thn (N1).(M2) d(x; y) = 0, kx� yk = 0, x� y = 0, x = y, apì thn (N2).(M3) d(y; x) = ky � xk = k(�1)(x� y)k = j � 1j kx� yk = kx� yk = d(x; y), apìthn (N3).



55(M4) d(x; y) = kx�yk = k(x� z)+(z�y)k � kx� zk+kz�yk = d(x; z)+d(z; y),apì thn (N4). 2Orismì
. Q¸ro
 Bana
h e�nai èna
 pl rh
 q¸ro
 me nìrma (dhlad , èna
 gram-mikì
 q¸ro
 me nìrma pou e�nai pl rh
 w
 pro
 th metrik  d pou ep�getai apì thnìrma.)Parade�gmata. (a) Ston Rm or�zoume thn kxk = p�21 + � � �+ �2m, ìpou x =(�1; : : : ; �m). EÔkola elègqoume ìti h k � k e�nai nìrma (h trigwnik  anisìthta e�naih anisìthta tou Minkowski me p = 2.)Sthn Par�grafo 2.2 e�dame ìti o Rm e�nai pl rh
 w
 pro
 th metrik  d(x; y) =pPmk=1 j�k � �kj2. 'Ara, o (Rm ; k � k) e�nai q¸ro
 Bana
h.(b) Ston `p = fx = (�k) :Pk j�kjp <1g, 1 � p <1, or�zoumekxk =  1Xk=1 j�kjp!1=p :Parathr ste ìtik�xk =  1Xk=1 j��k jp!1=p =  j�jp 1Xk=1 j�kjp!1=p= j�j 1Xk=1 j�kjp!1=p = j�j kxk:H trigwnik  anisìthta e�nai h anisìthta tou Minkowski. 'Ara, o `p e�nai q¸ro
 menìrma. Sthn Par�grafo 2.2 e�dame ìti o `p e�nai pl rh
 w
 pro
 th metrik d(x; y) =  1Xk=1 j�k � �kjp!1=p :'Ara, o `p, 1 � p <1, e�nai q¸ro
 Bana
h.(g) H kxk = supfj�kj : k 2 Ng e�nai nìrma ston `1. 'Eqoume de� ìti o `1 e�naipl rh
 w
 pro
 thn d(x; y) = supfj�k � �k j : k 2 Ng:'Ara, o `1 e�nai q¸ro
 Bana
h. Oi 
, 
0 e�nai kleisto� upìqwroi tou `1, �ra q¸roiBana
h.(d) O C[a; b℄ e�nai q¸ro
 Bana
h me nìrma thn kfk = maxt2[a;b℄ jf(t)j. Elègxte ti
leptomèreie
.(e) H kfk0 = R ba jf(t)jdt e�nai ep�sh
 nìrma ston C[a; b℄. E�dame ìmw
 ìti o C[a; b℄den e�nai pl rh
 w
 pro
 thn d(f; g) = R ba jf(t)� g(t)jdt. 'Ara, o (C[a; b℄; k � k0) e�naiq¸ro
 me nìrma, all� ìqi q¸ro
 Bana
h.H epìmenh prìtash sundèei th grammik  me thn topologik  dom  enì
 q¸roume nìrma:



56Prìtash 3.2.2 Se k�je q¸ro me nìrma, oi k�k kai +; � e�nai suneqe�
 sunart sei
.Apìdeixh: Ti ennooÔme m� autì: pr¸ta-pr¸ta, an xn; x 2 X , tìte xn ! x ston Xan kai mìno an d(xn; x) ! 0, dhlad  an kxn � xk ! 0. Katìpin, gia na elègxoumeth sunèqeia mia
 sun�rthsh
 f , arke� na de�xoume ìtixn ! x =) f(xn)! f(x):(a) H k � k e�nai suneq 
: Zht�me, xn ! x =) kxnk ! kxk. Autì ìmw
 èpetai apìthn ��kxk � kxnk�� � kx� xnk;afoÔ kx� xnk ! 0.(b) H + e�nai suneq 
: Jèloume na de�xoume ìti an xn ! x kai yn ! y, tìtexn + yn ! x+ y. Autì e�nai sunèpeia th
k(xn + yn)� (x+ y)k = k(xn � x) + (yn � y)k � kxn � xk+ kyn � yk ! 0:(g) H � e�nai suneq 
: Ja de�xoume ìti an �n ! � kai xn ! x, tìte �nxn ! �x.Gr�foume(�) k�x� �nxnk = k�n(x� xn) + (�� �n)xk � j�nj kx� xnk+ kxk j�� �nj:Parathr ste ìti, afoÔ �n ! �, up�rqei M > 0 tètoio
 ¸ste j�nj � M , n 2 N.Opìte, h (�) g�netaik�x� �nxnk �Mkx� xnk+ kxk j�� �nj ! 0: 2K�je metrik  pou ep�getai apì nìrma èqei prìsjete
 idiìthte
: e�nai {kal }metrik  (parathr ste ìti sthn apìdeixh th
 Prìtash
 3.2.1 den qrhsimopoi jhkanìle
 oi idiìthte
 th
 nìrma
):Prìtash 3.2.3 'Estw X q¸ro
 me nìrma, kai d h epagìmenh metrik . Tìte, giak�je x; y; z 2 X kai k�je � 2 R, èqoume1. d(x + z; y + z) = d(x; y),2. d(�x; �y) = j�jd(x; y).Apìdeixh: (a) d(x+ z; y + z) = k(x+ z)� (y + z)k = kx� yk = d(x; y).(b) d(�x; �y) = k�x� �yk = k�(x � y)k = j�j kx� yk = j�jd(x; y). 2Par�deigma: Ston s, h d(x; y) = 1Xk=1 12k j�k � �kj1 + j�k � �kj



57e�nai metrik . O s e�nai grammikì
 q¸ro
, ìmw
 h d den ep�getai apì k�poia nìrmak � k ston s: ja èprepe na ikanopoie� thnd(2x; 0) = k2xk = 2kxk = 2d(x; 0);dhlad  gia k�je x = (�k) 2 s ja e�qame1Xk=1 12k 2j�kj1 + 2j�kj = 2 1Xk=1 12k j�kj1 + j�kj :Autì den isqÔei (p�rte, gia par�deigma, x = (1; 0; : : :).)Orismì
 'Estw X q¸ro
 me nìrma. H monadia�a mp�la BX tou X e�nai h kleist mp�la me kèntro 0 kai akt�na 1. Dhlad ,BX = fx 2 X : kxk � 1g:Prìtash 3.2.4 Se k�je q¸ro me nìrma X , h monadia�a mp�la BX e�nai sÔnolokleistì, fragmèno, kurtì kai summetrikì w
 pro
 to 0, me mh kenì eswterikì.Apìdeixh: (a) H BX e�nai fragmènh: BX � D(0; 2).(b) An kxnk � 1 kai xn ! x, tìte kxk = limn kxnk � 1. Dhlad , h BX e�naikleistì sÔnolo.(g) H BX e�nai kurt : an x; y 2 BX kai � 2 (0; 1), tìtek�x+ (1� �)yk � k�xk+ k(1� �)yk � �+ (1� �) = 1;dhlad , �x + (1� �)y 2 BX .(d) An x 2 BX , tìte k � xk = kxk � 1, dhlad  �x 2 BX . 'Ara, h BX e�naisummetrik  w
 pro
 to 0.(e) D(0; 1=2) � BX , �ra BÆX 6= ;. 23.3 SÔgklish seir¸n'Eqoume de� ton orismì th
 sugkl�nousa
 akolouj�a
 se èna q¸ro me nìrma: anxn; x 2 X , n 2 N, tìte lème ìti xn ! x an kxn � xk ! 0.Tele�w
 an�loga, mia akolouj�a (xn) ston X lègetai akolouj�a Cau
hy an giak�je " > 0 up�rqei n0 = n0(") 2 N tètoio
 ¸sten;m � n0 =) kxn � xmk < ":O X e�nai grammikì
 q¸ro
, epomènw
 mporoÔme na prosjètoume tou
 ìrou
mi�
 akolouj�a
 ston X . Autì odhge� se mia fusiologik  gen�keush th
 ènnoia
th
 sugkl�nousa
 seir�
 se auja�reto q¸ro me nìrma:



58Orismì
 (a) 'Estw (xk) akolouj�a ston X . H akolouj�a (sn) twn merik¸n ajroi-sm�twn th
 (xk) or�zetai apì thnsn = x1 + � � �+ xn; n = 1; 2; : : :An up�rqei x 2 X tètoio ¸ste sn ! x, tìte lème ìti h seir� P1k=1 xk sugkl�neisto x, kai gr�foume x = 1Xk=1xk :(b) Lème ìti h seir� P1k=1 xk sugkl�nei apolÔtw
, an1Xk=1 kxkk < +1(dhlad , an h seir� pragmatik¸n arijm¸n kx1k+ kx2k+ � � � sugkl�nei sto R.)Prìtash 3.3.1 'Estw X q¸ro
 Bana
h. An h P1k=1 xk sugkl�nei apolÔtw
 stonX , tìte sugkl�nei ston X .Apìdeixh: 'Estw (xk) akolouj�a ston X , me thn idiìthta P1k=1 kxkk < 1. Anm�
 d¸soun " > 0, up�rqei n0(") 2 N tètoio
 ¸ste, gia k�je n > m � n0,kxm+1k+ � � �+ kxnk < ":Tìte, an n > m � n0,ksn � smk = kxm+1 + � � �+ xnk � kxm+1k+ � � �+ kxnk < ":To " > 0  tan tuqìn, �ra h (sn) e�nai Cau
hy. O X e�nai pl rh
, �ra h sn sugkl�neise k�poio x 2 X . Autì ex� orismoÔ shma�nei ìti h P1k=1 xk sugkl�nei sto x. 2H idiìthta th
 Prìtash
 3.3.1 qarakthr�zei tou
 pl rei
 q¸rou
 me nìrma:Prìtash 3.3.2 An se èna q¸ro X me nìrma, k�je apolÔtw
 sugkl�nousa seir�sugkl�nei, tìte o X e�nai pl rh
 (e�nai q¸ro
 Bana
h).Apìdeixh: 'Estw (xn) akolouj�a Cau
hy ston X . Gia " = 12k , k = 1; 2; : : :,mporoÔme na broÔme (giat�?) n1 < n2 < : : : < nk < : : : tètoia ¸ste8n > m � nk; kxn � xmk < 12k :Eidikìtera, n2 > n1 � n1 =) kxn2 � xn1k < 12 ;n3 > n2 � n2 =) kxn3 � xn2k < 122 ;



59kai, genik�, nk+1 > nk � nk =) kxnk+1 � xnkk < 12kgia k�je k 2 N. 'Ara, 1Xk=1 kxnk+1 � xnkk < 1 < +1:HP1k=1(xnk+1 �xnk ) sugkl�nei apolÔtw
, opìte (apì thn upìjes  ma
) sugkl�nei:up�rqei x 2 X tètoio ¸ste mXk=1(xnk+1 � xnk )! x;dhlad , xnm+1�xn1 ! x. 'Ara, xnk ! x+xn1 . De�xame ìti h (xn) èqei sugkl�nousaupakolouj�a. E�nai ìmw
 kai akolouj�a Cau
hy, �ra sugkl�nei ston X (Prìtash2.1.3). 'Epetai ìti o X e�nai pl rh
. 2'Eqonta
 sth di�jes  ma
 thn ènnoia th
 sugkl�nousa
 seir�
, mporoÔme naor�soume mia ènnoia {b�sh
} diaforetik  apì aut n th
 Hamel b�sh
:Orismì
 Mia akolouj�a (en) lègetai b�sh S
hauder tou q¸rou X , an en 2 X ,n 2 N, kai k�je x 2 X gr�fetai kat� monadikì trìpo sth morf x = 1Xn=1 anen:(up�rqoun dhlad  monadiko� an = an(x) 2 R tètoioi ¸stekx� (a1e1 + : : :+ amem)k ! 0kaj¸
 m ! 1.) H seir� P1n=1 anen e�nai to an�ptugma tou x w
 pro
 th b�sh(en).Par�deigma An 1 � p < +1, h akolouj�a (en) me en = (Ænk) e�nai b�sh S
haudertou `p (exhg ste).Prìtash 3.3.3 'Estw X q¸ro
 me nìrma. An o X èqei b�sh S
hauder (en)n2N,tìte o X e�nai diaqwr�simo
.Apìdeixh: Or�zoumeM = fPmn=1 qnen : m 2 N; qn 2 Qg. ToM e�nai arijm simo.'Estw x 2 X kai " > 0. Up�rqoun an 2 R, n 2 N tètoioi ¸stex = 1Xn=1 anen;�ra up�rqei m 2 N me thn idiìthta

x� mXn=1 anen

 < "2 :



60Gia k�je n = 1; : : : ;m, br�skoume qn 2 Q tètoiou
 ¸stejqn � anj kenk < "2m:Tìte, Pmn=1 qnen 2M , kai

x� mXn=1 qnen

 � 

x� mXn=1 anen

+ 

 mXn=1(an � qn)en

� "2 + mXn=1 jan � qnj kenk< "2 +m "2m = ":'Ara, M = X . 2Shme�wsh: To 1936, o Mazur r¸thse an isqÔei to ant�strofo th
 Prìtash
 3.3.3:an dhlad , k�je diaqwr�simo
 q¸ro
 Bana
h èqei b�sh S
hauder. To er¸thmaapode�qjhke exairetik� dÔskolo: to 1973, o Per En
o èdwse arnhtik  ap�nthsh.3.4 Ask sei
1. An Y kai Z e�nai upìqwroi tou X , de�xte ìti o Y \Z e�nai upìqwro
 tou X , en¸o Y [ Z e�nai upìqwro
 tou X an kai mìno an e�te Y � Z e�te Z � Y .2. (a) De�xte ìti, an 1 � p < r � 1, tìte gia k�je x 2 Rn isqÔeikxkr � kxkp � n 1p� 1r kxkr:Bre�te dianÔsmata x gia ta opo�a isqÔei isìthta sti
 parap�nw anisìthte
.(b) De�xte ìti gia k�je " > 0 up�rqei N 2 N tètoio
 ¸ste: an N < p < +1, tìtegia k�je x 2 Rn isqÔei kxk1 � kxkp � (1 + ")kxk1:3. 'EstwX q¸ro
 me nìrma. De�xte ìti h kleist  j kh Y enì
 grammikoÔ upoq¸rouY tou X e�nai grammikì
 upìqwro
 tou X .4. De�xte ìti se ènan q¸ro me nìrma (X; k � k), gia k�je x 2 X kai r > 0 isqÔeiB(x; r) = D(x; r):5. 'Estw X q¸ro
 me nìrma, kai Y èna
 grammikì
 upìqwro
 tou X . De�xte ìtian Y Æ 6= ;, tìte Y = X .



616. 'Estw X grammikì
 q¸ro
, kai k � k, k � k0 dÔo nìrme
 ston X . De�xte ìtikxk � kxk0 gia k�je x 2 X , an kai mìno an B(X;k�k0) � B(X;k�k).7. O 
00 perièqetai se k�je `p, 1 � p � 1. De�xte ìti e�nai puknì
 ston `p,1 � p < +1, ìqi ìmw
 ston `1.8. JewroÔme to S = fx 2 `1 :P1k=1 j�kj � 1g. De�xte ìti to S e�nai kleistì ston`1 (kai ston `1) w
 pro
 thn kxk = supfj�kj : k 2 Ng kai èqei kenì eswterikì.De�xte ìti o `1 me nìrma thn kxk = supfj�kj : k 2 Ng den e�nai q¸ro
 Bana
h.9. Ston `1 or�zoume kxk0 = 2���� 1Xk=1 �k����+ 1Xk=2�1 + 1k� j�kj:De�xte ìti h k � k0 e�nai nìrma. E�nai isodÔnamh me thn kxk = P1k=1 j�k j? E�nai o(`1; k � k0) q¸ro
 Bana
h?10. 'Estw X n-di�stato
 pragmatikì
 grammikì
 q¸ro
, kai x1; : : : ; xm dianÔsma-ta pou par�goun ton X . Tìte, gia k�je x 2 X up�rqoun �1; : : : ; �m 2 R (ìqianagkastik� monadik�), tètoia ¸ste x =Pmi=1 �ixi. Or�zoumekxk = inf � mXi=1 j�ij : �i 2 R; x = mXi=1 �ixi�:De�xte ìti o (X; k � k) e�nai q¸ro
 me nìrma.11. 'Estw C1[0; 1℄ o q¸ro
 twn suneq¸
 paragwg�simwn f : [0; 1℄ ! R, me nìrmathn kfk = max� max0�t�1 jf(t)j; max0�t�1 jf 0(t)j�:De�xte ìti h k � k e�nai ìntw
 nìrma, kai ìti o (C1[0; 1℄; k � k) e�nai q¸ro
 Bana
h.12. Ston 
0 jewroÔme thn kxk0 =P1k=1 j�kj2k . De�xte ìti o (
0; k � k0) e�nai q¸ro
 menìrma, all� den e�nai q¸ro
 Bana
h.13. JewroÔme ton 
00 san upìqwro tou `1. 'Estw yn = �0; : : : ; 0; 1n2 ; 0; : : : �,n 2 N. De�xte ìti h Pn kynk sugkl�nei, all� h Pn yn den sugkl�nei ston Y . Tisumpera�nete?
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63Upode�xei
 - apant sei
1. (a) Gia thn tom : upojètoume ìti x; y 2 Y \ Z kai �; � 2 R. AfoÔ x; y 2 Y kai o Ye�nai grammikì
 upìqwro
 tou X, pa�rnoume �x+�y 2 Y . Omo�w
, �x+�y 2 Z. Dhlad ,�x+ �y 2 Y \ Z.(b) Gia thn ènwsh: an Y � Z tìte Y [ Z = Z, en¸ an Z � Y tìte Y [ Z = Y . Se k�jeper�ptwsh, o Y [ Z e�nai grammikì
 upìqwro
 tou X.Ant�strofa, a
 upojèsoume ìti o Y [ Z e�nai grammikì
 upìqwro
 tou X. Me thnupìjesh ìti up�rqoun y 2 Y nZ kai z 2 ZnY , ja katal xoume se �topo. Pr�gmati, afoÔy; z 2 Y [ Z, èqoume y + z 2 Y [ Z.An y + z 2 Y tìte (y + z)� y 2 Y giat� o Y e�nai upìqwro
, dhlad  z 2 Y to opo�oe�nai �topo.An y + z 2 Z tìte (y + z) � z 2 Z giat� o Z e�nai upìqwro
, dhlad  y 2 Z to opo�oe�nai p�li �topo.AfoÔ den mporoÔn na isqÔoun tautìqrona oi Y nZ 6= ; kai ZnY 6= ;, èqoume e�teY � Z e�te Z � Y .2. (a) De�xte thn ex 
 anisìthta: an r � 1 kai a; b � 0, tìte (a+b)r � ar+br. Epagwgik�blèpoume ìti an r � 1 kai a1; : : : ; an � 0, tìte(a1 + � � �+ an)r � ar1 + � � � + arn:'Estw p < r. An x = (�1; : : : ; �n) 2 Rn , èqoumekxkrp = (j�1jp + � � �+ j�njp)r=p � (j�1jp)r=p + � � � + (j�njp)r=p = j�1jr + � � �+ j�njr = kxkrr;opìte kxkr � kxkp (qrhsimopoi same thn prohgoÔmenh anisìthta gia ta r=p > 1 kaiak = j�kjp). Isìthta isqÔei an x = ~0   x = ei, i = 1; : : : ; n.Gia thn �llh anisìthta qrhsimopoioÔme thn anisìthta tou H�older:kxkpp = j�1jp � 1 + � � �+ j�njp � 1� �(j�1jp)r=p + � � � + (j�njp)r=p� pr (1 + � � �+ 1)1� pr= kxkprn1� pr ;�ra kxkp � kxkrn 1p� 1r . Isìthta isqÔei an x = (1; : : : ; 1). H per�ptwsh r =1 e�nai apl .(b) Apì to (a) èqoume kxk1 � kxkp � n1=pkxk1 gia k�je p � 1 kai k�je x 2 Rn . 'Estw" > 0. AfoÔ n1=p ! 1 ìtan p ! 1, up�rqei N 2 N tètoio
 ¸ste n1=p < 1 + " gia k�jep > N . Tìte, gia k�je p > N isqÔei hkxk1 � kxkp � (1 + ")kxk1; x 2 Rn :3. 'Estw z; w 2 Y kai �; � 2 R. Up�rqoun zn; wn 2 Y me zn ! z kai wn ! w. AfoÔ oY e�nai grammikì
 upìqwro
 tou X, gia k�je n 2 N èqoume �zn + �wn 2 Y .'Omw
 oi pr�xei
 tou X e�nai suneqe�
 w
 pro
 th nìrma, �ra�zn + �wn ! �z + �w:Autì shma�nei ìti �z + �w 2 Y .



644. H B(x; r) e�nai kleistì sÔnolo kai D(x; r) � B(x; r). 'Ara,D(x; r) � B(x; r):Ant�strofa, èstw y 2 B(x; r), y 6= x. Or�zoume yn = x+ �n(y � x), ìpou (�n) gnhs�w
aÔxousa akolouj�a jetik¸n arijm¸n me ìrio to 1. Tìte yn ! x+ (y � x) = y kaikx� ynk = k�n(y � x)k = �nky � xk < ky � xk � r;dhlad  yn 2 D(x; r) kai yn ! y. 'Epetai ìti y 2 D(x; r), kai afoÔ to y 2 B(x; r), y 6= x tan tuqìn, B(x; r) � D(x; r).5. AfoÔ Y Æ 6= ;, up�rqoun y 2 X kai r > 0 tètoia ¸ste D(y; r) � Y . Eidikìtera, y 2 Y .'Estw x 2 X, x 6= y. Tìte, y + r2 x�ykx�yk 2 D(y; r) (giat�?), �ray + r2 x� ykx� yk 2 Y:'Omw
 o Y e�nai grammikì
 upìqwro
 tou X, opìte qrhsimopoi¸nta
 thn parat rhsh ìtiy 2 Y pa�rnoume r2 x� ykx� yk 2 Y =) x� y 2 Y =) x 2 Y:To x  tan tuqìn, �ra Y = X.6. 'Estw ìti kxk � kxk0 gia k�je x 2 X. An x 2 B(X;k�k0), tìte kxk0 � 1. 'Ara,kxk � kxk0 � 1, to opo�o shma�nei ìti x 2 B(X;k�k). Dhlad , B(X;k�k0) � B(X;k�k).Ant�strofa, upojètoume ìti B(X;k�k0) � B(X;k�k) kai jewroÔme tuqìn x 2 Xnf0g.Tìte, 




 xkxk0 




0 = 1 =) xkxk0 2 B(X;k�k0) � B(X;k�k);dhlad  




 xkxk0 




 � 1 =) kxkkxk0 � 1:H k0k � k0k0 isqÔei san isìthta, opìte de�xame ìti kxk � kxk0 gia k�je x 2 X.7. (a) 'Estw x = (�k) 2 `p, 1 � p < +1 kai " > 0. AfoÔ P1k=1 j�kjp < +1, up�rqeiN 2 N tètoio
 ¸ste P1k=N+1 j�kjp < "p.Or�zoume w = (�1; : : : ; �N ; 0; : : :) 2 
00. Tìte,kx� wk =  1Xk=N+1 j�kjp!1=p < ";dhlad  D(x; ") \ 
00 6= ;. AfoÔ to " > 0 kai to x 2 `p  tan tuqìnta, sumpera�noume ìtio 
00 e�nai puknì
 ston `p, 1 � p < +1.(b) JewroÔme to x = (1; : : : ; 1; : : :) 2 `1. An w 2 
00, up�rqei N 2 N tètoio
 ¸stewk = 0 gia k�je k � N . 'Ara,kx� wk = supfj1� wkj : k 2 Ng � j1� wN j = 1:



65Dhlad  d(x; 
00) � 1, to opo�o shma�nei ìti D(x; 1)\ 
00 = ;. 'Ara, o 
00 den e�nai puknì
ston `1.8. (a) 'Estw xn = (�nk) 2 S, dhlad Pk j�nkj � 1 gia k�je n. Upojètoume ìti xn ! x =(�k) 2 `1. Tìte, supfj�nk � �kj : k 2 Ng ! 0kaj¸
 n ! 1, �ra gia k�je k 2 N èqoume �nk ! �k kaj¸
 n ! 1. Gia k�je N 2 Nèqoume NXk=1 j�nkj � 1Xk=1 j�nkj � 1;�ra NXk=1 j�kj = limn!1 NXk=1 j�nkj � 1:AfoÔ autì isqÔei gia k�je N , èpetai ìti P1k=1 j�kj � 1, dhlad  x 2 S. Autì apodeiknÔeiìti to S e�nai kleistì ston `1.(b) Ja de�xoume ìti to S èqei kenì eswterikì ston (`1; k � k`1) - �ra kai ston `1. 'Estwìti up�rqoun x 2 S kai " > 0 me thn idiìthtafz 2 `1 : kz � xk`1 < "g � S:MporoÔme na upojèsoume ìti up�rqoun �peiroi de�kte
 k1 < k2 < : : : < kN < : : : gia tou
opo�ou
 �kj � 0 (alli¸
 douleÔoume me ta arnhtik� �k). Br�skoume n 2 N tìso meg�lo¸ste N"=2 > 1 kai or�zoume �0k1 = �k1 + "2 ; : : : ; �0kN = �kN + "2 , kai �0k = �k gia ìlou
tou
 �llou
 k. Tìte to x0 = (�0k) 2 `1, kx� x0k`1 = "2 < ", kai1Xk=1 j�0kj = 1Xk=1 j�kj+ N"2 > 1;dhlad  x0 =2 S. 'Atopo, giat� e�qame upojèsei ìti `1 \D(x; ") � S.(g) 'Estw ìti o (`1; k � k`1) e�nai q¸ro
 Bana
h. Tìte, o `1 e�nai kleistì uposÔnolo tou`1 w
 pro
 thn k � k`1 (giat�?). Gia k�je n 2 N or�zoumeFn = nS = fx 2 `1 : 1Xk=1 j�kj � ng:K�je Fn e�nai kleistì uposÔnolo tou `1 w
 pro
 thn k �k`1 , kai èqei kenì eswterikì ston(`1; k � k`1): an to nS perie�qe mp�la akt�na
 r > 0, tìte to S ja perie�qe mp�la akt�na
r=n, �topo apì to (b).Ta Fn e�nai kleist� uposÔnola tou `1 me kenì eswterikì kai `1 = S1n=1 Fn (giat�?).Autì e�nai �topo apì to je¸rhma tou Baire. 'Ara, o (`1; k � k`1) den e�nai q¸ro
 Bana
h.9. H k � k0 or�zetai kal�, giat� an x 2 `1 èqoume2����� 1Xk=1 �k�����+ 1Xk=2�1 + 1k� j�kj � 2 1Xk=1 j�kj + 32 1Xk=2 j�kj < +1:



66H mình idiìthta th
 nìrma
 pou qrei�zetai prosoq , e�nai h kxk0 = 0 =) x = 0. 'Eqoumekxk0 = 0 =) 2����� 1Xk=1 �k�����+ 1Xk=2�1 + 1k� j�kj = 0;ap� ìpou pa�rnoume �k = 0 gia k�je k � 2 kai P1k=1 �k = 0. Aut� ta dÔo m�
 d�noun kaithn �1 = 0, �ra x = 0.Ja de�xoume ìti h k � k0 kai h sun jh
 nìrma k � k ston `1 e�nai isodÔname
. AfoÔ o(`1; k � k) e�nai q¸ro
 Bana
h, autì de�qnei amèsw
 ìti o `1 e�nai pl rh
 w
 pro
 thn k � k0(giat�?). 'Eqoume:kxk0 � 2 1Xk=1 j�kj + 32 1Xk=2 j�kj � 2 1Xk=1 j�kj + 32 1Xk=1 j�kj = 72kxk;kai kxk = 1Xk=1 j�kj = j�1j + 1Xk=2 j�kj= ����� 1Xk=1 �k � 1Xk=2 �k�����+ 1Xk=2 j�kj� ����� 1Xk=1 �k�����+ j 1Xk=2 �kj + 1Xk=2 j�kj� ����� 1Xk=1 �k�����+ 2 1Xk=2 j�kj� 2 2��� 1Xk=1 �k���+ 1Xk=2�1 + 1k� j�kj!= 2kxk0:E�dame ìti 12kxk � kxk0 � 72kxk gia k�je x 2 `1, �ra oi dÔo nìrme
 e�nai isodÔname
.10. Ta xi par�goun ton X, epomènw
 k�je x 2 X gr�fetai me toul�qiston ènan trìposth morf  x =Pmi=1 �ixi. 'Ara, to( mXi=1 j�ij : x = mXi=1 �ixi)e�nai mh kenì kai k�tw fragmèno apì to 0, opìte hkxk = inf ( mXi=1 j�ij : x = mXi=1 �ixi)or�zetai kal�. Profan¸
, kxk � 0 gia k�je x 2 X.Gia to (N2): 'Estw ìti kxk = 0. Tìte, gia k�je k 2 N up�rqoun �(k)i tètoioi ¸stePmi=1 j�(k)i j < 1k kai x = Pmi=1 �(k)i xi. AfoÔ j�(k)i j < 1=k, èqoume �(k)i ! 0 gia k�jei � m. P�rte opoiad pote nìrma k � k0 ston X. Tìte, x =Pmi=1 �(k)i xi !Pmk=1 0 � xi = ~0w
 pro
 thn k � k0, �ra x = ~0.



67Gia to (N3): 'Estw x 2 X kai a 2 R. Gia tuqìn " > 0 up�rqoun �i 2 R tètoioi ¸stex =Pmi=1 �ixi kai kxk �Pmi=1 j�ij < kxk+ ". Tìte, ax =Pmi=1(a�i)xi kaimXi=1 ja�ij < jaj � kxk+ jaj" =) kaxk < jaj � kxk+ jaj":AfoÔ to "  tan tuqìn, kaxk � jaj � kxk. Tele�w
 an�loga de�qnoume thn ant�strofhanisìthta.Gia to (N4): 'Estw x; y 2 X kai " > 0. Up�rqoun �i; �i 2 R tètoioi ¸ste x =Pmi=1 �ixi,y =Pmi=1 �ixi kai mXi=1 j�ij < kxk+ "; mXi=1 j�ij < kyk+ ":Tìte, x+ y =Pmi=1(�i + �i)xi kaimXi=1 j�i + �ij � mXi=1 j�ij+ mXi=1 j�ij < kxk+ kyk+ 2":'Ara, kx+ yk � mXi=1 j�i + �ij < kxk+ kyk+ 2";kai afoÔ to "  tan tuqìn, pa�rnoume thn kx+ yk � kxk+ kyk.11. EÔkola elègqoume ìti h k � k e�nai nìrma ston C1[0; 1℄. A
 upojèsoume ìti (fn) e�naimia akolouj�a Cau
hy ston C1[0; 1℄. Gia k�je " > 0 up�rqei n0 2 N tètoio
 ¸ste: ann;m � n0, tìte kfn � fmk < ", dhlad  kfn � fmk� < " kai kf 0n � f 0mk� < ", ìpou k � k�h sun jh
 nìrma ston C[0; 1℄. O C[0; 1℄ e�nai pl rh
, oi (fn) kai (f 0n) e�nai akolouj�e
Cau
hy, �ra up�rqoun suneqe�
 f; g : [0; 1℄ ! R tètoie
 ¸ste fn ! f kai f 0n ! gomoiìmorfa. Apì gnwstì je¸rhma (An�lush II), h f e�nai paragwg�simh kai f 0 = g.AfoÔ h g e�nai suneq 
, èqoume f 2 C1[0; 1℄. Tèlo
, kfn � fk� ! 0 kai kf 0n � f 0k� ! 0,�ra kfn � fk = maxfkfn � fk�; kf 0n � f 0k�g ! 0:Dhlad , fn ! f ston C1[0; 1℄. H (fn)  tan tuqoÔsa akolouj�a Cau
hy, �ra o (C1[0; 1℄; k�k) e�nai q¸ro
 Bana
h.12. H k � k0 or�zetai kal�: an x = (�k) 2 
0, tìte j�kj ! 0, �ra up�rqei M > 0 tètoio
¸ste j�kj �M gia k�je k 2 N. Tìte,1Xk=1 j�kj2k � 1Xk=1 M2k =M < +1:Ta axi¸mata th
 nìrma
 elègqontai eÔkola.Ja or�soume akolouj�a Cau
hy ston (
0; k �k0), h opo�a den sugkl�nei. Autì ja de�xeiìti o (
0; k � k0) den e�nai q¸ro
 Bana
h.Or�zoume xn = (1; : : : ; 1; 0; : : :) 2 
0 (n mon�de
). 'Estw " > 0. Up�rqei n0 2 Ntètoio
 ¸ste 1=2n0 < ". An n > m � n0, tìtekxn � xmk = nXk=m+1 12k < 12m < ";



68dhlad  h (xn) e�nai akolouj�a Cau
hy w
 pro
 thn k � k0. 'Estw ìti up�rqei x = (�k) 2 
0tètoio ¸ste kxn � xk0 ! 0. AfoÔ �k ! 0, up�rqei k0 2 N tètoio
 ¸ste j�k0 j < 1=2. Ann � k0, tìte kxn � xk0 = nXk=1 j1� �kj2k + 1Xk=n+1 j�kj2k � j1� �k0 j2k0 � 12k0+1 :Autì e�nai �topo, afoÔ upojèsame ìti kxn � xk0 ! 0.13. 'Eqoume P1n=1 kynk =P1n=1 1n2 < +1. Ta merik� ajro�smata th
 Pn yn e�naisk = y1 + � � � + yk = (1; 122 ; : : : ; 1k2 ; 0; : : :)! x = (1=n2)n2Nston `1. An up rqe y 2 
00 gia to opo�o sk ! y, apì monadikìthta tou or�ou (ston `1)ja e�qame y = x =2 
00, �topo. Br kame seir� ston 
00 h opo�a sugkl�nei apolÔtw
 all�den sugkl�nei. 'Ara, o (
00; k � k`1) den e�nai q¸ro
 Bana
h.



Kef�laio 4Q¸roi peperasmènh
 di�stash

4.1 Basikè
 idiìthte
H pr¸th kl�sh q¸rwn me nìrma pou ja melet soume e�nai aut  twn q¸rwn pou, sangrammiko� q¸roi, èqoun peperasmènh di�stash. E�nai logikì na perimènei kane�
 ìtih dom  tou
 ja e�nai aploÔsterh. Sto Kef�laio autì ja doÔme arketè
 kalè
 tou
idiìthte
, kaj¸
 kai merikè
 shmantikè
 diaforè
 tou
 apì tou
 q¸rou
 �peirh
di�stash
.L mma 4.1.1 'Estw X q¸ro
 me nìrma, kai èstw x1; : : : ; xm grammik� anex�rthtadianÔsmata ston X . Up�rqei mia stajer� 
 > 0 (pou exart�tai apì th nìrma kaiapì ta x1; : : : ; xm), tètoia ¸ste gia k�je a1; : : : ; am 2 R na isqÔei
 (ja1j+ � � �+ jamj) � ka1x1 + � � �+ amxmk:(dhlad , an oi suntelestè
 ai e�nai {meg�loi}, tìte to di�nusma a1x1 + � � �+ amxmden mpore� na èqei {auja�reta} mikr  nìrma.)Apìdeixh: Ja de�xoume pr¸ta ìti up�rqei 
 > 0 tètoio
 ¸ste(�) mXi=1 j�ij = 1 =) k�1x1 + � � �+ �mxmk � 
:A
 upojèsoume ìti autì den isqÔei. Tìte, gia k�je k 2 N up�rqoun �(k)1 ; : : : ; �(k)m 2R me Pmi=1 j�(k)i j = 1 kai k�(k)1 x1 + � � �+ �(k)m xmk < 1k :Dhlad , an jèsoume y(k) =Pmi=1 �(k)i xi, èqoume ky(k)k ! 0.69



70 Skeftìmaste w
 ex 
: afoÔ gia k�je k isqÔei h Pmi=1 j�(k)i j = 1, eidikìteragia k�je k èqoume j�(k)1 j � 1. 'Ara, up�rqei upakolouj�a (�(ks)1 ) th
 (�(k)1 ) pousugkl�nei se k�poion �1 2 R.Koit�me t¸ra thn (�(ks)2 ): p�li, j�(ks)2 j � 1, epomènw
 up�rqei upakolouj�a(�(kls )2 ) th
 (�(ks)2 ) me �(kls )2 ! �2 2 R. 'Omw
 tìte, �(kls )1 ! �1 (e�nai upakolouj�ath
 (�(ks)1 ).)K�nonta
 m b mata, br�skoume �1; : : : ; �m 2 R kai k1 < k2 < : : : < kn < : : :tètoiou
 ¸ste 8i = 1; : : : ;m; �(kn)i ! �i:Or�zoume y = �1x1 + � � �+ �mxm. Tìte,ky � y(kn)k = k mXi=1(�i � �(kn)i )xik � mXi=1 j�i � �(kn)i j kxik ! 0:'Ara, y(kn) ! y kai afoÔ ky(kn)k ! 0,kyk = limn!1 ky(kn)k = 0;dhlad , y = �1x1 + � � � + �mxm = ~0. Ta x1; : : : ; xm èqoun upoteje� grammik�anex�rthta, �ra �1 = �2 = : : : = �m = 0. 'Omw
,mXi=1 j�ij = limn!1 mXi=1 j�(kn)i j = limn!1 1 = 1;to opo�o e�nai �topo. Autì apodeiknÔei thn (�).'Estw t¸ra tuqìnte
 a1; : : : ; am 2 R. An a1 = : : : = am = 0, tìte0 = ka1x1 + � � �+ amxmk � 
 mXi=1 jaij = 0:An A =Pmi=1 jaij 6= 0, or�zoume �i = ai=A. Tìte, Pmi=1 j�ij = 1, opìte h (�) d�nei

 1A (a1x1 + � � �+ amxm)

 = k�1x1 + � � �+ �mxmk � 
; , isodÔnama, ka1x1 + � � �+ amxmk � 
A = 
 mXi=1 jaij: 2Qrhsimopoi¸nta
 autì to L mma, de�qnoume k�poie
 basikè
 idiìthte
 twn q¸-rwn peperasmènh
 di�stash
:Je¸rhma 4.1.1 'Estw X q¸ro
 me nìrma, kai èstw Y upìqwro
 tou X pou èqeipeperasmènh di�stash. Tìte, o Y e�nai pl rh
. Eidikìtera, k�je q¸ro
 pepera-smènh
 di�stash
 me nìrma e�nai pl rh
.



71Apìdeixh: Upojètoume ìti dimY = n, kai stajeropoioÔme mia b�sh fe1; : : : ; engtou Y . 'Estw (y(m)) akolouj�a Cau
hy ston Y . K�je y(m) gr�fetai monos mantasan grammikì
 sunduasmì
 twn ei:y(m) = nXi=1 a(m)i ei:'Estw " > 0. AfoÔ h (y(m)) e�nai akolouj�a Cau
hy, up�rqei m0(") 2 N tètoio
¸ste: an m; s � m0, tìte ky(m) � y(s)k < ". Dhlad , gia k�je m; s � m0,

 nXi=1(a(m)i � a(s)i )ei

 < ":Ta ei e�nai grammik� anex�rthta, �ra, apì to L mma up�rqei 
 > 0 tètoio
 ¸ste:gia k�je m; s � m0,
 nXi=1 ja(m)i � a(s)i j � 

 nXi=1(a(m)i � a(s)i )ei

 < ":Eidikìtera, gia k�je i = 1; : : : ; n kai k�je m; s � m0,ja(m)i � a(s)i j < "
(giat�?). 'Ara, gia k�je i = 1; : : : ; n, h (a(m)i ) e�nai akolouj�a Cau
hy sto R. Opìte,up�rqoun a1; : : : ; an 2 R tètoioi ¸stea(m)1 ! a1 ; : : : ; a(m)n ! an:Or�zoume y = a1e1 + � � �+ anen 2 Y . Tìte,ky � y(m)k � nXi=1 jai � a(m)i j keik ! 0;dhlad , y(m) ! y. 'Ara, o Y e�nai pl rh
. 2Shme�wsh: Sthn Prìtash 2.1.5(a) e�dame ìti an (X; d) e�nai èna
 metrikì
 q¸ro
,tìte k�je pl rh
 upìqwrì
 tou e�nai kleistì
. H parat rhsh aut  kai to Je¸rhma4.1.1 èqoun thn ex 
 �mesh sunèpeia:Je¸rhma 4.1.2 'Estw X q¸ro
 me nìrma, kai èstw Y upìqwro
 tou X pou èqeipeperasmènh di�stash. Tìte, o Y e�nai kleistì
 ston X .Apìdeixh: Apì to Je¸rhma 4.1.1, o Y e�nai pl rh
. 2Efarmog : An X e�nai èna
 apeirodi�stato
 q¸ro
 Bana
h, tìte k�je b�sh Hameltou X e�nai uperarijm simh.



72Apìdeixh: Upojètoume ìti o X èqei �peirh arijm simh b�sh Hamele1; e2; : : : ; en; : : :Or�zoume Yn = he1; : : : ; eni. K�je Yn èqei peperasmènh di�stash, epomènw
 e�naikleistì
 upìqwro
 tou X .Apì thn �llh pleur�, k�je x 2 X e�nai peperasmèno
 grammikì
 sunduasmì
twn en, �ra X = 1[n=1Yn:'Omw
, o X e�nai pl rh
. To Je¸rhma tou Baire ma
 lèei ìti k�poio
 Yn èqei mhkenì eswterikì. Up�rqoun dhlad  n 2 N, x 2 Yn kai r > 0 tètoia ¸stefz 2 X : kz � xk < rg � Yn:Autì odhge� se �topo: èstw w 2 X . Up�rqei � > 0 gia to opo�o k�wk < r. Tìte,x + �w 2 Yn (giat�?). 'Omw
 x 2 Yn, kai o Yn e�nai grammikì
 upìqwro
 tou X .'Ara, w = 1� ((x+ �w) � x) 2 Yn:'Epetai ìti Yn = X . Autì e�nai �topo, giat� o X e�nai apeirodi�stato
. 2Sunèpeia: An X e�nai èna
 grammikì
 q¸ro
 pou èqei �peirh arijm simh di�stash,tìte ìpoia nìrma ki an or�soume ston X apokle�etai na p�roume q¸ro Bana
h. 'Enatètoio par�deigma ma
 d�nei o q¸ro
 P [a; b℄ twn poluwnÔmwn sto [a; b℄ (exhg ste).Orismì
 'Estw X èna
 grammikì
 q¸ro
. DÔo nìrme
 k � k kai k � k0 ston Xlègontai isodÔname
 an up�rqoun jetiko� arijmo� a; b tètoioi ¸ste, gia k�je x 2 Xakxk � kxk0 � bkxk:Prìtash 4.1.1 'Estw k � k kai k � k0 isodÔname
 nìrme
 ston X . An xn; x 2 X ,tìte kx� xnk ! 0, kx� xnk0 ! 0:(dhlad , xn ! x ston (X; k � k) an kai mìno an xn ! x ston (X; k � k0): oi dÔo q¸roièqoun akrib¸
 ti
 �die
 sugkl�nouse
 akolouj�e
.)Apìdeixh: An kx � xnk0 ! 0, tìte kx � xnk � 1akx � xnk0 ! 0. Dhlad ,kx� xnk ! 0.'Omoia, an kx�xnk ! 0, tìte kx�xnk0 � bkx�xnk ! 0, dhlad  kx�xnk0 ! 0.2Prìtash 4.1.2 'Estw k � k kai k � k0 isodÔname
 nìrme
 ston X . An A � X , tìteto A e�nai kleistì ston (X; k � k) an kai mìno an to A e�nai kleistì ston (X; k � k0).



73Apìdeixh: Upojètoume ìti to A e�nai kleistì ston (X; k � k). 'Estw xn 2 A mexn ! x w
 pro
 thn k � k0. Apì thn Prìtash 4.1.1, xn ! x w
 pro
 thn k � k, kaiafoÔ to A e�nai kleistì w
 pro
 thn k � k, èpetai ìti x 2 A. 'Ara, to A e�nai kleistìw
 pro
 thn k � k0.H ant�strofh sunepagwg  apodeiknÔetai entel¸
 an�loga. 2Oi dÔo autè
 Prot�sei
 odhgoÔn sto ex 
:Je¸rhma 4.1.3 DÔo isodÔname
 nìrme
 ston grammikì q¸ro X or�zoun thn �diatopolog�a ston X .Apìdeixh: 'Ena A � X e�nai anoiqtì w
 pro
 thn k � k an kai mìno an e�nai anoiqtìw
 pro
 thn k � k0 (giat�?). 2Autì pou mpore� na de�xei kane�
 e�nai ìti, se èna q¸ro peperasmènh
 di�stash
opoiesd pote dÔo nìrme
 e�nai isodÔname
:Je¸rhma 4.1.4 'Estw X grammikì
 q¸ro
 peperasmènh
 di�stash
. An k � k kaik � k0 e�nai dÔo nìrme
 ston X , tìte up�rqoun a; b > 0 me thn idiìthta: gia k�jex 2 X , akxk � kxk0 � bkxk:Apìdeixh: Upojètoume ìti dimX = n, kai èstw fe1; : : : ; eng mia b�sh tou X .Apì to L mma 4.1.1 (to efarmìzoume gia thn k � k kai gia thn k � k0), up�rqoun 
; 
0tètoia ¸ste, gia k�je a1; : : : ; an 2 R,
 nXi=1 jaij � ka1e1 + � � �+ anenk;kai 
0 nXi=1 jaij � ka1e1 + � � �+ anenk0:'Estw x 2 X . Up�rqoun a1; : : : ; an 2 R tètoioi ¸ste x = a1e1 + � � �+ anen. Tìte,kxk = ka1e1 + � � �+ anenk � nXi=1 jaij keik� �maxi�n keik� nXi=1 jaij� max keik
0 
0 nXi=1 jaij� max keik
0 ka1e1 + � � �+ anenk0= 1akxk0;



74ìpou a = 
0=max keik. 'Omoia,kxk0 = ka1e1 + � � �+ anenk0 � max keik0
 kxk = bkxk:'Ara to zhtoÔmeno isqÔei mea = 
0max keik ; b = max keik0
 : 2To Je¸rhma 4.1.4 ma
 lèei loipìn ìti se èna q¸ro peperasmènh
 di�stash
,ìle
 oi nìrme
 ep�goun thn �dia topolog�a: èna sÔnolo e�nai anoiqtì w
 pro
 ìle
ti
 dunatè
 nìrme
 ston X   den e�nai anoiqtì gia kamm�a ap� autè
.Kle�noume aut  thn par�grafo me èna par�deigma norm¸n pou den e�nai iso-dÔname
. JewroÔme ton grammikì q¸ro 
00 twn akolouji¸n x = (�k) pou èqounpeperasmènou
 to pl jo
 mh mhdenikoÔ
 ìrou
. Dhlad ,x 2 
00 () 9nx 2 N : 8k > nx; �k = 0:Or�zoume dÔo nìrme
 ston 
00:kxk1 = maxfj�kj : k 2 Ng ; kxk1 = 1Xk=1 j�kj:Profan¸
, kxk1 � kxk1. Ja de�xoume ìti den up�rqei b > 0 tètoio
 ¸ste8x 2 X; kxk1 � bkxk1:An up rqe tètoio
 b, jètonta
 xn = (1; : : : ; 1; 0; : : :) ja e�qamen = kxnk1 � bkxnk1 = b;ki autì gia k�je n 2 N, �topo. O X e�nai bèbaia apeirodi�stato
.4.2 Sump�geia kai peperasmènh di�stashO orismì
 th
 sump�geia
 pou ja qrhsimopoi soume e�nai autì
 th
 akoloujiak 
sump�geia
: 'Estw X q¸ro
 me nìrma. 'Ena mh kenì uposÔnolo M tou X lègetaisumpagè
 an gia k�je akolouj�a (xm) sto M up�rqoun x 2 M kai upakolouj�a(xkm) th
 (xm) tètoia ¸ste kx� xkmk ! 0.Prìtash 4.2.1 An to M e�nai sumpagè
, tìte e�nai kleistì kai fragmèno.



75Apìdeixh: (a) ToM e�nai kleistì: èstw x 2M . Up�rqei (xm) stoM me xm ! x.AfoÔ to M e�nai sumpagè
, up�rqoun y 2 M kai xkm ! y. AfoÔ ìmw
 xm ! x,ja prèpei xkm ! x. 'Ara, x = y 2M . Dhlad , M �M .(b) Ja de�xoume ìti up�rqei A > 0 tètoio
 ¸ste kxk � A gia k�je x 2 M .Alli¸
 up�rqoun xm 2 M , m 2 N, me kxmk > m. Apì sump�geia, up�rqounx 2 M kai xkm ! x. Tìte, kxkmk ! kxk. 'Omw
, apì thn epilog  twn xm,kxkmk ! 1. 'Atopo. 2To ant�strofo th
 Prìtash
 4.2.1 den e�nai swstì. Gia par�deigma, a
 jewr -soume to M = fen : n 2 Ng ston `1. An n 6= m, tìte ken � emk1 = 2.To M e�nai kleistì kai fragmèno (de�xte to), all� den e�nai sumpagè
. Hakolouj�a (en) sto M den èqei sugkl�nousa upakolouj�a: an e�qe, oi ìroi th
 jaèprepe na e�nai telik� o èna
 kont� ston �llon, en¸ opoioid pote dÔo ap� autoÔ
èqoun apìstash �sh me 2.Je¸rhma 4.2.1 'Estw X q¸ro
 peperasmènh
 di�stash
 me nìrma, kai èstw ; 6=M � X . Tìte, to M e�nai sumpagè
 an kai mìno an e�nai kleistì kai fragmèno.Apìdeixh: (() Upojètoume ìti dimX = n, kai èstw fe1; : : : ; eng mi� b�sh touX . 'Estw xm = a(m)1 e1 + � � �+ a(m)n en, akolouj�a sto M .To M e�nai fragmèno, �ra up�rqei A > 0 tètoio
 ¸steka(m)1 e1 + � � �+ a(m)n enk = kxmk � A; m 2 N:Apì to L mma, up�rqei 
 > 0 tètoio
 ¸ste
 nXi=1 ja(m)i j � kxmk � A; m 2 N;kai, ìpw
 akrib¸
 sthn apìdeixh tou L mmato
 4.1.1, br�skoume k1 < k2 < : : : <km < : : : kai ai 2 R tètoiou
 ¸stea(km)1 ! a1 ; : : : ; a(km)n ! an:Or�zoume x = a1e1 + � � �+ anen. Tìte,kx� xkmk = 

 nXi=1(ai � a(km)i )ei

 � nXi=1 jai � a(km)i j keik ! 0;dhlad  xkm ! x. Tèlo
, x 2 M afoÔ xkm 2 M kai to M e�nai kleistì. K�jeakolouj�a touM èqei sugkl�nousa (stoM) upakolouj�a, �ra toM e�nai sumpagè
.2 Se q¸rou
 peperasmènh
 di�stash
, ta sumpag  e�nai akrib¸
 ta kleist� kaifragmèna sÔnola. Stou
 apeirodi�statou
 q¸rou
 autì paÔei na isqÔei. Kai m�li-sta, h monadia�a mp�la BX enì
 apeirodi�statou q¸rou X den e�nai potè sumpag 
.H apìdeixh autoÔ tou apotelèsmato
 bas�zetai se èna gewmetrikì l mma:



76L mma tou F. Riesz (1918) 'Estw X q¸ro
 me nìrma, kai Y; Z upìqwroi touX . Upojètoume ìti o Y e�nai kleistì
, gn sio
 upìqwro
 tou Z. Tìte, gia k�je� 2 (0; 1) up�rqei z 2 Z tètoio ¸ste kzk = 1 kaid(z; Y ) = inffkz � yk : y 2 Y g � �:Apìdeixh: O Y e�nai gn sio
 upìqwro
 tou Z, �ra up�rqei v 2 ZnY . O Y e�naikleistì
 kai v =2 Y , epomènw
 up�rqei r > 0 tètoio
 ¸ste D(v; r)\Y = ;. Dhlad ,kv � yk � r gia k�je y 2 Y . 'Epetai ìtid(v; Y ) = inffkv � yk : y 2 Y g = a > 0:AfoÔ � 2 (0; 1), èqoume a=� > a. 'Ara, up�rqei y0 2 Y tètoio ¸stekv � y0k < a� :Or�zoume z = v�y0kv�y0k (profan¸
 y0 6= v, �ra kv � y0k 6= 0.) Tìte, kzk = 1, kaiz 2 Z giat� v; y0 2 Z kai o Z e�nai grammikì
 upìqwro
 tou X .Ja de�xoume ìti kz � yk � � gia k�je y 2 Y . Pr�gmati, an y 2 Y èqoume:kz � yk = 



 v � y0kv � y0k � y



 = 



v � (y0 + kv � y0ky)kv � y0k 



= kv � (y0 + kv � y0ky)kkv � y0k � kv � (y0 + kv � y0ky)ka=�� aa=� = �;giat� y0 + kv � y0ky 2 Y (o Y e�nai upìqwro
). 2Je¸rhma 4.2.2 'Estw X q¸ro
 me nìrma. O X èqei peperasmènh di�stash ankai mìno an h BX e�nai sumpag 
.Apìdeixh: An o X èqei peperasmènh di�stash, tìte h BX e�nai sumpag 
: èqoumede� ìti h BX e�nai p�nta kleistì kai fragmèno sÔnolo, opìte to sumpèrasma èpetaiapì to Je¸rhma 4.2.1.Mènei na de�xoume ìti an o X e�nai apeirodi�stato
, tìte h BX den e�nai sum-pag 
. Ja to de�xoume kataskeu�zonta
 mi� akolouj�a (xn) ston X me kxnk = 1,n 2 N, pou ikanopoie� thn n 6= m =) kxn � xmk � 12 :(tìte, h (xn) perièqetai sthn BX kai e�nai fanerì ìti den èqei sugkl�nousa upako-louj�a.)1. San x1 epilègoume opoiod pote di�nusma tou X me kx1k = 1.



772. Epilog  tou x2: O Y1 = hx1i èqei peperasmènh di�stash, �ra e�nai kleistì
upìqwro
 tou X . AfoÔ o X e�nai apeirodi�stato
, o Y1 e�nai gn sio
 upìqwro
tou X . Efarmìzoume to L mma tou Riesz me Y = Y1, Z = X kai � = 12 : up�rqeix2 2 X me kx2k = 1 kai d(x2; Y1) � 1=2. Eidikìtera, afoÔ x1 2 Y1, blèpoume ìtikx2 � x1k � 12 .3. Epagwgikì b ma: Upojètoume ìti èqoun epilege� ta x1; : : : ; xk ètsi ¸ste kxn �xmk � 1=2 an n 6= m, n;m 2 f1; : : : kg. Or�zoume Yk = hx1; : : : ; xki. 'Opw
 prin,o Yk èqei peperasmènh di�stash, �ra e�nai kleistì
 kai gn sio
 upìqwro
 tou X .Apì to L mma tou Riesz me Y = Yk, Z = X kai � = 12 , up�rqei xk+1 2 X mekxk+1k = 1 kai d(xk+1; Yk) � 1=2. AfoÔ x1; : : : ; xk 2 Yk, èpetai ìtikxk+1 � xjk � 12 ; j = 1; : : : ; k:Maz� me thn epagwgik  upìjesh, autì shma�nei ìtikx1k = kx2k = : : : = kxk+1k = 1;kai, an n 6= m sto f1; : : : ; k + 1g, tìtekxn � xmk � 12 :Epagwgik�, or�zoume akolouj�a (xn) me ti
 idiìthte
 pou jèloume. 2A
 jumhjoÔme t¸ra merikè
 efarmogè
 th
 sump�geia
 sti
 suneqe�
 sunart -sei
 metaxÔ metrik¸n q¸rwn:(a) An T : (X; d) ! (Y; �) suneq 
 sun�rthsh, kai M � X sumpagè
, tìte toT (M) e�nai sumpagè
.Apìdeixh: 'Estw (yk) akolouj�a sto T (M). Gia k�je k up�rqei xk 2 M tètoio¸ste T (xk) = yk. To M e�nai sumpagè
, �ra up�rqoun (xkn) kai x 2 M mexkn ! x. H T e�nai suneq 
, �ra T (xkn)! T (x). 'Omw
, T (xkn) = ykn . 'Ara,ykn ! T (x) 2 T (M): 2(b) An T : (X; d)! (R; j�j) suneq 
 kaiM � X sumpagè
, tìte h T pa�rnei mègisthkai el�qisth tim  sto M .Apìdeixh: To T (M) e�nai sumpagè
 uposÔnolo tou R, �ra kleistì kai fragmèno.AfoÔ e�nai fragmèno èqei sup kai inf , kai afoÔ e�nai kleistì, to sup e�nai max kaito inf e�nai min. Dhlad , up�rqoun a; b 2 R tètoia ¸ste a � T (x) � b gia k�jex 2M , kai ta a; b e�nai timè
 th
 T sto M : Up�rqoun x1; x2 2M tètoia ¸steT (x1) = a � T (x) � b = T (x2)gia k�je x 2M . 2SÔmfwna me to Je¸rhma 4.2.2, prèpei kane�
 na e�nai polÔ prosektikì
 me an-t�stoiqe
 prot�sei
 gia kleist� kai fragmèna uposÔnola apeirodi�statwn q¸rwn:ta kleist� kai fragmèna den e�nai p�nta sumpag , kai h sump�geia  tan polÔ ou-siastik  gia thn apìdeixh twn (a) kai (b).



784.3 Ask sei
1. 'Estw k � k kai k � k0 dÔo isodÔname
 nìrme
 sto grammikì q¸ro X . De�xte ìtiup�rqei omoiomorfismì
 f : B(X;k�k) ! B(X;k�k0). Dhlad , h f e�nai suneq 
, ènapro
 èna kai ep�, kai h f�1 e�nai suneq 
.2. (a) De�xte ìti gia k�je 1 � p < q < +1, o `p perièqetai gn sia ston `q, kai o`q perièqetai gn sia ston 
0.(b) Exet�ste an oi nìrme
 k � kp kai k � kq e�nai isodÔname
 ston `p (p < q).(g) Exet�ste an isqÔei 
0 = S1�p<+1 `p.3. De�xte thn ex 
 parallag  tou L mmato
 tou Riesz: an o Y e�nai upìqwro
 touX pou èqei peperasmènh di�stash, tìte up�rqei x 2 X me kxk = 1 kai d(x; Y ) = 1.Upìdeixh: P�rte v 2 XnY . O Y e�nai kleistì
, �ra d(v; Y ) = a > 0. Bre�teyn 2 Y tètoia ¸ste a � kv� ynk < a+ 1n . H (yn) perièqetai se kat�llhlh kleist mp�la tou Y , h opo�a e�nai sumpag 
.4. De�xte ìti èna
 metrikì
 q¸ro
 (X; d) pou èqei �peira shme�a kai metrik  thndiakrit  metrik , den e�nai sumpag 
.5. An o X e�nai sumpag 
 metrikì
 q¸ro
 kai to M kleistì uposÔnolo tou X ,tìte to M e�nai sumpagè
.6. K�je sumpag 
 metrikì
 q¸ro
 e�nai diaqwr�simo
.Upìdeixh: Jumhje�te ton isodÔnamo orismì th
 sump�geia
 apì thn {An�lush II}.7. 'Estw X;Y metriko� q¸roi, o X sumpag 
, kai T : X ! Y suneq 
, èna pro
èna kai ep�. De�xte ìti h T�1 : Y ! X e�nai suneq 
.8. Ston q¸ro C[0; 1℄ jewroÔme th sun jh nìrma kfk = maxt2[0;1℄ jf(t)j. Se k�jem�a apì ti
 parak�tw peript¸sei
, bre�te to sÔnolofg 2 K : kf � gk = d(f;K)g:(a) K e�nai to sÔnolo twn stajer¸n sunart sewn, f tuqoÔsa ston C[0; 1℄.(b) K = fax : a 2 Rg, f stajer .(g) K = fg 2 C[0; 1℄ : g � 0; R 10 g(t)dt � g(0) + 1g, f � 0.



79Upode�xei
 - apant sei
1. Oi k�k kai k�k0 e�nai isodÔname
, �ra up�rqoun a; b > 0 tètoioi ¸ste akxk � kxk0 � bkxkgia k�je x 2 X.Or�zoume f : B(X;k�k) ! B(X;k�k0) me f(~0) = ~0 kaif(x) = kxkkxk0 x; x 6= ~0:(a) H f e�nai kal� orismènh: an x 2 B(X;k�k), x 6= ~0, tìte kxk � 1 �rakf(x)k0 = kxkkxk0 kxk0 = kxk � 1;dhlad  f(x) 2 B(X;k�k0). An x = ~0, tìte f(x) = ~0 2 B(X;k�k0).(b) De�qnoume pr¸ta th sunèqeia th
 f : an xn ! x0 w
 pro
 thn k � k kai x0 6= ~0,tìte apì thn isodunam�a twn norm¸n pa�rnoume kxnk ! kx0k, xn ! x0 w
 pro
 thn k � k0(giat�?) kai kxnk0 ! kx0k0 > 0, opìte apì th sunèqeia tou pollaplasiasmoÔ w
 pro
 thnk � k0 sumpera�noume ìti f(xn) = kxnkkxnk0 xn ! kx0kkx0k0 x0 = f(x0)w
 pro
 thn k � k0.An kxnk ! 0 tìte kxnk0 ! 0 apì thn isodunam�a twn norm¸n, kai kxnk=kxnk0 � 1=aan xn 6= ~0   f(xn) = ~0 an xn = ~0. Se k�je per�ptwsh,kf(xn)k0 � 1akxnk0 � bakxnk ! 0;dhlad  f(xn)! ~0 = f(~0). 'Epetai ìti h f e�nai suneq 
.(g) H f e�nai ep�: an y 6= ~0 kai kyk0 � 1, tìte to x = (kyk0=kyk)y èqei nìrmakxk = kyk0 � 1 kai (elègxte to) f(x) = kxkkxk0 x = y:(d) H f e�nai èna pro
 èna: an f(x) = f(x1) kai x 6= ~0, tìte x1 6= ~0 (giat�?) kai(�) kxkkxk0 x = kx1kkx1k0 x1:Autì shma�nei ìti ta x; x1 e�nai suggrammik� kai m�lista x = tx1, t > 0. 'Ara, h (�)pa�rnei th morf  kxkkxk0 x = tkxktkxk0 tx =) x = tx =) t = 1;opìte x1 = x. An p�li x = ~0 kai f(x1) = f(~0) = ~0, e�nai fanerì ìti x1 = ~0 = x.(e) H f�1 : B(X;k�k0) ! B(X;k�k) or�zetai apì thnf�1(y) = kyk0kyk y:



80'Opw
 sto (b) de�qnoume ìti h f�1 e�nai suneq 
. 'Ara, h f e�nai omoiomorfismì
.2. (a) 'Estw x = (�k) 2 `p. Tìte P1k=1 j�kjp < +1, �ra j�kj ! 0. Gia meg�la k èqoume0 � j�kj < 1 kai afoÔ p < q blèpoume ìti 0 � j�kjq � j�kjp. Apì krit rio sÔgkrish
P1k=1 j�kjq < +1, dhlad  x 2 `q. 'Ara, `p � `q.O egkleismì
 e�nai gn sio
. To x = (1=k1=p) 2 `qn`p (giat�?).(b) Gia k�je n 2 N or�zoume xn = (1; : : : ; 1; 0; : : :) (n mon�de
 kai met� mhdenik�).Tìte, kxnkpkxnkq = n1=pn1=q = n 1p� 1q ! +1ìtan n!1. Dhlad , den up�rqei b > 0 tètoio ¸ste kxkp � bkxkq gia k�je x 2 `p. 'Ara,oi dÔo nìrme
 den e�nai isodÔname
.(g) Pa�rnoume �k = 1ln(k+1) , k = 1; 2; : : :. Tìte, �k ! 0 ìtan k!1, ìmw
 to krit riosumpÔknwsh
 de�qnei ìti 1Xk=1 1[ln(k + 1)℄p = +1gia k�je p � 1. 'Ara x = ( 1ln(k+1) )k2N2 
0n [p�1 `p.3. 'Estw v 2 XnY . AfoÔ o Y èqei peperasmènh di�stash, e�nai kleistì
 upìqwro
 touX, kai afoÔ v =2 Y èqoume d(v; Y ) = a > 0. Gia k�je n 2 N mporoÔme na broÔme yn 2 Yme thn idiìthta a � kv � ynk < a+ 1n(jumhje�te ton orismì th
 d(v; Y )). Gia k�je n 2 N èqoumekyn � y1k � kyn � vk+ kv � yk < 2a + 1 + 1n � 2a+ 2:Dhlad , h akolouj�a (yn) perièqetai sthn B(y1; 2a+2) pou e�nai sumpagè
 sÔnolo giat� oY èqei peperasmènh di�stash. 'Ara, up�rqei upakolouj�a (ykn) th
 (yn) me ykn ! y 2 Y .Tìte, kv�yk = lim kv�ynk = a. Dhlad , up�rqei plhsièstero pro
 to v shme�o touY . Suneq�zoume ìpw
 sthn apìdeixh tou L mmato
 tou Riesz. Or�zoume x = 1a(v � y).Tìte kxk = 1 kai gia k�je z 2 Ykx� zk = kv � ya � zk = kv � (y + az)a k = kv � (y + az)ka � d(v; Y )a = 1;giat� y + az 2 Y (o Y e�nai grammikì
 upìqwro
 tou X). De�xame ìti d(x; Y ) � 1 kaiafoÔ d(x; Y ) � kx�~0k = kxk = 1, èqoume d(x; Y ) = 1.4. Up�rqei akolouj�a (xn) ston X me xi 6= xj an i 6= j (o metrikì
 ma
 q¸ro
 èqei �peirashme�a). H (xn) den mpore� na èqei sugkl�nousa upakolouj�a: an (xkn) e�nai opoiad poteupakolouj�a th
 (xn), tìte gia k�je n 6= m èqoume d(xkn ; xkm) = 1 (giat�?), opìte h(xkn) den e�nai Cau
hy (�ra, den sugkl�nei). Br kame akolouj�a ston X pou den èqeisugkl�nousa upakolouj�a. 'Ara, o X den e�nai sumpag 
.5. 'Estw (xn) akolouj�a sto M . AfoÔ xn 2 X kai o X e�nai sumpag 
, up�rqounupakolouj�a (xkn) th
 (xn) kai x 2 X tètoia ¸ste xkn ! x. 'Omw
 xkn 2 M kai to Me�nai kleistì, �ra x 2M . Autì apodeiknÔei ìti to M e�nai sumpagè
 (giat�?).



816. Gia k�je n 2 N mporoÔme na gr�youmeX = [x2XD(x; 1=n):AfoÔ o X e�nai sumpag 
, up�rqoun xn1; : : : ; xnk(n) 2 X tètoia ¸steX = D(xn1; 1=n) [ : : : [D(xnk(n); 1=n):Or�zoume M = fxnj : n 2 N; j = 1; : : : ; k(n)g. To M e�nai arijm simo w
 arijm simhènwsh peperasmènwn sunìlwn. Ja de�xoume ìti e�nai puknì ston X.'Estw x 2 X kai " > 0. Up�rqei n 2 N tètoio ¸ste 1=n < " kai up�rqei j �k(n) tètoio ¸ste x 2 D(xnj ; 1=n). Tìte, xnj 2 M kai d(x; xnj) < 1=n < ", dhlad D(x; ") \M 6= ;. 'Ara to M e�nai puknì kai, afoÔ to M e�nai arijm simo, o X e�naidiaqwr�simo
.7. 'Estw ìti h T�1 : Y ! X den e�nai suneq 
 se k�poio y0. Tìte up�rqoun " > 0 kaiyn ! y0 tètoia ¸ste d(T�1yn; T�1y0) � " gia k�je n 2 N. JewroÔme ta xn = T�1yn kaix0 = T�1y0 2 X.O X e�nai sumpag 
, �ra up�rqei upakolouj�a (xkn) th
 (xn) me xkn ! w 2 X. Apìth sunèqeia th
 T pa�rnoume ykn = Txkn ! Tw. AfoÔ yn ! y0, èqoume ykn ! y0, �ray0 = Tw. Dhlad , xkn = T�1ykn ! w = T�1y0:Autì e�nai �topo, giat� d(T�1ykn ; T�1y0) � " gia k�je n. To �topo de�qnei ìti h T�1e�nai suneq 
.8. (a) 'Estw f 2 C[0; 1℄ kai M = maxff(t) : 0 � t � 1g, m = minff(t) : 0 � t � 1g. Ang 2 K, tìte g(x) = 
 2 R sto [0; 1℄. Diakr�noume tre�
 peript¸sei
:1. 
 � m =) kf � gk =M � 
 �M �m.2. 
 �M =) kf � gk = 
�m �M �m.3. m � 
 �M =) kf � gk = maxfM � 
; 
�mg � M�m2 .Apì ta parap�nw èpetai ìti d(f;K) = M+m2 = d(f; g0) ìpou g0(x) = M+m2 sto [0; 1℄.(b) 'Estw f(x) = 
, x 2 [0; 1℄. Tìte, gia k�je g(x) = ax sto K èqoume kf � gk =max0�x�1 j
� axj.1. An 
 � 0, tìte ìle
 oi g(x) = ax me 0 � a � 2
 ikanopoioÔn thn kf � gk = 
 = d(f;K).2. An 
 < 0, tìte ìle
 oi g(x) = ax me 2
 � a � 0 ikanopoioÔn thn kf�gk = j
j = d(f;K).(g) An g 2 K, tìte kg � fk = max0�x�1 jg(x)j = max0�x�1 g(x). 'Omw
,(�) 1 � g(0) + 1 � Z 10 g(t)dt � max0�x�1 g(x):'Ara kg � fk � 1, kai afoÔ h g 2 K  tan tuqoÔsa, d(f;K) � 1. 'Estw ìti up�rqeig 2 K gia thn opo�a kg � fk = 1. Tìte èqoume isìthta sthn (�), �ra 0 � g � 1 kaiR 10 g(t)dt = g(0) + 1 = 1, opìte h g e�nai suneq 
 sun�rthsh me g(0) = 0, 0 � g � 1 kaiR 10 g(t)dt = 1, to opo�o e�nai �topo (giat�?).



82 Apì thn �llh pleur�, d(f;K) = 1. Pr�gmati, gia k�je mikrì " > 0 or�zoume g"me g"(0) = 0, g � 1 + Æ sto ["; 1℄ kai g" grammik  sto [0; "℄. An Æ = "=21�("=2) , tìteR 10 g"(t)dt = 1. 'Ara, g" 2 K kaikg � fk = 1 + Æ = 1 + "=21� ("=2) :'Epetai ìti d(f;K) � lim"!0+ �1 + "=21� ("=2)� = 1:'Ara d(f;K) = 1, all� den up�rqei g 2 K me thn idiìthta kf � gk = d(f;K).



Kef�laio 5Telestè
 kai sunarthsoeid 
5.1 Fragmènoi grammiko� telestè
'Estw X kai Y dÔo q¸roi me nìrma. Grammikì
 telest 
 apì ton X ston Y e�naimia apeikìnish T : X ! Y pou ikanopoie� thnT (�x1 + �x2) = �T (x1) + �T (x2)gia k�je x1; x2 2 X kai �; � 2 R. Gia suntom�a ja gr�foume Tx1; Tx2 klp, ant�gia T (x1); T (x2).O pur na
 tou T e�nai to sÔnolo Ker(T ) = fx 2 X : Tx = 0g, kai h eikìna touT e�nai to sÔnolo R(T ) = fy 2 Y j9x 2 X : Tx = yg = fTx : x 2 Xg. O pur na
kai h eikìna enì
 grammikoÔ telest  T : X ! Y e�nai grammiko� upìqwroi twn Xkai Y ant�stoiqa.Oi X kai Y èqoun topolog�a pou ep�getai apì ti
 nìrme
 tou
, ma
 endiafèreiloipìn na doÔme pìte èna
 grammikì
 telest 
 T : X ! Y e�nai suneq 
. Xekin�meme ton orismì tou fragmènou telest :Orismo� (a) 'Estw X kai Y q¸roi me nìrma. 'Ena
 grammikì
 telest 
 T : X ! Ylègetai fragmèno
 an up�rqei stajer� 
 > 0 tètoia ¸ste(�) kTxkY � 
kxkXgia k�je x 2 X (qwr�
 k�nduno sÔgqush
, sto ex 
 ja gr�foume apl¸
 k � k kai giati
 dÔo nìrme
.)(b) An o T e�nai fragmèno
, or�zoume th nìrma kTk tou T san th mikrìterhstajer� 
 gia thn opo�a h (�) isqÔei gia k�je x 2 X .� Autì to min up�rqei: jewroÔme to sÔnoloCT = f
 � 0 : 8x 2 X; kTxk � 
kxkg:83



84An o T e�nai fragmèno
, autì to sÔnolo e�nai mh kenì kai k�tw fragmèno apì to 0.'Ara, or�zetai to inf CT kai isqÔei inf CT 2 CT giat� to CT e�nai kleistì (�skhsh).'Ara, h kTk = minf
 � 0 : 8x 2 X; kTxk � 
kxkgor�zetai kal�, kai ikanopoie� thnkTxk � kTk kxk; x 2 X:'Ena
 �llo
, ex�sou qr simo
, trìpo
 orismoÔ th
 nìrma
 tou T d�netai apì thnakìloujh prìtash:Prìtash 5.1.1 'Estw T : X ! Y fragmèno
 telest 
. Tìte,kTk = supx 6=0 kTxkkxk = supx2BX kTxk = supkxk=1 kTxk:Apìdeixh: An x 6= 0, tìte to y = x=kxk èqei nìrma kyk = 1. 'Ara,kTxkkxk = 

T � xkxk�

 = kTyk � supkxk=1 kTxk:AfoÔ to x 6= 0  tan tuqìn, kai afoÔ fx : kxk = 1g � BX ,(1) supx 6=0 kTxkkxk � supkxk=1 kTxk � supx2BX kTxk:Apì thn �llh pleur�, an x 2 BXnf0g, tìtekTxk � kTxkkxk � supx 6=0 kTxkkxk ;�ra(2) supx2BX kTxk � supx 6=0 kTxkkxk :Apì ti
 (1) kai (2) èpetai ìti ta tr�a sup th
 Prìtash
 e�nai �sa.Apì ton orismì th
 nìrma
 èqoume kTxk � kTk kxk � kTk gia k�je x 2 BX ,epomènw
(3) supx2BX kTxk � kTk:Tèlo
, afoÔ h kTk e�nai h mikrìterh stajer� gia thn opo�a kTxk � 
kxk gia k�jex 2 X , kai afoÔ kTwk �  supx 6=0 kTxkkxk ! kwk



85gia k�je w 2 X , èqoume(4) kTk � supx 6=0 kTxkkxk :H pr¸th isìthta th
 Prìtash
 èpetai t¸ra apì ti
 (3) kai (4). 2H epìmenh Prìtash dikaiologe� ton ìro {nìrma telest }:Prìtash 5.1.2 'Estw B(X;Y ) to sÔnolo twn fragmènwn telest¸n T : X ! Y .To B(X;Y ) e�nai grammikì
 q¸ro
, kai h k � k : B(X;Y ) ! R me T ! kTk e�nainìrma.Apìdeixh: An T; S : X ! Y fragmènoi telestè
 kai � 2 R, tìte(a) k(�T )xk = k�Txk = j�j kTxk � j�j kTk kxk, dhlad  o �T e�nai fragmèno
 kaik�Tk � j�j kTk. Epiplèon,k�Tk = supkxk=1 k�Txk = supkxk=1 j�j kTxk = j�j supkxk=1 kTxk = j�j kTk:'Ara, ikanopoie�tai to (N3).(b) k(T+S)xk = kTx+Sxk � kTxk+kSxk � kTk kxk+kSk kxk= (kTk+ kSk) kxk,dhlad  o T + S e�nai fragmèno
, kaikT + Sk � kTk+ kSk:'Epetai to (N4), kai to ìti o B(X;Y ) e�nai grammikì
 q¸ro
 (se sunduasmì me toprohgoÔmeno).Tèlo
 kTk � 0 (profanè
), kai an kTk = 0, tìte 0 � kTxk � kTk kxk = 0 gia k�jex 2 X , dhlad  kTxk = 0 =) Tx = 0 gia k�je x 2 X . 'Ara, kTk = 0 =) T � 0. 2Parade�gmata (a) H tautotik  apeikìnish I : X ! X e�nai fragmèno
 telest 
,kai kIk = supkxk=1 kIxk = supkxk=1 kxk = 1:(b) JewroÔme to grammikì q¸ro P [0; 1℄ twn poluwnÔmwn p : [0; 1℄! R, kai or�zoumeT : P [0; 1℄! P [0; 1℄ me Tp = p0 (h par�gwgo
 poluwnÔmou e�nai polu¸numo, �ra oT or�zetai kal�.)EÔkola elègqoume ìti o T e�nai grammikì
 telest 
:T (�p+ �q) = (�p+ �q)0 = �p0 + �q0 = �Tp+ �Tq:'Omw
 o T den e�nai fragmèno
: èstw pn(t) = tn. Ston P [0; 1℄ jewroÔme w
 sun jw
thn kpk = maxt2[0;1℄ jp(t)j, �ra kpnk = 1, n 2 N. All� p0n(t) = ntn�1, �rakp0nk = n. 'Epetai ìti supkpk=1 kTpk � kTpnk = kp0nk = n



86gia k�je n 2 N, �ra o T den e�nai fragmèno
 (giat�?).(g) Oloklhrwtiko� telestè
. JewroÔme ton C[0; 1℄ me nìrma thnkfk = maxt2[0;1℄ jf(t)j;kai mia suneq  sun�rthsh K : [0; 1℄� [0; 1℄! R:Or�zoume T : C[0; 1℄! C[0; 1℄ me(Tf)(t) = Z 10 K(t; s)f(s)ds:H K lègetai pur na
 tou T . Prèpei na de�xoume ìti o T e�nai kal� orismèno
,dhlad  ìti h Tf e�nai suneq 
: èqoumej(Tf)(t)� (Tf)(t0)j = ����Z 10 fK(t; s)�K(t0; s)gf(s)ds����� Z 10 jK(t; s)�K(t0; s)j jf(s)jds� kfk Z 10 jK(t; s)�K(t0; s)jds:'Omw
, h K e�nai omoiìmorfa suneq 
 sto [0; 1℄� [0; 1℄, �ra an m�
 d¸soun " > 0up�rqei Æ > 0 tètoio
 ¸stejt� t0j < Æ =) 8s; jK(t; s)�K(t0; s)j < ":'Ara, jt� t0j < Æ =) j(Tf)(t)� (Tf)(t0)j � kfk";ki autì apodeiknÔei th sunèqeia th
 Tf . H grammikìthta tou T elègqetai eÔkola.Gia na de�xoume ìti o T e�nai fragmèno
, parathroÔme ìti lìgw sunèqeia
 toupur naK up�rqeiM > 0 me thn idiìthta jK(t; s)j �M gia k�je (t; s) 2 [0; 1℄�[0; 1℄,opìte j(Tf)(t)j = ����Z 10 K(t; s)f(s)ds���� � Z 10 jK(t; s)jjf(s)jds� Mkfk Z 10 ds =Mkfkgia k�je t 2 [0; 1℄, �ra kTfk �Mkfk.H Prìtash pou akolouje� perigr�fei tou
 fragmènou
 grammikoÔ
 telestè
pou or�zontai se q¸rou
 peperasmènh
 di�stash
:



87Je¸rhma 5.1.1 'Estw X;Y q¸roi me nìrma, dimX = n < 1, kai T : X ! Ygrammikì
 telest 
. Tìte, o T e�nai fragmèno
.Apìdeixh: 'Estw fe1; : : : ; eng mia b�sh tou X . Apì to basikì L mma tou Kefa-la�ou 4, an x = a1e1 + � � �+ anen 2 X , tìte
 nXi=1 jaij � ka1e1 + � � �+ anenk = kxk;ìpou 
 > 0 stajer� pou exart�tai mìno apì th nìrma kai th b�sh tou X . 'Epetaiìti kTxk = 

T ( nXi=1 aiei)

 = 

 nXi=1 aiTei

� nXi=1 jaij kTeik � � max1�i�n kTeik� nXi=1 jaij� max kTeik
 kxk:'Ara o T e�nai fragmèno
, me kTk � (maxi kTeik)=
. 2Fusiologik�, èna
 grammikì
 telest 
 T : X ! Y ja lègetai suneq 
 an giak�je x0 2 X kai " > 0, up�rqei Æ = Æ("; x0) > 0 tètoio
 ¸stekx� x0k < Æ =) kTx� Tx0k < ":IsodÔnama, an: xn ! x ston X =) Txn ! Tx ston Y . Ja de�xoume ìti èna
grammikì
 telest 
 T : X ! Y e�nai suneq 
 an kai mìno an e�nai fragmèno
.Je¸rhma 5.1.2 'Estw X;Y q¸roi me nìrma, kai T : X ! Y grammikì
 telest 
.(a) O T e�nai suneq 
 an kai mìno an e�nai fragmèno
.(b) An o T e�nai suneq 
 se èna shme�o x0, tìte e�nai pantoÔ suneq 
.Apìdeixh: (a) 'Estw ìti o T e�nai suneq 
. Tìte, e�nai suneq 
 sto 0. Pa�rnonta
" = 1 > 0, br�skoume Æ > 0 tètoio ¸stekxk < Æ =) kTxk < 1:'Omw
 tìte, gia k�je y 6= 0 jewroÔme to Æy=2kyk (pou èqei nìrma mikrìterh apìÆ), kai gr�foume 



T � Æy2kyk�



 < 1 =) kTyk < 2Æ kyk:'Epetai ìti o T e�nai fragmèno
, kai kTk � 2Æ .Ant�strofa: upojètoume ìti o T e�nai fragmèno
, kai jewroÔme tuqìn x0 2 X .An xn ! x0, tìtekTxn � Tx0k = kT (xn � x0)k � kTk kxn � x0k ! 0;



88�ra Txn ! Tx0. Dhlad , o T e�nai suneq 
.(b) Upojètoume ìti o T e�nai suneq 
 sto x0. 'Estw y0 2 X kai yn ! y0. Jèloumena de�xoume ìti Tyn ! Ty0. 'Omw
, yn � y0 + x0 ! x0 (giat�?), �raT (yn � y0 + x0) = Tyn � Ty0 + Tx0 ! Tx0;ap� ìpou èpetai h Tyn ! Ty0. 2Kle�noume aut  thn par�grafo me merikè
 aplè
 parathr sei
 p�nw stou
 fragmè-nou
 telestè
:1. An o T : X ! Y e�nai fragmèno
, tìte o KerT e�nai kleistì
 upìqwro
 touX .2. An o T : X ! Y e�nai fragmèno
, kai X 0 e�nai èna
 upìqwro
 tou X , tìte operiorismì
 tou T ston X 0 e�nai fragmèno
 telest 
.3. 'Estw Y q¸ro
 Bana
h, kai T0 : X0 ! Y fragmèno
 telest 
 pou or�zetais� ènan puknì upìqwro X0 tou X . Tìte, o T0 epekte�netai kat� monadikìtrìpo se fragmèno telest  T : X ! Y me kTk = kT0k.H apìdeixh aut¸n twn isqurism¸n af netai san �skhsh ston anagn¸sth.5.2 Grammik� sunarthsoeid 'Estw X grammikì
 q¸ro
. Sunarthsoeidè
 e�nai èna
 grammikì
 telest 
 F : X !R. An o X e�nai q¸ro
 me nìrma, tìte to sunarthsoeidè
 F lègetai fragmèno ane�nai fragmèno
 telest 
 apì ton (X; k�k) ston (R; j � j). Epomènw
, ì,ti apode�xamesthn prohgoÔmenh par�grafo metafèretai autoÔsio ed¸:Je¸rhma 5.2.1 'Estw X q¸ro
 me nìrma, kai F : X ! R grammikì sunarthsoei-dè
. To F e�nai fragmèno an up�rqei 
 > 0 tètoio
 ¸ste, gia k�je x 2 X ,jF (x)j � 
kxk:H nìrma tou F e�nai h mikrìterh tètoia stajer�, kai isoÔtai mekFk = supkxk=1 jF (x)j: 2Parade�gmata (a) H nìrma tou q¸rou X 6= f0g, k � k : X ! R den e�nai grammikìsunarthsoeidè
. An  tan, ja e�qame kxk+ k � xk = kx+ (�x)k, dhlad  2kxk = 0gia k�je x 2 X .(b) JewroÔme ton X = Rn , kai stajeropoioÔme a = (a1; : : : ; an) 2 Xnf0g. Or�zou-me F : X ! R, me F (x) = F (�1; : : : ; �n) = a1�1 + � � �+ an�n:



89H F e�nai grammikì sunarthsoeidè
 (to {eswterikì ginìmeno} me to a). An stonRn jewr soume thn Eukle�deia nìrma k �k, tìte apì thn anisìthta Cau
hy-S
hwarzpa�rnoume jF (x)j = ja1�1 + � � �+ an�nj�  nXi=1 jaij2!1=2 nXi=1 j�ij2!1=2= kak kxk:Dhlad , to F e�nai fragmèno sunarthsoeidè
, kai kFk � kak. Epiplèon,jF (a)j = a21 + � � �+ a2n = kak2;�ra kFk = supx 6=0 jF (x)jkxk � jF (a)jkak = kak:Dhlad , kFk = kak.(g) Or�zoume F : C[a; b℄ ! R me F (g) = R ba g(t)dt. To F e�nai grammikì sunarth-soeidè
 ston C[a; b℄, kaijF (g)j � Z ba jg(t)jdt � �maxt2[a;b℄ jg(t)j� (b� a) = (b� a)kgk:'Ara, to F e�nai fragmèno kai kFk � b�a. An p�roume san g0 th stajer  sun�rthshg0(t) = 1, tìte kg0k = 1 kaikFk = supkgk=1 jF (g)j � jF (g0)j = b� a:'Ara, kFk = b� a.(d) JewroÔme p�li ton X = C[a; b℄ me nìrma thn kgk = maxt2[a;b℄ jg(t)j, stajero-poioÔme k�poio t0 2 [a; b℄, kai or�zoume F : C[a; b℄! R me F (g) = g(t0).H F e�nai grammikì sunarthsoeidè
, kai jF (g)j = jg(t0)j � kgk. 'Ara, kFk � 1.Pa�rnonta
 g0 � 1, elègqoume ìti kFk = 1.Orismì
 'Estw X q¸ro
 me nìrma. O duðkì
 q¸ro
 tou X e�nai o grammikì
q¸ro
 X� twn fragmènwn grammik¸n sunarthsoeid¸n F : X ! R. Dhlad ,X� = B(X;R):O X� e�nai mh kenì
: h F : X ! R me F (x) = 0 gia k�je x 2 X , e�nai fragmènogrammikì sunarthsoeidè
. Ta parade�gmata pou prohg jhkan de�qnoun ìti an p.q.X = Rn   C[a; b℄, tìte o X� e�nai polÔ {plousiìtero
} apì to f0g. Sthn pragma-tikìthta, gia k�je q¸ro X me nìrma, o X� perièqei poll� mh tetrimmèna fragmènasunarthsoeid . Autì ìmw
 apaite� arket  doulei� (Je¸rhma Hahn-Bana
h).



90Orismì
 'Estw X grammikì
 q¸ro
, kai W grammikì
 upìqwro
 tou X . Or�zou-me to q¸ro phl�ko X=W sa grammikì q¸ro w
 ex 
: or�zoume pr¸ta mia sqèshisodunam�a
 � ston X , jètonta
x � y () x� y 2W:Tìte, o X=W e�nai o q¸ro
 twn kl�sewn isodunam�a
 [x℄ = x +W me pr�xei
 ti
�[x℄ = [�x℄ kai [x℄ + [y℄ = [x+ y℄. Parathr ste ìti [x℄ = 0 an kai mìno an x 2 W .Lème ìti o W èqei sundi�stash 1 ston X an gia to q¸ro phl�ko X=W èqoumedim(X=W ) = 1. An o W èqei sundi�stash 1 kai x0 2 X , tìte to x0 +W lègetaiuperep�pedo.H Prìtash pou akolouje�, d�nei th sqèsh an�mesa se upoq¸rou
 sundi�stash
1 kai grammik� sunarthsoeid :Prìtash 5.2.1 'Estw X grammikì
 q¸ro
, kai W grammikì
 upìqwro
 tou X . OW èqei sundi�stash 1 an kai mìno an up�rqei mh mhdenikì grammikì sunarthsoeidè
f : X ! R me Kerf =W . DÔo grammik� sunarthsoeid  f; g èqoun ton �dio pur naan kai mìno an up�rqei � 6= 0 tètoio ¸ste g = �f .Apìdeixh: 'Estw f : X ! R, f 6= 0 grammikì sunarthsoeidè
. O pur na
 W =Kerf tou f e�nai grammikì
 upìqwro
 tou X , kai h ~f : X=W ! R me ~f(x +W ) =f(x) e�nai isomorfismì
 grammik¸n q¸rwn (giat�?). 'Ara, dim(X=W ) = 1.Ant�strofa, an o W èqei sundi�stash 1 ston X , tìte up�rqei isomorfismì
T : X=W ! R. Or�zoume f : X ! R me f(x) = T (x +W ). To f e�nai grammikìsunarthsoeidè
, f 6= 0, kai Kerf =W .Gia to deÔtero isqurismì, an g = �f , � 6= 0, tìte profan¸
 Kerf = Kerg.Ant�strofa, èstw f; g : X ! R grammik� sunarthsoeid  me Kerf = Kerg. Anf � 0, den èqoume t�pota na apode�xoume. 'Estw loipìn x0 2 X me f(x0) = 1(up�rqei, giat�?). 'Epetai ìti g(x0) 6= 0. Tìte, gia k�je x 2 X èqoumex� f(x)x0 2 Kerf =) g(x� f(x)x0) = 0 =) g(x) = g(x0)f(x):Dhlad , g = �f , me � = g(x0). 2A
 upojèsoume t¸ra ìti èqoume kai mia nìrma k � k ston X .Prìtash 5.2.2 'Estw X q¸ro
 me nìrma, kai èstw W upìqwro
 tou X sundi�-stash
 1. Tìte, èna apì ta dÔo sumba�nei: E�te o W e�nai kleistì
 ston X   o We�nai puknì
 ston X .Apìdeixh: O W e�nai ki autì
 grammikì
 upìqwro
 tou X . An o W den e�naikleistì
, tìte up�rqei x 2 W n W , kai afoÔ o W èqei sundi�stash 1 èqoume[z℄ 2 span([x℄) (dhlad  z = �x + w gia k�poia � 2 R kai w 2 W ) gia k�je z 2 X(giat�?), �ra W = X . 2Parat rhsh: Oi kleisto� grammiko� upìqwroi sundi�stash
 1 e�nai akrib¸
 oipur ne
 twn fragmènwn grammik¸n sunarthsoeid¸n: an f : X ! R e�nai frag-mèno grammikì sunarthsoeidè
, tìte apì th sunèqeia tou f e�nai fanerì ìti o



91W = Kerf = f�1f0g e�nai kleistì
 grammikì
 upìqwro
 tou X , kai apì thn Prì-tash 5.2.1 o W èqei sundi�stash 1. Ja apode�xoume ton ant�strofo isqurismì sansunèpeia tou Jewr mato
 Hahn-Bana
h.5.3 Q¸roi telest¸n - duðko� q¸roi'Estw X;Y dÔo q¸roi me nìrma. Sthn Par�grafo 5.1 e�dame ìti o q¸ro
 B(X;Y )twn fragmènwn grammik¸n telest¸n T : X ! Y e�nai grammikì
 q¸ro
 me nìrma,ìpou kTk = supkxk=1 kTxk; T 2 B(X;Y ):To Je¸rhma pou akolouje� apant� sto er¸thma: pìte o B(X;Y ) e�nai pl rh
?Je¸rhma 5.3.1 'Estw X kai Y q¸roi me nìrma. An o Y e�nai q¸ro
 Bana
h,tìte o B(X;Y ) e�nai q¸ro
 Bana
h.Apìdeixh: 'Estw (Tn) akolouj�a Cau
hy ston B(X;Y ), kai èstw " > 0. Up�rqein0(") 2 N tètoio
 ¸ste, an n;m � n0 tìte(�) kTn � Tmk < ":StajeropoioÔme x 2 X . An n;m � n0, tìtekTnx� Tmxk = k(Tn � Tm)xk � kTn � Tmk kxk � "kxk:Autì shma�nei ìti h (Tnx) e�nai akolouj�a Cau
hy ston Y (giat�?), kai afoÔ o Ye�nai pl rh
, up�rqei yx 2 Y tètoio ¸ste Tmx! yx kaj¸
 m!1.Or�zoume T : X ! Y me Tx = yx = limm!1Tmx:O T e�nai grammikì
 telest 
: an x1; x2 2 X kai �; � 2 R, tìteT (�x1 + �x2) = limm!1Tm(�x1 + �x2)= limm!1(�Tmx1 + �Tmx2)= � limm!1 Tmx1 + � limm!1Tmx2= �Tx1 + �Tx2:Epistrèfoume sthn (�). 'Estw x 2 X me kxk = 1. An n;m � n0, tìtekTnx� Tmxk � "kxk = ";kai af nonta
 to m na p�ei sto �peiro, pa�rnoumekTnx� Txk � "; kxk = 1;



92dhlad ,(��) kTn � Tk = supkxk=1 kTnx� Txk � ":Autì de�qnei dÔo pr�gmata: (a) gia k�je n � n0, Tn � T 2 B(X;Y ), kai afoÔ oB(X;Y ) e�nai grammikì
 q¸ro
 kai Tn 2 B(X;Y ),T = Tn � (Tn � T ) 2 B(X;Y ):(b) Apì thn (��), gia k�je n � n0(") èqoume kTn � Tk � ". 'Ara, Tn ! T stonB(X;Y ). 2Pìrisma 5.3.1 An o X e�nai q¸ro
 me nìrma, tìte o X� me nìrma thn kFk =supkxk=1 jF (x)j e�nai q¸ro
 Bana
h.Apìdeixh: O X� e�nai o B(X;R). O R e�nai pl rh
 w
 pro
 thn j � j, opìte tozhtoÔmeno prokÔptei amèsw
 apì to Je¸rhma 5.3.1. 2Orismì
 (a) O T : X ! Y lègetai isomorfismì
 an e�nai grammikì
, èna pro
 ènakai ep� telest 
, kai oi T : X ! Y , T�1 : Y ! X e�nai fragmènoi telestè
.(b) O T : X ! Y lègetai isometrikì
 isomorfismì
 an e�nai isomorfismì
 kai,epiplèon, gia k�je x 2 X isqÔei kTxk = kxk.Parathr sei
 (i) O T e�nai èna pro
 èna an kai mìno an KerT = f0g.(ii) An o T : X ! Y e�nai grammikì
, èna pro
 èna kai ep�, kai kTxk = kxk, x 2 X ,tìte o T e�nai isometrikì
 isomorfismì
.DÔo q¸roi X kai Y me nìrma lègontai isometrik� isomorfiko� an up�rqei iso-metrikì
 isomorfismì
 T : X ! Y . Apì th skopi� th
 Sunarthsiak 
 An�lush
,dÔo tètoioi q¸roi taut�zontai: èqoun thn �dia grammik  kai topologik  dom , afoÔta shme�a tou
 br�skontai se èna pro
 èna antistoiq�a pou diathre� ti
 apost�sei
kai th grammik  dom  tou q¸rou.Me th bo jeia th
 ènnoia
 tou isometrikoÔ isomorfismoÔ mporoÔme na d¸soumepolÔ sugkekrimmènh perigraf  tou duðkoÔ q¸rou gia arket� klasik� parade�gmataq¸rwn Bana
h:Je¸rhma 5.3.2 JewroÔme ton Rn me thn Eukle�deia nìrma. O duðkì
 tou q¸ro
e�nai isometrik� isomorfikì
 me ton Rn . Gr�foume (Rn )� ' Rn .Apìdeixh: Or�zoume T : (Rn )� ! Rn w
 ex 
: apeikon�zoume to f : Rn ! R sthnn-�da (f(e1); : : : ; f(en)) 2 Rn , ìpou fe1; : : : ; eng h sun jh
 orjokanonik  b�sh touRn . Parathr ste ìti to f prosdior�zetai pl rw
 apì to di�nusma Tf = (f(ei))i�n:an x = (�i) 2 Rn , tìte x =Pni=1 �iei =) f(x) =Pni=1 �if(ei), dhlad  xèroume tof(x) an m�
 d¸soun ti
 suntetagmène
 tou x.De�qnoume pr¸ta ìti o T e�nai grammikì
, èna pro
 èna kai ep�:



93(a) Gia th grammikìthta,T (�f + �g) = ((�f + �g)(e1); : : : ; (�f + �g)(en))= (�f(e1) + �g(e1); : : : ; �f(en) + �g(en))= �(f(e1); : : : ; f(en)) + �(g(e1); : : : ; g(en))= �Tf + �Tg:(b) Gia to èna pro
 èna,Tf = ~0 =) 8i = 1; : : : ; n; f(ei) = 0=) 8x 2 Rn ; f(x) = nXi=1 �if(ei) = 0=) f � 0:(g) An a = (a1; : : : ; an) 2 Rn , or�zoume f(x) = Pni=1 �iai. Tìte, f 2 (Rn )� kaif(ei) = ai, i = 1; : : : ; n. 'Ara, Tf = a. Autì de�qnei ìti o T e�nai ep�.Mènei na de�xoume ìti o T e�nai isometrikì
 isomorfismì
. 'Estw f 2 (Rn )�.Tìte, f(x) =Pni=1 �if(ei), kai èqoume de� ìti èna sunarthsoeidè
 aut 
 th
 morf 
èqei nìrma kfk = k(f(e1); : : : ; f(en))k = kTfk: 2Je¸rhma 5.3.3 O (`1)� e�nai isometrik� isomorfikì
 me ton `1.Apìdeixh: Or�zoume T : `�1 ! `1 w
 ex 
: 'Estw ek = (Ækn) kai f : `1 ! Rfragmèno grammikì sunarthsoeidè
. Elègxte tou
 parak�tw isqurismoÔ
:(i) H (ek) e�nai b�sh S
hauder tou `1, dhlad , k�je x = (�k) 2 `1 gr�fetai(monos manta) sth morf  x =P1k=1 �kek.(ii) To f e�nai suneqè
, �ra f(x) =P1k=1 �kf(ek), x 2 X .Or�zoume T (f) = (f(e1); : : : ; f(ek); : : :). Ja de�xoume ìti o T e�nai isometrikì
isomorfismì
.(a) O T e�nai kal� orismèno
. Gia k�je k 2 N èqoume jf(ek)j � kfk kekk = kfk(giat� kekk = 1.) 'Ara,(�) kTfk1 � kfk:Eidikìtera, Tf 2 `1.(b) An kxk1 =P1k=1 j�k j = 1, tìtejf(x)j = ���� 1Xk=1 �kf(ek)���� � 1Xk=1 j�kj jf(ek)j� �supk jf(ek)j� 1Xk=1 j�kj = kTfk1:



94'Ara,(��) kfk = supkxk1=1 jf(x)j � kTfk1:Apì ti
 (�) kai (��), gia k�je f 2 `�1 isqÔei kTfk1 = kfk (dhlad , o T e�naiisometr�a.)(g) H grammikìthta tou T elègqetai eÔkola.(d) An Tf = 0, tìte gia k�je k 2 N èqoume f(ek) = 0. 'Ara, gia k�je x 2 `1,f(x) = 1Xk=1 �kf(ek) = 0 =) f � 0:AfoÔ KerT = f0g, o T e�nai èna pro
 èna.(e) 'Estw a = (a1; : : : ; ak; : : :) 2 `1 (up�rqei loipìn M > 0 tètoio
 ¸ste jakj �M ,k 2 N.) Or�zoume f(x) =P1k=1 �kak. Tìte,jf(x)j � 1Xk=1 j�kj jakj � (supk jakj) 1Xk=1 j�kj �Mkxk1:'Ara, f 2 `�1, kai afoÔ f(ek) = ak, Tf = a. Dhlad  o T e�nai ep�. 2Je¸rhma 5.3.4 An 1 < p < +1, tìte o `�p e�nai isometrik� isomorfikì
 me ton`q, ìpou q o suzug 
 ekjèth
 tou p.Apìdeixh: H (ek) e�nai b�sh S
hauder tou `p (elègxte to). K�je x = (�k) 2 `pgr�fetai monos manta sth morf  x =Pk �kek, kai an f : `p ! R e�nai fragmènogrammikì sunarthsoeidè
, tìte f(x) =Pk �kf(ek).Or�zoume T : `�p ! `q me Tf = (f(e1); : : : ; f(ek); : : :).(a) O T e�nai kal� orismèno
: Prèpei na de�xoume ìti, gia k�je f 2 `�p isqÔeiPk jf(ek)jq < +1. 'Estw N 2 N. Or�zoume 
k = jf(ek)jq=f(ek) an f(ek) 6= 0, kai
k = 0 alli¸
. Tìte,NXk=1 jf(ek)jq = NXk=1 
kf(ek) = f  NXk=1 
kek!� kfk NXk=1 j
kjp!1=p= kfk NXk=1 jf(ek)j(q�1)p!1=p= kfk NXk=1 jf(ek)jq!1=p :



95'Epetai ìti  NXk=1 jf(ek)jq!1� 1p � kfk =)  NXk=1 jf(ek)jq!1=q � kfk;kai af nonta
 to N !1, pa�rnoume(�) kTfkq =  1Xk=1 jf(ek)jq!1=q � kfk;to opo�o bèbaia de�qnei kai ìti Tf 2 `q.(b) An f 2 `�p, qrhsimopoi¸nta
 thn anisìthta tou H�older blèpoume ìtijf(x)j = �� 1Xk=1 �kf(ek)�� � 1Xk=1 j�kj jf(ek)j�  1Xk=1 j�kjp!1=p 1Xk=1 jf(ek)jq!1=q= kxkp kTfkq:'Ara,(��) kfk = supkxkp=1 jf(x)j � kTfkq:Apì ti
 (�) kai (��) blèpoume ìti o T e�nai isometr�a: gia k�je f 2 `�p, kTfk = kfk.(g) EÔkola elègqoume ìti o T e�nai grammikì
 kai èna pro
 èna telest 
.(d) 'Estw a = (a1; : : : ; ak; : : :) 2 `q. Dhlad , Pk jakjq < +1. Or�zoume f(x) =P1k=1 �kak. Tìte, jf(x)j � 1Xk=1 j�kj jakj�  Xk jakjq!1=q  1Xk=1 j�k jp!1=p= kakq kxkp:'Ara, f 2 `�p, kai afoÔ f(ek) = ak, Tf = a. Dhlad  o T e�nai ep�. 2



965.4 Ask sei
1. 'Estw T : C[0; 1℄! C[0; 1℄, me (Tf)(t) = R t0 f(s)ds, t 2 [0; 1℄.(a) De�xte ìti o T e�nai fragmèno
, grammikì
 kai èna pro
 èna telest 
.(b) Bre�te thn eikìna R(T ) tou T .(g) E�nai o T�1 : R(T )! C[0; 1℄ fragmèno
?(d) Bre�te thn kTk.2. Or�zoume T : `2 ! `2 w
 ex 
: an x = (�1; �2; : : : ; �k; : : :), jètoume Tx =(�2; �3; : : :).(a) De�xte ìti o T or�zetai kal�, kai e�nai fragmèno
 grammikì
 telest 
.(b) Or�zoume Tn = T Æ T Æ � � � Æ T (n forè
). Bre�te thn kTnk, n 2 N, kai tolimn kTnk.(g) An x 2 `2, bre�te to limn kTnxk.3. Ston C[0; 1℄ or�zoume kfk = max�1�t�1 jf(t)j. Upolog�ste ti
 nìrme
 twnparak�tw sunarthsoeid¸n F : C[�1; 1℄! R:(a) F (g) = R 1�1 g(s)ds� g(0).(b) F (g) = g(1=2)+g(�1=2)�2g(0)2 .4. Or�zoume F : `1 ! R me F (x) = P1k=1 �k. De�xte ìti to F e�nai grammikìsunarthsoeidè
. E�nai fragmèno? An nai, poi� e�nai h nìrma tou?5. Or�zoume T; S : C[0; 1℄! C[0; 1℄ me(Tf)(t) = t Z 10 f(s)ds ; (Sf)(t) = tf(t):(a) De�xte ìti oi T; S e�nai fragmènoi grammiko� telestè
.(b) Bre�te tou
 T Æ S kai S Æ T . E�nai swstì ìti T Æ S = S Æ T ?(g) Upolog�ste ti
 kTk, kSk, kT Æ Sk kai kS Æ Tk.6. JewroÔme to tr�gwno � = f(x; y) 2 R2 : a � x � b; a � y � xg, kai mia suneq sun�rthsh � : �! R. Or�zoume T : C[a; b℄! C[a; b℄ me(Tf)(x) = Z xa �(x; y)f(y)dy:De�xte ìti o T e�nai fragmèno
 grammikì
 telest 
, kaikTk � (b� a)maxfj�(x; y)j : (x; y) 2 �g:7. JewroÔme to q¸ro C1[0; 1℄ twn suneq¸
 paragwg�simwn sunart sewn sto [0; 1℄.Ston C1[0; 1℄ jewroÔme ti
 nìrme
kfk2 = �Z 10 jf j2�1=2 ; kfk1;2 = �Z 10 jf 0j2�1=2 + jf(0)j:



97De�xte ìti o tautotikì
 telest 
 I : (C1[0; 1℄; k � k1;2) ! (C1[0; 1℄; k � k2) e�naifragmèno
.[Upìdeixh: Perioriste�te pr¸ta ston q¸ro ff 2 C1 : f(0) = 0g, kai efarmìste thnanisìthta Cau
hy-S
hwarz.℄8. 'Estw X o q¸ro
 ìlwn twn fragmènwn f : R ! R me nìrma thn kfk =supt2R jf(t)j. Or�zoume T : X ! X , me (Tf)(t) = f(t � a), ìpou a > 0 dosmènhstajer�. E�nai o T grammikì
? Fragmèno
?9. 'Estw X;Y q¸roi me nìrma, Tn; T 2 B(X;Y ) kai xn; x 2 X . De�xte ìti, anTn ! T kai xn ! x, tìte Tnxn ! Tx.10. 'Estw F : X ! R mh mhdenikì grammikì sunarthsoeidè
. De�xte ìti to F e�naifragmèno an kai mìno an up�rqei Æ > 0 tètoio ¸ste F (B(0; Æ)) 6= R.11. 'Estw X q¸ro
 me nìrma, kai F 2 X�, F 6= 0. De�xte ìtikFk = 1inffkxk : F (x) = 1g :12. 'Estw X apeirodi�stato
 q¸ro
 me nìrma. De�xte ìti up�rqei grammikì su-narthsoeidè
 F : X ! R pou den e�nai fragmèno.13. 'Estw T : X ! Y grammikì
 telest 
 me thn ex 
 idiìthta: an xn ! 0 stonX , tìte h fkTxnkg e�nai fragmènh. De�xte ìti o T e�nai fragmèno
.14. 'Estw X;Y q¸roi me nìrma, kai T : X ! Y èna pro
 èna, fragmèno
 grammikì
telest 
. De�xte ìti o T e�nai isometrikì
 isomorfismì
 an kai mìno an T (BX) =BY .15. 'Estw X q¸ro
 me nìrma, kai M� � X�. Or�zoumeN(M�) = fx 2 X : 8F 2M�; F (x) = 0g:De�xte ìti to N(M�) e�nai kleistì
 grammikì
 upìqwro
 tou X .
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99Upode�xei
 - apant sei
1. (a) Gia k�je t 2 [0; 1℄ èqoumej(Tf)(t)j = j Z t0 f(s)dsj � Z t0 jf(s)jds � kfk Z t0 ds = kfk � t � kfk;�ra kTfk = max0�t�1 j(Tf)(t)j � kfk:'Epetai ìti o T e�nai fragmèno
 kai kTk � 1. Gia thn grammikìthta tou T parathroÔmeìti an f; g 2 C[0; 1℄ kai a; b 2 R, tìte[T (af + bg)℄(t) = Z t0 (af(s) + bg(s))ds = a Z t0 f(s)ds+ b Z t0 g(s)ds= a(Tf)(t) + b(Tg)(t) = [a(Tf) + b(Tg)℄(t);�ra T (af + bg) = a(Tf) + b(Tg). H Tf e�nai suneq¸
 paragwg�simh sun�rthsh, afoÔ(Tf)0 = f . Autì apodeiknÔei ìti o T e�nai kal� orismèno
, all� kai ìti e�nai èna pro
èna: Tf = Tg =) (Tf)0 = (Tg)0 =) f = g:(b) 'Opw
 parathr same sto (a) h Tf e�nai suneq¸
 paragwg�simh kai (Tf)(0) = 0.Autè
 e�nai akrib¸
 oi sunart sei
 pou an koun sthn eikìna R(T ) tou T . Pr�gmati, ang 2 C1[0; 1℄ kai g(0) = 0, jewroÔme thn f = g0 2 C[0; 1℄. Apì to jemeli¸de
 je¸rhma touapeirostikoÔ logismoÔ èqoume(Tf)(t) = Z t0 f(s)ds = Z t0 g0(s)ds = g(t)� g(0) = g(t);dhlad , Tf = g.(g) Gia k�je n 2 N, h sun�rthsh fn(t) = tn e�nai suneq¸
 paragwg�simh kai fn(0) = 0.Apì to (b), fn 2 R(T ) kai [T�1(fn)℄(t) = f 0n(t) = ntn�1. 'Ara,kT�1(fn)kkfnk = n1 = n(giat�?). 'Epetai ìti o T�1 den e�nai fragmèno
: an  tan, ja e�qame kT�1k � n gia k�jen 2 N (giat�?).(d) An p�roume f � 1 sto [0; 1℄, tìte kfk = 1 kai (Tf)(t) = R t0 ds = t. 'Ara,kTk � kTfk = max0�t�1 jtj = 1;to opo�o apodeiknÔei ìti kTk = 1.2. (a) O T or�zetai kal�, giat�kTxk22 = 1Xk=2 j�kj2 � 1Xk=1 j�kj2 = kxk22 < +1;dhlad  Tx 2 `2. H �dia anisìthta de�qnei ìti o T e�nai fragmèno
 kai kTk � 1. Hgrammikìthta tou T elègqetai eÔkola.



100(b) Epagwgik� de�qnoume ìti Tnx = (�n+1; �n+2; : : :). Gia th nìrma tou Tn èqoume kTnk �kTk : : : kTk = kTkn � 1. IsqÔei isìthta, giat�kTnk � kTnen+1k2ken+1k2 = 11 = 1:Eidikìtera, limn!1 kTnk = 1.(g) An x 2 `2, tìte kTnxk2 = qP1k=n+1 j�kj2 ! 0 ìtan n ! 1 (our� sugkl�nousa
seir�
). Dhlad , Tnx! ~0 gia k�je x 2 `2. 23. (a) Gia k�je g 2 C[0; 1℄ èqoumejF (g)j = j Z 1�1 g(s)ds� g(0)j � Z 1�1 jg(s)jds+ jg(0)j � 2kgk+ kgk = 3kgk:'Ara, to F e�nai fragmèno kai kFk � 3. Gia k�je mikrì " > 0 or�zoume g" 2 C[�1; 1℄jètonta
 g" � 1 sta [�1;�"℄ kai ["; 1℄, g"(0) = �1 kai epekte�nonta
 grammik� sta [�"; 0℄kai [0; "℄. Tìte kg"k = 1 kaikFk � jF (g")j = j Z 1�1 g"(s)ds+ 1j= ���Z �"�1 ds+ Z 0�" g"(s)ds+ Z "0 g"(s)ds+ Z 1" ds+ 1���= j(1� ") + 0 + 0 + (1� ") + 1j = 3� 2":AfoÔ h anisìthta aut  isqÔei gia k�je mikrì " > 0, blèpoume ìtikFk � lim"!0+(3� 2") = 3:'Ara, kFk = 3.(b) Gia k�je g 2 C[0; 1℄ èqoumejF (g)j = ���g(1=2)2 + g(�1=2)2 � g(0)��� � jg(1=2)j2 + jg(�1=2)j2 + jg(0)j� kgk2 + kgk2 + kgk = 2kgk:'Ara, to F e�nai fragmèno kai kFk � 2. Or�zoume g 2 C[�1; 1℄ jètonta
 g � 1 sta[�1;�1=2℄ kai [1=2; 1℄, g(0) = �1 kai epekte�nonta
 grammik� sta [�1=2; 0℄ kai [0; 1=2℄.Tìte kgk = 1 kaikFk � jF (g)j = ���g(1=2)2 + g(�1=2)2 � g(0)��� = j12 + 12 � (�1)j = 2:'Ara, kFk = 2.4. An x 2 `1, h seir� P1k=1 �k sugkl�nei apolÔtw
 �ra sugkl�nei. Autì shma�nei ìti toF e�nai kal� orismèno. H grammikìthta elègqetai eÔkola:F (ax+ by) = 1Xk=1(a�k + b�k) = aXk=1 �k + b 1Xk=1 �k = aF (x) + bF (y):



101'Eqoume jF (x)j = j 1Xk=1 �kj � 1Xk=1 j�kj = kxk1;�ra to F e�nai fragmèno kai kFk � 1. IsqÔei isìthta, giat� an �k � 0 tìtejF (x)j = F (x) = 1Xk=1 �k = 1Xk=1 j�kj = kxk1:5. (a) H grammikìthta twn T kai S elègqetai eÔkola. Ep�sh
,j(Tf)(t)j = jt Z 10 f(s)dsj � t Z 10 jf(s)jds � tkfk Z 10 ds = tkfk � kfkgia k�je t 2 [0; 1℄, �ra kTfk � kfk. Dhlad , o T e�nai fragmèno
 kai kTk � 1. 'Omoia,j(Sf)(t)j = jtf(t)j = tjf(t)j � 1 � kfk = kfkgia k�je t 2 [0; 1℄, �ra kSfk � kfk. Dhlad , o S e�nai fragmèno
 kai kSk � 1.(b) 'Eqoume [(T Æ S)(f)℄(t) = t Z 10 (Sf)(s)ds = t Z 10 sf(s)ds;kai [(S Æ T )(f)℄(t) = t(Tf)(t) = t2 Z 10 f(s)ds:Den isqÔei ìti T Æ S = S Æ T . An �sque, gia thn f � 1 ja pa�rname[(T Æ S)(f)℄(t) = [(S Æ T )(f)℄(t) =) t Z 10 sds = t2 Z 10 ds =) t2 = t2gia k�je t 2 [0; 1℄, to opo�o profan¸
 den isqÔei.(g) 'Opw
 sto (a), elègqoume ìti kT Æ Sk � 1=2 kai kS Æ Tk � 1. Pa�rnonta
 f � 1,blèpoume ìti isqÔoun isìthte
:kTk = kSk = kS Æ Tk = 1; kT Æ Sk = 12 :EpalhjeÔste ìlou
 autoÔ
 tou
 isqurismoÔ
.6. H Tf e�nai suneq 
 sun�rthsh, dhlad  o T or�zetai kal�: an ma
 d¸soun " > 0,up�rqei Æ > 0 (mporoÔme na upojèsoume ìti Æ < ") tètoio
 ¸ste an (x; y); (x1; y1) 2 �kai p(x� x1)2 + (y � y1)2 < Æ na èqoume j�(x; y)� �(x1; y1)j < ".Eidikìtera, an x < x1 kai x1�x < Æ kai (x; y); (x1; y) 2 �, tìte j�(x; y)��(x1; y)j < ".'Estw x < x1 sto [a; b℄ me x1 � x < Æ. Tìte,j(Tf)(x1)� (Tf)(x)j = ��� Z x1a �(x1; y)f(y)dy � Z xa �(x; y)f(y)dy���� ��� Z x1x �(x1; y)f(y)dy���+ ��� Z xa [�(x1; y)� �(x; y)℄f(y)dy���� Z x1x j�(x1; y)j � jf(y)jdy + Z xa j�(x1; y)� �(x; y)j � jf(y)jdy� �max� j�j� kfk(x1 � x) + kfk"(x� a)< h�max� j�j�+ b� ai "kfk:



102To " > 0  tan tuqìn, �ra h Tf e�nai (omoiìmorfa) suneq 
.H grammikìthta tou T elègqetai eÔkola. Tèlo
, gia k�je x 2 [a; b℄j(Tf)(x)j = ��� Z xa �(x; y)f(y)dy��� � Z xa j�(x; y)j � jf(y)jdy� �max� j�j� kfk(x� a)� h(b� a)max� j�ji kfk:'Epetai ìti kTfk � h(b� a)max� j�ji kfk:'Ara, o T e�nai fragmèno
 kai kTk � (b� a)max� j�j.7. 'Estw f 2 C1[0; 1℄ me f(0) = 0. Tìte,kfk22 = Z 10 jf(t)j2dt= Z 10 ���Z t0 f 0(s)ds���2dt� Z 10 �Z t0 jf 0(s)j2ds��Z t0 12ds� dt� Z 10 �Z 10 jf 0(s)j2ds� tdt� Z 10 jf 0(s)j2ds� kfk21;2:Dhlad , kfk2 � kfk1;2 se aut n thn per�ptwsh. 'Estw t¸ra tuqoÔsa f 2 C1[0; 1℄. Tìte,h g(t) = f(t)� f(0) ikanopoie� thn g(0) = 0, �ra kgk2 � kgk1;2. 'Omw
, g0 = f 0 �rakgk1;2 = �Z 10 jg0j2�1=2 + jg(0)j = �Z 10 jf 0j2�1=2 + jf(0)j � jf(0)j = kfk1;2 � jf(0)j;epomènw
 kfk2 = kg + f(0)k2 � kgk2 + jf(0)j � kgk1;2 + jf(0)j = kfk1;2 :Autì apodeiknÔei ìti o tautotikì
 telest 
 I : (C1[0; 1℄; k � k1;2)! (C1[0; 1℄; k � k2) e�naifragmèno
 kai kIk � 1.8. 'Estw f; g : R ! R fragmène
 sunart sei
 kai �; � 2 R. Tìte,[T (�f + �g)℄(t) = (�f + �g)(t� a)= �f(t� a) + �g(t� a)= �(Tf)(t) + �(Tg)(t)= [�Tf + �Tg℄(t);



103�ra T (�f + �g) = �Tf + �Tg, dhlad  o T e�nai grammikì
. Ep�sh
,j(Tf)(t)j = jf(t� a)j � sups2Rjf(s)j = kfk;�ra kTfk = supt2Rj(Tf)(t)j � kfk:'Ara, o T e�nai fragmèno
.9. Oi (Tn) kai (xn) e�nai fragmène
 akolouj�e
 stou
 B(X;Y ) kai X ant�stoiqa, w
sugkl�nouse
 akolouj�e
. Dhlad , up�rqei M > 0 tètoio
 ¸stekTnk �M; kxnk �M; n 2 N:Epomènw
, kTnxn � Txk = kTnxn � Txn + Txn � Txk� k(Tn � T )(xn)k+ kT (xn � x)k� kTn � Tk � kxnk+ kTk � kxn � xk� MkTn � Tk+ kTk � kxn � xk ! 0;to opo�o shma�nei ìti Tnxn ! Tx.10. 'Estw ìti to F e�nai fragmèno. Tìte, gia k�je x 2 B(0; 1) èqoumejF (x)j � kFk � kxk � kFk;dhlad , F (B(0; 1)) � [�kFk; kFk℄. 'Ara, gia Æ = 1 èqoume F (B(0; Æ)) 6= R.Ant�strofa, a
 upojèsoume ìti F (B(0; Æ)) 6= R gia k�poio Æ > 0. ParathroÔme ìtito sÔnolo F (B(0; Æ)) e�nai kurtì kai summetrikì w
 pro
 to 0 uposÔnolo tou R (apì thgrammikìthta tou F - exhg ste). AfoÔ e�nai gn sio uposÔnolo tou R, prèpei na e�naianoiktì   kleistì di�sthma me kèntro to 0. Dhlad , up�rqei M > 0 tètoio ¸stekxk � Æ =) jF (x)j �M:'Epetai ìti to F e�nai fragmèno: an x 6= 0, tìte�����F� Æx2kxk������ �M =) jF (x)j � 2MÆ kxk:11. An F (x) = 1, tìte 1 = F (x) � kFk � kxk, �ra kxk � 1kFk . Dhlad ,inffkxk : F (x) = 1g � 1kFk :Apì thn �llh pleur�, gia k�je 0 < " < kFk up�rqei x" 2 X me kx"k = 1 tètoio ¸steF (x") = a" > kFk � " (giat�?). Tìte, F (x"=a") = 1 kai


x"a" 


 = 1a" < 1kFk � " :



104'Ara, inffkxk : F (x) = 1g � 1kFk � " ;kai afoÔ to " > 0  tan tuqìn, pa�rnoumeinffkxk : F (x) = 1g � 1kFk :12. JewroÔme mia b�sh Hamel tou X. O X e�nai apeirodi�stato
, epomènw
 mporoÔmena gr�youme aut  th b�sh sth morf fxn : n 2 Ng [ fyi : i 2 Ig:[Xeqwr�zoume dhlad  èna �peiro arijm simo uposÔnolo mi�
 b�sh
 tou X kai to arij-moÔme.℄ AfoÔ ta xn; yi e�nai grammik� anex�rthta, k�je xn e�nai mh mhdenikì. Or�zoumeF : X ! R pr¸ta sta stoiqe�a th
 b�sh
 tou X, jètonta
F (xn) = nkxnk; F (yi) = 0:Katìpin epekte�noume grammik� se olìklhro to q¸ro X (k�je x 2 X gr�fetai monos -manta san peperasmèno
 grammikì
 sunduasmì
 k�poiwn xn kai k�poiwn yi - exhg ste).To F e�nai grammikì sunarthsoeidè
, ìmw
 den e�nai fragmèno giat� tìte ja e�qamekFk � jF (xn)jkxnk = ngia k�je n 2 N, to opo�o e�nai �topo.13. 'Estw ìti o T den e�nai fragmèno
. Tìte, o T den e�nai suneq 
 sto 0. Autì shma�neiìti up�rqei " > 0 tètoio ¸ste: gia k�je n 2 N up�rqei zn 2 X me kznk < 1=n kaikTznk � ".Or�zoume xn = znpkznk (afoÔ kTznk � " èqoume Tzn 6= 0 �ra zn 6= 0). Tìte,kxnk = kznkpkznk =pkznk < 1pn ! 0;�ra xn ! 0. 'Omw
, kTxnk = kTznkpkznk � "pn! +1;dhlad  h (kTxnk) den e�nai fragmènh. Katal xame se �topo, �ra o T e�nai fragmèno
.14. (=)) Upojètoume ìti o T : X ! Y e�nai isometrikì
 isomorfismì
, dhlad  grammi-kì
, èna pro
 èna kai ep�, me thn idiìthta kTxk = kxk gia k�je x 2 X.An x 2 BX , tìte kTxk = kxk � 1 �ra Tx 2 BY . 'Ara, T (BX) � BY .An y 2 BY , afoÔ o T e�nai èna pro
 èna kai ep�, up�rqei monadikì x 2 X gia to opo�oTx = y, kai kxk = kTxk = kyk � 1, dhlad  x 2 BX . 'Ara, BY � T (BX).Epomènw
, T (BX) = BY .((=) De�qnoume pr¸ta ìti o T e�nai ep�: an y 2 Y , y 6= 0, tìte ykyk 2 BY = T (BX),�ra up�rqei x 2 BX tètoio ¸ste Tx = ykyk . Tìte,y = T (kykx) 2 T (X):



105Profan¸
, 0 = T (0) 2 T (X). 'Ara, T (X) = Y .O T e�nai isometr�a: an e�qame kTxk > kxk gia k�poio x 2 X, tìte ja e�qamekT (x=kxk)k > 1 =) T (x=kxk) =2 BY ;en¸ x=kxk 2 BX . Autì e�nai �topo, afoÔ èqoume upojèsei ìti T (BX) = BY . 'Omoiakatal goume se �topo an upojèsoume ìti up�rqei x 2 X gia to opo�o kTxk < kxk.AfoÔ o T e�nai isometr�a, prèpei na e�nai kai èna pro
 èna. 'Ara, e�nai isometrikì
isomorfismì
.15. 'Estw x; y 2 N(M�) kai a; b 2 R. Gia k�je F 2M� èqoumeF (ax+ by) = aF (x) + bF (y) = a � 0 + b � 0 = 0;�ra ax+ by 2 N(M�). Dhlad , o N(M�) e�nai grammikì
 upìqwro
 tou X.'Estw t¸ra ìti xn 2 N(M�) kai xn ! x 2 X. Gia k�je F 2M� èqoumeF (x) = limn!1F (xn) = limn!1 0 = 0;�ra x 2 N(M�). Epomènw
, o N(M�) e�nai kleistì
 grammikì
 upìqwro
 tou X.



106



Kef�laio 6Q¸roi Hilbert
6.1 Q¸roi HilbertOrismì
 'Estw X grammikì
 q¸ro
. Mia sun�rthsh h�; �i : X �X ! R lègetaieswterikì ginìmeno an ikanopoie� ta ex 
:(a) hx; xi � 0, gia k�je x 2 X .(b) hx; xi = 0, x = ~0.(g) hx; yi = hy; xi, gia k�je x; y 2 X .(d) h�1x1 + �2x2; yi = �1hx1; yi+ �2hx2; yi, gia k�je x1; x2; y 2 X kai �1; �2 2 R.Apì ti
 (a)-(d) èpetai ìti hx; �1y1 + �2y2i = �1hx; y1i + �2hx; y2i gia k�jey1; y2; x 2 X kai �1; �2 2 R. Ep�sh
, x = ~0, hx; yi = 0 gia k�je y 2 X .Parade�gmata (a) Ston RN , an x = (�k), y = (�k), or�zoumehx; yi = NXk=1 �k�k:(b) Ston `2, an x = (�k), y = (�k), or�zoumehx; yi = 1Xk=1 �k�k:(H seir� Pk �k�k sugkl�nei apolÔtw
, apì thn anisìthta Cau
hy-S
hwarz kai apìto gegonì
 ìti Pk �2k < +1, Pk �2k < +1.)(g) Ston C[a; b℄, an f; g : [a; b℄! R, or�zoumehf; gi = Z ba f(t)g(t)dt:Oi idiìthte
 (a)-(d) tou eswterikoÔ ginomènou epalhjeÔontai eÔkola kai sta tr�aparade�gmata. 107



108Prìtash 6.1.1 (anisìthta Cau
hy-S
hwarz) 'Estw X q¸ro
 me eswterikì ginì-meno. An x; y 2 X , tìte jhx; yij �phx; xiphy; yi:Isìthta isqÔei an kai mìno an ta x kai y e�nai grammik� exarthmèna.Apìdeixh: An y = ~0, tìte h anisìthta isqÔei san isìthta, kai ta ~0; x e�nai gram-mik� exarthmèna.'Estw y 6= ~0. Or�zoume P : R ! R me P (�) = hx� �y; x� �yi. Tìte, P (�) � 0gia k�je � 2 R, dhlad hx; xi � 2�hx; yi+ �2hy; yi � 0; � 2 R:Autì shma�nei ìti h diakr�nousa tou triwnÔmou P (�) e�nai mikrìterh   �sh tou 0.Dhlad , 4hx; yi2 � 4hx; xihy; yi � 0, ap� ìpou pa�rnoume thnjhx; yij �phx; xiphy; yi:Isìthta èqoume an kai mìno an h diakr�nousa tou P e�nai 0, dhlad , an kai mìno anto P èqei dipl  r�za �0. 'Omw
,P (�0) = 0() x = �0y;dhlad , an ta x; y e�nai grammik� exarthmèna. 2Or�zoume k � k : X ! R me kxk = phx; xi. H anisìthta Cau
hy-S
hwarz m�
epitrèpei na de�xoume ìti h k � k e�nai nìrma:Prìtash 6.1.2 'Estw X q¸ro
 me eswterikì ginìmeno. H k � k : X ! R, mekxk =phx; xi e�nai nìrma.Apìdeixh: (a) kxk =phx; xi � 0, kai kxk = 0, hx; xi = 0, x = ~0.(b) k�xk =ph�x; �xi =p�2hx; xi = j�jphx; xi = j�j kxk.(g) kx+ yk2 = kxk2+2hx; yi+ kyk2 � kxk2+2kxk kyk+ kyk2 = (kxk+ kyk)2, apìti
 idiìthte
 tou eswterikoÔ ginomènou kai thn anisìthta Cau
hy-S
hwarz. 2O (X; k�k) e�nai q¸ro
 me nìrma, kai èqoume de� ìti oi (x; y)! x+y, (�; x)! �xe�nai suneqe�
 w
 pro
 thn k � k. To eswterikì ginìmeno e�nai ki autì suneqè
 w
pro
 thn k � k:Prìtash 6.1.3 'Estw X q¸ro
 me eswterikì ginìmeno, kai k � k h epagìmenhnìrma. An xn ! x kai yn ! y w
 pro
 thn k � k, tìtehxn; yni ! hx; yi:



109Apìdeixh: Gr�foumejhxn; yni � hx; yij = jhxn; yn � yi+ hxn � x; yij� jhxn; yn � yij+ jhxn � x; yij� kxnk kyn � yk+ kxn � xk kyk:H (xn) sugkl�nei �ra e�nai fragmènh, kai kyn � yk ! 0, kxn � xk ! 0. 'Ara,hxn; yni ! hx; yi: 2Oi parak�tw tautìthte
 e�nai aplè
 sunèpeie
 tou orismoÔ th
 k � k:(i) Kanìna
 tou parallhlogr�mmou. Gia k�je x; y 2 X ,kx+ yk2 + kx� yk2 = 2kxk2 + 2kyk2:(ii) Pujagìreio je¸rhma. An x; y 2 X kai hx; yi = 0, tìtekx+ yk2 = kxk2 + kyk2:Parat rhsh: Mia nìrma k � k ston grammikì q¸ro X , proèrqetai apì eswterikìginìmeno an kai mìno an ikanopoie� ton kanìna tou parallhlogr�mmou. (Upìdeixh:upojèste ìti h k�k ikanopoie� ton kanìna tou parallhlogr�mmou, kai or�ste hx; yi =14fkx+ yk2 � kx� yk2g. De�xte ìti e�nai eswterikì ginìmeno, kai epalhjeÔste ìtih k � k e�nai h epagìmenh nìrma.)Orismì
 'Ena
 q¸ro
 me eswterikì ginìmeno lègetai q¸ro
 Hilbert an e�nai pl rh
w
 pro
 th nìrma k � k pou ep�getai apì to eswterikì ginìmeno.Parade�gmata: (a) 'Eqoume de� ìti o Eukle�deio
 q¸ro
 Rn kai o `2 e�nai pl rei
 w
pro
 thn kxk =pPk �2k. 'Ara, e�nai q¸roi Hilbert.(b) Ston C[a; b℄, h kfk2 = qR ba [f(t)℄2dt proèrqetai apì eswterikì ginìmeno, all�den e�nai pl rh
 (jumhje�te an�logo epiqe�rhma gia thn kfk1 = R ba jf(t)jdt.)(g) O C[a; b℄ me thn kfk1 = maxt2[a;b℄ jf(t)j e�nai pl rh
, all� h k�k1 den proèrqe-tai apì eswterikì ginìmeno, giat� den ikanopoie� ton kanìna tou parallhlogr�mmou(p�rte p.q. f(t) = 1� t, g(t) = t ston C[0; 1℄.)6.2 KajetìthtaOrismì
 (a) Lème ìti dÔo dianÔsmata x; y tou q¸rou me eswterikì ginìmeno Xe�nai orjog¸nia (  k�jeta), kai gr�foume x ? y, an hx; yi = 0.(b) Mi� oikogèneia fei : i 2 Ig � X lègetai orjokanonik , anhei; eji = ( 1 , i = j,0 , i 6= j.



110Parathr sei
: (a) To ~0 e�nai k�jeto se k�je x 2 X , kai e�nai to monadikì stoiqe�otou X pou èqei aut n thn idiìthta.(b) An fei : i 2 Ig e�nai mia orjokanonik  oikogèneia ston X , tìte to fei : i 2 Ige�nai grammik� anex�rthto sÔnolo. Pr�gmati, an Pnk=1 �keik = ~0, tìte gia k�jej = 1; : : : ; n èqoume 0 = h nXk=1 �keik ; eij i = nXk=1 �kheik ; eij i = �j :An fxn : n 2 Ng e�nai mia grammik� anex�rthth akolouj�a ston X , tìte meth diadikas�a Gram-S
hmidt pou perigr�fetai sthn epìmenh Prìtash, br�skoumeorjokanonik  akolouj�a fen : n 2 Ng ston X pou e�nai {isodÔnamh} me thn fxn :n 2 Ng me thn ex 
 ènnoia:Prìtash 6.2.1 'Estw X q¸ro
 me eswterikì ginìmeno, kai fxn : n 2 Ng gram-mik� anex�rthth akolouj�a ston X . Up�rqei orjokanonik  akolouj�a fen : n 2 Ngme thn idiìthta: gia k�je k 2 N,spanfe1; : : : ; ekg = spanfx1; : : : ; xkg:Apìdeixh: Or�zoume ta ek epagwgik�: parathr ste ìti xn 6= 0, n 2 N. Gia k = 1,jètoume e1 = x1=kx1k. Profan¸
, ke1k = 1 kai spanfx1g = spanfe1g.Upojètoume ìti èqoun oriste� ta e1; : : : ; ek ètsi ¸ste: hei; eji = Æij , i; j � k,kai spanfx1; : : : ; xkg = spanfe1; : : : ; ekg.Jètoume yk+1 = xk+1�Pki=1hxk+1; eiiei. ParathroÔme ìti yk+1 6= 0, alli¸
 jae�qame xk+1 2 spanfe1; : : : ; ekg = spanfx1; : : : ; xkg, �topo afoÔ ta x1; : : : ; xk; xk+1e�nai grammik� anex�rthta. Ep�sh
, gia j = 1; : : : ; k,hyk+1; eji = hxk+1; eji � kXi=1hxk+1; eiihei; eji= hxk+1; eji � hxk+1; eji = 0:'Ara, to ek+1 = yk+1=kyk+1k or�zetai kal�, kai ta e1; : : : ; ek+1 e�nai orjokanonik�.Tèlo
, ek+1 2 spanfxk+1; e1; : : : ; ekg � spanfx1; : : : ; xk+1g;kai xk+1 2 spanfyk+1; e1; : : : ; ekg � spanfe1; : : : ; ek; ek+1g:'Ara, spanfe1; : : : ; ek+1g = spanfx1; : : : ; xk+1g. 2Eidik  per�ptwsh: An X q¸ro
 me eswterikì ginìmeno, kai F upìqwro
 pepe-rasmènh
 di�stash
 (dimF = n < 1), tìte o F èqei b�sh fx1; : : : ; xng, kai horjokanonikopo�hsh Gram-S
hmidt m�
 d�nei mi� orjokanonik  b�sh fe1; : : : ; engtou F . K�je x 2 F gr�fetai sth morf  x =Pni=1 �iei, kaihx; eji = nXi=1 �ihei; eji = �j ; j = 1; : : : ; n:



111Dhlad , x = nXi=1hx; eiiei; x 2 F:Apì to Pujagìreio Je¸rhma,kxk2 = nXi=1 khx; eiieik2 = nXi=1hx; eii2; x 2 F:Sth sunèqeia, melet�me to ex 
 prìblhma: d�nontai èna
 q¸ro
 X me nìrma,èna
 upìqwro
 F tou X peperasmènh
 di�stash
, kai gia k�je x 2 X or�zoumed(x; F ) = inffkx� yk : y 2 Fg;thn apìstash tou x apì ton F . Ja de�xoume ìti up�rqei y0 2 F sto opo�o {pi�netai}h apìstash: kx� y0k = d(x; F ).Pr�gmati, apì ton orismì th
 d(x; F ), mporoÔme na broÔme yn 2 F tètoia ¸sted(x; F ) � kx� ynk < d(x; F ) + 1n:Eidikìtera, yn 2 B(y1; 2(d+1))\F , to opo�o e�nai sumpagè
 sÔnolo giat� o F èqeipeperasmènh di�stash, �ra up�rqei upakolouj�a ykn ! y0 2 F . 'Epetai ìtikx� y0k = limn kx� yknk = d(x; F ):To y0 mpore� na mhn e�nai monadikì: ston R2 me nìrma thnk(�1; �2)k = maxfj�1j; j�2jg;an p�roume x = (1; 1) kai F = f(�1; 0); �1 2 Rg, tìte d(x; F ) = 1, kai kx� yk = 1an y = (�1; 0) me 0 � �1 � 2.Ja doÔme ìti an h k �k proèrqetai apì eswterikì ginìmeno, tìte to plhsièsteropro
 to x shme�o tou F e�nai monos manta orismèno:Prìtash 6.2.2 'Estw X q¸ro
 me eswterikì ginìmeno, kai F upìqwro
 tou Xdi�stash
 n, me orjokanonik  b�sh thn fe1; : : : ; eng. An x 2 X , tìte to plhsièsteropro
 to x shme�o tou F e�nai to Pni=1hx; eiiei. Epiplèon, to x�Pni=1hx; eiiei e�naik�jeto ston F .Apìdeixh: ParathroÔme pr¸ta ìti to x�Pni=1hx; eiiei e�nai k�jeto ston F . Arke�na de�xoume ìti e�nai k�jeto se k�je ej , j = 1; : : : ; n. 'Omw
,hx� nXi=1hx; eiiei; eji = hx; eji � nXi=1hx; eiihei; eji= hx; eji � hx; eji = 0:



112'Estw y 2 F . Up�rqoun �1; : : : ; �n 2 R tètoia ¸ste y =Pni=1 �iei. Tìte,

x� nXi=1 �iei

2 = 

(x� nXi=1hx; eiiei) + nXi=1(hx; eii � �i)ei

2;kai ta dÔo dianÔsmata e�nai orjog¸nia, opìte to Pujagìreio Je¸rhma m�
 d�neikx� nXi=1 �ieik2 = 

x� nXi=1hx; eiiei

2 + nXi=1(hx; eii � �i)2� kx� nXi=1hx; eiieik2:Epiplèon, isìthta mpore� na isqÔei mìno an �i = hx; eii, i = 1; : : : ; n, dhlad  any =Pni=1hx; eiiei. 2Shmantik  sunèpeia th
 Prìtash
 6.2.2 e�nai h anisìthta tou Bessel:Prìtash 6.2.3 'Estw fen : n 2 Ng orjokanonik  akolouj�a se ènan q¸ro X meeswterikì ginìmeno. Tìte, gia k�je x 2 X h seir� P1n=1 jhx; enij2 sugkl�nei, kai1Xn=1 jhx; enij2 � kxk2:Apìdeixh: 'Estw N 2 N. JewroÔme ton upìqwro FN = spanfe1; : : : ; eNg, kaiefarmìzoume thn Prìtash 6.2.3. To plhsièstero pro
 to x shme�o tou FN e�nai toPNn=1hx; enien, kai to x�PNn=1hx; enien e�nai k�jeto ston FN . 'Ara,kxk2 = kx� NXn=1hx; enienk2 + k NXn=1hx; enienk2� k NXn=1hx; enienk2 = NXn=1 jhx; enij2:AfoÔ h anisìthta isqÔei gia k�je N , pa�rnoume1Xn=1 jhx; enij2 � kxk2: 26.3 Orjog¸nio sumpl rwma - probolè
'Estw H q¸ro
 Hilbert, kai èstw M kleistì
 grammikì
 upìqwro
 tou H (endeqo-mènw
 apeirodi�stato
). Ja de�xoume ìti, kai s� aut n thn per�ptwsh, to prìblhmath
 bèltisth
 prosèggish
 èqei monadik  lÔsh:



113Prìtash 6.3.1 'Estw H q¸ro
 Hilbert, M kleistì
 grammikì
 upìqwro
 tou H ,kai x 2 H . Up�rqei monadikì y0 2M tètoio ¸stekx� y0k = d(x;M) = inffkx� yk : y 2Mg:To monadikì autì y0 2 M sumbol�zetai me PM (x), kai onom�zetai probol  tou xston M .Apìdeixh: Jètoume Æ = d(x;M). Up�rqei akolouj�a (yn) ston M tètoia ¸stekx� ynk ! Æ:Apì ton kanìna tou parallhlogr�mmou,kyn � ymk2 = k(yn � x) + (x � ym)k2= 2kyn � xk2 + 2kym � xk2 � k(yn + ym)� 2xk2= 2kyn � xk2 + 2kym � xk2 � 4

yn + ym2 � x

2:'Omw
, yn+ym2 2M , �ra kyn+ym2 � xk � Æ. Epomènw
,kyn � ymk2 � 2kyn � xk2 + 2kym � xk2 � 4Æ2 ! 2Æ2 + 2Æ2 � 4Æ2 = 0:'Ara, h (yn) e�nai akolouj�a Cau
hy ston H . O H e�nai pl rh
, �ra up�rqei y0 2 Htètoio ¸ste yn ! y0. 'Epetai ìti y0 2 M (o M e�nai kleistì
), kai kx � y0k =limn kx� ynk = Æ.Gia th monadikìthta, qrhsimopoioÔme kai p�li ton kanìna tou parallhlogr�m-mou. An kx� yk = Æ = kx� y0k, tìte0 � ky � y0k2 = 2kx� y0k2 + 2kx� yk2 � 4

y + y02 � x

2� 2Æ2 + 2Æ2 � 4Æ2 = 0:'Ara, y = y0. 2To x� PM (x) e�nai kai sthn {apeirodi�stath per�ptwsh} k�jeto ston M :Prìtash 6.3.2 Me ti
 upojèsei
 th
 Prìtash
 6.3.1, x� PM (x) ?M .Apìdeixh: Jètoume z = x� PM (x), kai de�qnoume ìti hz; yi = 0 gia k�je y 2M .'Estw y 2M . JewroÔme ton F = fy; PM (x)g �M . Tìte,d(x; F ) � kzk = d(x;M) � d(x; F );ìpou h teleuta�a anisìthta isqÔei giat� F � M , kai h pr¸th giat� PM (x) 2 F .AfoÔ kx� PM (x)k = d(x; F ), kai o F èqei peperasmènh di�stash, èqoumex� PM (x) ? F:Eidikìtera, x� PM (x) ? y, dhlad  hz; yi = 0. 2



114Pìrisma 6.3.1 An H q¸ro
 Hilbert kai M kleistì
 gn sio
 upìqwro
 tou H ,tìte up�rqei z 2 H , z 6= 0, tètoio ¸ste z ?M .Apìdeixh: 'Estw x 2 HnM . Pa�rnoume z = x� PM (x) 6= 0. 2Pìrisma 6.3.2 'Ena
 grammikì
 upìqwro
 F tou H e�nai puknì
 an kai mìno anto monadikì di�nusma tou H pou e�nai k�jeto ston F e�nai to 0.Apìdeixh: ()) Upojètoume ìti o F e�nai puknì
 ston H , kai ìti hz; xi = 0 giak�je x 2 F .'Estw y 2 H . AfoÔ o F e�nai puknì
, up�rqei akolouj�a (yn) 2 F me yn ! y.Tìte, 0 = hz; yni ! hz; yi. 'Ara, hz; yi = 0. AfoÔ hz; yi = 0 gia k�je y 2 H ,èqoume z = 0.(() A
 upojèsoume ìti o F den e�nai puknì
 ston H . Tìte, o F e�nai gn sio
kleistì
 upìqwro
 tou H . 'Ara, up�rqei z 6= 0, z ? F .Eidikìtera, z ? F , �topo. 2Parat rhsh An o X e�nai q¸ro
 me eswterikì ginìmeno, all� ìqi pl rh
, tìteto Pìrisma 6.3.1 mpore� na mhn isqÔei.Gia par�deigma, jewroÔme ton q¸ro 
00 twn telik� mhdenik¸n akolouji¸n, meeswterikì ginìmeno to hx; yi =P1k=1 �k�k. Or�zoume f : 
00 ! R me f(x) =Pk �kk .To f e�nai grammikì sunarthsoeidè
, kai e�nai fragmèno giat�jf(x)j = jXk �kk j �  Xk 1k2!1=2 Xk �2k!1=2=  Xk 1k2!1=2 kxk:'Ara, o pur na
 tou f , M = fx 2 
00 : Pk �kk = 0g e�nai kleistì
 grammikì
upìqwro
 tou 
00. Ep�sh
, o M e�nai profan¸
 gn sio uposÔnolo tou 
00.A
 upojèsoume ìti z ?M , z = (�1; �2; : : :). AfoÔ yn = e1 � nen 2M , èqoumehz; yni = �1 � n�n = 0; n 2 N:An �1 6= 0, tìte �n = �1=n 6= 0, n 2 N, �topo, giat� to z ja e�qe ìle
 tou ti
suntetagmène
 mh mhdenikè
. 'Ara, �1 = 0, ki autì m�
 d�nei �n = �1=n = 0, n 2 N,dhlad  z = 0.Blèpoume loipìn ìti, an kai o M e�nai kleistì
, to mìno di�nusma tou 
00 poue�nai k�jeto ston M e�nai to 0.Orismì
 'Estw H q¸ro
 Hilbert, kai A � H , A 6= ;. Or�zoumeA? = fx 2 H : 8a 2 A; hx; ai = 0g:O A? e�nai kleistì
 grammikì
 upìqwro
 tou H (�skhsh).



115Je¸rhma 6.3.1 'Estw H q¸ro
 Hilbert, kai M kleistì
 grammikì
 upìqwro
 touH . Tìte, H =M �M?. Dhlad , k�je x 2 H gr�fetai monos manta sth morf x = x1 + x2; x1 2M; x2 2M?:Apìdeixh: 'Estw x 2 H . Gr�foume x = PM (x) + (x � PM (x)). Apì th suz thshpou èqei prohghje�, PM (x) 2M kai x� PM (x) 2M?.An x1 + x2 = x01 + x02 kai x1; x01 2M , x2; x02 2M?, tìte toy = x1 � x01 = x2 � x02 2M \M?giat� oi M;M? e�nai upìqwroi, �ra y ? y, to opo�o shma�nei ìti y = 0. 'Ara,x1 = x01 kai x2 = x02, ap� ìpou èpetai h monadikìthta tou trìpou graf 
. 2Pìrisma 6.3.3 'Estw M 6= f0g kleistì
 grammikì
 upìqwro
 tou q¸rou HilbertH . Or�zoume PM : H ! H me PM (x) = PM (x1 + x2) = x1, ìpou x = x1 + x2 ìpw
sto Je¸rhma. O PM e�nai fragmèno
 grammikì
 telest 
, kai kPMk = 1.Apìdeixh: An x = x1 + x2, x0 = x01 + x02 kai �; � 2 R, tìte�x+ �x0 = (�x1 + �x01) + (�x2 + �x02) 2M +M?;opìte PM (�x+ �x0) = �x1 + �x01 = �PM (x) + �PM (x0);�ra o PM e�nai grammikì
 telest 
. Ep�sh
,kPM (x)k2 = kx1k2 � kx1k2 + kx2k2 = kx1 + x2k2 = kxk2;dhlad  o PM e�nai fragmèno
, kai kPMk � 1. An x0 2M , x0 6= 0, tìte PM (x0) =x0. 'Ara, kPMk � kPM (x0)kkx0k = 1: 26.4 To Je¸rhma anapar�stash
 tou Riesz'Estw H 6= f0g q¸ro
 Hilbert. Se aut  thn par�grafo ja doÔme ìti o H� perièqei{poll�} sunarthsoeid , ta opo�a anapar�stantai me polÔ sugkekrimmèno trìpo apìta stoiqe�a tou H .L mma 6.4.1 Gia k�je a 2 H , h fa : H ! R me fa(x) = hx; ai an kei ston H�,kai kfakH� = kakH .



116Apìdeixh: 'Eqoumefa(�x+ �y) = h�x + �y; ai = �hx; ai + �hy; ai = �fa(x) + �fa(y);kai jfa(x)j = jhx; aij � kak kxk:'Ara, fa 2 H� kai kfak � kak. Tèlo
, an a 6= 0,kfak � jfa(a)jkak = jha; aijkak = kak:An a = 0, profan¸
 kfak = 0 (fa � 0). 2To Je¸rhma tou Riesz m�
 lèei ìti k�je f 2 H� anapar�statai san f = fa giak�poio a 2 H :Je¸rhma 6.4.1 (Je¸rhma anapar�stash
 tou Riesz) 'Estw H q¸ro
 Hilbert, kaif 2 H�. Up�rqei monadikì a 2 H tètoio ¸ste f = fa.Apìdeixh: Or�zoume M = Kerf = fx 2 H : f(x) = 0g. O M e�nai kleistì
grammikì
 upìqwro
 tou H .An M = H , tìte f � 0 kai f = f0.An M 6= H , tìte up�rqei z 6= 0, z 2 H pou e�nai k�jeto ston M (giat�?). Tìte,gia k�je y 2 H èqoumef(f(z)y � f(y)z) = f(z)f(y)� f(y)f(z) = 0:'Ara f(z)y � f(y)z 2M , kai afoÔ z ?M pa�rnoumehf(z)y � f(y)z; zi = 0 =) f(z)hy; zi = f(y)hz; zi=) f(y) = 
y; f(z)zkzk2 � = fa(y);ìpou a = f(z)z=kzk2. H monadikìthta tou a e�nai apl . An f(y) = hy; ai = hy; a0igia k�je y 2 H , tìte a� a0 ? y gia k�je y 2 H . 'Ara, a = a0. 2Pìrisma 6.4.1 'Estw H q¸ro
 Hilbert. H apeikìnish T : H ! H� me T (a) = fae�nai grammik  isometr�a ep� (isometrikì
 isomorfismì
).Apìdeixh: (a) Gia th grammikìthta th
 T , parathroÔme ìtif�a+�a0(x) = hx; �a + �a0i = �hx; ai + �hx; a0i = �fa(x) + �fa0(x);�ra T (�a+ �a0) = f�a+�a0 = �fa + �fa0 = �T (a) + �T (a0):(b) Apì to L mma, kT (a)k = kfak = kak. Dhlad , h T e�nai isometr�a.(g) An f 2 H�, up�rqei a 2 H tètoio ¸ste T (a) = fa = f , apì to Je¸rhmaanapar�stash
 tou Riesz. Dhlad , h T e�nai ep�. 2



1176.5 Orjokanonikè
 b�sei
Orismì
 'Estw X diaqwr�simo
 q¸ro
 me eswterikì ginìmeno. Mia orjokanonik akolouj�a fen : n 2 Ng lègetai orjokanonik  b�sh tou X , anX = spanfen : n 2 Ng:Shme�wsh: Autì den shma�nei ìti h fen : n 2 Ng e�nai b�sh Hamel tou X . Giapar�deigma, h sun jh
 orjokanonik  akolouj�a (en) ston `2 e�nai orjokanonik b�sh (giat�?), ìqi ìmw
 algebrik  tou b�sh.Prìtash 6.5.1 K�je diaqwr�simo
 q¸ro
 X me eswterikì ginìmeno, èqei orjoka-nonik  b�sh.Apìdeixh: O X e�nai diaqwr�simo
, dhlad  up�rqei arijm simo puknì uposÔnolofxn : n 2 Ng tou X . Or�zoume Y = spanfxn : n 2 Ng, opìte Y = X .Parale�ponta
 diadoqik� eke�na ta xn ta opo�a gr�fontai san grammiko� sun-duasmo� twn prohgoumènwn tou
, pa�rnoume èna grammik� anex�rthto fyn : n 2Ng � fxn : n 2 Ng tètoio ¸steY = spanfyn : n 2 Ng:Me th diadikas�a Gram-S
hmidt, br�skoume orjokanonik  akolouj�a fen : n 2 Ngtètoia ¸ste spanfy1; : : : ; ykg = spanfe1; : : : ; ekg gia k�je k 2 N. Eidikìtera, Y =spanfen : n 2 Ng. 'Ara, X = Y = spanfen : n 2 Ng: 2Parat rhsh: An oX èqei orjokanonik  b�sh fen : n 2 Ng, tìte e�nai diaqwr�simo
.To M = fPNn=1 anen : N 2 N; an 2 Qg e�nai arijm simo puknì uposÔnolo tou X .Prìtash 6.5.2 'Estw X q¸ro
 me eswterikì ginìmeno, kai fen : n 2 Ng orjoka-nonik  b�sh tou X . Tìte, an x 2 X èqoume(a) x =P1n=1hx; enien,(b) kxk2 =P1n=1 jhx; enij2.Apìdeixh: 'Estw x 2 X , kai " > 0. AfoÔ X = spanfen : n 2 Ng, up�rqounN 2 Nkai �1; : : : ; �N 2 R tètoia ¸ste

x� NXn=1�nen

 < ":'Omw
, ston FN = spanfe1; : : : ; eNg èqoume

x� NXn=1hx; enien

 � 

x� NXn=1�nen

 < ":



118Dhlad , kxk2 � NXn=1hx; eni2 = 

x� NXn=1hx; enien

2 < "2:(elègxte thn teleuta�a isìthta xekin¸nta
 apì to dexiì mèlo
.) Tìte, gia k�jeM � N , 0 � 

x� MXn=1hx; enien

2 = kxk2 � MXn=1hx; eni2� kxk2 � NXn=1hx; eni2 = 

x� NXn=1hx; enien

2< "2:AfoÔ to " > 0  tan tuqìn, autì shma�nei ìti(a) PMn=1hx; enien ! x kaj¸
 M !1, dhlad x = 1Xn=1hx; enien:(b) kxk2 �PMn=1hx; eni2 ! 0 kaj¸
 M !1, dhlad kxk2 = 1Xn=1 jhx; enij2: 2An loipìn h feng e�nai orjokanonik  b�sh tou X , tìte k�je x 2 X èqei an�-ptugma w
 pro
 thn feng, me suntelestè
 Fourier tou
 hx; eni, kai h nìrma tou xupolog�zetai apì thn kxk2 =Pnhx; eni2.Pìrisma 6.5.1 K�je diaqwr�simo
 q¸ro
 Hilbert H e�nai isometrik� isomorfikì
me ton `2.Apìdeixh: O H èqei orjokanonik  b�sh fen : n 2 Ng. Or�zoume T : H ! `2 meT (x) = (hx; e1i; : : : ; hx; eni; : : :):(a) O T e�nai kal� orismèno
, giat� Pnhx; eni2 = kxk2 < +1, �ra T (x) 2 `2.(b) H grammikìthta tou T elègqetai eÔkola.(g) kT (x)k2̀2 =Pnhx; eni2 = kxk2, �ra o T e�nai isometr�a (�ra kai èna pro
 èna).(d) 'Estw (a1; : : : ; an; : : :) 2 `2. Or�zoume xN = PNn=1 anen. Tìte, an N > Mèqoume kxN � xMk2 = NXn=M+1 a2n ! 0



119kaj¸
 N;M !1, kai autì de�qnei ìti h (xN ) e�nai akolouj�a Cau
hy ston H . OH e�nai pl rh
, �ra up�rqei x 2 H tètoio ¸ste xN ! x.'Eqoume hxN ; emi ! hx; emi kaj¸
 N !1, kai an N > m,hxN ; emi = h NXn=1 anen; emi = am:'Ara, hx; emi = am, m 2 N. Tèlo
,T (x) = (hx; emi)m2N = (am)m2N;�ra o T e�nai ep�. 26.6 Ask sei
1. 'Estw X q¸ro
 me eswterikì ginìmeno, kai èstw x; y 2 X . De�xte ìti(a) x ? y an kai mìno an kx+ ayk = kx� ayk gia k�je a 2 R.(b) x ? y an kai mìno an kx+ ayk � kxk gia k�je a 2 R.2. 'Estw H q¸ro
 Hilbert, xn; yn sth monadia�a mp�la tou H , kai hxn; yni ! 1.De�xte ìti kxn � ynk ! 0.3. 'Estw H q¸ro
 Hilbert, kai xn; x 2 H me ti
 idiìthte
: kxnk ! kxk, kai, giak�je y 2 H , hxn; yi ! hx; yi. De�xte ìti kxn � xk ! 0.4. 'Estw X q¸ro
 me eswterikì ginìmeno, kai x1; : : : ; xn 2 X . De�xte ìtiXi 6=j kxi � xjk2 = n nXi=1 kxik2 � k nXi=1 xik2:An kxi � xjk � 2 gia i 6= j, de�xte ìti an mi� mp�la perièqei ìla ta xi, prèpei naèqei akt�na toul�qiston p2(n� 1)=n.5. 'Estw X q¸ro
 me eswterikì ginìmeno, kai x1; : : : ; xn 2 X . De�xte ìtiX"i=�1

 nXi=1 "ixi

2 = 2n nXi=1 kxik2;ìpou to exwterikì �jroisma e�nai p�nw apì ìle
 ti
 akolouj�e
 ("1; : : : ; "n) 2f�1; 1gn.6. 'Estw X q¸ro
 me eswterikì ginìmeno, kai A;B mh ken� uposÔnola tou X , meA � B. De�xte ìti(a) A � A??; (b) B? � A?; (g) A??? = A?.7. 'Estw H q¸ro
 Hilbert, kai Y upìqwro
 tou H . De�xte ìti o Y e�nai kleistì
an kai mìno an Y = Y ??.



1208. 'Estw M;N kleisto� upìqwroi enì
 q¸rou Hilbert. De�xte ìti(M +N)? =M? \N? ; (M \N)? =M? +N?:9. D¸ste par�deigma q¸rou Hilbert H kai grammikoÔ upìqwrou F tou H me thnidiìthta H 6= F + F?.10. 'Estw H q¸ro
 Hilbert, kai W;Z kleisto� upìqwroi tou H me thn idiìthta: anw 2W kai z 2 Z, tìte w ? z (oi W kai Z e�nai k�jetoi). De�xte ìti o W +Z e�naikleistì
 upìqwro
 tou H .11. Se ènan q¸ro Hilbert H , jewroÔme dÔo kleistoÔ
 upoq¸rou
 M;N , kai ti
ant�stoiqe
 orjog¸nie
 probolè
 PM ; PN . Exet�ste an isqÔei p�nta PM Æ PN =PN Æ PM .12. JewroÔme ton C[�1; 1℄ me eswterikì ginìmeno to hf; gi = R 1�1 f(t)g(t)dt. Bre�-te to orjokanonikì sÔnolo pou prokÔptei an efarmìsoume th diadikas�a Gram-S
hmidt sti
 1; t; t2.Bre�te a; b; 
 2 R tètoiou
 ¸ste na elaqistopoie�tai toZ 1�1(t4 � a� bt� 
t2)2dt:13. 'Estw T : H ! H fragmèno
 grammikì
 telest 
, tou opo�ou h eikìna e�naimonodi�stath. De�xte ìti up�rqoun u; v 2 H tètoia ¸steT (x) = hx; uiv; x 2 H:[Upìdeixh: Up�rqei v 2 H tètoio ¸ste T (x) = �xv, x 2 H . De�xte ìti h x 7! �xe�nai fragmèno grammikì sunarthsoeidè
, kai qrhsimopoi ste to je¸rhma anapa-r�stash
 tou Riesz.℄14. 'Estw W kleistì
 grammikì
 upìqwro
 tou q¸rou Hilbert H , kai f 2 W �.De�xte ìti up�rqei monadikì ~f 2 H� tètoio ¸ste ~f jW = f kai k ~fkH� = kfkW� .[Upìdeixh: Je¸rhma anapar�stash
 tou Riesz ston W .℄15. 'Estw X q¸ro
 me eswterikì ginìmeno, kai fekg orjokanonik  akìlouj�a stonX . An x; y 2 X , de�xte ìti1Xk=1 jhx; ekihy; ekij � kxk � kyk:16. 'Estw Y kleistì
 upìqwro
 tou q¸rou Hilbert H , kai fen : n 2 Ng orjokano-nik  b�sh tou Y . De�xte ìti an x 2 H , tìte to plhsièstero shme�o tou Y pro
 tox e�nai to P1n=1hx; enien.17. De�xte ìti h sun jh
 orjokanonik  b�sh tou `2 èqei thn ex 
 idiìthta:8f 2 `�2; f(en)! 0:



12118. 'Estw H q¸ro
 Hilbert, kai (xn) orjog¸nia akolouj�a ston H (dhlad , ann 6= m, tìte xn ? xm.) Tìte, h Pn xn sugkl�nei an kai mìno an h Pn kxnk2sugkl�nei.



122.



123Upode�xei
 - apant sei
1. (a) Gia k�je a 2 R èqoumekx+ ayk2 = kx� ayk2 =) kxk2 + 2ahx; yi+ kayk2 = kxk2 � 2ahx; yi+ kayk2;dhlad , ahx; yi = 0:Pa�rnonta
 a = 1, blèpoume ìti x ? y.Gia thn ant�strofh kateÔjunsh, an x ? y gia k�je a 2 R èqoumekx+ ayk2 = kxk2 + kayk2 = kx� ayk2:(b) Gia k�je a 2 R èqoumekx+ ayk2 � kxk2 =) kxk2 + 2ahx; yi+ a2kyk2 � kxk2;dhlad , 2ahx; yi+ a2kxk2 � 0:Diair¸nta
 me a kai pa�rnonta
 a! 0+, blèpoume ìti hx; yi � 0, en¸ pa�rnonta
 a! 0�,blèpoume ìti hx; yi � 0. 'Ara, hx; yi = 0.Gia thn ant�strofh kateÔjunsh, an x ? y gia k�je a 2 R èqoumekx+ ayk2 = kxk2 + kayk2 � kxk2:2. Uy¸noume thn kxn � ynk sto tetr�gwno:0 � kxn � ynk2 = kxnk2 + kynk2 � 2hxn; yni� 2� 2hxn; yni ! 0:'Ara, kxn � ynk ! 0.3. Uy¸noume thn kxn � xk sto tetr�gwno, kai efarmìzoume thn upìjesh gia y = x:0 � kxn � xk2 = kxnk2 + kxk2 � 2hxn; xi! kxk2 + kxk2 � 2hx; xi= kxk2 + kxk2 � 2kxk2 = 0:'Ara, kxn � xk ! 0.4. Me aplè
 pr�xei
 blèpoume ìtiXi6=j kxi � xjk2 + k nXi=1 xik2 =Xi6=j (kxik2 � 2hxi; xji+ kxjk2) + h nXi=1 xi; nXj=1 xji= (n� 1) nXi=1 kxik2 � 2Xi<j hxi; xji+ nXi=1 kxik2 + 2Xi<j hxi; xji= n nXi=1 kxik2:



124An kxi � xjk � 2 ìtan i 6= j, tìte gia k�je y 2 X èqoumei 6= j =) k(xi � y)� (xj � y)k � 2:Upojètoume ìti up�rqoun y 2 X kai r > 0 tètoia ¸ste ky � xik � r, i = 1; : : : ; n. Tìte,n(n � 1)2 � 4 � Xi6=j k(xi � y)� (xj � y)k2= n nXi=1 kxi � yk2 � k nXi=1 xi � nyk2� n nXi=1 kxi � yk2 � n nXi=1 r2= n2r2:'Epetai ìti r2 � 2(n � 1)n =) r �r2(n � 1)n :5. An n = 1, èqoume kxk2 + k � xk2 = 2kxk2.Gia to epagwgikì b ma, gr�foumeX"i=�1


k+1Xi=1 "ixi


2 = X"i=�1 


 kXi=1 "ixi + xk+1


2 + 


 kXi=1 "ixi � xk+1


2!= 2 X"i=�1 


 kXi=1 "ixi


2 + kxk+1k2!= 2 X"i=�1


 kXi=1 "ixi


2 + 2 � 2kkxk+1k2= 2 � 2k kXi=1 kxik2 + 2 � 2kkxk+1k2= 2k+1 k+1Xi=1 kxik2:Qrhsimopoi same diadoqik�: ton kanìna tou parallhlogr�mmou gia ta Pki=1 "ixi kaixk+1 (gia k�je epilog  twn "1; : : : ; "k), thn epagwgik  upìjesh gia ta x1; : : : ; xk, kai togegonì
 ìti to f�1; 1gk èqei 2k stoiqe�a.6. (a) 'Estw x 2 A. Apì ton orismì tou A?, gia k�je y 2 A? èqoume hx; yi = 0. 'Omw
autì shma�nei ìti x 2 (A?)? =: A??:AfoÔ to x 2 A  tan tuqìn, èqoume A � A??.(b) An x 2 B?, tìte x ? y gia k�je y 2 B. AfoÔ A � B, autì shma�nei ìti x ? y giak�je y 2 A, �ra x 2 A?.



125(g) Efarmìzonta
 to (a) gia to A? sth jèsh tou A, èqoumeA? � (A?)?? = A???:Apì thn �llh pleur�, afoÔ A � A??, to (b) m�
 d�neiA??? = (A??)? � A?:Epomènw
, A??? = A?.7. O Y ?? e�nai (p�nta) kleistì
 grammikì
 upìqwro
 tou H, �ra, an Y = Y ?? tìte oY e�nai kleistì
.Gia thn ant�strofh kateÔjunsh: xèroume ìti Y � Y ??, arke� loipìn na de�xoume ìtiY ?? � Y . 'Estw x 2 Y ??. AfoÔ o H e�nai q¸ro
 Hilbert kai o Y kleistì
 upìqwrì
tou, to x gr�fetai monos manta sth morf  x = y + z, ìpou y 2 Y kai z 2 Y ?. 'Omw
,x 2 Y ?? kai y 2 Y � Y ??, �ra z = x� y 2 Y ??:AfoÔ z 2 Y ?? \ Y ?, èqoume z ? z. 'Ara, z = 0. Autì shma�nei ìti x = y 2 Y , kai afoÔto x 2 Y ??  tan tuqìn, èpetai ìti Y = Y ??.8. AfoÔ M;N �M +N , èqoume (M +N)? �M?; N?, �ra(M +N)? �M? \N?:Ant�strofa, èstw x 2 M? \ N? kai w 2 M +N . Tìte, w = m+ n gia k�poia m 2 Mkai n 2 N , kai afoÔ x ?m;n pa�rnoumehx;wi = hx;mi+ hx; ni = 0;dhlad , x ? w. 'Epetai ìti x 2 (M +N)?, dhlad M? \N? � (M +N)?:Autì apodeiknÔei thn pr¸th isìthta. Gia th deÔterh, b�zoume sthn pr¸th tou
 M?; N?sth jèsh twn M;N : èqoume M?? \N?? = (M? +N?)?;kai afoÔ oi M;N e�nai kleisto�, pa�rnoumeM \N = (M? +N?)?:Pa�rnonta
 orjog¸nia sumplhr¸mata, blèpoume ìti(�) (M \N)? = (M? +N?)??:Mènei na de�xoume ìti: an F e�nai èna
 grammikì
 upìqwro
 tou H, tìte F?? = F(shmei¸ste ìti oM?+N? mpore� na mhn e�nai kleistì
 upìqwro
 tou H). Sthn 'Askhsh7 e�dame ìti F � F?? kai afoÔ o F?? e�nai kleistì
 èpetai ìti F � F??. An up rqez 2 F??nF , tìte to mh mhdenikì di�nusma z � PF (z) ja an ke ston F? \ F?? = f0g(giat�?), to opo�o e�nai �topo. 'Ara, èqoume isìthta, kai jètonta
 F = M? + N? sthn(�) èqoume to zhtoÔmeno.



1269. JewroÔme ton H = `2, kai san F pa�rnoume ton upìqwro 
00 pou apotele�tai apì ti
telik� mhdenikè
 akolouj�e
. Profan¸
 F 6= H, giat��1; 12 ; : : : ; 1n ; : : :� 2 `2n
00:Apì thn �llh pleur�, en 2 
00 gia k�je n 2 N. An loipìn y 2 
?00, to y = (�n) prèpei naikanopoie� ti
 �n = hy; eni = 0; n 2 N;dhlad  y = 0. 'Ara, 
?00 = f0g. Tìte,
00 + 
?00 = 
00 6= `2:10. 'Estw xn = wn + zn akolouj�a ston W +Z, h opo�a sugkl�nei se k�poio x 2 H. Jade�xoume ìti up�rqoun w 2 W kai z 2 Z tètoia ¸ste x = w + z. Autì apodeiknÔei ìti oW + Z e�nai kleistì
 upìqwro
 tou H (giat�?).H (xn) sugkl�nei, �ra e�nai akolouj�a Cau
hy: èqoume kxn�xmk ! 0 kaj¸
 m;n!1. 'Omw
, apì thn kajetìthta twn W kai Z, kai apì to Pujagìreio Je¸rhma, èqoumekwn � wmk2 + kzn � zmk2 = kxn � xmk2;kai autì de�qnei ìti oi (wn), (zn) e�nai akolouj�e
 Cau
hy stou
W;Z ant�stoiqa. OiW;Ze�nai kleisto� upìqwroi tou H, �ra e�nai pl rei
 san metriko� q¸roi. Epomènw
, up�rqounw 2 W kai z 2 Z tètoia ¸ste wn ! w kai zn ! z. 'Epetai ìti xn = wn + zn ! w + z,kai apì monadikìthta tou or�ou, x = w + z 2W + Z.11. Ston R2 jewroÔme tou
 M = f(x; 0) : x 2 Rg kai N = f(x; x) : x 2 Rg. Tìte,(PM Æ PN )(1; 1) = PM (1; 1) = (1; 0);en¸ (PN Æ PM)(1; 1) = PN (1; 0) = � 1p2 ; 1p2� :'Ara, PM Æ PN 6= PN Æ PM .IsqÔei ìmw
 isìthta an M ? N : gia k�je x 2 H èqoume(PM Æ PN )(x) = (PN Æ PM )(x) = 0;dhlad  PM Æ PN = PN Æ PM � 0.12. Oi tre�
 pr¸te
 sunart sei
 pou prokÔptoun apì thn orjokanonikopo�hsh e�nai oiex 
:(a) f1(t) = 1k1k � 1p2 .(b) f2(t) = t�ht;f1if1(t)kt�ht;f1if1k =q 32 t.(g) f3(t) = t2�ht2;f1if1(t)�ht2;f2if2(t)kt2�ht2;f1if1�ht2;f2if2k =q458 (t2 � 13 ).ParathroÔme ìti mina;b;
 Z 1�1 jt4 � a� bt� 
t2j2dt = d2(t4; h1; t; t2i);



127epomènw
 mporoÔme na broÔme ta bèltista a; b; 
 br�skonta
 to plhsièstero shme�o touh1; t; t2i pro
 thn t4. 'Omw
, oi f1; f2; f3 e�nai orjokanonik  b�sh tou h1; t; t2i, �ra h lÔshd�netai apì thng(t) = ht1; f1if1(t) + ht4; f2if2(t) + ht4; f3if3(t) = : : : = 67 t2 � 335 ;to opo�o d�nei a = � 335 ; b = 0; 
 = 67 :13. Upojètoume ìti R(T ) = spanfvg gia k�poio v 6= o. Tìte, gia k�je x 2 H èqoumeT (x) = �xv;ìpou o �x 2 R exart�tai apì to x. MporoÔme na upolog�soume to �x mèsw tou T w
ex 
: hTx; vi = �xhv; vi =) �x = DTx; vkvk2 E:ParathroÔme ìti to f : H ! R pou or�zetai apì thnf(x) = DTx; vkvk2 E;e�nai fragmèno grammikì sunarthsoeidè
: h grammikìthta elègqetai eÔkola, kaijf(x)j = jDTx; vkvk2 Ej � kTxk � 


 vkvk2 


 � kTkkvk kxk:Apì to je¸rhma anapar�stash
 tou Riesz, up�rqei u 2 H tètoio ¸ste�x = f(x) = hx; ui; x 2 H:'Ara, T (x) = �xv = hx; uiv gia k�je x 2 H.14. OW e�nai q¸ro
Hilbert, �ra to je¸rhma anapar�stash
 tou Riesz ma
 d�nei monadikìw 2 W tètoio ¸ste f(x) = hw; xi; x 2W:AfoÔ (profan¸
) w 2 H, mporoÔme na or�soume ~f : H ! R me~f(x) = hw; xi; x 2 H:Tìte, to ~f e�nai fragmèno grammikì sunarthsoeidè
 ston H, epekte�nei to f , kaikfkW� = kwk = k ~fkH� :Mènei na de�xoume th monadikìthta: èstw ìti k�poio g 2 H� ikanopoie� ta parap�nw.Tìte, apì to je¸rhma anapar�stash
 tou Riesz ston H, up�rqei u 2 H tètoio ¸steg(x) = hu; xi; x 2 H:'Omw
 tìte, hw � u; xi = 0 gia k�je x 2 W , opìte w � u = z 2 W?. Tìte,kuk2 = kwk2 + kzk2



128apì to Pujagìreio je¸rhma (exhg ste), kai afoÔ kuk = kgk = kfk = k ~fk = kwk, prèpeina èqoume kzk = 0, to opo�o d�nei z = 0 =) w = u. 'Epetai ìti g = ~f .15. Efarmìzoume pr¸ta thn anisìthta Cau
hy-S
hwarz, kai katìpin thn anisìthta touBessel: 1Xk=1 jhx; ekihy; ekij �  1Xk=1hx; eki2!1=2 1Xk=1hy; eki2!1=2� kxk � kyk:16. 'Estw y to plhsièstero shme�o tou Y pro
 to x. AfoÔ y 2 Y kai h fen : n 2 Ng e�naiorjokanonik  b�sh tou Y , to y gr�fetai sth morf y = 1Xn=1hy; enien:'Omw
 xèroume ìti x� y ? Y kai en 2 Y gia k�je n 2 N. 'Ara,hx� y; eni = 0 =) hx; eni = hy; enigia k�je n 2 N. Sundu�zonta
 ta parap�nw, pa�rnoumey = 1Xn=1hx; enien:17. 'Estw f 2 `�2. Apì to je¸rhma anapar�stash
 tou Riesz, up�rqei y 2 `2 tètoio ¸stef(x) = hy; xi; x 2 `2:Eidikìtera, f(en) = hy; eni. 'Omw
, apì thn tautìthta tou Parseval èqoume1Xn=1hy; eni2 = kyk2 < +1;�ra, hy; eni2 ! 0, dhlad  f(en)! 0.18. O H e�nai pl rh
, �ra h Pn xn sugkl�nei an kai mìno an h akolouj�a twn merik¸najroism�twn sm =Pmn=1 xn e�nai Cau
hy. 'Omw
, an l > m èqoumeksl � smk2 = kxm+1 + � � � + xlk2 = lXn=m+1 kxnk2;apì to Pujagìreio je¸rhma. 'Ara, h (sm) e�nai Cau
hy an kai mìno an htm = mXn=1 kxnk2e�nai akolouj�a Cau
hy sto R, dhlad  an kai mìno an h seir� P1n=1 kxnk2 sugkl�nei.



Kef�laio 7To Je¸rhma Hahn - Bana
h
7.1 To L mma tou Zorn'Estw M èna mh kenì sÔnolo. Mia sqèsh � sto M lègetai merik  di�taxh anikanopoie� ta ex 
:(1) gia k�je a 2M , a � a (anaklastik  idiìthta).(2) an a � b kai b � a, tìte a = b (antisummetrik  idiìthta).(3) an a � b kai b � 
, tìte a � 
 (metabatik  idiìthta).To M lègetai tìte merik� diatetagmèno sÔnolo (w
 pro
 thn �). Apì ton orismìfa�netai ìti mpore� sto M na up�rqoun a kai b gia ta opo�a na mhn isqÔei kamm�aapì ti
 a � b kai b � a (tìte, lème ìti ta a kai b den sugkr�nontai.) Ta a kai bsugkr�nontai an isqÔei toul�qiston m�a apì ti
 a � b   b � a.(a) 'Ena mh kenì uposÔnolo A tou M lègetai olik� diatetagmèno (  alus�da) anopoiad pote dÔo stoiqe�a tou sugkr�nontai.(b) An W 6= ;, W � M kai u 2 M , lème ìti to u e�nai �nw fr�gma gia to W an:gia k�je x 2 W isqÔei x � u. 'Ena uposÔnolo W tou M mpore� na èqei   na mhnèqei �nw fr�gma.(g) To r lègetai mègisto stoiqe�o tou M an gia k�je x 2 M isqÔei x � r. An toM èqei mègisto stoiqe�o, tìte autì e�nai monadikì (�skhsh).(d) To m 2 M lègetai megistikì stoiqe�o tou M an: gia k�je x 2 M me m � xisqÔei m = x. Dhlad , an den up�rqei stoiqe�o tou M gn sia megalÔtero apì tom. 'Ena merik� diatetagmèno sÔnolo M mpore� na èqei   na mhn èqei megistik�stoiqe�a. An to M èqei mègisto stoiqe�o, tìte autì e�nai to monadikì megistikìstoiqe�o tou M (giat�?).Parade�gmata (a) To sÔnolo R twn pragmatik¸n arijm¸n me th sun jh di�taxhe�nai èna olik� diatetagmèno sÔnolo pou den perièqei megistik� stoiqe�a.129



130(b) 'Estw X 6= ; kai M = P(X) to sÔnolo ìlwn twn uposunìlwn tou X (todunamosÔnolo tou X). Or�zoume � sto M w
 ex 
:A � B () A � B:H � e�nai merik  di�taxh sto M (kai an to X èqei perissìtera apì èna stoiqe�a,tìte up�rqoun A;B 2 M pou den sugkr�nontai: p�rte p.q. A mh kenì, gn siouposÔnolo tou X , kai B = XnA.) To M èqei èna (akrib¸
) megistikì stoiqe�o, toX (to opo�o e�nai to mègisto stoiqe�o tou M).(g) JewroÔme to sÔnolo M = Rn , n � 2, twn diatetagmènwn n-�dwn pragmatik¸narijm¸n. An x = (�1; : : : ; �n); y = (�1; : : : ; �n), lème ìti x � y an �i � �i giak�je i = 1; : : : ; n. To M e�nai merik� diatetagmèno w
 pro
 thn �, kai den perièqeimegistik� stoiqe�a.(d) JewroÔme to sÔnolo M = N twn fusik¸n arijm¸n, kai lème ìti m � n an om diaire� ton n. H � e�nai merik  di�taxh sto N (ta stoiqe�a 3 kai 7 tou N densugkr�nontai.) To A = f3 � 2k : k = 0; 1; 2; : : :g e�nai olik� diatetagmèno uposÔnolotou N. To N den perièqei megistik� stoiqe�a w
 pro
 thn �.An jewr soume to sÔnolo P = f2; 3; 5; 7; 11; : : :g twn pr¸twn arijm¸n me thn�dia di�taxh �, tìte k�je stoiqe�o tou P e�nai megistikì. P�li me thn �, tof2; 3; 4; 8g èqei dÔo megistik� stoiqe�a: to 3 kai to 8 (elègxte tou
 parap�nw isqu-rismoÔ
.)L mma tou Zorn 'Estw M 6= ; èna merik� diatetagmèno sÔnolo (w
 pro
 thn �).Upojètoume ìti k�je alus�da A � M èqei �nw fr�gma sto M . Tìte, to M èqeitoul�qiston èna megistikì stoiqe�o.A
 dokim�soume na {apode�xoume} aut n thn prìtash: to M e�nai mh kenì,pa�rnoume loipìn k�poio x1 2 M . An to x1 e�nai megistikì èqoume to zhtoÔmeno,alli¸
 up�rqei x2 2 M me x1 < x2, kai to fx1; x2g e�nai alus�da. An to x2 e�naimegistikì èqoume to zhtoÔmeno, alli¸
 up�rqei x3 2 M me x1 < x2 < x3 kaito fx1; x2; x3g e�nai alus�da. Suneq�zonta
 ètsi, br�skoume megistikì stoiqe�o xn  fti�qnoume alus�da fxn : n 2 Ng. Aut  èqei �nw fr�gma, èstw y1 apì thnupìjesh. An to y1 e�nai megistikì, telei¸same. Alli¸
? Suneq�zoume ìpw
 kaiprin. Autì pou den e�nai fanerì e�nai an aut  h diadikas�a ja ma
 d¸sei k�poiastigm  megistikì stoiqe�o tou M .Gia thn akr�beia, h mèjodo
 aut  den mpore� na d¸sei apìdeixh: to L mma touZorn e�nai isodÔnamo me to ax�wma th
 epilog 
, kai ja to deqtoÔme san ax�wmasth melèth ma
.O trìpo
 me ton opo�o qrhsimopoie�tai to L mma tou Zorn ja g�nei kajarì
 methn apìdeixh tou ex 
 jewr mato
 (thn opo�a e�qame anab�llei):Je¸rhma 7.1.1 K�je grammikì
 q¸ro
 X 6= f0g èqei b�sh Hamel.Apìdeixh: JewroÔme to sÔnolo M ìlwn twn grammik� anex�rthtwn uposunìlwntou X . To M e�nai mh kenì: afoÔ X 6= f0g, up�rqei x 2 X , x 6= 0. To fxg e�naigrammik� anex�rthto, �ra fxg 2M .



131Or�zoume di�taxh � sto M , jètonta
 A � B , A � B. H � e�nai merik di�taxh (parathr ste ìti se ènan grammikì q¸ro, mporoÔme na èqoume dÔo xèna,�ra mh sugkr�sima, grammik� anex�rthta sÔnola.)Isqurismì
. To (M;�) ikanopoie� thn upìjesh tou L mmato
 tou Zorn.Apìdeixh: 'Estw A � M olik� diatetagmèno. Gr�foume A = fAi : i 2 Ig, ìpouk�je Ai e�nai grammik� anex�rthto uposÔnolo tou X , kai, an i; j 2 I , tìte e�teAi � Aj e�te Aj � Ai.Or�zoume U = Si2I Ai. Profan¸
, U � X kai Ai � U gia k�je i 2 I .De�qnoume ìti U 2M , dhlad  ìti to U e�nai grammik� anex�rthto. Autì ja de�xeiìti to U e�nai �nw fr�gma tou A sto M .'Estw x1; : : : ; xm 2 U . AfoÔ xk 2 U , k = 1; : : : ;m, up�rqoun Ai1 ; : : : ; Aimtètoia ¸ste xk 2 Aik . To A e�nai olik� diatetagmèno, �ra ta Aik sugkr�nontaian� dÔo. AfoÔ e�nai peperasmèna to pl jo
, up�rqei k0 tètoio ¸ste Aik � Aik0 ,k = 1; : : : ;m. Dhlad , x1; : : : ; xm 2 Aik0 . To Aik0 e�nai grammik� anex�rthto, �rato fx1; : : : ; xmg � Aik0 e�nai ki autì grammik� anex�rthto. AfoÔ to fx1; : : : ; xmg tan to tuqìn peperasmèno uposÔnolo tou U , to U e�nai grammik� anex�rthto. 2T¸ra, efarmìzetai to L mma tou Zorn: To M èqei megistikì stoiqe�o B. ToB e�nai grammik� anex�rthto, kai gia na de�xoume ìti e�nai b�sh arke� na doÔme ìtipar�gei ton X .'Estw Y = span(B). Upojètoume ìti Y 6= X . Tìte, up�rqei z 2 XnY , dhlad to z den gr�fetai san peperasmèno
 grammikì
 sunduasmì
 stoiqe�wn tou B. Jade�xoume ìti to B[fzg e�nai grammik� anex�rthto: An �1x1+ � � �+�mxm+�z = 0,tìte � = 0, alli¸
 to z ja  tan grammikì
 sunduasmì
 twn x1; : : : ; xm. 'Ara,�1x1+ � � �+�mxm = 0, kai afoÔ to B e�nai grammik� anex�rthto, �1 = � � � = �m =0. 'Ara, to B den e�nai megistikì stoiqe�o tou M . To B [ fzg an kei sto M kaiperièqei gn sia to B. Autì e�nai �topo.'Epetai ìti X = Y = span(B), dhlad  to B e�nai b�sh. 2Shme�wsh: H ous�a th
 apìdeixh
 br�sketai sto teleuta�o b ma. Ousiastik�de�xame ìti an B e�nai èna grammik� anex�rthto uposÔnolo tou X pou den par�geiton X , tìte mporoÔme na epekte�noume to B se èna gn sia megalÔtero sÔnoloB0 = B [ fzg, pou e�nai ep�sh
 grammik� anex�rthto. To L mma tou Zorn m�
epitrèpei na isquristoÔme thn Ôparxh megistikoÔ grammik� anex�rthtou uposunìloutou X . Autì den epekte�netai, �ra par�gei to q¸ro, �ra e�nai b�sh.Se tètoie
 peript¸sei
, ìpou to zhtoÔmeno e�nai k�poia {megistik  epèktash},to L mma tou Zorn e�nai exairetik� qr simo. To Je¸rhma Hahn-Bana
h e�nai, ìpw
ja doÔme, akrib¸
 èna je¸rhma epèktash
.7.2 To Je¸rhma Hahn - Bana
hOrismì
 'Estw X grammikì
 q¸ro
, kai p : X ! R. To p lègetai upogrammikìsunarthsoeidè
, an ikanopoie� ta ex 
:



132(a) p(x+ y) � p(x) + p(y) gia k�je x; y 2 X ,(b) p(�x) = �p(x) gia k�je � � 0 kai k�je x 2 X ,dhlad , an e�nai upoprosjetikì kai jetik� omogenè
. Parathr ste ìti: den apai-toÔme to p na pa�rnei mh arnhtikè
 timè
, oÔte thn p(�x) = j�jp(x), � 2 R (an h pèqei ki autè
 ti
 idiìthte
, tìte lègetai hminìrma.)EÔkola elègqontai oi p(0) = 0 kai p(�x) � �p(x), x 2 X (�skhsh).Parade�gmata (a) An f : X ! R e�nai grammikì sunarthsoeidè
, tìte ta f; jf je�nai upogrammik� sunarthsoeid .(b) K�je nìrma k � k : X ! R e�nai upogrammikì sunarthsoeidè
.(g) H p : `1 ! R me p((�k)) = limsup�k e�nai upogrammikì sunarthsoeidè
 ston`1.Je¸rhma 7.2.1 (Je¸rhma epèktash
 tou Hahn) 'Estw X grammikì
 q¸ro
, kaip : X ! R upogrammikì sunarthsoeidè
. 'Estw Z grammikì
 upìqwro
 tou X , kaif : Z ! R grammikì sunarthsoeidè
 me thn idiìthta: gia k�je x 2 Z,(�) f(x) � p(x):Tìte, up�rqei grammikì sunarthsoeidè
 ~f : X ! R tètoio ¸ste(a) ~f(x) = f(x) an x 2 Z (to ~f e�nai epèktash tou f),(b) ~f(x) � p(x) gia k�je x 2 X .(a) Parathr ste ìti den upojètoume kamm�a topologik  dom  gia to q¸ro X (e�naiapl¸
 èna
 grammikì
 q¸ro
.)(b) 'Opw
 ja doÔme, to ousiastikì b ma th
 apìdeixh
 e�nai na doÔme p¸
 ja epe-kte�noume to f apì ènan upìqwro W se ènan upìqwro W1 pou èqei {m�a di�stashparap�nw}, me grammikì trìpo kai qwr�
 na qal�sei h (�). Apì th stigm  pou autìe�nai dunatì, to L mma tou Zorn ma
 exasfal�zei mia {megistik  epèktash} ~f , kiaut  (ìpw
 ja doÔme) upoqreoÔtai na èqei ped�o orismoÔ olìklhron ton X .Arq�zoume loipìn me to ex 
 L mma:L mma 7.2.1 Me ti
 upojèsei
 tou Jewr mato
, a
 upojèsoume epiplèon ìti giak�poion grammikì upìqwroW1 tou X o opo�o
 perièqei ton Z, èqoume bre� f1 :W1 !R tètoia ¸ste f1jZ = f kai f1(x) � p(x) gia k�je x 2 W1.'Estw y 2 XnW1, kai W2 = spanfW1; yg. Tìte, up�rqei f2 : W2 ! R tètoia¸ste f2jW1 = f1 kai f2(x) � p(x) gia k�je x 2 W2.Apìdeixh: K�je z 2W2 gr�fetai monos manta sth morf z = x+ �y



133gia k�poia x 2 W1 kai � 2 R (�skhsh). H grammik  epèktash f2 pou zht�meprosdior�zetai loipìn monos manta apì thn tim  a 2 R pou ja epilèxoume sanf2(y). An jèsoume f2(y) = a, tìte prèpei na èqoume(1) f2(z) = f2(x) + �f2(y) = f1(x) + �a;afoÔ zht�me to f2 na e�nai grammikì kai na epekte�nei to f1. H �llh idiìthta pouzht�me apì to a e�nai h ex 
: Gia k�je x 2W1 kai k�je � 2 R,(2) f1(x) + �a � p(x+ �y):IsodÔnama, pa�rnonta
 up� ìyin ti
 (1) kai (2), zht�me a 2 R me thn idiìthta: giak�je x 2 W1 kai k�je � > 0,(3) f1(x) + �a � p(x+ �y) ; f1(x) � �a � p(x� �y):Epeid  to p e�nai jetik� omogenè
 kai to f1 grammikì stonW1, h (3) e�nai isodÔnamhme to ex 
: gia k�je x 2W1 kai k�je � > 0,(4) f1 �x��+ a � p�x� + y� ; f1 �x��� a � p�x� � y� ;kai epeid  o W1 e�nai upìqwro
, isodÔnama zht�me a 2 R tètoio ¸ste: gia k�jex; x0 2W1, f1(x0)� p(x0 � y) � a � p(x+ y)� f1(x):Mi� tètoia epilog  tou a e�nai dunat  an kai mìno an gia k�je x; x0 2 W1,f1(x) + f1(x0) � p(x0 � y) + p(x+ y):'Omw
, f1(x) + f1(x0) = f1(x+ x0)� p(x+ x0)= p((x0 � y) + (x+ y))� p(x0 � y) + p(x+ y);apì thn upogrammikìthta tou p, thn grammikìthta tou f1 ston W1, thn f1 � pston W1, kai to gegonì
 ìti to p or�zetai se olìklhro ton X . Autì apodeiknÔei toL mma. 2Apìdeixh tou Jewr mato
: 'EstwW h oikogèneia ìlwn twn zeugari¸n (W1; f1)pou ikanopoioÔn ta ex 
:(a) o W1 e�nai grammikì
 upìqwro
 tou X , kai Z �W1.(b) to f1 :W1 ! R e�nai grammikì, kai f1jZ = f .(g) f1(x) � p(x) gia k�je x 2 W1.H W e�nai mh ken , afoÔ (Z; f) 2 W . Or�zoume di�taxh � sthn W jètonta
(W1; f1) � (W2; f2) an kai mìno an W1 �W2 kai f2jW1 = f1.



134To (W ;�) e�nai merik� diatetagmèno sÔnolo. Ja de�xoume ìti ikanopoie� thn upì-jesh tou L mmato
 tou Zorn: 'Estw C = f(Wi; fi) : i 2 Ig mia alus�da sto (W ;�).Or�zoumeW 0 = Si2I Wi kai f 0 :W 0 ! R me f 0(x) = fi(x), x 2Wi. ApodeiknÔoumeeÔkola ìti:(a) O W 0 e�nai grammikì
 upìqwro
 tou X , kai Z � Wi � W 0 gia k�je i 2 I (jaqreiaste�te to gegonì
 ìti an i; j 2 I tìte, e�te Wi � Wj e�te Wj � Wi, afoÔ h Ce�nai alus�da.)(b) H f 0 or�zetai kal�, e�nai grammik , kai f 0(x) � p(x) gia k�je x 2 W 0 (ki ed¸ja qreiaste�te to gegonì
 ìti an i; j 2 I tìte, e�te fj jWi = fi e�te fijWj = fj afoÔh C e�nai alus�da.)(g) Gia k�je i 2 I , f 0jWi = fi.'Epetai ìti (W 0; f 0) 2 W , kai to (W 0; f 0) e�nai �nw fr�gma th
 C.Apì to L mma tou Zorn, to (W ;�) èqei megistikì stoiqe�o (W0; f0). Apì toL mma 7.2.1 blèpoume ìti W0 = X : An ìqi, ja pa�rname y 2 XnW0, kai or�zonta
W 00 = spanfW0; yg ja epekte�name to f0 se f 00 :W 00 ! R, opìte to (W 00; f 00) ja  tangn sia megalÔtero apì to (W0; f0), �topo.H ~f = f0 : X ! R e�nai h zhtoÔmenh epèktash th
 f ston X . 2Sto pla�sio twn q¸rwn me nìrma, to Je¸rhma Hahn-Bana
h diatup¸netai su-n jw
 sthn ex 
 morf :Je¸rhma 7.2.2 (Bana
h) 'Estw X q¸ro
 me nìrma, Y grammikì
 upìqwro
 touX , kai f : Y ! R fragmèno grammikì sunarthsoeidè
. Dhlad ,kfkY � = supx2Y;kxk=1 jf(x)j < +1:Tìte, up�rqei ~f : X ! R fragmèno grammikì sunarthsoeidè
 me ~f jY = f kaik ~fk = kfkY � . (Dhlad , up�rqei suneq 
 epèktash tou f ston X , me diat rhshth
 nìrma
.)Apìdeixh: 'Eqoume jf(x)j � kfkY �kxk gia k�je x 2 Y . Or�zoume p : X ! R mep(x) = kfkY �kxk. To p e�nai upogrammikì sunarthsoeidè
:(a) Gia thn upogrammikìthta, parathroÔme ìtip(x+ y) = kfkY �kx+ yk � kfkY �(kxk+ kyk)= kfkY �kxk+ kfkY �kyk= p(x) + p(y):(b) To p e�nai jetik� omogenè
: an � > 0, tìtep(�x) = kfkY �k�xk = �kfkY �kxk = �p(x):Apì to Je¸rhma epèktash
 tou Hahn, up�rqei grammik  epèktash ~f : X ! R th
f , tètoia ¸ste(1) ~f(x) � p(x) = kfkY �kxk; x 2 X:



135Pa�rnonta
 to �x sth jèsh tou x kai qrhsimopoi¸nta
 th grammikìthta tou ~f ,blèpoume ìti(2) � ~f(x) = ~f(�x) � p(�x) = kfkY �k � xk = kfkY �kxk; x 2 X:Apì ti
 (1) kai (2) sumpera�noume ìti, gia k�je x 2 X ,j ~f(x)j � kfkY �kxk:'Ara, ~f 2 X�, kai k ~fk � kfkY � . Apì thn �llh pleur�, afoÔ ~f jY = f , pa�rnoumek ~fk = supx2X;kxk=1 j ~f(x)j � supx2Y;kxk=1 jf(x)j = kfkY � :Dhlad , k ~fk = kfkY � . 2To Je¸rhma 7.2.2 m�
 lèei ìti o X� e�nai {ploÔsio
 se sunarthsoeid }. Sthnepìmenh par�grafo ja doÔme pollè
 efarmogè
 autoÔ tou e�dou
. D�noume ed¸ ènapr¸to par�deigma.Prìtash 7.2.1 'Estw X q¸ro
 me nìrma, x1; : : : ; xm grammik� anex�rthta dia-nÔsmata ston X , kai a1; : : : ; am 2 R. Up�rqei f 2 X� tètoio ¸ste f(xi) = ai,i = 1; : : : ;m.Apìdeixh: Jètoume Y = spanfx1; : : : ; xmg. O Y èqei di�stash m kai ta dianÔ-smata x1; : : : ; xm sqhmat�zoun b�sh tou. Or�zoume f0 : Y ! R mef0 mXi=1 �ixi! = mXi=1 �iai:Tìte, f0(xi) = ai, kai to f0 e�nai fragmèno grammikì sunarthsoeidè
 ston Y , afoÔo Y èqei peperasmènh di�stash (parathr ste ìti to f0 e�nai kal� orismèno, afoÔk�je x 2 Y gr�fetai monos manta sth morf  x =Pmi=1 �ixi.)Apì to Je¸rhma Hahn-Bana
h, to f0 èqei fragmènh grammik  epèktash f 2X�. Profan¸
, f(xi) = f0(xi) = ai; i = 1; : : : ;m: 27.3 Efarmogè
(a) O X� perièqei {poll�} sunarthsoeid ,Je¸rhma 7.3.1 'Estw X 6= f0g q¸ro
 me nìrma, kai x0 2 X , x0 6= 0. Up�rqeifragmèno grammikì sunarthsoeidè
 ~f : X ! R tètoio ¸ste k ~fk = 1 kai ~f(x0) =kx0k.



136Apìdeixh: JewroÔme ton upìqwro Z = spanfx0g pou par�getai apì to x0, kaior�zoume f : Z ! R me f(�x0) = �kx0k. To f e�nai grammikì, kaikfkZ� = sup� 6=0 jf(�x0)jk�x0k = 1:Apì to Je¸rhma Hahn-Bana
h, up�rqei ~f : X ! R fragmèno grammikì sunarth-soeidè
, me k ~fk = kfkZ� = 1 kai~f(x0) = f(x0) = kx0k: 2Pìrisma 7.3.1 An X 6= f0g, tìte X� 6= f0g.Apìdeixh: An x0 6= 0 kai ~f ìpw
 sto Je¸rhma 7.3.1, tìte ~f 6= 0. 2IsqÔei m�lista k�ti polÔ isqurìtero:Je¸rhma 7.3.2 'Estw X q¸ro
 me nìrma, kai x 2 X . Tìte,kxk = maxkfk=1 jf(x)j:Apìdeixh: Apì to Je¸rhma 7.3.1, up�rqei ~f 2 X�, k ~fk = 1 me ~f(x) = kxk. 'Ara,(�) supkfk=1 jf(x)j � j ~f(x)j = kxk:Apì thn �llh pleur�, an kfk = 1 tìte jf(x)j � kfk kxk = kxk. 'Ara,(��) supkfk=1 jf(x)j � kxk:Apì ti
 (�) kai (��), kxk = supkfk=1 jf(x)j. To sup e�nai max lìgw tou ~f . 2Shme�wsh: Gnwr�zoume  dh ìti kfk = supkxk=1 jf(x)j gia k�je f 2 X� (autì  tansunèpeia tou orismoÔ th
 nìrma
 telest .) To Je¸rhma Hahn-Bana
h, sth morf tou Jewr mato
 7.3.2, m�
 d�nei th duðk  sqèsh kxk = supkfk=1 jf(x)j: h nìrma toux {pi�netai} san tim  k�poiou f apì th monadia�a sfa�ra tou duðkoÔ q¸rou.Pìrisma 7.3.2 An f(x) = f(y) gia k�je f 2 X�, tìte x = y.Apìdeixh: kx� yk = supkfk=1 jf(x� y)j = supkfk=1 jf(x)� f(y)j = 0, �ra x = y.2Shme�wsh: Lème ìti o X� diaqwr�zei ta shme�a tou X : an x 6= y, tìte up�rqeif 2 X� tètoio ¸ste f(x) 6= f(y).



137(b) O deÔtero
 duðkì
 enì
 q¸rou me nìrma - Autopaje�
 q¸roi'Estw X q¸ro
 me nìrma. 'Eqoume de� ìti o X� e�nai q¸ro
 Bana
h me nìrmathn kfk = supfjf(x)j : kxk = 1g. MporoÔme loipìn na mil soume gia ton (X�)�,to q¸ro ìlwn twn fragmènwn grammik¸n sunarthsoeid¸n F : X� ! R, me nìrmathn kFk = supkfkX�=1 jF (f)j:Gia eukol�a gr�foume X�� := (X�)�. O X�� e�nai o deÔtero
 duðkì
 tou X .K�je x 2 X or�zei me fusiologikì trìpo èna stoiqe�o �(x) tou X�� w
 ex 
:or�zoume �(x) : X� ! R, me[�(x)℄(f) = f(x); f 2 X�:L mma 7.3.1 To �(x) e�nai fragmèno grammikì sunarthsoeidè
 ston X��.Apìdeixh: Elègqoume pr¸ta th grammikìthta tou �(x): An f; g 2 X� kai �; � 2 R,tìte [�(x)℄(�f + �g) = (�f + �g)(x)= �f(x) + �g(x)= �[�(x)℄(f) + �[�(x)℄(g):Ep�sh
, j[�(x)℄(f)j = jf(x)j � kfk kxk = kxk kfk; f 2 X�:'Ara, �(x) 2 X�� kai k�(x)kX�� � kxkX . 2L mma 7.3.2 H apeikìnish � : X ! X�� me x 7! �(x) e�nai grammik  isometr�a.Eidikìtera, h � e�nai èna pro
 èna.Apìdeixh: (a) 'Estw x1; x2 2 X kai �1; �2 2 R. Gia k�je f 2 X� èqoume[�(�1x1 + �2x2)℄(f) = f(�1x1 + �2x2)= �1f(x1) + �2f(x2)= �1[�(x1)℄(f) + �2[�(x2)℄(f)= [�1�(x1) + �2�(x2)℄(f):'Ara, �(�1x1 + �2x2) = �1�(x1) + �2�(x2), dhlad  h � e�nai grammik .(b) 'Estw x 2 X . Apì to Je¸rhma 7.3.1, up�rqei ~f 2 X� tètoio ¸ste k ~fk = 1 kai~f(x) = kxk. 'Ara,k�(x)kX�� = supkfk=1 j[�(x)℄(f)j � j[�(x)℄( ~f )j = j ~f(x)j = kxk:



138Dhlad , k�(x)kX�� � kxk. Sto prohgoÔmeno L mma e�dame ìti isqÔei kai h ant�-strofh anisìthta. Epomènw
, k�(x)kX�� = kxk;kai h � e�nai isometr�a.(g) Profan¸
, �(x) = 0 =) k�(x)kX�� = 0 =) kxk = 0 =) x = 0. Epeid  h �e�nai grammik , autì de�qnei ìti h � e�nai èna pro
 èna. 2'Amesh sunèpeia twn dÔo lhmm�twn e�nai to ex 
:Je¸rhma 7.3.3 K�je q¸ro
 X me nìrma emfuteÔetai me fusiologikì trìpo iso-metrik� ston X�� mèsw th
 � : X ! X�� pou or�zetai apì thn[�(x)℄(f) = f(x): 2Parathr sei
 (1) O X e�nai q¸ro
 Bana
h an kai mìno an o �(x) e�nai kleistì
upìqwro
 tou X��. Pr�gmati, o X�� e�nai pl rh
 kai o �(X) grammikì
 upìqwro
tou X��. O �(X) e�nai kleistì
 an kai mìno an e�nai pl rh
, ìmw
 o �(X) e�naiisometrik� isomorfikì
 me ton X . 'Ara, o �(X) e�nai pl rh
 an kai mìno an o Xe�nai pl rh
.(2) Orismì
 H apeikìnish � lègetai kanonik  emfÔteush tou X ston X��. OX lègetai autopaj 
 an �(X) = X��, dhlad  an h � e�nai ep�. Tìte, o X e�naiisometrik� isomorfikì
 me ton X��.(3) H idiìthta th
 autop�jeia
 den e�nai isodÔnamh me thn Ôparxh isometrikoÔ iso-morfismoÔ an�mesa stou
 X kai X��. An o X e�nai autopaj 
, tìte e�nai isome-trik� isomorfikì
 me ton X��, all� me polÔ isqurì trìpo: h kanonik  emfÔteush� e�nai isometr�a ep� apì ton X ston X��. O James (1951) èqei d¸sei par�deigmaq¸rou pou e�nai isometrik� isomorfikì
 me ton deÔtero duðkì tou, qwr�
 na e�naiautopaj 
.(4) Up�rqoun pollo� mh autopaje�
 q¸roi. Pr¸ta-pr¸ta, èna
 q¸ro
 me nìrma pouden e�nai pl rh
 den mpore� na e�nai autopaj 
 (giat�?).O 
0 den e�nai autopaj 
, giat� 
�0 ' `1 kai `�1 ' `1. An o 
0  tan autopaj 
,tìte oi 
0 kai `1 ja  tan isometrik� isomorfiko�. Autì den mpore� na isqÔei, afoÔo 
0 e�nai diaqwr�simo
 en¸ o `1 ìqi.O `1 den e�nai autopaj 
. An  tan, ja  tan isometrik� isomorfikì
 me ton `�1,dhlad  o `�1 ja  tan diaqwr�simo
. 'Opw
 ja doÔme sthn epìmenh upopar�grafo,autì ja s maine ìti kai o `1 e�nai diaqwr�simo
, �topo.Prìtash 7.3.1 O `p, 1 < p <1, e�nai autopaj 
.Apìdeixh: Prèpei na de�xoume ìti �(`p) = (`�p)�. Jumhje�te ìti, gia k�je f 2 `�pup�rqei y(f) = (�k) 2 `q tètoio ¸ste f(x) =Pk �k�k gia k�je x = (�k) 2 `p.H Sp : `�p ! `q me Sp(f) = y(f) e�nai isometr�a ep�. Ant�stoiqa or�zetai hSq : `�q ! `p.



139'Estw F 2 (`�p)�. To F Æ S�1p 2 `�q , �ra up�rqei x 2 `p tètoio ¸ste(F Æ S�1p )((�k)) =Xk �k�k; y = (�k) 2 `q:De�qnoume ìti �(x) = F . 'Estw f 2 `�p. Up�rqei y = (�k) 2 `q tètoio ¸stef(x) =Xk �k�k;dhlad , y = Sp(f). 'Omw
 tìte,F (f) = F Æ S�1p Æ Sp(f) = F Æ S�1p ((�k)) =Xk �k�k = f(x) = [�(x)℄(f):'Ara, F = �(x). To F  tan tuqìn, �ra �(`p) = `��p . 2(g) O X� d�nei plhrofor�e
 gia ton X.Sthn 7.3(a) e�dame ìti o X� diaqwr�zei ta shme�a tou X . To Je¸rhma pouakolouje� de�qnei ìti o X� diaqwr�zei shme�a apì kleistoÔ
 upoq¸rou
:Je¸rhma 7.3.4 'Estw X q¸ro
 me nìrma, Y gn sio
 kleistì
 upìqwro
 tou X ,kai x0 2 XnY . An Æ = d(x0; Y ) = inffkx0 � yk : y 2 Y g;tìte up�rqei ~f 2 X� tètoio ¸ste k ~fkX� = 1, ~f(y) = 0 gia k�je y 2 Y , kai~f(x0) = Æ.Apìdeixh: JewroÔme ton upìqwro Z = spanfY; x0g. K�je x 2 Z gr�fetai mono-s manta sth morf  x = y+�x0, gia k�poia y 2 Y kai � 2 R. Or�zoume f : Z ! Rme f(x) = f(y + �x0) = Æ�:Tìte, f(y) = 0 gia k�je y 2 Y , kai f(x0) = Æ. Prèpei na de�xoume ìti to f e�naifragmèno ston Z, kai kfkZ� = 1. Katìpin, qrhsimopoi¸nta
 to Je¸rhma Hahn-Bana
h epekte�noume to f se k�poio ~f 2 X� me ti
 zhtoÔmene
 idiìthte
 (elègxteto.)To f e�nai fragmèno: 'Estw x = y1 + �x0 2 Z. An � 6= 0,jf(x)j = j�jÆ = j�j infy2Y kx0 � yk� j�j 



x0 + 1�y1



= k�x0 + y1k = kxk:



140An � = 0, tìte jf(x)j = 0 � kxk. 'Ara, f 2 Z� kai kfkZ� � 1.Ant�strofh anisìthta gia thn kfkZ� : Up�rqoun yn 2 Y me kx0�ynk ! Æ. Ep�sh
,èqoume Æ > 0, giat� o Y e�nai kleistì
 kai x0 =2 Y .Gia k�je n 2 N èqoume 0 6= x0 � yn 2 Z, �rakfkZ� � jf(x0 � yn)jkx0 � ynk = Ækx0 � ynk ! 1kaj¸
 n!1. 'Ara, kfkZ� = 1. 2Qrhsimopoi¸nta
 to Je¸rhma 7.3.4, de�qnoume to ex 
:Je¸rhma 7.3.5 An o X� e�nai diaqwr�simo
, tìte o X e�nai diaqwr�simo
.Apìdeixh: Ja m�
 qreiaste� èna L mma:L mma 7.3.3 H SX� = ff 2 X� : kfk = 1g e�nai diaqwr�simh w
 pro
 thn epagì-menh metrik .Apìdeixh: Up�rqei M arijm simo puknì uposÔnolo tou X�. Or�zoumeM1 = fg = f=kfk : f 2Mnf0gg:To M1 e�nai arijm simo uposÔnolo th
 SX� , kai ja de�xoume ìti e�nai puknì sthnSX� .'Estw f 2 SX� . Up�rqei akolouj�a fhkg sto M me hk ! f . 'Ara, khkk !kfk = 1, dhlad , telik� hk 6= 0. Oi lk = hk=khkk an koun sto M1, kaikf � lkk = 



f � hkkhkk



= 



f � hk + hk �1� 1khkk�



� kf � hkk+ khkk ����1� 1khkk ����! 0:'Ara, M1 = SX� . 2Apìdeixh tou Jewr mato
: JewroÔme fgn : n 2 Ng arijm simo puknì uposÔ-nolo th
 SX� . Gia k�je n 2 N èqoume kgnk = supkxk=1 jgn(x)j = 1, �ra up�rqeixn 2 X , kxk = 1, tètoio ¸ste jgn(xn)j > 12 :Or�zoume Y = spanfxn : n 2 Ng. H idèa e�nai ìti epeid  ta gn e�nai pukn� sthnSX� , prèpei kai ta xn na e�nai {pukn�} sthn SX , opìte Y = X , to opo�o ja de�xeiìti o X e�nai diaqwr�simo
.



141Austhr  apìdeixh: 'Estw ìti Y 6= X . Tìte, apì to Je¸rhma 7.3.4, up�rqei~f 2 X� tètoio ¸ste k ~fk = 1 kai ~f(y) = 0 gia k�je y 2 Y . Eidikìtera, ~f(xn) = 0,n 2 N.Tìte, gia k�je n 2 N,k ~f � gnk � j( ~f � gn)(xn)j = j ~f(xn)� gn(xn)j = jgn(xn)j > 1=2;�topo, giat� to fgn : n 2 Ng e�nai puknì sthn SX� .'Ara, Y = X . 'Omw
, o Y e�nai diaqwr�simo
: oi peperasmènoi grammiko� sun-duasmo� twn xn me rhtoÔ
 suntelestè
 e�nai pukno� ston Y (�skhsh). 'Ara, o Xe�nai diaqwr�simo
. 27.4 Diaqwristik� jewr mataOrismì
 'Estw X q¸ro
 me nìrma, kai A;B mh ken� uposÔnola tou X .(a) Lème ìti ta A;B diaqwr�zontai, an up�rqoun f 2 X� kai � 2 R tètoia ¸ste:f(a) � � gia k�je a 2 A, kai, f(b) � � gia k�je b 2 B.(b) Lème ìti ta A;B diaqwr�zontai gn sia, an up�rqoun f 2 X� kai � 2 R tètoia¸ste: f(a) > � gia k�je a 2 A, kai, f(b) < � gia k�je b 2 B.O ìro
 dikaiologe�tai apì to gegonì
 ìti to fx 2 X : f(x) = �g e�nai ènakleistì uperep�pedo, to opo�o qwr�zei ton X se dÔo xènou
 {hmiq¸rou
} ek twnopo�wn o èna
 perièqei to A kai o �llo
 to B.Ta diaqwristik� jewr mata pou ja suzht soume aforoÔn kurt� sÔnola, kaih apìdeix  tou
 bas�zetai polÔ ousiastik� sto Je¸rhma Hahn-Bana
h. Gi� autìkai anaferìmaste s� aut� me ton ìro {gewmetrik  morf  tou Jewr mato
 Hahn-Bana
h}.L mma 7.4.1 'Estw X q¸ro
 me nìrma, kai A � X anoiqtì kai kurtì, me 0 2 A.Or�zoume qA(x) = infft > 0 : x 2 tAg:Tìte, to qA e�nai èna mh arnhtikì upogrammikì sunarthsoeidè
, up�rqei M > 0tètoio ¸ste(�) qA(x) �Mkxk; x 2 Xkai(��) A = fx 2 X : qA(x) < 1g:Apìdeixh: H qA or�zetai kal�: to A e�nai anoiqtì kai perièqei to 0, �ra up�rqeiÆ > 0 tètoio ¸ste D(0; Æ) � A. 'Epetai ìti an 0 6= x 2 X , tìte (Æ=2kxk)x 2 A, �ra



1422Æ kxk 2 ft > 0 : x 2 tAg kai to sÔnolo autì e�nai k�tw fragmèno apì to 0, �raèqei mègisto k�tw fr�gma. Ep�sh
,qA(x) � 2Æ kxk;dhlad  h (�) isqÔei me M = 2=Æ (an x = 0, tìte apì thn kurtìthta tou A èpetaiìti 0 2 tA gia k�je t > 0 (giat�?), �ra qA(0) = 0.)De�qnoume t¸ra ti
 dÔo idiìthte
 tou upogrammikoÔ sunarthsoeidoÔ
: 'Estw� > 0. Tìte,qA(x) = infft > 0 : �x 2 tAg = infft > 0 : x 2 (t=�)Ag= � inff(t=�) : t > 0; x 2 (t=�)Ag = � inffs > 0 : x 2 sAg= �qA(x):Gia thn upoprosjetikìthta, èstw x; y 2 X kai " > 0. Up�rqoun t; s > 0 tètoia¸ste t < qA(x) + ", s < qA(y) + ", kai x 2 tA, y 2 sA. Apì thn kurtìthta tou Aèqoume tA+ sA = (t+ s)A(giat�?), �ra x+ y 2 (t+ s)A. 'Epetai ìtiqA(x+ y) � t+ s < qA(x) + qA(y) + 2";kai afoÔ to " > 0  tan tuqìn,qA(x+ y) � qA(x) + qA(y):Tèlo
, de�qnoume ìti A = fx 2 X : qA(x) < 1g. An qA(x) < 1, tìte up�rqei rtètoio ¸ste qA(x) < r < 1 kai x 2 rA � A. Ant�strofa, an x 2 A, epeid  to Ae�nai anoiqtì up�rqei t > 0 t.w x+ tx 2 A (�skhsh), opìte qA(x) � 11+t < 1. 2Je¸rhma 7.4.1 'Estw X q¸ro
 me nìrma, kai A mh kenì, anoiqtì kurtì uposÔ-nolo tou X pou den perièqei to 0. Tìte, up�rqei ~f 2 X� me thn idiìthta ~f(x) > 0gia k�je x 2 A. Dhlad , to ~f diaqwr�zei to A apì to f0g.Apìdeixh: 'Estw x0 2 A. To A0 = x0 � A e�nai anoiqtì, kurtì kai perièqei to0. SÔmfwna me to L mma up�rqei jetikì upogrammikì sunarthsoeidè
 q : A ! Rtètoio ¸ste q(x) �Mkxk; x 2 X;kai q(x) < 1 an kai mìno an x 2 A. Eidikìtera, q(x0) � 1 (giat�?).JewroÔme ton upìqwro W = hx0i pou par�gei to x0, kai or�zoume f : W ! Rme f(�x0) = �q(x0). H f fr�ssetai apì to q: an � � 0, tìte f(�x0) = q(�x0), en¸an � < 0, tìte f(�x0) < 0 � q(�x0). Ep�sh
, f 2 W � giat�jf(�x0)j = j�jq(x0) �M j�j kx0k =Mk�x0k:



143Apì to Je¸rhma Hahn-Bana
h, h f epekte�netai se ~f 2 X� me k ~fk = kfkW�.Tèlo
, gia k�je x 2 A èqoume x0 � x 2 A0, �ra q(x0 � x) < 1, ap� ìpou blèpoumeìti ~f(x0)� ~f(x) = ~f(x0 � x) � q(x0 � x) < 1:Pa�rnonta
 up� ìyin kai thn q(x0) � 1, sumpera�noume ìti8x 2 A; ~f(x) > ~f(x0)� 1 = q(x0)� 1 � 0: 2Je¸rhma 7.4.2 'Estw X q¸ro
 me nìrma, kai A;B xèna kurt� sÔnola, me to Aanoiqtì. Tìte, up�rqoun f 2 X� kai � 2 R tètoia ¸ste: f(a) < � an a 2 A, kaif(b) � � an b 2 B. An to B e�nai ki autì anoiqtì, tìte ta A;B diaqwr�zontaign sia.Apìdeixh: Jètoume G = A � B := fa � b : a 2 A; b 2 Bg. EÔkola elègqoumeìti to G e�nai kurtì, kai afoÔ G = Sb2B(A � b), to G e�nai anoiqtì. Apì thnA \B 6= ; èpetai ìti 0 =2 G. Apì to prohgoÔmeno je¸rhma, up�rqei f 2 X� tètoio¸ste f(x) > 0 gia k�je x 2 G.'Estw a 2 A, b 2 B. Tìte, a � b 2 G �ra f(a� b) > 0. Dhlad , f(a) > f(b).Up�rqei loipìn � 2 R me thn idiìthta(�) supff(b) : b 2 Bg � � � infff(a) : a 2 Ag:To A èqei upoteje� anoiqtì kai kurtì, �ra to f(A) e�nai èna anoiqtì di�sthma stoR (�skhsh), �ra h (�) d�nei8a 2 A; f(a) > � ; 8b 2 B; f(b) � �:An kai to B e�nai anoiqtì, tìte to f(B) e�nai ep�sh
 anoiqtì di�sthma, �ra f(b) < �gia k�je b 2 B, dhlad  ta A;B diaqwr�zontai gn sia. 2Tèlo
, de�qnoume èna diaqwristikì je¸rhma gia xèna kleist� kai kurt� upo-sÔnola tou X , an èna apì aut� e�nai sumpagè
. Ja qrhsimopoi soume to ex 
l mma:L mma 7.4.2 'Estw X q¸ro
 me nìrma, K sumpagè
 uposÔnolo tou X , kai Aanoiqtì uposÔnolo tou X me K � A. Tìte, up�rqei r > 0 tètoio ¸steK +D(0; r) � A;ìpou K +D(0; r) = fx+ y : x 2 K; kyk < rg = fx 2 X : d(x;K) < rg.Apìdeixh: Gia k�je x 2 K èqoume x 2 A kai to A e�nai anoiqtì, �ra up�rqeirx > 0 tètoio ¸ste D(x; rx) = x+D(0; rx) � A.Tìte, K � [x2KD(x; rx=2);



144kai afoÔ to K e�nai sumpagè
, up�rqoun x1; : : : ; xm 2 K tètoia ¸steK � D(x1; rx1=2) [ � � � [D(xm; rxm=2):Jètoume r = minfrx1=2; : : : ; rxm=2g. Tìte,K +D(0; r) � m[i=1(xi +D(0; rxi)) � A: 2Je¸rhma 7.4.3 'Estw X q¸ro
 me nìrma, kai A;B dÔo xèna kleist� kurt� upo-sÔnola tou X . An to B e�nai sumpagè
, tìte ta A;B diaqwr�zontai gn sia.Apìdeixh: AfoÔ ta A;B e�nai xèna, to sumpagè
 B perièqetai sto anoiqtì XnA,kai apì to L mma up�rqei r > 0 tètoio ¸ste B+D(0; r) � XnA, ap� ìpou pa�rnoume(B +D(0; r=2)) \ (A+D(0; r=2)) = ;:Ta A +D(0; r=2), B +D(0; r=2) e�nai anoiqt� kai kurt�: kurt� giat� ta A;B kaiD(0; r=2) e�nai kurt�, kai anoiqt� giat� h D(0; r=2) e�nai anoiqtì sÔnolo. Apì toJe¸rhma 7.4.2 diaqwr�zontai gn sia, �ra to �dio isqÔei kai gia ta uposÔnol� tou
A;B. 2Parat rhsh: An ta A;B upotejoÔn apl¸
 kleist�, tìte to Je¸rhma 7.4.3 paÔeina isqÔei. Gia par�deigma, sto R2 jewroÔme ta A = f(x; y) : y � 0g kai B =f(x; y) : x > 0; xy � 1g. Ta A;B e�nai kleist�, kurt� kai xèna, all� den diaqwr�-zontai gn sia.7.5 Ask sei
1. De�xte ìti h apìluth tim  grammikoÔ sunarthsoeidoÔ
 e�nai upogrammikì su-narthsoeidè
.2. De�xte ìti k�je nìrma e�nai upogrammikì sunarthsoeidè
.3. 'Estw X q¸ro
 me nìrma, kai p : X ! R upoprosjetikì sunarthsoeidè
 (denupojètoume dhlad  ìti e�nai jetik� omogenè
.) De�xte ìti:(a) An p(0) = 0 kai to p e�nai suneqè
 sto 0, tìte e�nai suneqè
 se k�je x0 2 X .(b) An p(x) � 0 èxw apì mi� sfa�ra fx : kxk = rg, tìte p(x) � 0 gia k�je x 2 X .4. 'Estw p èna upogrammikì sunarthsoeidè
 ston grammikì q¸ro X . Or�zoumeZ = hx0i, kai f(x) = ap(x0) an x = ax0 2 Z. De�xte ìti to f e�nai grammikìsunarthsoeidè
 kai f(x) � p(x), x 2 Z.5. 'Estw X grammikì
 q¸ro
 kai p : X ! R upogrammikì sunarthsoeidè
. De�xteìti up�rqei grammikì sunarthsoeidè
 f : X ! R tètoio ¸ste�p(�x) � f(x) � p(x); x 2 X:



1456. 'Estw X q¸ro
 me nìrma, kai (fn) fragmènh akolouj�a ston X�. De�xte ìtiup�rqei f 2 X� me thn idiìthtaliminfnfn(x) � f(x) � limsupnfn(x); x 2 X:7. De�xte ìti an o X èqei toul�qiston n to pl jo
 grammik� anex�rthta dianÔsma-ta, tìte kai o X� èqei toul�qiston n to pl jo
 grammik� anex�rthta dianÔsmata.8. 'Estw Y kleistì
 upìqwro
 tou q¸rou me nìrma X , tètoio
 ¸ste: an f 2 X�kai f jY � 0, tìte f � 0. De�xte ìti Y = X .9. 'Estw Y upìqwro
 enì
 q¸rou me nìrma X . Or�zoumeA = ff 2 X� : Y � Kerfg:De�xte ìti Y = TfKerf : f 2 Ag.10. 'Estw X kai Y q¸roi me nìrma. An T : X ! Y grammikì
 telest 
, de�xteìti o T e�nai fragmèno
 an kai mìno anM = supff(Tx) : kxk � 1; kfk � 1g < +1:S� aut  thn per�ptwsh, de�xte ìti kTk =M .11. 'Estw X q¸ro
 me nìrma, kai A mh kenì uposÔnolo tou X . De�xte ìti:x 2 span(A) an kai mìno an, gia k�je f 2 X� me f jA � 0, isqÔei f(x) = 0.12. Gia k�je upìqwro Y tou q¸rou me nìrma X , or�zoumeN(Y ) = ff 2 X� : 8y 2 Y; f(y) = 0g:(a) De�xte ìti o N(Y ) e�nai kleistì
 grammikì
 upìqwro
 tou X�.(b) De�xte ìti an Y1; Y2 e�nai kleisto� grammiko� upìqwroi tou X kai Y1 6= Y2, tìteN(Y1) 6= N(Y2).13. 'Estw X;Y q¸roi me nìrma, kai T : X ! Y fragmèno
 grammikì
 telest 
.Or�zoume T � : Y � ! X� me T �(f) = f Æ T . De�xte ìti o T � or�zetai kal�, e�naifragmèno
 grammikì
 telest 
, kai kT �k = kTk.14. 'Estw X;Y dÔo q¸roi me nìrma, kai X 6= f0g. De�xte ìti an o B(X;Y ) e�naipl rh
, tìte o Y e�nai pl rh
.
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147Upode�xei
 - apant sei
1. 'Estw f : X ! R grammikì sunarthsoeidè
, kai p(x) = jf(x)j. An x; y 2 X, tìtep(x+ y) = jf(x+ y)j = jf(x) + f(y)j � jf(x)j + jf(y)j = p(x) + p(y):An x 2 X kai � � 0, tìtep(�x) = jf(�x)j = j�f(x)j = �jf(x)j = �p(x):'Ara, to p e�nai upogrammikì sunarthsoeidè
.2. 'Estw k � k : X ! R+. 'Opw
 pr�n, elègqoume ìti gia k�je x; y 2 X kai � � 0, isqÔounoi kx+ yk � kxk+ kyk; k�xk = j�j � kxk = �kxk;apì ti
 gnwstè
 idiìthte
 th
 nìrma
.3. (a) To p e�nai suneqè
 sto 0 kai p(0) = 0, �ra gia dosmèno " > 0 up�rqei Æ > 0 tètoio¸ste kzk < Æ =) jp(z)j < ":'Estw x0 2 X kai " > 0. An kx� x0k < Æ, tìte kai kx0 � xk = kx� x0k < Æ, opìtejp(x� x0)j < "; jp(x0 � x)j < ":Apì thn upoprosjetikìthta tou p,p(x)� p(x0) � p(x� x0) � jp(x� x0)j < "kai p(x0)� p(x) � p(x0 � x) � jp(x0 � x)j < ";�ra jp(x)� p(x0)j < ". Dhlad , to p e�nai suneqè
 sto x0.(b) 'Estw r > 0, kai a
 upojèsoume ìti gia k�poio x0 me kx0k = r isqÔei h p(x0) < 0.Tìte, p(2x0) = p(x0 + x0) � p(x0) + p(x0) = 2p(x0) < 0:'Omw
, k2x0k = 2r 6= r, �ra 2x0 =2 fx : kxk = rg. Apì thn upìjes  ma
, p(2x0) � 0, toopo�o e�nai �topo. 'Ara, p(x) � 0 kai sthn fx : kxk = rg.An r = 0, tìte p(x) � 0 gia k�je x =2 0. 'Omw
, p(0) = p(0+ 0) � 2p(0) �ra p(0) � 0.Dhlad , p(x) � 0 gia k�je x 2 X.4. To f e�nai profan¸
 grammikì, giat� an �; � 2 R kai x = ax0; y = bx0 2 Z, tìtef(�x+ �y) = f((�a+ �b)x0) = (�a+ �b)p(x0)= �(ap(x0)) + �(bp(x0)) = �f(x) + �f(y):Gia thn anisìthta f(x) � p(x) parathroÔme ìti: an a � 0, tìte f(ax0) = ap(x0) = p(ax0),en¸ an a < 0, tìte f(ax0) = �f((�a)x0) = �p(�ax0) � p(ax0);afoÔ k�je upogrammikì sunarthsoeidè
 ikanopoie� thn �p(�z) � p(z).



1485. Pa�rnoume tuqìn x0 6= 0 ston X. JewroÔme ton Z = hx0i, kai or�zoume g : Z ! R,me g(ax0) = ap(x0). Apì thn 'Askhsh 4, to g e�nai grammikì sunarthsoeidè
 ston Z, kaiikanopoie� thn g(z) � p(z) ston Z.Apì to je¸rhma Hahn-Bana
h, up�rqei f : X ! R grammikì sunarthsoeidè
, pouepekte�nei to g, kai ikanopoie� thnf(x) � p(x); x 2 X:Tèlo
, �f(x) = f(�x) � p(�x) =) f(x) � �p(�x); x 2 X:Dhlad , �p(�x) � f(x) � p(x) gia k�je x 2 X.6. To p(x) = lim sup fn(x) e�nai upogrammikì sunarthsoeidè
 ston X. An x; y 2 X, tìtep(x+ y) = lim sup fn(x+ y) = lim sup[fn(x) + fn(y)℄� lim sup fn(x) + lim sup fn(y) = p(x) + p(y);kai an � � 0,p(�x) = lim sup fn(�x) = lim sup[�fn(x)℄ = � lim sup fn(x) = �p(x):T¸ra efarmìzoume thn 'Askhsh 5: up�rqei grammikì sunarthsoeidè
 f : X ! R, tètoio¸ste lim inf fn(x) = � lim sup fn(�x) � f(x) � lim sup fn(x); x 2 X:7. 'Estw x1; : : : ; xn grammik� anex�rthta dianÔsmata ston X. Xèroume ìti gia k�jeepilog  pragmatik¸n arijm¸n a1; : : : ; an, up�rqei f 2 X� me f(xi) = ai, i = 1; : : : ; n.MporoÔme loipìn na broÔme f1; : : : ; fn 2 X� tètoia ¸stefi(xj) = Æij ; i; j = 1; : : : ; n:Ta f1; : : : ; fn e�nai grammik� anex�rthta: an t1f1 + : : : + tnfn � 0, tìte gia k�je j � nèqoume 0 = (t1f1 + : : :+ tnfn)(xj) = t1f1(xj) + : : :+ tnfn(xj) = tj � 1 = tj :'Ara, t1 = : : : = tn = 0.8. 'Estw x 2 XnY . AfoÔ o Y e�nai kleistì
 kai x =2 Y , up�rqei f 2 X� pou ikanopoie�ta ex 
: f(y) = 0; y 2 Y; kfk = 1; f(x) 6= 0:(basik  efarmog  tou jewr mato
 Hahn-Bana
h). Autì e�nai �topo, giat� h upìjesh ma
lèei ìti f jY � 0 =) f � 0:'Ara, Y = X.9. 'Estw y 2 Y . Up�rqoun yn 2 Y me yn ! y. Gia k�je f 2 A èqoume f(yn) = 0, n 2 N,�ra f(y) = lim f(yn) = 0:



149Dhlad , y 2 Kerf . AfoÔ to f 2 A  tan tuqìn, y 2 \fKerf : f 2 Ag. AfoÔ to y 2 Y tan tuqìn, Y �\fKerf : f 2 Ag:'Estw ìti o egkleismì
 e�nai gn sio
. Tìte, up�rqei z 2 \fKerf : f 2 AgnY . Apì toje¸rhma Hahn-Bana
h, up�rqei g 2 X� me kgk = 1, g(z) 6= 0 kai g(y) = 0 gia k�je y 2 Y .Tìte, g 2 A kai z =2 Kerg, to opo�o e�nai �topo.10. To dexiì mèlo
 isoÔtai meM = supkxkX�1 supkfkY ��1 f(Tx)! = supkxkX�1 kTxkY ;apì to je¸rhma Hahn-Bana
h (gia to Tx 2 Y ). 'Omw
, o T e�nai fragmèno
 an kai mìnoan supkxkX�1 kTxkY < +1;kai tìte kTk = supkxkX�1 kTxk (Kef�laio 5).11. 'Omoia me thn 8. An Y = span(A), parathr ste ìtif jA � 0() f jY � 0:12. (a) O N(Y ) e�nai grammikì
 upìqwro
 tou X�: an f; g 2 X� kai �; � 2 R, tìte giak�je y 2 Y èqoume (�f + �g)(y) = �f(y) + �g(y) = � � 0 + � � 0;dhlad  �f + �g 2 N(Y ).O N(Y ) e�nai kleistì
: an fn 2 N(Y ) kai fn ! f 2 X�, tìte gia k�je y 2 Y èqoumef(y) = limn!1 fn(y) = limn!1 0 = 0;dhlad  f 2 N(Y ).(b) 'Estw Y1; Y2 kleisto� upìqwroi tou X me Y1 6= Y2. 'Eqoume dÔo peript¸sei
: e�teup�rqei y 2 Y1nY2 e�te up�rqei y 2 Y2nY1. Sthn pr¸th per�ptwsh, afoÔ o Y2 e�naikleistì
 grammikì
 upìqwro
 tou X kai y =2 Y2, mporoÔme na broÔme f 2 X� me ti
idiìthte
 f jY2 � 0; kfk = 1; f(y) 6= 0:Tìte, f 2 N(Y2)nN(Y1), �ra N(Y1) 6= N(Y2).Entel¸
 an�loga, an up�rqei y 2 Y2nY1, br�skoume f 2 N(Y1)nN(Y2).13. H f Æ T : X ! R e�nai grammik  san sÔnjesh grammik¸n sunart sewn, kai gia k�jex 2 X, j[T �(f)℄(x)j = jf(Tx)j � kfk � kTxkY � kfk � kTk � kxk;dhlad  T �(f) 2 X� kai kT �(f)k � kTk � kfk.Autì de�qnei ìti o T � or�zetai kal�, kai(�) kT �k � kTk:



150[H grammikìthta tou T � elègqetai eÔkola:T �(�f + �g) = (�f + �g) Æ T = �(f Æ T ) + �(g Æ T ) = �T �(f) + �T �(g):℄Gia thn isìthta twn kTk kai kT �k qrhsimopoioÔme to je¸rhma Hahn-Bana
h: 'Estwx 2 X. Tìte, Tx 2 Y kai up�rqei f 2 Y � tètoio ¸ste kfk = 1 kai f(y) = kyk = kTxk.'Ara, kTxk = f(y) = (f Æ T )(x) = [T �(f)℄(x)� kT �(f)k � kxk � kT �k � kfk � kxk= kT �k � kxk:'Ara, kTk � kT �k, kai apì thn (�) èpetai to zhtoÔmeno.14. StajeropoioÔme f 2 X� me kfk = 1. 'Estw (yn) akolouj�a Cau
hy ston Y . Or�zoumeTn : X ! Y me Tn(x) = f(x)yn. Tìte,kTn � Tmk = supkxkX�1 kf(x)(yn � ym)kY =  supkxkX�1 jf(x)j! � kyn � ymk= kfk � kyn � ymk = kyn � ymk;dhlad , h (Tn) e�nai akolouj�a Cau
hy ston B(X;Y ). AfoÔ o B(X;Y ) èqei upoteje�pl rh
, up�rqei fragmèno
 grammikì
 telest 
 T : X ! Y tètoio
 ¸ste Tn ! T , dhlad (�) T (x) = limn!1(f(x)yn); x 2 X:AfoÔ f 6= 0, up�rqei x 2 X me f(x) = 1. Tìte, an or�soume y = T (x), èqoume yn ! yapì thn (�).



Kef�laio 8Basik� jewr mata gia q¸rou
Bana
hSkopì
 ma
 se autì to Kef�laio e�nai na apode�xoume tr�a basik� jewr mata giatelestè
 se q¸rou
 Bana
h: to je¸rhma omoiìmorfou fr�gmato
, to je¸rhmaanoiqt 
 apeikìnish
 kai to je¸rhma kleistoÔ graf mato
. Sthn apìdeix  tou
qrhsimopoie�tai ousiastik� to je¸rhma tou Baire: e�nai dhlad  apotelèsmata pouaforoÔn pl rei
 q¸rou
 me nìrma.8.1 To je¸rhma omoiìmorfou fr�gmato
Sthn Par�grafo 2.4 e�dame to je¸rhma tou Osgood: an ffng e�nai mia akolouj�asuneq¸n sunart sewn sto [0; 1℄ me thn idiìthta h ffn(t)g na e�nai fragmènh giak�je t 2 [0; 1℄, tìte up�rqei upodi�sthma [a; b℄ tou [0; 1℄ sto opo�o h ffng e�naiomoiìmorfa fragmènh. H apìdeixh bas�sthke sto je¸rhma tou Baire.To je¸rhma omoiìmorfou fr�gmato
 diatup¸netai gia mia akolouj�a telest¸nTn 2 B(X;Y ) pou èqoun thn idiìthta h fTn(x)g na e�nai fragmènh ston Y gia k�jex 2 X . An o X e�nai pl rh
, h grammikìthta twn Tn kai h apl  idèa th
 apìdei-xh
 tou jewr mato
 tou Osgood ma
 d�noun ìti oi nìrme
 kTnk e�nai omoiìmorfafragmène
:Je¸rhma 8.1.1 'Estw X q¸ro
 Bana
h, Y q¸ro
 me nìrma, kai Tn : X ! Yfragmènoi grammiko� telestè
, n 2 N. Upojètoume ìti, gia k�je x 2 X up�rqeiMx > 0 tètoio
 ¸ste kTnxkY �Mx; n 2 N:(dhlad , h fTnxg e�nai fragmènh akolouj�a ston Y ). Tìte, up�rqei M > 0 tètoio
¸ste kTnk �M; n 2 N:(dhlad , h fkTnkg e�nai fragmènh). 151



152Apìdeixh: Gia k�je n 2 N or�zoumeAk = fx 2 X : supn kTnxk � kg:(a) K�je Ak e�nai kleistì uposÔnolo tou X : èstw xj 2 Ak me xj ! x. Gia k�jen 2 N èqoume kTnxjk � k gia k�je j, �ra kaikTnxk = limj!1 kTnxjk � k:AfoÔ autì isqÔei gia tuqìn n, èqoume x 2 Ak.(b) H upìjes  ma
 exasfal�zei ìtiX = 1[k=1Ak:Pr�gmati, an x 2 X , up�rqei Mx > 0 tètoio
 ¸ste supn kTnxk � Mx, kai anp�roume kx > Mx, kx 2 N, ja èqoume x 2 Akx � Sk Ak.(g) O X e�nai pl rh
 kai ta Ak kleist�. Apì to je¸rhma tou Baire, up�rqei k0 2 Ntètoio
 ¸ste to Ak0 na èqei mh kenì eswterikì. Dhlad , up�rqoun x0 2 X kai r > 0tètoia ¸ste D(x0; r) � Ak0 :'Estw x 2 X , x 6= 0. Tìte,x0 ; x0 + r2kxkx 2 D(x0; r) � Ak0 ;�ra, gia k�je n 2 N,kTnx0k � k0 kai 

Tn�x0 + r2kxkx�

 � k0:Tìte, 

Tn� r2kxkx�

 = 

Tn�x0 + r2kxkx�+ Tn(�x0)

� 

Tn�x0 + r2kxkx�

+ kTn(x0)k� 2k0:Qrhsimopoi¸nta
 xan� th grammikìthta tou T kai to gegonì
 ìti h nìrma e�naijetik� omogen 
, pa�rnoume kTnxk � 4k0r kxk:'Epetai ìti kTnk � 4k0r gia k�je n 2 N. 2A
 doÔme t¸ra merikè
 endeiktikè
 efarmogè
 tou jewr mato
 omoiìmorfou fr�g-mato
:



153Prìtash 8.1.1 'Estw X q¸ro
 me nìrma, kai fxng akolouj�a ston X . H fxnge�nai fragmènh an kai mìno an gia k�je f 2 X� h ff(xn)g e�nai fragmènh sto R.Apìdeixh: ()) Upojètoume ìti up�rqei M > 0 tètoio
 ¸ste kxnk � M , n 2 N.Tìte, gia k�je f 2 X� èqoumejf(xn)j � kfk kxnk �Mkfk; n 2 N:Dhlad , h ff(xn)g e�nai fragmènh.(() JewroÔme tou
 Tn = �(xn) : X� ! R me Tnf = [�(xn)℄(f) = f(xn). Apì thnupìjes  ma
, h fTnfg e�nai fragmènh gia k�je f 2 X�. O X� e�nai q¸ro
 Bana
h,opìte efarmìzonta
 to je¸rhma omoiìmorfou fr�gmato
 èqoumesupn kxnkX = supn k[�(xn)℄kX�� = supn kTnk < +1:Dhlad , h fkxnkg e�nai fragmènh. 2An�logo par�deigma se sugkekrimèno q¸ro:Prìtash 8.1.2 'Estw y = (�k) akolouj�a pragmatik¸n arijm¸n me thn ex 
 idiì-thta: gia k�je x = (�k) 2 
0, h seir� Pk �k�k sugkl�nei. Tìte, y 2 `1. Dhlad ,Xk j�kj < +1:Apìdeixh: Or�zoume Tn : 
0 ! R, me Tn((�k)) = Pnk=1 �k�k. K�je Tn e�naifragmèno grammikì sunarthsoeidè
:jTnxj = j nXk=1 �k�kj � nXk=1 j�k j j�kj�  nXk=1 j�kj! supk j�kj=  nXk=1 j�kj! kxk
0 :'Ara, kTnk � nXk=1 j�kj:IsqÔei m�lista isìthta: an or�soume�k = 8<: 0 , k > n,sign(�k) , k � n,



154èqoume x0 = (�k) 2 
0, kai kx0k � 1. 'Omw
,Tn(x0) = nXk=1 sign(�k)�k = nXk=1 j�kj:AfoÔ kx0k � 1, kTnk � jTn(x0)j = nXk=1 j�kj:Apì thn upìjes  ma
, an x = (�k) 2 
0, tìte to Pk �k�k = limnPnk=1 �k�k =limn Tnx up�rqei. 'Ara, h fTnxg e�nai fragmènh. Apì to je¸rhma omoiìmorfoufr�gmato
 (o 
0 e�nai pl rh
), pa�rnoume supn kTnk < +1, dhlad 1Xk=1 j�kj = supn nXk=1 j�kj < +1:'Ara, y = (�k) 2 `1. 2To je¸rhma omoiìmorfou fr�gmato
 qrhsimopoie�tai suqn� gia thn {kata-skeu } antiparadeigm�twn sthn An�lush. O trìpo
 e�nai o ex 
: An Tn : X ! Yme supn kTnk = +1, tìte up�rqei x 2 X tètoio ¸ste supn kTn(x)kY = +1.Par�deigma (apokl�nouse
 seirè
 Fourier). 'Estw f : [��; �℄ ! R suneq 
 su-n�rthsh. H seir� Fourier th
 f e�nai h(�) a02 + 1Xm=1(am 
osmt+ bm sinmt);ìpou oi suntelestè
 am; bm d�nontai apì ti
am = 1� Z ��� f(t) 
os(mt)dt ; bm = 1� Z ��� f(t) sin(mt)dt:To er¸thma pou ja ma
 apasqol sei e�nai an gia k�je suneq  f kai k�je t 2[��; �℄ h seir� (�) sugkl�nei (sto f(t)). Qrhsimopoi¸nta
 to je¸rhma omoiìmorfoufr�gmato
, ja doÔme ìti h ap�nthsh e�nai arnhtik :Prìtash 8.1.3 Up�rqei suneq 
 f : [��; �℄ ! R th
 opo�a
 h seir� Fourierapokl�nei sto shme�o t0 = 0.Apìdeixh: JewroÔme ton C[��; �℄ me nìrma thn kfk = maxt2[��;�℄ jf(t)j. O(C[��; �℄; k � k) e�nai q¸ro
 Bana
h. Or�zoume Tn : C[��; �℄! R, meTnf = a02 + nXm=1 am;



155thn tim  dhlad  tou n-stoÔ merikoÔ ajro�smato
 th
 (�) sto t0 = 0. Alli¸
,mporoÔme na gr�youme (giat�?)Tnf = 1� Z ��� f(t)"12 + nXm=1 
osmt# dt:Apl  trigwnometr�a de�qnei ìti12 + nXm=1 
osmt = 12 sin(n+ 12 )tsin t2 :Dhlad , Tnf = 12� Z ��� f(t)qn(t)dt; qn(t) = sin(n+ 12 )tsin t2 :'Eqoume jTnf j � 12� Z ��� jf(t)j jqn(t)jdt � � 12� Z ��� jqn(t)jdt� kfk;�ra o Tn e�nai fragmèno
, kaikTnk � 12� Z ��� jqn(t)jdt:Epiplèon, an f suneq 
 me kfk = 1 pou {prosegg�zei} thn sign(qn), tìteTnf � 12� Z ��� sign(qn)qn(t)dt = 12� Z ��� jqn(t)jdt:Dhlad , kTnk = 12� Z ��� jqn(t)jdt:'Omw
, 12� Z ��� jqn(t)j = 12� Z 2�0 j sin(n+ 12 )tjj sin t2 j dt � 1� Z 2�0 j sin(n+ 12 )tjt dt;giat� j sin t2 j � jtj2 sto [��; �℄, kai jètonta
 v = (n+ 12 )t pa�rnoumekTk � 1� Z (2n+1)�0 j sin vjv dv= 1� 2nXk=0 Z (k+1)�k� j sin vjv dv� 1� 2nXk=0 1(k + 1)� Z (k+1)�k� j sin vjdv= 2�2 2nXk=0 1k + 1 !1



156kaj¸
 n ! 1. Dhlad , supn kTnk = 1. 'Ara, up�rqei f 2 C[��; �℄ tètoia ¸steh (Tnf) na mhn e�nai fragmènh. Autì shma�nei ìti h seir� Fourier th
 f apokl�neisto t0 = 0. 2D�noume t¸ra mia efarmog  tou jewr mato
 omoiìmorfou fr�gmato
, sthnarijmhtik  olokl rwsh: JewroÔme èna di�sthma J = [a; b℄ kai to q¸ro C[a; b℄ meth sun jh nìrma kfk = maxt2[a;b℄ jf(t)j.Mia mèjodo
 arijmhtik 
 olokl rwsh
 sto J e�nai mia epilog  pragmatik¸narijm¸n a1; : : : ; am kai shme�wn t1 < � � � < tm sto J .An ta ti; ai èqoun doje�, tìte gia k�je f 2 C[J ℄ ektim�me to R ba f(t)dt mèswtou ajro�smato
 mXi=1 aif(ti):An ta ti; ai èqoun epilege� {swst�}, perimènoume autì to �jroisma na {proseg-g�zei} kal� to olokl rwma th
 f . Den e�nai dÔskolo na de� kane�
 ìti, ìpw
 kaina epilèxoume ta ti; ai, mporoÔme na kataskeu�soume f 2 C[J ℄ gia thn opo�a tosf�lma na e�nai meg�lo: p�rte p.q. thn f na mhden�zetai se ìla ta ti kai na èqeipolÔ meg�lh tim  se k�poio �llo t 2 J .Or�zoume mia piì sugkrothmènh diadikas�a arijmhtik 
 olokl rwsh
 sto J w
ex 
: Gia k�je n 2 N jewroÔme ta polu¸numaf0(t) = 1; f1(t) = t; ; : : : ; fn(t) = tn;kai epilègoume t(n)0 ; t(n)1 ; : : : ; t(n)n 2 J kai a(n)0 ; a(n)1 ; : : : ; a(n)n 2 R, tètoia ¸ste(�) nXi=0 a(n)i fj(t(n)i ) = Z ba fj(t)dt; j = 0; 1; : : : ; n:Tètoie
 epilogè
 up�rqoun pollè
: p�rte, a
 poÔme, tuqìnta t(n)0 < t(n)1 < � � � <t(n)n 2 J . Tìte, to sÔsthma (�) me agn¸stou
 tou
 a(n)i pa�rnei th morf nXi=0 a(n)i (t(n)i )j = bj+1 � aj+1j + 1 ; j = 0; 1; : : : ; n:To sÔsthma autì èqei lÔsh w
 pro
 a(n)i giat� h or�zousadet h(t(n)i )jini;j=1e�nai mh mhdenik  (or�zousa Vandermonde). AfoÔ loipìn epilèxoume ta t(n)i , pros-dior�zoume monos manta ta a(n)i ètsi ¸steTt(n)i ;a(n)i (fj) := nXi=0 a(n)i fj(t(n)i ) = Z ba fj(t)dt; j = 0; 1; : : : ; n:



157Lìgw grammikìthta
 tou aristeroÔ kai tou dexioÔ mèlou
 w
 pro
 f , èpetai ìtiTt(n)i ;a(n)i (p) = nXi=0 a(n)i p(t(n)i ) = Z ba p(t)dtgia k�je polu¸numo p : [a; b℄! R pou èqei bajmì mikrìtero   �so tou n.Jètoume Tn := Tt(n)i ;a(n)i , kai lème ìti h (Tn) e�nai mia diadikas�a arijmhtik 
olokl rwsh
 sto J : Gia k�je f 2 C[J ℄ or�zoumeTn(f) = nXi=0 a(n)i f(t(n)i );kai xèroume ìti k�je Tn e�nai akrib 
 sta polu¸numa bajmoÔ � n. To er¸thmapou prokÔptei e�nai an gia k�je suneq  f : [a; b℄! R isqÔei(��) Tn(f)! Z ba f(t)dt;ìtan n!1. H ap�nthsh d�netai apì to akìloujo je¸rhma tou Polya:Prìtash 8.1.4 Mia diadikas�a arijmhtik 
 olokl rwsh
 (Tn) = (Ta(n)i ;t(n)i ) ìpw
parap�nw, ikanopoie� thn (��) gia k�je f 2 C[a; b℄ an kai mìno an up�rqei M > 0tètoio
 ¸ste, gia k�je n 2 N, nXi=0 ja(n)i j �M:Apìdeixh: K�je Tn : C[a; b℄! R e�nai grammikì sunarthsoeidè
, kaijTn(f)j = j nXi=0 a(n)i f(t(n)i )j � nXi=0 ja(n)i j jf(t(n)i )j�  nXi=0 ja(n)i j! kfk;dhlad  to Tn e�nai fragmèno, kai kTnk �Pni=0 ja(n)i j.Epiplèon isqÔei isìthta giat� mporoÔme na or�soume f : [a; b℄ ! R suneq  mejf(t)j � 1 sto [a; b℄ kai f(t(n)i ) =8<: 1 , a(n)i > 0,�1 , a(n)i < 0,opìte kTnk � jTn(f)j = nXi=0 a(n)i sign(a(n)i ) = nXi=0 ja(n)i j:



158H apìdeixh th
 (() th
 Prìtash
 ja ma
 d¸sei thn idèa gia to ti sumba�nei. Anup�rqei M > 0 tètoio
 ¸ste Pni=0 ja(n)i j � M , n 2 N, tìte kTnk � M , n 2 N. Oibasikè
 parathr sei
 e�nai dÔo:(a) Apì thn kataskeu , an p : [a; b℄ ! R e�nai polu¸numo (bajmoÔ a
 poÔmem), tìte gia k�je n � m, Tn(p) = R ba p. 'Ara, Tn(p) ! R ba p kaj¸
 n ! 1, giak�je polu¸numo.(b) Ta polu¸numa e�nai pukn� ston C[a; b℄ (je¸rhma Weierstrass). An loipìnma
 d¸soun f 2 C[a; b℄ kai " > 0, up�rqei polu¸numo p me thn idiìthtakf � pk = maxt2[a;b℄ jf(t)� p(t)j < ":Tìte, ����Tnf � Z ba f ���� � jTnf � Tnpj+ ����Tnp� Z ba p����+ ����Z ba p� Z ba f ����� kTnk kf � pk+ ����Tnp� Z ba p����+ (b� a)kp� fk< M"+ ����Tnp� Z ba p����+ (b� a)":AfoÔ Tnp! R ba p, gia n � n0(") èqoume����Tnf � Z ba f ���� < (M + 1+ b� a)";kai afoÔ to " > 0  tan tuqìn, èpetai ìti Tnf ! R ba f .H apìdeixh th
 ()) e�nai �mesh sunèpeia tou jewr mato
 omoiìmorfou fr�g-mato
: An Tnf ! R ba f gia k�je f 2 C[a; b℄, tìte h fTnfg e�nai fragmènh gia k�jef . Epomènw
, supn kTnk < +1.'Omw
, kTnk =Pni=0 ja(n)i j, n 2 N. 'Ara,supn nXi=0 ja(n)i j =M < +1: 28.2 To je¸rhma anoiqt 
 apeikìnish
Orismì
 'Estw X kai Y metriko� q¸roi, kai T : X ! Y sun�rthsh. H T lègetaianoiqt  apeikìnish an gia k�je A � X anoiqtì, to T (A) e�nai anoiqtì uposÔnolotou Y .An T : X ! Y suneq 
, h T den e�nai apara�thta anoiqt : gia par�deigma, hT : (0; 2�)! R me T (x) = sinx e�nai suneq 
, all� T ((0; 2�)) = [�1; 1℄.



159Je¸rhma anoiqt 
 apeikìnish
 'Estw X kai Y q¸roi Bana
h, kai T : X ! Yfragmèno
 kai ep� grammikì
 telest 
. Tìte, o T e�nai anoiqt  apeikìnish.Basikì rìlo sthn apìdeixh ja pa�xei to ex 
:L mma 8.2.1 An X;Y q¸roi Bana
h, T : X ! Y fragmèno
 kai ep� grammikì
telest 
, tìte to T (DX(0; 1)) perièqei anoiqt  mp�la me kèntro to 0 ston Y .Apìdeixh: B ma 1 JewroÔme thn anoiqt  mp�la DX(0; 1=2) tou X . AfoÔkDX(0; 1=2) = DX(0; k=2) ; k = 1; 2; : : : ;isqÔei X = 1[k=1 kDX(0; 1=2):AfoÔ o T e�nai grammikì
 kai ep�, pa�rnoumeY = T (X) = 1[k=1 kT (DX(0; 1=2)):'Ara, Y = 1[k=1 kT (DX(0; 1=2)) = 1[k=1 kT (DX(0; 1=2)):O Y e�nai pl rh
, kai k�je kT (DX(0; 1=2)) kleistì. Apì to je¸rhma tou Baire,up�rqei k0 tètoio
 ¸ste to k0T (DX(0; 1=2)) na perièqei mia mp�la DY (y0; Æ) stonY . Dhlad ,(1) y0 +DY (0; Æ) � k0T (DX(0; 1=2)):B ma 2 'Estw y 2 DY (0; Æ). Tìte, y0 + y 2 k0T (DX(0; 1=2)), �ra up�rqei ako-louj�a xn 2 DX(0; 1=2) tètoia ¸stek0T (xn)! y0 + y:Ep�sh
, y0 2 k0T (DX(0; 1=2)) (giat�?), �ra up�rqei akolouj�a x0n 2 DX(0; 1=2)tètoia ¸ste k0T (x0n)! y0:Tìte, xn � x0n 2 DX(0; 1), kaik0T (xn � x0n) = k0T (xn)� k0T (x0n)! y:Dhlad , y 2 k0T (DX(0; 1)):'Ara,(2) T (DX(0; 1)) � DY (0; Æ=k0) = DY (0; Æ0)



160ston Y , ìpou Æ0 = Æ=k0.B ma 3 E�dame ìti h kleist  j kh th
 T (DX(0; 1)) perièqei mia anoiqt  mp�laDY (0; Æ0) ston Y . Mènei na doÔme ìti to �dio to T (DX(0; 1)) èqei thn �dia idiìthta.JewroÔme thn DY (0; Æ0=2). 'Estw y 2 Y me kyk < Æ0=2. Tìte,y 2 12T (DX(0; Æ0=2)) = T (DX(0; 1=2));�ra up�rqei x1 2 DX(0; 1=2) tètoio ¸steky � Tx1k < Æ022 :Tìte, y � Tx1 2 122T (DX(0; 1)) = T (DX(0; 1=22)), �ra up�rqei x2 2 DX(0; 1=22)tètoio ¸ste ky � Tx1 � Tx2k < Æ023 :Epagwgik�, br�skoume xn 2 DX(0; 1=2n) me thn idiìthta(�) ky � Tx1 � � � � � Txnk < Æ02n+1 :H akolouj�a zn = x1 + � � �+ xn e�nai Cau
hy ston X : an m > n, tìtekzm � znk = kxm + � � �+ xn+1k � kxmk+ � � �+ kxn+1k< 12m + � � �+ 12n+1 < 12n :O X e�nai pl rh
, �ra up�rqei x 2 X tètoio ¸ste zn ! x. ParathroÔme ìtikznk = kx1 + � � �+ xnk � kx1k+ � � �+ kxnk < kx1k+ 122 + � � �+ 12n < kx1k+ 12 :'Ara, kxk = limn kznk � kx1k+ 12 < 1:Dhlad , x 2 DX(0; 1). Apì thn (�), T (zn) = T (x1) + � � � + T (xn) ! y. 'Omw
zn ! x kai o T e�nai suneq 
, �ra T (zn) ! T (x). Dhlad , T (x) = y, ki autìshma�nei ìti y 2 T (DX(0; 1)).To y 2 DY (0; Æ0=2)  tan tuqìn, �raT (DX(0; 1)) � DY (0; Æ0=2): 2Apìdeixh tou jewr mato
 anoiqt 
 apeikìnish
: 'Estw A � X anoiqtì. Jade�xoume ìti to T (A) e�nai anoiqtì: èstw y 2 T (A). Up�rqei x 2 A tètoio ¸steTx = y. To A e�nai anoiqtì, �ra up�rqei r > 0 tètoio ¸ste DX(x; r) � A.Apì to L mma, up�rqei Æ > 0 tètoio ¸ste T (DX(0; 1)) � DY (0; Æ). Tìte,T (DX(0; r)) = T (rDX(0; 1)) = rT (DX(0; 1)) � rDY (0; Æ) = DY (0; Ær):



161An y0 2 DY (y; Ær), tìte y0 � y 2 DY (0; Ær), �ra up�rqei z 2 DX(0; r) tètoio ¸steT (z) = y0 � y. 'Epetai ìti x+ z 2 DX(x; r), kai T (x+ z) = y0. Dhlad ,T (A) � T (DX(x; r)) � DY (y; Ær):To y 2 T (A)  tan tuqìn, �ra to T (A) e�nai anoiqtì. 2Pìrisma 8.2.1 (Je¸rhma ant�strofh
 apeikìnish
) 'Estw X;Y q¸roi Bana
h,kai T : X ! Y fragmèno
, èna pro
 èna kai ep�, grammikì
 telest 
. Tìte, oT�1 : Y ! X e�nai fragmèno
 grammikì
 telest 
.Apìdeixh: O T�1 or�zetai kal� kai e�nai grammikì
 telest 
 (giat�?). AfoÔ oT e�nai anoiqt  apeikìnish, gia k�je A � X anoiqtì èqoume ìti to (T�1)�1(A) =T (A) e�nai anoiqtì uposÔnolo tou Y . 'Ara, o T�1 e�nai suneq 
. 28.3 To je¸rhma kleistoÔ graf mato
To teleuta�o basikì je¸rhma autoÔ tou Kefala�ou e�nai to je¸rhma kleistoÔ gra-f mato
, to opo�o ma
 d�nei èna polÔ qr simo krit rio gia na elègqoume an èna
grammikì
 telest 
 e�nai fragmèno
.Orismì
 'Estw X;Y q¸roi me nìrma, kai èstw T : X ! Y grammikì
 telest 
.To gr�fhma tou T e�nai to sÔnolo�(T ) = f(x; y) : y = Txg � X � Y:O T èqei kleistì gr�fhma an isqÔei to ex 
:An xn ! x ston X , yn ! y ston Y , kai yn = T (xn), n 2 N, tìtey = T (x).IsodÔnama, an to �(T ) e�nai kleistì uposÔnolo tou X � Y , me nìrma p.q. thnk(x; y)k = kxkX + kykY (�skhsh).Je¸rhma kleistoÔ graf mato
 'Estw X;Y q¸roi Bana
h, kai T : X ! Ygrammikì
 telest 
. An to gr�fhma �(T ) tou T e�nai kleistì uposÔnolo tou X�Y ,tìte o T e�nai fragmèno
.Apìdeixh: JewroÔme ton X � Y me nìrma thn k(x; y)k = kxkX + kykY . O X � Ye�nai pl rh
: an zn = (xn; yn) e�nai akolouj�a Cau
hy ston X � Y kai " > 0,up�rqei n0 2 N tètoio
 ¸ste, gia k�je n > m � n0," > kzn � zmk = k(xn � xm; yn � ym)k = kxn � xmkX + kyn � ymkY :Tìte ìmw
, kxn�xmk < " kai kyn�ymk < ", dhlad  oi (xn), (yn) e�nai akolouj�e
Cau
hy stou
 X;Y ant�stoiqa. Oi X;Y e�nai pl rei
, �ra up�rqoun x 2 X kaiy 2 Y tètoia ¸ste xn ! x kai yn ! y.



162 'Omw
 tìte, an z = (x; y), èqoumekz � znk = kx� xnk+ ky � ynk ! 0:'Ara, zn ! z.Apì thn upìjes  ma
, to �(T ) e�nai kleistì uposÔnolo tou X � Y , kai eÔkolaelègqoume ìti e�nai grammikì
 upìqwro
 tou X � Y . AfoÔ o X � Y e�nai q¸ro
Bana
h, to �(T ) e�nai q¸ro
 Bana
h.Or�zoume P : �(T )! X me P (x; Tx) = x. O P e�nai grammikì
 telest 
, kaiP (x; Tx) = 0 =) x = 0 =) Tx = 0 =) (x; Tx) = (0; 0);�ra o P e�nai èna pro
 èna. Profan¸
, o P e�nai ep�. Tèlo
, o P e�nai fragmèno
:kP (x; Tx)k = kxkX � kxkX + kTxkY = k(x; Tx)kX�Y :Dhlad , kPk � 1.Apì to je¸rhma anoiqt 
 apeikìnish
, o P�1 : X ! �(T ) me P�1(x) = (x; Tx)e�nai fragmèno
. Dhlad , up�rqei M > 0 tètoio
 ¸ste, gia k�je x 2 XkTxkY � kxkX + kTxkY = k(x; Tx)kX�Y = kP�1(x)kX�Y �MkxkX :Epomènw
, o T e�nai fragmèno
. 28.4 Ask sei
1. 'Estw X q¸ro
 Bana
h, Y q¸ro
 me nìrma, kai Tn : X ! Y fragmènoigrammiko� telestè
. Upojètoume ìti gia k�je x 2 X h akolouj�a (Tnx) e�naiCau
hy. De�xte ìti h (kTnk) e�nai fragmènh.An epiplèon o Y e�nai pl rh
, de�xte ìti up�rqei T : X ! Y fragmèno
 gram-mikì
 telest 
 tètoio
 ¸ste Tnx! Tx gia k�je x 2 X .2. De�xte ìti h plhrìthta tou X e�nai apara�thth sto je¸rhma omoiìmorfou fr�g-mato
: p�rte ton 
00 san upìqwro tou `1, kai or�ste Tn : 
00 ! R me Tn(x) = n�n.3. An X q¸ro
 me nìrma, kai xn ! x ston X , tìte f(xn)! f(x) gia k�je f 2 X�.IsqÔei to ant�strofo?4. 'Estw X q¸ro
 me nìrma, kai (xk) akolouj�a ston X tètoia ¸stePk jf(xk)j <+1 gia k�je f 2 X�. De�xte ìti up�rqei stajer� M > 0 tètoia ¸ste1Xk=1 jf(xk)j �Mkfkgia k�je f 2 X�.



1635. 'Estw X q¸ro
 Bana
h, (fn) fragmènh akolouj�a ston X�, kai "n > 0 tètoia¸ste: "n ! 0 kai, gia k�je x 2 X up�rqei Kx > 0 tètoio ¸ste jfn(x)j � Kx"n giak�je n 2 N. De�xte ìti kfnk ! 0.6. 'Estw X;Y q¸roi Bana
h, kai Tn 2 B(X;Y ), n 2 N. De�xte ìti ta ex 
 e�naiisodÔnama:(a) supn kTnk < +1.(b) Gia k�je x 2 X , supn kTnxk < +1.(g) Gia k�je x 2 X kai g 2 Y �, supn jg(Tnx)j < +1.7. 'Estw X;Y q¸roi Bana
h, kai T : X ! Y fragmèno
 kai ep� grammikì
 tele-st 
. De�xte ìti up�rqei M > 0 tètoio
 ¸ste: gia k�je y 2 Y up�rqei x 2 X meT (x) = y kai kxk �Mkyk.8. 'Estw X grammikì
 q¸ro
, pl rh
 w
 pro
 ti
 nìrme
 k�k1 kai k�k2. Upojètoumeìti kxnk1 ! 0 =) kxnk2 ! 0:De�xte ìti oi dÔo nìrme
 e�nai isodÔname
.9. JewroÔme ton 
00 san upìqwro tou `1, kai or�zoume T : 
00 ! 
00 me Tx =(�1; �22 ; �33 ; : : :). De�xte ìti o T e�nai grammikì
, fragmèno
, èna pro
 èna kai ep�.E�nai o T�1 fragmèno
? Exhg ste.10. 'Estw X;Y q¸roi Bana
h, kai T : X ! Y fragmèno
, grammikì
, èna pro
èna kai ep� telest 
. De�xte ìti up�rqoun a; b > 0 tètoioi ¸steakxk � kTxk � bkxkgia k�je x 2 X .11. 'Estw X;Y q¸roi me nìrma, T1 : X ! Y telest 
 me kleistì gr�fhma, kaiT2 : X ! Y fragmèno
 telest 
. De�xte ìti o T1 + T2 èqei kleistì gr�fhma.12. 'Estw X;Y q¸roi me nìrma, kai T : X ! Y grammikì
 telest 
 me kleistìgr�fhma. De�xte ìti:(a) An C � X sumpagè
, tìte to T (C) e�nai kleistì ston Y .(b) An K � Y sumpagè
, tìte to T�1(K) e�nai kleistì ston X .13. De�xte to je¸rhma ant�strofh
 apeikìnish
 qrhsimopoi¸nta
 to je¸rhma klei-stoÔ graf mato
.14. 'Estw X;Y q¸roi Bana
h kai T : X ! Y grammikì
 telest 
 me thn ex 
idiìthta: an kxnk ! 0 kai f 2 Y �, tìte f(Txn) ! 0. De�xte ìti o T e�naifragmèno
.15. 'Estw X q¸ro
 Bana
h, kai xn ! x ston X . 'Estw (fn) akolouj�a ston X�,tètoia ¸ste fn(x)! f(x) gia k�je x 2 X . De�xte ìti fn(xn)! f(x).



16416. 'Estw X;Y q¸roi Bana
h, kai T : X ! Y èna pro
 èna, fragmèno
 grammikì
telest 
. De�xte ìti o T�1 : R(T )! X e�nai fragmèno
 an kai mìno an o R(T ) =fTx : x 2 Xg e�nai kleistì
 upìqwro
 tou Y .17. 'Estw X;Y q¸roi Bana
h, kai T : X ! Y grammikì
 telest 
. De�xte ìti oT e�nai fragmèno
 an kai mìno an gia k�je g 2 Y � èqoume g Æ T 2 X�.18. JewroÔme ton C[0; 1℄ kai ton upìqwrì tou C1[0; 1℄ pou apotele�tai apì ìle
ti
 f pou èqoun suneq  par�gwgo f 0 sto [0; 1℄. Or�zoume C1[0; 1℄ : X ! C[0; 1℄ meTf = f 0.(a) De�xte ìti o T èqei kleistì gr�fhma.(b) O T den e�nai fragmèno
 (giat�?). Ti sumpera�nete?



165Upode�xei
 - apant sei
1. K�je akolouj�a Cau
hy e�nai fragmènh, �ra h upìjesh ma
 d�nei to ex 
: gia k�jex 2 X h akolouj�a (Tnx) e�nai fragmènh. AfoÔ o X e�nai q¸ro
 Bana
h, apì to je¸rhmaomoiìmorfou fr�gmato
 up�rqei M > 0 tètoio
 ¸ste kTnk �M gia k�je n 2 N.Me thn epiplèon upìjesh ìti o Y e�nai pl rh
, èqoume: gia k�je x 2 X h (Tnx) e�naiakolouj�a Cau
hy, �ra up�rqei to limn Tnx 2 Y . Or�zoume T : X ! Y meTx := limn!1Tnx:Mènei na de�xoume ìti o T e�nai fragmèno
 grammikì
 telest 
: gia k�je x; y 2 X kaia; b 2 R èqoume Tnx! Tx kai Tny ! Ty, �raTn(ax+ by) = aTnx+ bTny! aTx+ bTy:'Omw
, apì ton orismì tou T èqoume Tn(ax+ by)! T (ax+ by). 'Ara,T (ax+ by) = aTx+ bTy;dhlad , o T e�nai grammikì
. Gia na de�xoume ìti o T e�nai fragmèno
, parathroÔme ìti,apì to pr¸to mèro
, èqoume kTnxk �Mkxk gia k�je x 2 X kai n 2 N. AfoÔ Tnx! Tx,blèpoume ìti kTxk = lim kTnxk �Mkxk; x 2 Xdhlad  o T e�nai fragmèno
, kai kTk �M .2. JewroÔme ton 
00 me nìrma thn kxk = supk j�kj. Or�zoume Tn : 
00 ! R, me Tn(x) =n�n. K�je Tn e�nai grammikì sunarthsoeidè
, kaijTnxj = nj�nj � nkxk;�ra, k�je Tn e�nai fragmèno kai kTnk � n. 'Eqoume Tn(en) = n, �ra kTnk = n (giat�?).Autì de�qnei ìti h akolouj�a (kTnk) den e�nai fragmènh.Apì thn �llh pleur�, k�je x 2 
00 e�nai telik� mhdenik  akolouj�a, �ra up�rqein0 = n0(x) tètoio
 ¸ste Tn(x) = n�n = 0 gia k�je n � n0. Dhlad , h akolouj�a (Tnx)e�nai fragmènh gia k�je x 2 
00.To je¸rhma omoiìmorfou fr�gmato
 den efarmìzetai ed¸, giat� o 
00 den e�nai pl -rh
.3. An xn ! x, tìte gia k�je f 2 X� èqoumejf(xn)� f(x)j = jf(xn � x)j � kfk � kxn � xk ! 0;dhlad  f(xn)! f(x).To ant�strofo den isqÔei: an, gia par�deigma, ston `2 p�roume xn = en ta dianÔsmatath
 sun jou
 orjokanonik 
 b�sh
, èqoumef(en)! 0 = f(0)gia k�je f 2 `�2 ('Askhsh 17, Kef�laio 6). 'Omw
, kenk = 1 gia k�je n 2 N, �ra denisqÔei ìti en ! 0.



1664. Or�zoume Tn : X� ! `1, meTn(f) = (f(x1); : : : ; f(xn); 0; 0; : : :):K�je Tn e�nai grammikì
 telest 
, kaikTn(f)k`1 = nXk=1 jf(xk)j � nXk=1 kfk � kxkk =  nXk=1 kxkk! � kfk:'Ara, o Tn e�nai fragmèno
, kai kTnk �Pnk=1 kxkk. H upìjesh ìti P1k=1 jf(xk)j < +1gia k�je f 2 X�, ma
 lèei ìti h akolouj�a (Tn(f)) e�nai fragmènh ston `1 gia k�jef 2 X� (giat�?). O X� e�nai q¸ro
 Bana
h, �ra efarmìzetai to je¸rhma omoiìmorfoufr�gmato
: up�rqei M > 0 tètoio
 ¸ste kTn(f)k �Mkfk gia k�je n 2 N, dhlad nXk=1 jf(xk)j �Mkfkgia k�je f 2 X� kai k�je n 2 N, dhlad ,1Xk=1 jf(xk)j �Mkfkgia k�je f 2 X� (giat�?).5. JewroÔme thn akolouj�a (gn) = ( 1"n fn) ston X�. Apì thn upìjesh,jgn(x)j � Kx; n 2 N;dhlad , h (gn) ikanopoie� ti
 upojèsei
 tou jewr mato
 omoiìmorfou fr�gmato
. AfoÔo X e�nai q¸ro
 Bana
h, up�rqei M > 0 tètoio
 ¸stekgnk �M; n 2 N =) kfnk �M"n ! 0;�ra, kfnk ! 0.6. Apì to (a) sto (b): an x 2 X, tìtekTnxk � kTnk � kxk � (supn kTnk) � kxk;�ra supn kTnxk � (supn kTnk) � kxk < +1:Apì to (b) sto (g): ìpw
 pr�n, gia k�je x 2 X kai g 2 Y �, èqoumesupn jg(Tnx)j � supn (kgk � kTnxk) = kgk � supn kTnxk < +1:Apì to (g) sto (b): Gia k�je g 2 Y �, h akolouj�a (g(Tnx)) e�nai fragmènh sto R. Sthjewr�a e�dame ìti autì ma
 d�nei ìti h (Tnx) e�nai fragmènh ston Y .Apì to (b) sto (a): autì e�nai akrib¸
 to je¸rhma omoiìmorfou fr�gmato
.7. O T e�nai anoikt  apeikìnish. Eidikìtera, up�rqei Æ > 0 tètoio
 ¸ste T (DX(0; 1)) �DY (0; Æ) (jumhje�te to basikì l mma sthn apìdeixh tou jewr mato
 anoikt 
 apeikìni-sh
).



167'Estw 0 6= y 2 Y . Tìte, Æy=2kyk 2 DY (0; Æ), �ra up�rqei z 2 X me kzk < 1 kaiTz = Æy=2kyk. Jètoume x = 2kykz=Æ. Apì th grammikìthta tou T ,T (x) = T �2kykzÆ � = 2kykÆ Æy2kyk = y;kai kxk = 2kyk � kzkÆ � 2Æ kyk;to opo�o e�nai to zhtoÔmeno, me M = 2=Æ.8. JewroÔme ton tautotikì telest I : (X; k � k1)! (X; k � k2):O I e�nai grammikì
, èna pro
 èna kai ep�, kai h upìjesh ma
 d�nei ìti o I e�nai suneq 
sto 0, �ra fragmèno
 telest 
 (giat�?). AfoÔ o X e�nai pl rh
 w
 pro
 ti
 dÔo nìrme
,to je¸rhma ant�strofh
 apeikìnish
 ma
 lèei ìti o I�1 = I : (X; k � k2)! (X; k � k1) e�naiep�sh
 fragmèno
.Up�rqoun loipìn a; b > 0 tètoioi ¸ste: gia k�je x 2 X,kxk2 = kI(x)k2 � akxk1; kxk1 = kI�1(x)k1 � bkxk2:Oi dÔo anisìthte
 de�qnoun ìti oi dÔo nìrme
 e�nai isodÔname
.9. EÔkola elègqoume ìti o T e�nai grammikì
 isomorfismì
. O T�1 : Y ! X or�zetaiapì thn T�1(y) = (�1; 2�2; 3�3; : : :):'Eqoume kTxk = supk j�kjk � supk j�kj = kxk;�ra o T e�nai fragmèno
, kai kTk � 1 (isqÔei isìthta - giat�?). 'Omw
, gia k�je n èqoumekT�1(en)kkenk = knenkkenk = n;�ra o T�1 den e�nai fragmèno
. To je¸rhma ant�strofh
 apeikìnish
 den efarmìzetai,giat� o 
00 den e�nai pl rh
.10. O T e�nai fragmèno
, �ra pa�rnonta
 b = kTk èqoumekTxk � bkxk; x 2 X:AfoÔ o T e�nai fragmèno
, grammikì
, èna pro
 èna kai ep�, kai afoÔ oi X;Y e�nai q¸roiBana
h, apì to je¸rhma ant�strofh
 apeikìnish
 o T�1 e�nai fragmèno
. An x 2 X,tìte x = T�1(Tx) �ra kxk = kT�1(Tx)k � kT�1k � kTxk;dhlad  isqÔei kai h arister  anisìthta, me a = 1=kT�1k.11. Upojètoume ìti xn ! x ston X kai (T1 + T2)(xn)! y ston Y . Ja de�xoume ìti(T1 + T2)(x) = T1x+ T2x = y;



168opìte o T èqei kleistì gr�fhma.AfoÔ o T2 e�nai fragmèno
 kai xn ! x, èqoumeT2xn ! T2x:'Omw
 tìte, T1xn = (T1 + T2)(xn)� T2xn ! y � T2x:AfoÔ o T1 èqei kleistì gr�fhma, autì shma�nei ìti y � T2x = T1x (giat�?), dhlad  tozhtoÔmeno.12. (a) 'Estw yn = Txn sto T (C), me yn ! y ston Y . Ja de�xoume ìti y 2 T (C), dhlad ìti up�rqei x 2 C tètoio ¸ste y = Tx.AfoÔ to C e�nai sumpagè
 kai xn 2 C, up�rqoun upakolouj�a (xkn) th
 (xn) kaix 2 C, tètoia ¸ste xkn ! x. Tìte, afoÔ h (ykn) e�nai upakolouj�a th
 sugkl�nousa
akolouj�a
 (yn), èqoume Txkn = ykn ! y:O T èqei kleistì gr�fhma, xkn ! x kai ykn ! y. 'Ara, y = Tx 2 T (C).(b) 'Estw xn = T�1yn 2 T�1(K), me xn ! x 2 X. Ja de�xoume ìti up�rqei y 2 Kme x = T�1y.AfoÔ to K e�nai sumpagè
 uposÔnolo tou Y , up�rqoun (ykn) kai y 2 K tètoia ¸steykn = Txkn ! y:'Omw
, xkn ! x, kai o T èqei kleistì gr�fhma. 'Ara, y = Tx.13. 'Estw X;Y q¸roi Bana
h, kai T : X ! Y fragmèno
, grammikì
, èna pro
 èna kaiep� telest 
. Gia na de�xoume ìti o T�1 : Y ! X e�nai fragmèno
, arke� na de�xoume ìtièqei kleistì gr�fhma.'Estw yn ! y ston Y , kai xn = T�1yn ! x ston X. Ja de�xoume ìtix = T�1y () Tx = y:(h isodunam�a exhge�tai apì to ìti o T e�nai èna pro
 èna kai ep�). O T e�nai fragmèno
,kai xn ! x. 'Ara, yn = Txn ! Tx:'Omw
, èqoume kai thn yn ! y. Apì monadikìthta tou or�ou, y = Tx.14. Arke� na de�xoume ìti o T èqei kleistì gr�fhma. Upojètoume ìti xn ! x ston Xkai Txn ! y ston Y . Ja de�xoume ìti y = Tx.Gia k�je f 2 Y � isqÔoun ta ex 
:(a) AfoÔ Txn ! y kai to f : Y ! R e�nai suneqè
,f(Txn)! f(y):(b) Apì thn upìjesh, afoÔ xn � x! 0,f(T (xn � x)) = f(Txn)� f(Tx)! 0 =) f(Txn)! f(Tx):Dhlad , gia k�je f 2 Y �, f(Tx) = f(y). 'Omw
 autì shma�nei ìtiy = Tx



169(basik  sunèpeia tou jewr mato
 Hahn-Bana
h e�nai ìti o Y � {diaqwr�zei} ta shme�a touY ).15. ParathroÔme pr¸ta ìti gia ti
 fn : X ! R ikanopoioÔntai oi upojèsei
 tou jewr -mato
 omoiìmorfou fr�gmato
. O X e�nai q¸ro
 Bana
h kai gia k�je x 2 X h akolouj�a(fn(x)) e�nai fragmènh (giat� sugkl�nei). 'Ara, up�rqei M > 0 tètoio
 ¸stekfnk �M; n 2 N:Tìte kfk � M (blèpe 'Askhsh 1), kai qrhsimopoi¸nta
 to gegonì
 ìti fn(x) ! f(x)blèpoume ìti jfn(xn)� f(x)j = jfn(xn � x) + fn(x)� f(x)j� jfn(xn � x)j+ jfn(x)� f(x)j� Mkxn � xk+ jfn(x)� f(x)j ! 0;dhlad , fn(xn)! f(x).16. An o R(T ) e�nai kleistì
 upìqwro
 tou Y , tìte e�nai q¸ro
 Bana
h, kai o T :X ! R(T ) e�nai fragmèno
, grammikì
, èna pro
 èna kai ep� telest 
. Apì to je¸rhmaant�strofh
 apeikìnish
, o T�1 : R(T )! X e�nai fragmèno
.Ant�strofa: èstw ìti o T�1 : R(T ) ! X e�nai fragmèno
, kai èstw yn 2 R(T ) meyn ! y 2 Y . Ja de�xoume ìti up�rqei x 2 X tètoio ¸ste Tx = y.Up�rqoun xn 2 X me Txn = yn, kai afoÔ o T�1 e�nai fragmèno
, èqoume(�) kxn � xmk = kT�1(yn � ym)k � kT�1k � kyn � ymkgia k�je n;m 2 N. 'Omw
 h (yn) sugkl�nei ston Y �ra e�nai akolouj�a Cau
hy ston Y ,kai apì thn (�) sumpera�noume ìti h (xn) e�nai akolouj�a Cau
hy ston X. O X e�naipl rh
, �ra up�rqei x 2 X tètoio ¸ste xn ! x.O T e�nai fragmèno
 kai xn ! x, �ra yn = Txn ! Tx. Apì monadikìthta tou or�ou,y = Tx 2 R(T );dhlad  to R(T ) e�nai kleistì.17. An o T e�nai fragmèno
, tìte gia k�je g 2 Y � to g Æ T : X ! R e�nai fragmènogrammikì sunarthsoeidè
 (w
 sÔnjesh suneq¸n grammik¸n sunart sewn), dhlad  g ÆT 2X�. Gia thn ant�strofh kateÔjunsh, me thn upìjesh g 2 Y � =) g Æ T 2 X� de�qnoumeìti o T èqei kleistì gr�fhma, opìte e�nai fragmèno
: èstw xn ! x ston X kai Txn ! yston Y .An g 2 Y �, apì th m�a meri� èqoumeTxn ! y =) g(Txn)! g(y);kai apì thn �llh, afoÔ g Æ T 2 X� kai xn ! x, èqoumeg(Txn) = (g Æ T )(xn)! (g Æ T )(x) = g(Tx):Dhlad , g(y) = g(Tx); g 2 Y �



170kai afoÔ o Y � diaqwr�zei ta shme�a tou Y , pa�rnoume y = Tx. 'Epetai ìti o T èqei kleistìgr�fhma.18. (a) An fn ! f ston C1[0; 1℄ kai Tfn ! g ston C[0; 1℄, tìte èqoume ti
 omoiìmorfe
sugkl�sei
 fn ! f; f 0n ! g:E�nai gnwstì ìti me autè
 ti
 upojèsei
 èqoume f 0 = g sto [0; 1℄, dhlad T (f) = g:Autì de�qnei ìti o T èqei kleistì gr�fhma.(b) JewroÔme ti
 sunart sei
 fn : [0; 1℄! R, me fn(t) = tn. Tìte kfnk = 1 gia k�jen, all� (Tfn)(t) = ntn�1; t 2 [0; 1℄;dhlad , kTfnk = n. Autì de�qnei ìti o T den e�nai fragmèno
 (giat�?).To je¸rhma kleistoÔ graf mato
 den efarmìzetai s� aut n thn per�ptwsh, ki autìshma�nei (anagkastik�) ìti o C1[0; 1℄ den e�nai q¸ro
 Bana
h.



Kef�laio 9To je¸rhma stajeroÔ shme�ou
9.1 Sustolè
 - je¸rhma stajeroÔ shme�ouOrismì
 (a) 'Estw (X; d) metrikì
 q¸ro
, kai T : X ! X mi� sun�rthsh. Tox 2 X lègetai stajerì shme�o th
 T an T (x) = x.(b) H T lègetai sustol  ston X , an up�rqei 0 < a < 1 tètoio
 ¸ste, gia k�jex; y 2 X d(T (x); T (y)) � ad(x; y):Je¸rhma stajeroÔ shme�ou (Bana
h) 'Estw (X; d) metrikì
 q¸ro
. Upojètou-me ìti o X e�nai pl rh
, kai ìti T : X ! X e�nai mi� sustol  ston X . Tìte, h Tèqei akrib¸
 èna stajerì shme�o.Apìdeixh: Or�zoume diadoqik� tou
 ìrou
 mi�
 akolouj�a
 (xn) ston X w
 ex 
:epilègoume tuqìn x0 2 X , kai jètoumex1 = T (x0); x2 = T (x1) = T 2(x0); x3 = T (x2) = T 3(x0); : : :Genik�, xn = Tn(x0); n 2 N:H (xn) e�nai akolouj�a Cau
hy ston X : an m 2 N, tìted(xm+1; xm) = d(Txm; Txm�1)� ad(xm; xm�1)= ad(Txm�1; Txm�2)� a2d(xm�1; xm�2);kai, suneq�zonta
 me ton �dio trìpo, blèpoume ìtid(xm+1; xm) � amd(x1; x0); m 2 N:171



172An m > n, qrhsimopoi¸nta
 thn prohgoÔmenh ekt�mhsh kai thn trigwnik  anisìth-ta, pa�rnoumed(xn; xm) � d(xm; xm�1) + d(xm�1; xm�2) + : : :+ d(xn+1; xn)� am�1d(x1; x0) + am�2d(x1; x0) + : : :+ and(x1; x0)= and(x1; x0)1� am�n1� a� an d(x1; x0)1� a :AfoÔ 0 < a < 1, èqoume and(x1; x0)=(1� a) ! 0 kaj¸
 m;n ! 1. 'Ara, h (xm)e�nai akolouj�a Cau
hy. O (X; d) e�nai pl rh
, epomènw
 up�rqei x 2 X tètoio¸ste xm ! x. 'Eqoumed(x; Tx) � d(x; xm) + d(xm; Tx)= d(x; xm) + d(Txm�1; Tx)� d(x; xm) + d(xm�1; x)! 0;�ra d(x; Tx) = 0, dhlad  Tx = x.An up rqe ki �llo stajerì shme�o y th
 T , ja e�qame0 < d(x; y) = d(Tx; Ty) � ad(x; y);�topo, afoÔ 0 < a < 1. 2H apìdeixh tou jewr mato
 m�
 d�nei kai ekt�mhsh gia to pìso kont� briskì-maste sto stajerì shme�o x th
 T met� to m-stì b ma th
 diadikas�a
 pou peri-gr�yame:Pìrisma 9.1.1 'Estw T : X ! X sustol  ìpw
 sto Je¸rhma, kai x0 2 X . Anx e�nai to stajerì shme�o th
 T , tìte(a) d(xm; x) � am1�ad(x1; x0),(b) d(xm; x) � a1�ad(xm; xm�1).Apìdeixh: Sthn apìdeixh tou jewr mato
 e�dame ìti, an s > m tìted(xs; xm) � am1� ad(x1; x0):Af nonta
 to s na p�ei sto �peiro, èqoume xs ! x, �rad(x; xm) = lims!1 d(xs; xm) � am1� ad(x1; x0):Gia to (b) jewroÔme thny0 = xm�1 ; y1 = xm ; : : : ; ys = xm�1+s ! x:



173Efarmìzonta
 to (a) gia thn (ys) me s = 1, pa�rnoumed(y1; x) � a1� ad(y1; y0);dhlad  d(xm; x) � a1� ad(xm; xm�1): 2PolÔ suqn� xèroume ìti h T : X ! X e�nai sustol  se èna uposÔnolo Y tou X(kai ìqi se olìklhron ton X). An to Y e�nai kleistì, tìte epilègonta
 to x0 2 Ykai exasfal�zonta
 ìti ìloi oi ìroi th
 (xm) ja parame�noun sto Y , mporoÔme nabroÔme stajerì shme�o th
 T sto Y (�ra, ston X):Par�deigma. 'Estw (X; d) pl rh
 metrikì
 q¸ro
, kai T : X ! X . Upojètoumeìti h T e�nai sustol  (gia k�poio 0 < a < 1) se mi� kleist  mp�la Y = fx 2 X :d(x0; x) � rg, ìpou x0 2 X kai r > 0. An d(x0; Tx0) < (1�a)r, tìte h xm = Tmx0sugkl�nei se stajerì shme�o th
 T .Apìdeixh: Arke� na de�xoume ìti k�je xm an kei sto Y . Sthn apìdeixh tou jewr -mato
 stajeroÔ shme�ou e�dame ìtid(xm; xn) � an1� ad(x1; x0):Pa�rnonta
, n = 0, èqoumed(xm; x0) � 11� ad(x1; x0) = 11� ad(Tx0; x0) < (1� a)r1� a = r;dhlad , xm 2 Y , m 2 N. 29.2 Efarmog  sti
 diaforikè
 exis¸sei
JewroÔme th diaforik  ex�swsh f 0 = F (t; f), me arqik  sunj kh thn f(t0) = x0.Je¸rhma 9.2.1 (Pi
ard) 'Estw F suneq 
 sun�rthsh sto orjog¸nioR = f(t; x) : jt� t0j � a; jx� x0j � bg;tètoia ¸ste jf(t; x)j � M gia k�je (t; x) 2 R. Upojètoume ìti h F ikanopoie�sunj kh Lips
hitz w
 pro
 th deÔterh metablht : up�rqei L > 0 tètoio
 ¸ste, giak�je (t; x); (t; y) 2 R, jF (t; x)� F (t; y)j � Ljx� yj:Tìte, h f 0 = F (t; f), f(t0) = x0, èqei monadik  lÔsh sto di�sthma [t0 � h; t0 + h℄,an h < minfa; bM ; 1Lg.



174Apìdeixh: JewroÔme ton pl rh metrikì q¸ro C[J ℄, J = [t0 � h; t0 + h℄, me metrik thn d(f; g) = maxt2J jf(t)� g(t)j, kai ton upìqwroC1 = ff 2 C[J ℄ : jf(t)� x0j �Mhg:O C1 e�nai kleistì
 upìqwro
 tou C[J ℄, �ra pl rh
. H f e�nai lÔsh th
 ex�swsh
an kai mìno an Tf = f , ìpou(Tf)(t) = x0 + Z tt0 F (s; f(s))ds; t 2 J:'Eqoume jf(s)� x0j �Ml � b, �ra (s; f(s)) 2 R gia k�je s, kai h F e�nai suneq 
sto R, �ra to R tt0 F (s; f(s))ds e�nai kal� orismèno. Ep�sh
,j(Tf)(t)� t0j = ����Z tt0 F (s; f(s))ds���� �M jt� t0j �Mh;�ra, f 2 C1 =) Tf 2 C1:Tèlo
, j(Tf)(t)� (Tg)(t)j = ����Z tt0 fF (s; f(s))� F (s; g(s))g ds����� L�maxJ jf(s)� g(s)j� jt� t0j� (Lh)d(f; g);kai 0 < Lh < 1, �ra h T e�nai sustol : d(Tf; Tg) � (Lh)d(f; g).Apì to je¸rhma stajeroÔ shme�ou, up�rqei monadik  f 2 C1 tètoia ¸ste Tf =f , dhlad  f(t) = x0 + Z tt0 F (s; f(s))ds; t 2 J;opìte f 0 = F (t; f), kai f(t0) = x0. 2Shme�wsh: H apìdeixh tou jewr mato
 stajeroÔ shme�ou de�qnei ìti mporoÔme nap�roume th lÔsh f san ìrio th
 akolouj�a
fn+1(s) = x0 + Z tt0 F (s; f(s))ds;xekin¸nta
 apì tuqoÔsa f0 2 C1.



1759.3 Efarmog  sti
 oloklhrwtikè
 exis¸sei
(a) Ex�swsh Fredholm. 'Estw J = [a; b℄, kai K : J � J ! R, g : J ! R suneqe�
sunart sei
. An jK(t; s)j �M sto J � J , kai j�j < 1=M(b� a), tìte hf(t) = g(t) + � Z ba K(t; s)f(s)dsèqei monadik  lÔsh sto J .Apìdeixh: Or�zoume T : C[a; b℄! C[a; b℄, me(Tf)(t) = g(t) + � Z ba K(t; s)f(s)ds:Arke� na de�xoume ìti h T e�nai sustol  (giat�?). 'Omw
,d(Tf; Th) = maxt2J j(Tf)(t)� (Th)(t)j= j�jmaxt2J ��Z ba K(t; s)(f(s)� h(s))ds��� j�jM �maxs2J jf(s)� h(s)j� (b� a)= fj�jM(b� a)g d(f; h):AfoÔ j�jM(b � a) < 1, to je¸rhma stajeroÔ shme�ou m�
 exasfal�zei monadik f0 2 C[a; b℄ tètoia ¸ste Tf0 = f0. 2(b) Ex�swsh Volterra 'Estw J = [a; b℄, kai K : J � J ! R, g : J ! R suneqe�
sunart sei
. Tìte, gia k�je � 2 R, hf(t) = g(t) + � Z ba K(t; s)f(s)dsèqei monadik  lÔsh sto J .Apìdeixh: Gia k�je f 2 C[J ℄ or�zoume(Tf)(t) = g(t) + � Z ta K(t; s)f(s)ds; t 2 J:EÔkola elègqoume ìti o T (f) 2 C[J ℄. Dhlad , T : C[J ℄ ! C[J ℄. Gia k�jef; h 2 C[J ℄, èqoumej(Tf)(t)� (Th)(t)j = j�j ����Z ba K(t; s)(f(s)� h(s))ds����� j�j(max jKj)d(f; h) Z ta ds= j�j(max jKj)d(f; h)(t� a):



176Epagwgik� de�qnoume ìti(�) j(Tmf)(t)� (Tmh)(t)j � j�jm(max jKj)m (t� a)mm! d(f; h):Epagwgikì b ma:j(Tm+1f)(t)� (Tm+1h)(t)j = j�j����Z ta K(t; s) f(Tmf)(s)� (Tmh)(s)g ds����� j�j(max jKj) Z ta j�jm(max jKj)m (s� a)mm! d(f; h)ds= j�jm+1(max jKj)m+1 (t� a)m+1(m+ 1)! d(f; h):Apì thn (�) prokÔptei ìtid(Tmf; Tmh) = maxt j(Tmf)(t)� (Tmh)(t)j� �j�jm(max jKj)m (b� a)mm! � d(f; h):Gia meg�la m èqoume j�jm(max jKj)m (b�a)mm! < 1. 'Ara, h Tm e�nai sustol  stonC[a; b℄. 'Epetai ìti h Tm èqei stajerì shme�o: up�rqei f0 me thn idiìthta Tmf0 = f0.An p�roume tuqoÔsa f 2 C[a; b℄, tìte (Tm)nf ! f0 kaj¸
 n!1.Pa�rnonta
 f = Tf0, èqoumef0 = limn!1Tmn(Tf0) = limn!1 T (Tmnf0) = limn!1Tf0 = Tf0:H f0 e�nai to monadikì stajerì shme�o th
 T , giat� k�je stajerì shme�o th
 Te�nai kai stajerì shme�o th
 Tm, kai h Tm èqei monadikì stajerì shme�o (e�naisustol ). 29.4 Ask sei
1. K�je sustol  T : X ! X e�nai omoiìmorfa suneq 
.2. De�xte me èna par�deigma ìti h plhrìthta tou X e�nai ousiastik  gia thnapìdeixh tou jewr mato
 stajeroÔ shme�ou.3. 'Estw T : [1;+1) ! [1;+1) me Tx = x + 1x . De�xte ìti an x 6= y tìtejTx� Tyj < jx� yj, all� h T den èqei stajerì shme�o.4. An h T e�nai sustol , tìte h Tn, n 2 N e�nai sustol . De�xte ìti to ant�strofoden isqÔei genik�.5. 'Estw X sumpag 
 metrikì
 q¸ro
, kai T : X ! X sun�rthsh me thn idiìthtad(T (x); T (y)) < d(x; y) gia k�je x 6= y ston X . De�xte ìti h T èqei stajerì shme�o.



1776. 'Estw g : [a; b℄ ! R suneq¸
 paragwg�simh sun�rthsh, me g(a) < 0, g(b) > 0,kai 0 < 
 � g0(x) � d sto [a; b℄. Qrhsimopoi ste to je¸rhma tou stajeroÔ shme�ougia na bre�te kal  prosèggish th
 monadik 
 (giat�?) lÔsh
 th
 g(x) = 0 sto [a; b℄.Upìdeixh: Jewre�ste sun�rthsh f(x) = x � �g(x) gia kat�llhlo �, kai bre�testajerì shme�o th
 f .7. 'Estw f : [a; b℄ ! R suneq¸
 paragwg�simh sun�rthsh, kai x0 apl  r�za th
 fsto (a; b). De�xte ìti h g(x) = x� f(x)f 0(x)e�nai sustol  se mi� perioq  tou x0, kai sumper�nete ìti an xekin soume me x1 s�aut n thn perioq  kai or�soume (xn) mèsw th
 xn+1 = g(xn), tìte xn ! x0.8. D�netai to grammikì sÔsthma exis¸sewn x = Ax + b, ìpou A = (aij)i;j�n kaib = (b1; : : : ; bn). An nXk=1 jaikj < 1gia k�je i = 1; : : : ; n, de�xte ìti to sÔsthma èqei monadik  lÔsh. De�xte ìti hlÔsh aut  pa�rnetai san to ìrio th
 x1; x2; : : : ; xn; : : :, ìpou x1 2 Rn auja�reto, kaixn+1 = Axn + b.9. (a) To �dio me thn 'Askhsh 9, an gia ton p�naka A upojèsoume ìtinXk=1 jakj j < 1; j = 1; : : : ; n:(b) To �dio, an upojèsoume ìti nXi=1 nXj=1 a2ij < 1:10. De�xte ìti to prìblhma arqik¸n tim¸n f 0 = jf j1=2, f(0) = 0 èqei lÔsei
 ti
f � 0 kai g(t) = tjtj=4. 'Erqetai autì se ant�fash me to je¸rhma tou Pi
ard?Bre�te ki �lle
 lÔsei
.11. Bre�te ìle
 ti
 arqikè
 sunj ke
 gia ti
 opo�e
 to prìblhma arqik¸n tim¸ntf 0 = 2f , f(t0) = x0 (a) den èqei lÔsh, (b) èqei perissìtere
 apì m�a lÔsh, (g) èqeiakrib¸
 m�a lÔsh.12. JewroÔme thn oloklhrwtik  ex�swsh(�) f(x) = � Z ba K(x; y; f(y))dy + �(x);me suneqe�
 K kai �, kai thn K na ikanopoie� sunj kh Lips
hitz th
 morf 
jK(x; y; z1)�K(x; y; z2)j �M jz1 � z2j:



178De�xte ìti h (�) èqei monadik  lÔsh an j�j < 1M(b�a) .13. LÔste thn oloklhrwtik  ex�swshf(t)� � Z 10 et�sf(s)ds = g(t)ìpou j�j < 1, pa�rnonta
 f0 = g kai or�zonta
 fn+1 = Tfn gia kat�llhlh T .14. D�nontai èna
 q¸ro
 me nìrmaX , èna
 fragmèno
 grammikì
 telest 
 T : X !X , kai èna sumpagè
 kai kurtì uposÔnolo K tou X me thn idiìthta T (K) � K.De�xte ìti o T èqei stajerì shme�o sto K (Je¸rhma Markov-Kakutani), akolou-j¸nta
 ta parak�tw b mata:(a) Jètoume T0 ton tautotikì telest , T k = T Æ : : : Æ T (k forè
). De�xte ìti oSn = 1n n�1Xk=0 T k; n 2 Ne�nai fragmèno
, grammikì
, kai Sn(K) � K.(b) De�xte ìti oi Sn antimetat�jentai: Sm Æ Sn = Sn Æ Sm, m;n 2 N.(g) Gia k�je n1; : : : ; ns 2 N isqÔeiSn1 Æ : : : Æ Sns(K) � Sn1(K):(d) 'Estw (Y; d) sumpag 
 metrikì
 q¸ro
. An (Fn) akolouj�a kleist¸n uposunì-lwn tou Y me thn idiìthta Tj�n Fk 6= ; gia k�je n, tìte T1n=1 Fn 6= ;.(e) T1n=1 Sn(K) 6= ;.(z) An x 2 T1n=1 Sn(K), tìte T (x)�x 2 1n (K�K), ìpouK�K = fu�v : u; v 2 Kg.(h) An x 2 T1n=1 Sn(K), tìte T (x) = x.



Kef�laio 10H zw  tou Stefan Bana
h
10.1 Ta pr¸ta qrìnia'Ena
 apì tou
 megalÔterou
 majhmatikoÔ
 tou eikostoÔ ai¸na, o Stefan Bana
hsundèetai me èna eurÔ f�sma jemeliwd¸n kai gn siwn majhmatik¸n, eidik� sthnperioq  th
 Sunarthsiak 
 An�lush
. Sthn Polwn�a, jewre�tai ejnikì
  rwa
.O Bana
h genn jhke thn Tet�rth, 30 Mart�ou tou 1892 sthn Krakob�a, stoGenikì Nosokome�o tou Ag. Laz�rou. Ta onìmata tou pr¸tou kai tou deÔterougiatroÔ pou ekteloÔsan uphres�a ston j�lamo, kaj¸
 kai th
 ma�a
 pou kat�p�sa pijanìthta èfere se pèra
 ton toketì, e�nai katagegrammèna sta arqe�a tounosokome�ou. To pistopoihtikì genn sew
 anafèrei ìti mhtèra tou Bana
h  tanh Katarzyna Bana
h, kai ìti patèra
 tou  tan o Stefan Gre
zek, èna
 kat¸tero
dhmìsio
 up�llhlo
. Oi gone�
 den  tan pantremènoi.O Bana
h den gn¸rise potè th mhtèra tou, h opo�a ton egkatèleiye amèsw
 met�th b�ptis  tou sthn Rwmaiokajolik  Ekklhs�a tou Ag. Nikol�ou, sti
 3 April�outou 1892. Arketè
 forè
 o Bana
h prosp�jhse na m�jei k�ti gi� aut n apì tonpatèra tou, all� to must rio den lÔjhke potè, giat� o patèra
 tou arnoÔntan naapokalÔyei thn tautìtht� th
   opoiad pote �llh plhrofor�a gia to jèma. OGre
zek sun jize na apant� ìti e�qe orkiste� na krat sei to mustikì. ArgìterapantreÔthke dÔo forè
, kai apèkthse èna paid� apì ton pr¸to tou g�mo kai tèsseraapì th deÔterh guna�ka tou.SÔmfwna me ton Hugo Steinhaus, o opo�o
 anak�luye ton Bana
h kai sth su-nèqeia  tan stenì
 f�lo
 kai majhmatikì
 sunerg�th
 tou, o Stefan Gre
zek ka-tagìtan apì ta uy�peda tou Jordan�ow, kai ergazìtan san up�llhlo
 sta kentrik�grafe�a twn Sidhrodrìmwn th
 Krakob�a
. 'Omw
 autì den e�nai al jeia. Apìstoiqe�a pou diathroÔntai sthn Kentrik  Efor�a th
 Krakob�a
, gnwr�zoume ìti oGre
zek prosel fjh san klht ra
 th
 Efor�a
 to 1903. DÔo qrìnia argìtera touapenem jh arguroÔ
 staurì
 gia ti
 uphres�e
 tou, kai pro qjh se axiwmatoÔqoth
 Efor�a
. O Gre
zek pèjane to 1968 se hlik�a 100 et¸n, sqedìn eikosipènte179



180qrìnia met� ton Bana
h.H oikogeneiak  mujolog�a anafèrei ìti o Bana
h pèrase ta pr¸ta tou qrìniame th giagi� tou sto Ostrowsko. E�te autì alhjeÔei   ìqi, o nearì
 Stefan  tanpolÔ sundedemèno
 maz� th
, kai aisjanìtan megalÔtero sebasmì gi� aut n par� giatou
 upìloipou
 suggene�
 tou. 'Otan aut  arr¸sthse, o patèra
 tou ton èsteilesthn Krakob�a kai empisteÔthke thn anatrof  tou se dÔo guna�ke
, thn Fran
iszkaPlowa kai thn kìrh th
 Maria. O Stefan episkeptìtan th giagi� tou suqn� mèqrito j�natì th
, kai  tan par¸n sthn khde�a th
.Me ta dedomèna th
 epoq 
, o Bana
h zoÔse sqetik� �neta me ti
 Plowa, pou tan arket� eukat�state
. Arketè
 phgè
 sumfwnoÔn ìti oGre
zek den xèqase potèto giì tou, akìma ki ìtan e�qe dhmiourg sei th dik  tou nìmimh oikogèneia. 'Oqimìno pare�qe taktik  oikonomik  bo jeia, all� diathroÔse kai sten  epaf  me ti
Plowa pou epèblepan ton Bana
h mèqri ta qrìnia tou kolleg�ou. Oi epafè
 patèrakai gioÔ  tan eugenikè
 kai egk�rdie
. Se mi� k�rta pou o Bana
h èsteile stonpatèra tou, o majht 
 tìte tou gumnas�ou euqariste� ton Gre
zel gia ta qr matapou tou èdwse gia na summet�sqei se sqolik  ekdrom  sto Kiel
e kai ta boun�bìreia th
 Krakob�a
.To 1902, afoÔ tele�wse to dhmotikì sqole�o, o Bana
h, se hlik�a dèka et¸n,gr�fthke sthn pr¸th t�xh tou gumnas�ou Henryk Sienkiewi
z th
 Krakob�a
. Togumn�sio, pou eidikeuìtan sti
 anjrwpistikè
 spoudè
, briskìtan sto Podwale(akrib¸
 k�tw apì ta te�qh th
 pìlh
) kai sun jw
 apokaloÔntan {Goetz}, giat�to noikiasmèno kt�rio sto opo�o stegazìtan an ke ston zujèmporo th
 Krakob�a
Goetz-Oko
imski.Oi summajhtè
 kai kalÔteroi f�loi tou Bana
h  tan oi Witold Wilkosz (mel-lontikì
 majhmatikì
) kai Marian Albinski. Ta apomnhmoneÔmata tou Albinskima
 d�noun th mình axiìpisth anafor� gi� aut n thn per�odo th
 zw 
 tou Bana
h.Autì
 kai o Bana
h sunup rxan apì to 1902 w
 to 1906, opìte o Marian metaki-n jhke sto gumn�sio Sobieski. H ait�a aut 
 th
 metak�nhsh
 r�qnei f¸
 se k�poiaqarakthristik� tou sqolikoÔ sust mato
 sto Austriakì komm�ti th
 diamelismè-nh
 tìte Polwn�a
. O Albinski gr�fei ìti ait�a th
 metak�nhsh
  tan h sÔgkrous tou me ton kajhght  twn Ellhnik¸n. 'Otan sto tèlo
 tou pr¸tou exam nou aper-r�fjh sta Ellhnik�, tou epibl jhke sklhrì qrhmatikì prìstimo! IdoÔ ti gr�fei oAlbinski gia tou
 kaloÔ
 tou f�lou
:{OWilkosz  rje maz� mou sto Sobieski. Den xèrw poio�  tan oi diko� tou lìgoi.O Bana
h parèmeine sto Goetz mèqri thn apofo�ths  tou sta 1910.Oi epafè
 mou me ton Bana
h perior�sthkan, ìmw
 o Wilkosz sunèqise na tonblèpei polÔ taktik�. O Stefan Bana
h, ìpw
 ton jum�mai,  tan kalì
 f�lo
. 'Hsu-qo
, all� me mi� eugenik  a�sjhsh tou qioÔmor,  tan m�llon apìmakro
. H oikono-mik  tou kat�stash ton upoqrèwne na parad�dei idia�tera maj mata se mikrìterou
majhtè
 kaj¸
 kai se majhtè
 apì to {kèntro th
 pìlh
}, potè tou ìmw
 den èmoia-ze ftwqì
. Prèpei na prosjèsw ìti stou
 summajhtè
 tou èkane idia�tera maj matadwre�n.O Bana
h kai o Wilkosz  rjan kont� mèsa apì thn ag�ph tou
 gia ta majh-matik�. Sta diale�mata, tou
 èblepa suqn� na prospajoÔn na lÔsoun majhmatik�



181probl mata. An k�poio prìblhma tou
 erèjize, h epistrof  tou
 apì to sqole�osto sp�ti kratoÔse ¸re
: perpatoÔsan apì to sp�ti tou enì
 sto sp�ti tou �lloukai ant�strofa, suzht¸nta
 to ep� ¸re
.}Prèpei na shmeiwje� ìti to ekpaideutikì prìgramma tou gumnas�ou èriqne idia�-tera to b�ro
 sti
 klasikè
 spoudè
 - Latinik�, Ellhnik�, Xène
 gl¸se
, Istor�aklp., kai ìqi sta majhmatik� kai ti
 fusikè
 epist me
. O Bana
h den akoloÔjhseloipìn èna prìgramma spoud¸n sumbibastì me thn kl�sh tou. PolÔ suqn� dida-skìtan majhmatik� apì aneparke�
 anjr¸pou
. Argìtera, ìtan jumìtan aut n thnper�odo, o Bana
h den miloÔse kai polÔ eugenik� gia thn poiìthta kai ti
 mejìdou
didaskal�a
 sto agaphmèno tou antike�meno.E�nai endiafèron na de� kane�
 to wrolìgio prìgramma th
 deutèra
 (gia pa-r�deigma) t�xh
: Jrhskeutik� (dÔo ¸re
), Latinik� (okt¸ ¸re
), Polwnik� (tre�
¸re
), Germanik� (pènte ¸re
), Istor�a kai Gewgraf�a (tèsseri
 ¸re
), Majhma-tik� (tre�
 ¸re
), Fusik  istor�a (dÔo ¸re
). Up rqan kai proairetik� maj matawdik 
, sqed�ou, kalligraf�a
, gumnastik 
, kai stenograf�a
.Ta Majhmatik� did�skontan apì ta bibl�a {Basik  Arijmhtik  kai 'Algebra}tou Brzostowin, kai {Gewmetr�a kai Fantas�a} twn Mo
nik-Maryniak.To gumn�sio pou parakoloÔjhse o Bana
h den  tan idia�tera aristokratikì,diathroÔse ìmw
 isquroÔ
 desmoÔ
 me an¸tera ekpaideutik� idrÔmata, ìpw
 kaipoll� �lla sqole�a th
 Krakob�a
. Pollo� akadhmaðko� d�skaloi erg�zontan su-qn� kai san kajhghtè
 gumnas�wn, k�ti pou exasf�lize polÔ uyhlì ep�pedo sthdeuterob�jmia ekpa�deush. Sugkrinìmeno me to Sobieski, to gumn�sio tou Bana
hden  tan polÔ th
 mìda
, �sw
 ìmw
 autì na  tan to meg�lo tou pleonèkthma,afoÔ s� aut� ta apofasistik� qrìnia o Bana
h apèfuge ti
 arnhtikè
 empeir�e
twn sugqrìnwn tou sta geitonik� gumn�sia. H èntonh parous�a twn gìnwn th
aristokrat�a
 s� aut�, polÔ suqn� parèlue tou
 majhtè
 pou e�qan tapeinìterhkatagwg , bg�zonta
 sthn epif�neia sunaisj mata katwterìthta
 pou odhgoÔsanston arribismì kai th mataiodox�a.Ant�jeta me to Sobieski, h atmìsfaira sto Goetz  tan polÔ piì �neth. Ka-nèna
 apì tou
 summajhtè
 tou Bana
h den proerqìtan apì thn uyhl  koinwn�ath
 Krakob�a
. O par�gonta
 autì
 èqei eidikì b�ro
, kai ephrrèase saf¸
 ti
metagenèstere
 politikè
 t�sei
 kai sump�jeiè
 tou. Ston kat�logo twn onom�twnth
 t�xh
 tou sumperilamb�nontai ta kajìlou aristokratik� onìmata Piotr Ow
a(prìbato), Stanislaw Klo
ek (koÔtsouro), Albin Kawaler (ergènh
), kai �lla.Oi bajmo� tou Bana
h  tan {�rista} sta Majhmatik� kai ti
 Fusikè
 Epist -me
, {l�an kal¸
} kai {kal¸
} sta upìloipa. O Albinski shmei¸nei:{H metriofrosÔnh tou,   kalÔtera h ntropalosÔnh tou, e�nai o lìgo
 pou denkalofa�netai sthn fwtograf�a th
 deutèra
 t�xh
 pou èqw ful�xei. K�jetai stojran�o th
 tr�th
 seir�
 kai e�nai sqedìn krummèno
. H kanonik  tou jèsh  tansthn pr¸th seir�, ìtan ìmw
 emfan�sthke o fwtogr�fo
, o Bana
h epwfel jhkeapì thn anast�twsh kai ètrexe p�sw.}IdoÔ kai m�a �llh perigraf  tou Bana
h apì ton Adolf Rozek, summajht  poukatìpin ègine istorikì
:



182{O Bana
h  tan euq�risto
 sti
 sqèsei
 tou me tou
 summajhtè
, èxw ìmw
apì ta majhmatik� den ton endièfere t�pota. An potè miloÔse, miloÔse tìso gr -gora, ìso gr gorh  tan kai h majhmatik  tou skèyh. E�qe tìso meg�lh taqÔthtasth skèyh kai tou
 upologismoÔ
, pou oi gÔrw tou nìmizan ìti e�qe mantikè
 ika-nìthte
.}Up�rqoun endiafèrouse
 anaforè
 gia ti
 sqèsei
 tou Bana
h me ton jeolìgotou sqole�ou, Patèra Pylko. O Bana
h tou aphÔjune suqn� erwt sei
 tou tÔpou{afoÔ o Jeì
 e�nai pantodÔnamo
, mpore� na fti�xei èna br�qo pou na mhn mpore�na metakin sei?} E�nai safè
 ìti e�qe apì nwr�
 prosqwr sei sto skeptikismì.Sti
 sqolikè
 fwtograf�e
 diakr�netai mi�  remh, elafr¸
 sarkastik , all� kaisunestalmènh èkfrash sto prìswpì tou. Aut  h èkfrash ton sunìdeue w
 to tèlo
twn gumnasiak¸n tou qrìnwn: o enjousiasmì
 tou gia ti
 spoudè
 e�qe anakope�,afoÔ apì dekapènte qrìnwn o Bana
h par�llhla ergazìtan sta frontist ria giana antimetwp�sei ta èxod� tou.Apì tou
 eikosieft� majhtè
 pou p ran to apolut rio gumnas�ou sth qroni�tou, èxi tim jhkan me {di�krish}. O Bana
h den  tan an�mes� tou
, qarakthr�sthkeìmw
 {proikismèno
} majht 
. Apì tou
 eikosieft�, dÔo p gan pro
 th Jeolog�a,oqt¸ sth Nomik , tre�
 sthn Iatrik , èxi sth Filosofik , èna
 sth Gewponik , tre�
sto Poluteqne�o, dÔo sta Oikonomik�, kai èna
 se mi� Stratiwtik  Akadhm�a. 'Ena
apì autoÔ
 pou p gan sto Poluteqne�o,  tan o Stefan Bana
h.Shme�wsh Prin to 1914 h Polwn�a br�sketai kur�w
 upì rwsik  kuriarq�a.Autì e�nai apotèlesma makra�wnwn ejnik¸n ag¸nwn kai antizhli¸n an�mesa seisqurìterou
 ge�tone
 (Souhd�a, Prwss�a, Rws�a). Par� ti
 metapt¸sei
 th
 tÔ-qh
 tou kai thn katastol  twn exegèrsewn, h shmantikìterh twn opo�wn  tan tou1830, o laì
 autì
, basik� agrotikì
, paramènei bajÔtata jrhskeuìmeno
 (rwmaio-kajolikì
) kai ejnikist 
.10.2 H {megalÔterh anak�luyh} tou Hugo Stei-nhausL�ga pr�gmata e�nai gnwst� gia thn per�odo th
 zw 
 tou Bana
h amèsw
 met�thn apofo�ths  tou. Oi �njrwpoi pou ton gn¸rizan eke�nh thn epoq  de zoÔn pi�,kai poll� apì ta ntokoumènta eke�nwn twn qrìnwn den s¸jhkan,   toul�qiston osuggrafèa
 den kat�fere na ta anakalÔyei. Ta gegonìta ìmw
 pou epakoloÔjhsande�qnoun ìti eke�na ta qrìnia  tan shmantik�.Met� thn apofo�ths  tou
 to 1910, o Stefan Bana
h kai o f�lo
 tou WitoldWilkosz èkanan sqèdia gia to mèllon tou
. To sumpèrasma pou èbgalan  tan ìtita majhmatik� e�qan anaptuqje� tìso polÔ, pou ja  tan adÔnato na k�noun k�tikainoÔrgio s� autìn ton kl�do, den e�qe loipìn kai tìso nìhma na spoud�sounmajhmatik�. O Bana
h epèlexe m�a poluteqnik  sqol , en¸ o Wilkosz p ge naspoud�sei gl¸se
. 'Etsi, q¸risan. Argìtera o Bana
h paradeqìtan ìti  tan



183polÔ afele�
 ìtan p�steuan ìti den up rqe plèon q¸ro
 gia aujentik  doulei� stamajhmatik�.H ap�nthsh tou patèra tou Bana
h gia thn apofo�thsh kai thn e�sodì tousto Poluteqne�o lègetai ìti  tan h ex 
: {Uposqèjhka sth mhtèra sou ìti jase bohjoÔsa mèqri autì to shme�o. Apì d¸ kai pèra e�sai mìno
 sou}. Kaj¸
o Bana
h etoimazìtan na fÔgei gia to Poluteqne�o th
 Lvov, tou èdwse merikè
akìma sumboulè
: {Na front�zei
 ton eautì sou kai na apofeÔgei
 ta mikrìbia}.E�nai diastaurwmèno ìti o Bana
h, qwr�
 na aisj�netai prosbol    jl�yh, �fhse thnKrakob�a qwr�
 draqm  sto onom� tou, kai qwr�
 na perimènei peraitèrw oikonomik bo jeia apì ton patèra tou.Gia ton Wilkosz, pou proerqìtan apì m�a axiosèbasth oikogèneia th
 Krakob�-a
, h kat�stash  tan polÔ diaforetik . O patèra
 tou  tan kajhght 
 gumnas�ou,kai oi kl�sei
 tou nearoÔWitold, tìso sth filolog�a ìso kai sta majhmatik�, e�qananagnwriste� apì polÔ nwr�
. Th stigm  pou apofo�thse e�qe  dh exasfal�sei m�aupotrof�a gia na per�sei merikoÔ
 m ne
 sth Bhrutì. Gr�fthke sto prìgramma fi-lolog�a
 tou Jagiellonian panepisthm�ou, ìmw
 met� apì dÔo qrìnia to gÔrise stamajhmatik�. Me to xek�nhma tou pr¸tou pagkosm�ou polèmou dèqthke mi� jèshkajhght  gumnas�ou sto Zawier
ie, en¸ par�llhla sunèqise sti
 akadhmaðkè
 touepidi¸xei
. P re to didaktorikì tou apì to Jagiellonian to 1919, kai thn ufhge-s�a tou to 1920. Mèsa se l�ga qrìnia ègine taktikì
 kajhght 
 kai katìpin p reton t�tlo tou {diakekrimènou} kajhght . 'Htan di�shmo
 san d�skalo
, ègrayeeklaðkeutik� �rjra, prwtìtupe
 ergas�e
 kai panepisthmiak� suggr�mmata.Antijètw
, o Bana
h èprepe na bre� mìno
 ta qr mata gia na uposthr�xei ti
spoudè
 tou. To pijanìtero e�nai ìti parèdide idia�tera maj mata. Den prèpeiloipìn na prokale� èkplhxh to gegonì
 ìti qrei�sthke tèssera qrìnia gia na per�seiti
 {exet�sei
 tou mèsou twn spoud¸n}: sumpl rwse ti
 apait sei
 twn pr¸twn dÔoet¸n mìli
 to 1914. H epitrop  pou ton exètase e�qe prìedro ton Jan Bogu
ki, kaimetaxÔ twn mel¸n th
 br�skontan o majhmatikì
 Pla
yd Dziwinski kai o fusikì
Kazimierz Olearski.PolÔ l�ga pr�gmata e�nai gnwst� gia ta endiafèront� tou, tou
 f�lou
 tou, kaito p¸
 pernoÔse ton kairì tou.Ton IoÔlio tou 1914 xèspase o pr¸to
 pagkìsmio
 pìlemo
. Ta Rwsik� stra-teÔmata epitèjhkan, kai o Bana
h egkatèleiye thn Lvov. O Bana
h den uphrèthsesto stratì gia dÔo lìgou
:  tan aristerìqeira
 kai e�qe sobarì prìblhma me toaristerì tou m�ti. O Turowi
z lèei ìti o Bana
h br ke doulei� san ergodhgì
k�pou sthn Gali
ia, gia èna ìmw
 di�sthma ton kairì tou polèmou èzhse sthn Kra-kob�a. E�nai gnwstì ìti k�poia stigm  h dieujÔntria enì
 parjenagwge�ou th
Krakob�a
 tou prosèfere kanonik  jèsh kajhght  majhmatik¸n, ìmw
 o Bana
hthn apèrriye. Den e�qe kanèna endiafèron na doulèyei sto gumn�sio. 'Isw
 eke�nhthn epoq  na e�qe  dh apofas�sei ìti  jele na k�nei èreuna sta majhmatik�.'Opw
 èqoume  dh pe�, polÔ l�ge
 plhrofor�e
 up�rqoun gi� thn per�odo aut tou polèmou. Akìma kai sta mhtr¸a tou Jagiellonian den brèjhke t�pota sqeti-kì me ton Bana
h, an kai e�nai safè
 ìti parakoloujoÔse k�poie
 dialèxei
 eke�.To Jagiellonian idrÔjhke to 1363 kai  tan èna apì ta meg�la ekpaideutik� kèntra



184ep� ai¸ne
. Apì to 1900, h kur�arqh fusiognwm�a stou
 majhmatikoÔ
 kÔklou
tou panepisthm�ou  tan o Stanislaw Zaremba (1863-1942), pou ens�rkwne merikè
apì ti
 shmantikìtere
 Eurwpaðkè
 episthmonikè
 paradìsei
. Gennhmèno
 sth Ro-man�owka th
 Oukran�a
, e�qe apofoit sei apì to InstitoÔto Teqnolog�a
 th
 St.Petersburg (Rws�a), kai e�qe p�rei didaktorikì sta majhmatik� apì thn Sorbonne(Gall�a). E�qe prwtìtuph sumbol  sth jewr�a twn elleiptik¸n kai uperbolik¸nmerik¸n diaforik¸n exis¸sewn, sth jewr�a dunamikoÔ, kai se probl mata th
 ma-jhmatik 
 fusik 
. Oi idèe
 tou efarmìsthkan argìtera apì ton Henri Poin
ar�e(1854-1912), G�llo majhmatikì, fusikì kai filìsofo, pou e�qe ter�stia ep�drashsthn kateÔjunsh twn majhmatik¸n tou eikostoÔ ai¸na. O Henri Lebesgue (1875-1941), èna
 �llo
 spouda�o
 G�llo
 majhmatikì
, apì tou
 jemeliwtè
 th
 sÔg-qronh
 jewr�a
 mètrou, kai �njrwpo
 pou den sun jize na epaine�, anagn¸rize thdÔnamh twn mejìdwn tou kai thn aujentikìthta twn empneÔse¸n tou, eidik� sthmajhmatik  fusik .Me dedomèno to kÔro
 tou Zaremba all� kai thn èlleiyh stoiqe�wn gia th zw tou Bana
h eke�nh thn epoq , up rqe meg�lh diam�qh gÔrw apì to an o Bana
h,pou s�goura den e�qe foithtik  tautìthta, parakoloujoÔse   ìqi ti
 dialèxei
 touZaremba. DÔo spouda�oi Polwno� majhmatiko� pou gn¸rizan kal� ton Bana
h, oHugo Steinhaus kai o Kazimierz Kuratowski, sunèklinan pro
 th jetik  ap�nthsh.Thn �dia gn¸mh èqoun kai pollo� �lloi. O Andrzej Turowi
z, pou  tan polÔ kont�ston Bana
h, lèei:{P�nta kukloforoÔse h f mh, kai to �dio pisteÔw ki eg¸, ìti o Bana
h para-koloujoÔse ti
 dialèxei
 tou Zaremba. Kat� th gn¸mh mou ìmw
, autì den sunèbhprin fÔgei gia th Lvov, all� met�, ìtan epèstreye sthn Krakob�a, sth di�rkeiatou pr¸tou pagkosm�ou polèmou. Bèbaia, ìpw
 lène, o Bana
h potè den para-koloujoÔse dialèxei
 se kanonik  b�sh. Autì mou fa�netai apolÔtw
 fusikì. OBana
h skeftìtan me astrapia�a taqÔthta, en¸ oi dialèxei
 tou Zaremba, ti
 opo�-e
 gnwr�zw polÔ kal�,  tan episthmonik� �yoge
, all� sqolastikè
 kai gem�te
mikrè
 leptomèreie
. O Bana
h den qreiazìtan pollè
 exhg sei
. 'Epiane ti
 idèe
sth stigm , kai sun jw
 briskìtan polÔ mprost� apì ton omilht . Apì thn �llhmeri�, apì kairoÔ ei
 kairìn ja  jele asfal¸
 na xèrei poi� kainoÔrgia jèmatasuzhtoÔntan ¸ste na ta doulèyei mìno
 tou.}O Bana
h miloÔse ston Turowi
z gia ton Zaremba me meg�lo sebasmì kaijaumasmì, kai �sw
 apì autè
 ti
 suzht sei
 o Turowi
z èbgale to sumpèrasma ìtio Bana
h parakoloujoÔse ti
 dialèxei
 tou Zaremba. 'Ena e�nai bèbaio: o Bana
hgn¸rize ta �rjra kai ta basik� ereunhtik� apotelèsmata tou Zaremba polÔ kal�.K�poie
 ende�xei
 gia to an ja mporoÔse o Bana
h na eisqwr sei sto amfijèa-tro tou Zaremba qwr�
 na e�nai grammèno
 sto Jagiellonian, m�
 d�nei o gewmètrh
Stanislaw Golab se èna �rjro gia thn istor�a tou panepisthm�ou:{Prèpei na l�boume up� ìyin ìti eke�nh thn epoq  o trìpo
 gia na per�seiepituq¸
 èna
 foitht 
 apì th m�a qroni� sthn �llh  tan m�a kai mìno telik exètash. Apotèlesma autoÔ tou sust mato
  tan oi kajhghtè
 na mhn gnwr�zountou
 foithtè
 tou
.}E�te o Bana
h parakoloujoÔse ti
 sqolastik� epexergasmène
 dialèxei
 tou



185Zaremba   ìqi, èna e�nai bèbaio: to metagenèstero dikì tou stÔl doulei�
 kaididaskal�a
 ja  tan dramatik� diaforetikì.H zw  tou Stefan Bana
h p re anap�nteqh trop  thn 'Anoixh tou 1916, ìtantele�w
 sumptwmatik� sunant jhke me ton Hugo Steinhaus. Aut  h sun�nthshèmelle na all�xei tele�w
 thn epaggelmatik  all� kai proswpik  zw  tou Bana
h:mèsw tou Steinhaus o Bana
h gn¸rise kai th mellontik  sÔzugì tou Lu
ja Braus.Poiì
  tan o Hugo Dyonizy Steinhaus? Genn jhke to 1887 sto Jaslo th
 Ga-li
ia se mi� oikogèneia Ebra�wn dianooumènwn (o je�o
 tou  tan gnwstì
 politikì
,mèlo
 tou koinoboul�ou th
 Austr�a
). An kai mìli
 pènte qrìnia megalÔtero
 apìton Bana
h, e�qe majhmatik  stadiodrom�a asugkr�tw
 eutuqèsterh apì aut n touBana
h. SpoÔdase sth Lvov kai sunèqise sto Gottingen, ìpou p re didaktorikìme epiblèponta kajhght  ton D. Hilbert sta 1911. To jèma th
 diatrib 
 tou  tanoi trigwnometrikè
 seirè
. Apì to 1920 w
 to 1941  tan kajhght 
 majhmatik¸nsto Panepist mio th
 Lvov. Met� ton deÔtero pagkìsmio pìlemo metakin jhkesto Wro
law, ìpou  tan kajhght 
 tou Panepisthm�ou kai mèlo
 th
 Polwnik 
Akadhm�a
 Episthm¸n. Sthn teleuta�a aut  per�odo episkèfthke di�fora Panepi-st mia sti
 Hnwmène
 Polite�e
. O Steinhaus kai o Bana
h jewroÔntai idrutè
 th
Majhmatik 
 Sqol 
 th
 Lvov. H bibliograf�a tou perilamb�nei p�nw apì 170ergas�e
 me jèma ti
 seirè
 Fourier, th jewr�a telest¸n, th jewr�a pijanot twn,th jewr�a paign�wn, kai efarmogè
 twn majhmatik¸n sth biolog�a, thn iatrik , tanomik�, kai th statistik . 'Htan ep�sh
 spouda�o
 eklaðkeut 
 twn majhmatik¸n.'Ola ìmw
 aut� sunèbhsan argìtera. Ton kairì th
 sun�nths 
 tou me tonBana
h, met� apì mi� sÔntomh stratiwtik  jhte�a sthn Polwnik  Lege¸na poubo jhse thn Polwn�a na apokt sei thn anexarths�a th
 me to tèlo
 tou pr¸toupagkosm�ou polèmou, etoimazìtan na p�rei jèsh bohjoÔ sto Panepist mio JanKazimierz th
 Lvov. Sta {ApomnhmoneÔmat�} tou, o Steinhaus perigr�fei th su-n�nthsh w
 ex 
:{An kai h Krakob�a  tan tupik� akìma se empìlemh kat�stash,  tan  dh arket�asfalè
 na k�nei
 èna bradunì per�pato sto p�rko th
. Sth di�rkeia enì
 tètoiouperip�tou, �kousa kat� l�jo
 ti
 lèxei
 {mètro Lebesgue}. Plhs�asa to pagk�kikai sust jhka stou
 dÔo l�trei
 twn majhmatik¸n. Mou e�pan ìti e�qan �llon ènaf�lo pou legìtan Witold Wilkosz, kai mou ton epa�nesan uperbolik�. Oi dÔo nèoilègontan Stefan Bana
h kai Otto Nikodym.Apì eke�nh th stigm  kai met� sunantiìmastan se kanonik  b�sh, kai kaj¸
eke�no ton kairì br�skontan sthn Krakob�a oi Wladyslaw Slebodzinski, Leon Chwi-stek, Jan Kro
 kai Wlodzimierz Stozek, apofas�same na idrÔsoume m�a majhmatik etaire�a. San empneust 
 th
 idèa
, prosfèrjhka oi sunant sei
 na g�nontai stodwm�tiì mou. H pr¸th mou enèrgeia loipìn  tan na karf¸sw èna maurop�naka stonto�qo. 'Otan h Gall�da upeÔjunh ktir�ou e�de ti e�qa k�nei, tromokrat jhke � t�ja èlege o idiokt th
? Thn kajhsÔqasa upenjum�zont�
 th
 ìti o idiokt th
 touktir�ou  tan makrinì
 suggen 
 mou, kai mou sugq¸rhse to am�rthma. E�qa ìmw
k�nei l�jo
. O kÔrio
 L. fèrjhke san èna
 paradosiakì
 �kardo
 spitonoikokÔrh
,kai èmeine asugk�nhto
 apì ton uyhlì skopì pou exuphretoÔse o p�naka
. Par� ìle
ti
 duskol�e
, h etaire�a suneq¸
 epekteinìtan:  tan h pr¸th aqt�da fwtì
 autoÔ



186tou e�dou
 sthn Polwn�a.}O Hugo Steinhaus, sto upìloipo th
 zw 
 tou, se omil�e
 kai grapt� tou, su-neq¸
 isqurizìtan ìti o Stefan Bana
h  tan h {megalÔterh anak�luyh} th
 zw 
tou. Amèsw
 met� thn tuqa�a pr¸th sun�nths  tou
, mi� polÔ sten  sunergas�aanaptÔqjhke an�mesa s� autè
 ti
 dÔo tele�w
 diaforetikè
 proswpikìthte
, su-nergas�a pou kr�thse poll� qrìnia. Oi suqnè
 plèon sunant sei
 tou
 g�nontansto Esplanada Caf�e, sth gwn�a twn od¸n Karmeli
ka kai Podwale.'Ena apìgeuma o Steinhaus periègraye ston Bana
h èna prìblhma pou prospa-joÔse na lÔsei gia meg�lo qronikì di�sthma. To prìblhma aforoÔse th sÔgklishkat� mèso twn merik¸n ajroism�twn th
 seir�
 Fourier mi�
 oloklhr¸simh
 sun�r-thsh
. L�ge
 mère
 met�, o Bana
h epèstreye me thn pl rh ap�nthsh. O Steinhausjum�tai:{'Emeina èkplhkto
 ìtan, met� apì l�ge
 mère
, o Bana
h èdwse arnhtik  ap�n-thsh. H apìdeixh pou mou èdwse e�qe èna kenì, pou ofeilìtan sto ìti agnooÔse topar�deigma tou Du Bois-Reymond. Gr�yame maz� èna �rjro, to opo�o parousi�-sthke apì ton Zaremba sthn Akadhm�a th
 Krakob�a
 kai, me meg�lh kajustèrhsh,dhmosieÔthke to 1918.}To �rjro dhmosieÔthke sto Delt�o th
 Akadhm�a
 th
 Krakob�a
. Me autì, oBana
h èkane to ntempoÔto tou san majhmatikì
.H sun�nthsh me ton Steinhaus e�qe ki �lle
 sunèpeie
 gia thn proswpik  zw tou Bana
h. Sti
 19 Oktwbr�ou tou 1920, o Bana
h pantreÔthke thn Lu
ja Braussthn Krakob�a. H nÔfh proerqìtan apì oikogèneia mastìrwn kai doÔleue apìmikr  gia ta pro
 to z n. Ton kairì pou gn¸rise ton Bana
h,  tan grammatèa
tou dikhgìrou Lisowski pou  tan gamprì
 tou politikoÔ je�ou tou Steinhaus. Hoikogèneia Steinhaus èmene eke�no ton kairì stou
 Lisowski, kai o Stefan gn¸risethn Lu
ja thn ¸ra pou daktulografoÔse ti
 agoreÔsei
 tou Lisowski. H near Lu
ja tr�bhxe amèsw
 thn prosoq  tou Bana
h.Met� to g�mo, oi Bana
h aposÔrjhkan sta ìrh Tatra, kai pèrasan to kaloka�ritou
 sth b�lla Gerla
h. H b�lla an ke ston majhmatikì Leon Chwistek kai sthnaderf  tou Anna Stozek, sÔzugo touWlodzimierz Stozek pou  tan majhmatikì
 stoJagiellonian. Oi Chwistek kai oi Stozek pernoÔsan eke� ta kaloka�ria tou
, kai staepìmena qrìnia e�qan suqn� filoxenoÔmenou
 ton Bana
h kai ton Sierpinski. StagÔrw d�sh kai sti
 ìqje
 enì
 krÔou oreinoÔ potamoÔ, o Bana
h, o Sierpinski kaio Stozek ègrayan ta sqolik� bibl�a majhmatik¸n apì ta opo�a èmajan majhmatik�olìklhre
 geniè
 Polwn¸n majht¸n kai foitht¸n panepisthm�ou.Shme�wsh Sti
 28 Ioun�ou tou 1919, h sunj kh twn Bersalli¸n kajier¸neithn Ôparxh PolwnikoÔ kr�tou
. To nèo kr�to
 briskìtan sth sfa�ra epirro 
 twn'Agglwn kai twn G�llwn, pou eke�nh thn epoq  epijumoÔsan mi� prostateutik  z¸nhapènanti sthn Oktwbrian  epan�stash. Ta sÔnora tou kr�tou
 kajor�sthkan mìli
to 1922-23, me to tèlo
 tou {leukoÔ polèmou} enant�on th
 Rws�a
.



18710.3 Fundamenta Mathemati
aeDÔo apì ta piì shmantik� gegonìta th
 epoq 
 sto q¸ro th
 epist mh
,  tan hemf�nish tou Prin
ipia Mathemati
a twn Alfred Whitehead kai Bertrand Russell,pou ekdìjhke l�go prin ton pr¸to pagkìsmio pìlemo, kai h eidik  kai genik  jewr�ath
 sqetikìthta
 tou Einstein. Oi Polwno� dianooÔmenoi parakoloujoÔsan ti
exel�xei
 me enjousiasmì. Ta nèa èrqontan suneq¸
 apì k�je kateÔjunsh.Ta Majhmatik�  tan ki aut� zwntan�. O nearì
 topolìgo
 Zygmund Janisew-ski (1988-1920), pou mìli
 e�qe epistrèyei apì to Par�si, prospajoÔse na diamorf¸-sei èna prìgramma stìqwn kai dr�sh
 gia ta Polwnik� majhmatik�. O KazimierzKuratowski, dieujunt 
, ep� seir�n et¸n met� ton deÔtero pagkìsmio pìlemo, touInstitoÔtou Majhmatik¸n th
 Polwnik 
 Akadhm�a
 Episthm¸n, perigr�fei eke�nhthn per�odo sto bibl�o tou {Misì
 ai¸na
 majhmatik¸n sthn Polwn�a}:{Pro
 to tèlo
 tou pr¸tou pagkosm�ou polèmou, h Kasa im. J. Mianowskie-go, m�a tr�peza pou exuphretoÔse tou
 PolwnoÔ
 epist mone
, idia�tera eke�nou
pou proèrqontan apì ti
 eparq�e
 pou up�gontan sth Rws�a, �druse to periodikì{Polwnik  epist mh: oi an�gke
 th
, h org�nws  th
, kai h an�ptux  th
}. 'Opw
fa�netai ki apì to ìnoma, skopì
 th
 èkdosh
  tan na exasfal�sei èna b ma an-tallag 
 apìyewn gia thn episthmonik  an�ptuxh th
 Polwn�a
, mi�
 q¸ra
 poue�qe mìli
 epanakt sei thn anexarths�a th
. Ston pr¸to tìmo th
 èkdosh
, pouemfan�sthke to 1918, o Janisewski dhmos�euse èna �rjro me t�tlo {Oi an�gke
 twnmajhmatik¸n sthn Polwn�a}. Me ekplhktik  saf neia kai akr�beia, parous�aseèna prosqèdio gia ta Polwnik� majhmatik�. O Janisewski xekinoÔse me thn upì-jesh ìti {oi Polwno� majhmatiko� den prèpei na arkestoÔn sto rìlo twn pelat¸nkai akoloujht¸n twn xènwn majhmatik¸n kèntrwn}, all� {prèpei na diekdik sounènan anex�rthto rìlo gia ta Polwnik� majhmatik�}. 'Ena
 apì tou
 kalÔterou
trìpou
 gia na epiteuqje� autì
 o stìqo
, prìteine o Janisewski, ja  tan oi Po-lwno� majhmatiko� na sugkentrwjoÔn sta sqetik� sten� ped�a èreuna
 sta opo�ae�qan koin� endiafèronta, kai � to piì shmantikì � e�qan  dh diejn¸
 anagnwrismè-nh suneisfor�. Sta ped�a aut� perilamb�nontan h jewr�a sunìlwn, h topolog�a,kai ta jemèlia twn majhmatik¸n (maz� kai h majhmatik  logik ).}Mèsa sto neanikì tou enjousiasmì, o Janisewski proqwroÔse sth diatÔpwshenì
 polÔ filìdoxou progr�mmato
:{E�nai al jeia ìti èna
 majhmatikì
 den qrei�zetai ergast ria kai polÔploke
  akribè
 egkatast�sei
. Qrei�zetai ìmw
 thn kat�llhlh majhmatik  atmìsfai-ra kai ti
 eukair�e
 na parame�nei se epaf  me tou
 sunerg�te
 tou. Mi� tètoiaatmìsfaira mpore� na dhmiourghje� mìno an oi �njrwpoi douleÔoun maz�, se koin�ereunhtik� probl mata. Oi sunerg�te
 e�nai sqedìn apara�thtoi gia ènan ereunht .Apomonwmèno
, sun jw
 maraz¸nei. O lìgo
 gi� autì den e�nai mìno h yuqologik èlleiyh kin trwn: e�nai ìti o monaqikì
 ereunht 
 xèrei polÔ ligìtera apì autoÔ
pou douleÔoun maz�. Mìno ta telik� apotelèsmata ft�noun s� autìn: idèe
 poue�nai  dh ¸rime
 kai se teleiwmènh morf , suqn� polÔ met� th stigm  th
 dhmiour-g�a
 tou
, ìtan epitèlou
 ekd�dontai. O monaqikì
 ereunht 
 den katalaba�nei potè



188giat� dhmiourg jhkan kai p¸
 proèkuyan: den èzhse th diadikas�a th
 sfurhl�th-s 
 tou
 maz� me tou
 dhmiourgoÔ
 tou
. E�maste polÔ makri� apì ta kam�nia kaita kaz�nia ìpou dhmiourgoÔntai ta majhmatik�. Ft�noume arg�, kai anapìfeuktam�
 èqoun af sei p�sw. To sumpèrasma loipìn e�nai ìti an den jèloume na mènoumep�sw, prèpei na akolouj soume rizospastikè
 mejìdou
 kai na antimetwp�soume thr�za tou probl mato
. Prèpei na fti�xoume èna dikì ma
 kam�ni.}Prospaj¸nta
 na upode�xei ènan anex�rthto drìmo gia ta Polwnik� majhma-tik�, o Janisewski anèlue se b�jo
 ti
 allhlepidr�sei
 twn diafìrwn kl�dwn twnsÔgqronwn majhmatik¸n, d�nonta
 ènan aujentikì kai polÔploko q�rth pou ti
optikopoioÔse. Epiplèon, prìteine th dhmiourg�a enì
 periodikoÔ pou ja  tan afie-rwmèno apokleistik� sth jewr�a sunìlwn kai ta jemèlia twn majhmatik¸n. 'Enatètoio periodikì, to pr¸to ston kìsmo pou ja e�qe tìso sugkekrimèno perieqìmeno,ja ekdidìtan se gl¸se
 katanohtè
 gia th diejn  koinìthta, kai ja èpaize diplìrìlo: ja parous�aze ston episthmonikì kìsmo th doulei� twn Polwn¸n majhma-tik¸n, kai thn �dia stigm  ja pros lkue �rjra xènwn suggrafèwn pou e�qan ta�dia endiafèronta. En suntom�a, ja  tan èna diejnè
 ìrgano gia thn perioq  twnmajhmatik¸n pou prowjoÔsan oi Polwno�. {An jèloume na apokt soume mi� jèshston episthmonikì kìsmo, a
 to k�noume me dik  ma
 prwtoboul�a}, e�pe o Jani-sewski sthn omil�a tou pro
 th majhmatik  koinìthta th
 Barsob�a
. Oi stìqoitou epiteÔqjhkan polÔ sÔntoma. O pr¸to
 tìmo
 tou Fundamenta Mathemati
aeemfan�sthke to 1920. Ekdìte
  tan oi Stefan Mazurkiewi
z kai Wa
law Sierpin-ski. Kat� tragik  sÔmptwsh, o pr¸to
 autì
 tìmo
 perie�qe kai th nekrolog�a touZygmunt Janisewski. Pèjane sti
 3 Ianouar�ou tou 1920:  tan èna apì ta poll�jÔmata mi�
 epidhm�a
 dusenter�a
.To periodikì e�qe meg�lh ap qhsh sto majhmatikì kìsmo. O Henri Lebesgue,pou summete�qe sti
 suzht sei
 gia thn �drush tou Fundamenta Mathemati
ae touJanisewski, sumboÔleuse tou
 PolwnoÔ
 majhmatikoÔ
 na l�boun up� ìyin {ìle
ti
 pijanè
 efarmogè
 th
 jewr�a
 sunìlwn, kai ìqi mìno ti
 apeuje�a
 efarmogè
pou periègrafan oi programmatikè
 prot�sei
}. H sÔstash aut  antanakloÔse ìqimìno thn eilikrin  tou epijum�a na petÔqei to nèo periodikì, all� kai thn agwn�a tougia to mèllon th
 jewr�a
 sunìlwn, mi�
 apì ti
 piì shmantikè
 anaptussìmene
perioqè
 twn majhmatik¸n eke�nh thn per�odo.O Lebesgue ègrafe ìti {...h jewr�a briskìtan èxw apì to ped�o twn majhmatik¸npou meletoÔse to uyhlì ierate�o th
 jewr�a
 twn analutik¸n sunart sewn}, kaipw
, akìma ki an {o exostrakismì
 th
 jewr�a
 sunìlwn l gei, autì sumba�neimìno giat� h jewr�a sunìlwn (h opo�a, arket� eirwnik�, xep dhse apì th jewr�atwn analutik¸n sunart sewn) f�nhke polÔ qr simh sth megalÔterh adelf  th
kai apèdeixe thn ax�a kai ton ploÔto th
 se ìlou
}. Ep�sh
 ektimoÔse ìti, exait�a
twn epaf¸n pou oi idrutè
 th
 diathroÔsan me tou
 analÔste
, {den metakin jhkanse ped�a èreuna
 apomonwmèna apì ta upìloipa majhmatik�. Autì ja mporoÔsena e�qe odhg sei sth dhmiourg�a enì
 nèou, axiosèbastou �sw
 kl�dou, o opo�o
ìmw
 ja e�qe pijanìtata me�nei gia polÔ kairì èxw apì thn perioq  tou genikoÔendiafèronto
}.H jetik  ep�drash twn sumboul¸n tou Lebesgue, kai h euèlikth ermhne�a pou



189èdine sta ìria twn efarmog¸n th
 jewr�a
 sunìlwn, e�qe san apotèlesma na emfani-stoÔn sti
 sel�de
 tou Fundamenta Mathemati
ae poll� shmantik� �rjra me jèmath gewmetr�a, thn jewr�a pijanot twn, kai ti
 trigwnometrikè
 seirè
. Me ta lìgiatou Lebesgue, h jewr�a sunìlwn xepl rwne to qrèo
 th
 sthn jewr�a twn trigwno-metrik¸n seir¸n, afoÔ to sÔnolo tou Cantor, m�a apì ti
 piì lamprè
 anakalÔyei
tou Georg Cantor, proèkuye apì probl mata th
 jewr�a
 twn trigwnometrik¸nseir¸n.Sta apomnhmoneÔmat� tou, o Kuratowski, suzht¸nta
 th sumboul  tou Lebe-sgue, sqoli�zei ìti èna �llo jetikì tou
 apotèlesma  tan h apeleujèrwsh (sta1929) th
 sunarthsiak 
 an�lush
 (tou kl�dou ston opo�o kur�w
 suneisèfere oBana
h) apì to Fundamenta Mathemati
ae. H èreuna sth sunarthsiak  an�lushod ghse sth dhmiourg�a enì
 deÔterou eidikoÔ periodikoÔ: tou Studia Mathemati
a.Ed¸ ìmw
 èqoume fÔgei polÔ mprost� apì thn istor�a ma
.10.4 Ta majhmatik� sthn Lvov: 1919-1929Sthn per�odo 1919-29, h ap�steuth ereunhtik  drasthriìthta tou Bana
h, all�kai h suneisfor� tou sthn anadiorg�nwsh twn majhmatik¸n sthn Polwn�a, e�qansan apotèlesma na jewre�tai èna
 apì tou
 korufa�ou
 PolwnoÔ
 majhmatikoÔ
.Sunèqize ti
 sunant sei
 tou me ton Steinhaus, suzhtoÔse ìmw
 kai me �llou
majhmatikoÔ
, èkane f�lou
 kai apèkthse epafè
 sth diejn  majhmatik  koinìthta.H dhmos�eush tou pr¸tou �rjrou tou Bana
h sto Delt�o th
 Akadhm�a
 th
Krakob�a
 (1918) tr�bhxe thn prosoq  tou majhmatikoÔ kìsmou, pou anagn¸riseqwr�
 amfibol�a to talènto tou. To �rjro e�qe meg�lo eidikì b�ro
. Grammèno apìkoinoÔ me ton Steinhaus,  tan sth Gallik  gl¸sa, kur�arqh gl¸sa th
 epist mh
eke�nh thn epoq , kai e�qe t�tlo Sur la 
onvergen
e en moyenne de s�eries de Fourier.'Htan mi� shmantik  suneisfor� sthn akm�zousa tìte jewr�a twn seir¸n Fourier,h opo�a e�qe anaptuqje� sti
 arqè
 tou 19ou ai¸na gia na bohj sei sthn ep�lushproblhm�twn th
 majhmatik 
 fusik 
, ìpw
 h met�dosh th
 jermìthta
 kai hkumatik  di�dosh. Sti
 mère
 ma
, oi foithtè
 twn majhmatik¸n apodeiknÔoun autìto apotèlesma san mi� sqetik� apl  �skhsh, kai mporoÔme na to doÔme san �mesopìrisma enì
 apì ta piì shmantik� jewr mata th
 sunarthsiak 
 an�lush
 to opo�oapèdeixe o Bana
h. Mpore� m�lista na jewrhje� san èna
 apì tou
 spìrou
 poutelik� gènnhsan thn afhrhmènh mèjodo pou s mera lègetai sunarthsiak  an�lush.Pollo� apì tou
 astère
 twn Polwnik¸n majhmatik¸n e�dan to �rjro kai �rqi-san na rwtoÔn me perièrgeia gia th doulei� tou Bana
h. O Steinhaus dièdide pantoÔìti o {autod�dakto
} èlune dÔskola kai polÔploka majhmatik� probl mata, to ènamet� to �llo.Eke�nh thn epoq , o Bana
h ègraye to deÔtero �rjro tou, mìno
 aut  th fo-r�: Sur la valeur moyenne des fon
tions orthogonales. Se autì apèdeixe ìti hakolouj�a twn arijmhtik¸n mèswn mi�
 orjokanonik 
 akolouj�a
 sunart sewnsugkl�nei sto mhdèn sqedìn pantoÔ � èna fainìmeno pou jum�zei ton isqurì nìmotwn meg�lwn arijm¸n sth jewr�a twn pijanot twn. Argìtera, to apotèlesma autì



190isquropoi jhke apì �llou
 majhmatikoÔ
. Parathr jhke akìma ìti me efarmog tou L mmato
 tou Krone
ker, h apìdeix  tou aplopoie�tai shmantik�, gegonì
 pouperiìrise th shmas�a tou �rjrou tou Bana
h.Thn �dia qroni�, o Bana
h ègraye �llo èna �rjro, pou entupwsi�zei akìma kais mera me thn komyìtht� tou. Emfan�sthke argìtera sto Fundamenta Mathema-ti
ae me t�tlo Sur l'�equation fon
tionelle f(x+ y) = f(x) + f(y). Pollo� majhma-tiko� e�qan melet sei to prìblhma na brejoÔn sunart sei
 pou ikanopoioÔn aut nthn sunarthsiak  ex�swsh, me pr¸ton ton Augustin Louis Cau
hy (1789-1857) kat�ton 19o ai¸na. [O Cau
hy  tan èna
 apì tou
 pr¸tou
 majhmatikoÔ
 pou èdwsanausthr  jemel�wsh tou apeirostikoÔ logismoÔ. 'Htan o �njrwpo
 pou dhmioÔrgh-se ton "-Æ orismì pou tìso polÔ foboÔntai oi prwtoete�
 foithtè
.℄ Sto �rjrotou (m kou
 dÔo sel�dwn), o Bana
h apede�knue ìti m�a metr simh sun�rthsh pouikanopoie� thn parap�nw ex�swsh, e�nai upoqrewtik� suneq 
, �ra grammik . Toapotèlesma autì exakolouje� na qrhsimopoie�tai, kai br�skei efarmogè
 se pollè
perioqè
 th
 majhmatik 
 an�lush
.To epìmeno �rjro tou, Sur les ensembles de points ou la d�eriv�ee est in�nie,perièqei mi� apìdeixh tou ex 
 jewr mato
: to sÔnolo twn shme�wn sta opo�a h dexi�pleurik  par�gwgo
 mi�
 sun�rthsh
 apeir�zetai, èqei mètro mhdèn. To apotèlesmatou Bana
h  tan isqurìtero apì ta prohgoÔmena gnwst� apotelèsmata tou e�dou
,kai, thn �dia stigm , h apìdeixh pou èdine  tan aploÔsterh.Ta teleuta�a aut� dÔo �rjra  tan pragmatik� aristourg mata th
 sÔgqronh
jewr�a
 sunart sewn pragmatik¸n metablht¸n, kai  tan mìno h arq  mi�
 sei-r�
 ergasi¸n tou Bana
h p�nw s� autì to jèma. Mìno gi� aut�, o Bana
h e�qeexasfalismènh thn apodoq  th
 majhmatik 
 koinìthta
.Sta 1920, o Antoni Marian Lomni
ki (1881-1941), pou e�qe mìli
 p�rei èdrasto Poluteqne�o th
 Lvov, prosèfere ston Bana
h mi� jèsh bohjoÔ. Aut   tanh pr¸th ep� plhrwm  akadhmaðk  jèsh tou Bana
h, an kai mèsa sta kaj kont�tou sumperilamb�nontan to baby-sitting th
 mikr 
 kìrh
 tou Lomni
ki kai �lle
anorjìdoxe
 asqol�e
.O Bana
h sunèqize na apodeiknÔei me fren rh rujmì. Maz� me to f�lo touStanislaw Ruziewi
z, br kan ìle
 ti
 sunart sei
 f pou ikanopoioÔn thn isìthtaf(u)f(v)f(w) = u2+ v2 +w2, mi� ex�swsh pou e�qe melet sei o Maxwell se sqèshme probl mata th
 majhmatik 
 fusik 
 (e�qe bre� ìle
 ti
 paragwg�sime
 lÔsei
th
). Sto èkto �rjro tou, epèstreye sth jewr�a twn sunart sewn mi�
 pragma-tik 
 metablht 
, thn opo�a emploÔtize me idèe
 apì th nèa jewr�a mètrou touLebesgue. Aut  ja  tan p�nta h meg�lh dÔnam  tou: me idiofu  trìpo, ef�rmozenèe
 anaptussìmene
 teqnikè
 gia na lÔsei klasik� pali� probl mata. Autì e�qesunèpeie
 tìso gia ti
 paliè
 ìso kai gia ti
 nèe
 jewr�e
.O Bana
h pèrase èna mèro
 aut 
 th
 èntonh
 ereunhtik� periìdou sto sp�ti touLomni
ki: zoÔse maz� tou kai doÔleue gi� autìn. H megalÔterh kìrh tou Lomni
ki,h Irena, shmei¸nei:{'Hmoun èfhbh tìte, sta 1920, ìtan o Bana
h èftase sthn Lvov kai egkatast�-jhke se èna dwm�tio tou spitioÔ ma
, sthn odì Nabielaka. Ektì
 apì thn kouz�nakai to mp�nio, to sp�ti ma
 e�qe tr�a dwm�tia: thn trapezar�a, to upnodwm�tio,



191kai to grafe�o tou patèra mou. An jum�mai kal�, o Bana
h koimìtan sto gra-fe�o. 'Ezhse maz� ma
 merikoÔ
 m ne
, mèqri na bre� dikì tou q¸ro sthn Lvov.'Htan polÔ semnì
 kai eugenikì
, kai den m�
 enoqloÔse kajìlou. H mhtèra mouWladyslawa agapoÔse th logoteqn�a, kai e�qe meg�lh sullog  mujistorhm�twn. OBana
h daneizìtan suqn� bibl�a apì aut n, kai h mhtèra mou e�qe na to lèei gia topìso gr gora ta tele�wne, kai pìse
 ousiastikè
 leptomèreie
 sugkratoÔse apì tadiab�smat� tou.}Argìtera, o Lomni
ki sun jize na dihge�tai istor�e
 gia thn ap�steuth mn mhtou pr¸hn bohjoÔ tou, o opo�o
 mporoÔse na anakataskeu�sei me k�je leptomèreiamujistor mata pou e�qe diab�sei poll� qrìnia prin   akìma kai na afhghje� apìmn mh
 olìklhra aposp�smata apì aut� ta bibl�a � p�nta me èna elafr¸
 eirwnikìkai d jen aut�resko Ôfo
.To 1920, met� apì polloÔ
 distagmoÔ
, o Bana
h ègraye telik� th didaktorik diatrib  tou me t�tlo {Pr�xei
 se afhrhmèna sÔnola kai efarmogè
 tou
 sti
 olo-klhrwtikè
 exis¸sei
}. 'Htan grammènh sta Polwnik�, kai to 1922 dhmosieÔthkeh Gallik  th
 èkdosh sto Fundamenta Mathemati
ae me t�tlo Sur les op�erationsdans les ensembles abstraits et leur appli
ation aux �equations integrales.Ax�zei na perigr�youme aut  th doulei� me k�poia leptomèreia, ìqi mìno giat� tan h diatrib  tou Bana
h, all� kai giat� perie�qe merikè
 apì ti
 piì shmanti-kè
 idèe
 pou prosèfere potè. Ti perie�qe loipìn? Pr¸ta ap� ìla, eis gage mi�afhrhmènh dom  pou argìtera onom�sthke q¸ro
 Bana
h. O Bana
h èdine axiw-matikì orismì tètoiwn (endeqomènw
 apeirodi�statwn) q¸rwn, kai eis gage thnènnoia tou grammikoÔ metasqhmatismoÔ metaxÔ tou
. 'Ena pl jo
 sugkekrimènwnparadeigm�twn pou e�qan prohgoumènw
 melethje� to èna anex�rthta apì to �llo,èmpaine t¸ra upì thn skèph th
 enopoihtik 
 jewr�a
 twn q¸rwn Bana
h. Oi gnw-sto� Eukle�deioi q¸roi  tan profane�
 eidikè
 peript¸sei
, polÔ piì endiafèronte
ìmw
  tan oi apeirodi�statoi q¸roi sunart sewn pou èpaizan shmantikì rìlo sepolloÔ
 kl�dou
 th
 klasik 
 an�lush
. H dom  tou
, kai h dom  twn grammik¸nmetasqhmatism¸n (telest¸n) an�mes� tou
,  tan polÔ plousiìterh kai den èqei �akìma kai sti
 mère
 ma
 � katanohje� pl rw
. An kai autì  tan to pr¸to �rjrotou Bana
h sthn perioq  pou s mera onom�zetai sunarthsiak  an�lush, h axiw-matikopo�hsh pou eis gage  tan ekplhktik� pl rh
 kai, me m�a ènnoia, telik . W
èna bajmì, e�nai swstì na poÔme ìti h diatrib  tou Bana
h gènnhse ènan kl�do meanex�rthth zw  mèsa se m�a mèra.H al jeia e�nai ìti parìmoie
 idèe
 axiwmatikopo�hsh
 wr�mazan se �rjra �llwnmajhmatik¸n th
 epoq 
. To 1921, o Austriakì
 majhmatikì
 E. Helly eis gageant�stoiqe
 ènnoie
. O �dio
 o Steinhaus e�qe or�sei thn ènnoia tou grammikoÔ tele-st , kai o Norbert Wiener isqur�zetai sthn autobiograf�a tou ìti e�qe tautìqronak�nei k�poie
 anakalÔyei
 ston kl�do. Autì ìmw
 pou diaq¸rize th doulei� touBana
h apì th doulei� ìlwn twn upolo�pwn,  tan ìti apaitoÔse saf¸
 oi q¸roitou na e�nai pl rei
. Anagn¸rise aut n thn idiìthta w
 jemeli¸dh kai èdeixe giat�h idiìthta aut  e�nai apara�thth gia na apodeiqjoÔn baji� kai qr sima jewr mata.DÔo tètoia jewr mata emfan�zontan  dh sth diatrib  tou. To pr¸to isqurizìtanìti to kat� shme�o ìrio mi�
 akolouj�a
 grammik¸n kai suneq¸n telest¸n e�nai



192upoqrewtik� grammikì
, all� kai suneq 
, telest 
. To deÔtero  tan to fhmismè-no je¸rhma stajeroÔ shme�ou tou Bana
h gia sustolè
. To je¸rhma autì, m�apolÔ genik  kai afhrhmènh èkdosh th
 klasik 
 mejìdou twn diadoqik¸n prosegg�-sewn pou efarmozìtan se pollè
 eidikè
 peript¸sei
, d�nei praktik  mèjodo gia thnep�lush diafìrwn exis¸sewn. H ax�a twn dÔo jewrhm�twn  tan saf 
. Pare�qankleidi� pou �noigan pollè
 pìrte
 tautìqrona: qwr�
 aut�, k�je pìrta apaitoÔseto dikì th
 antikle�di.Par� th shmas�a th
 anak�luyh
 tou Bana
h, h tupik  diadikas�a th
 apono-m 
 tou didaktorikoÔ  tan èna polÔ sobarì prìblhma. Up rqan poll� empìdia.O Bana
h, pou  tan autod�dakto
 kai den e�qe ptuq�o panepisthm�ou, èprepe naexaireje� me upourgik  apìfash gia na d¸sei apeuje�a
 exet�sei
 gia thn aponom metaptuqiakoÔ dipl¸mato
, k�ti pou èprepe na prohghje� th
 exètash
 gia to di-daktorikì. To megalÔtero ìmw
 prìblhma  tan o �dio
 o Bana
h! Oi kajhghtè
sthn Lvov sÔntoma kat�laban ìti to ulikì th
 diatrib 
 tou Bana
h  tan ètoimoapì kairì, all� o Bana
h den e�qe kamm�a prìjesh na kaj sei na to gr�yei stoqart�. Apì th stigm  pou o Bana
h apede�knue to je¸rhm� tou, den endiaferìtankai polÔ na to metatrèyei se ekdìsimo qeirìgrafo. Bariìtan th diadikas�a. Oiakrobas�e
 th
 skèyh
 ton enjous�azan, ìmw
 h metafor� tou
 sto qart� ton apw-joÔse. O Nikodym jum�tai p¸
 oi sun�delfoi tou Bana
h ton bohjoÔsan, suqn�ton xegeloÔsan, ¸ste oi idèe
 tou na gr�fontai:{O kajhght 
 Ruziewi
z kajod ghse ènan apì tou
 bohjoÔ
 tou na sunodeÔeiton Bana
h sti
 suqnè
 episkèyei
 tou sta kafene�a th
 pìlh
. Eke�, èbriske thneukair�a na ton rwt sei diakritik� gia th doulei� tou. Katìpin, ègrafe ta jewr -mata kai ti
 apode�xei
 tou Bana
h. 'Otan ìla e�qan grafte� kai daktulografhje�,parous�azan thn ergas�a ston Bana
h, kai tou zhtoÔsan na k�nei ti
 diorj¸sei
.Mìnon ètsi oloklhr¸jhke telik� h diatrib  tou Bana
h}.Se hlik�a eikosiokt¸ et¸n, o Bana
h ègine did�ktwr twn majhmatik¸n. Epiblè-pwn th
 diatrib 
  tan o Antoni Lomni
ki.O Stanislaw Mar
in Ulam, foitht 
 tìte sthn Lvov kai mellontikì
 majht 
tou Bana
h, perigr�fei sta apomnhmoneÔmat� tou ton trìpo me ton opo�o aponè-montan eke�nh thn epoq  ta didaktorik� sto Panepist mio Jan Kazimierz:{H diadikas�a  tan m�llon tupik . Ginìtan se m�a meg�lh a�jousa tou tm -mato
, gem�th apì suggene�
 kai f�lou
. O upoy fio
 èprepe na for�ei leuk grabb�ta kai g�ntia. Oi epiblèponte
 èbgazan èna logÔdrio pou periègrafe to èr-go kai ti
 dhmosieÔsei
 tou upoyhf�ou. Met� apì m�a polÔ sÔntomh parous�ashtou didaktorikoÔ, èdinan ston upoy fio to d�plwma}.H exètash gia to didaktorikì k�lupte to antike�meno th
 èreuna
 tou upoyhf�oukai èna akìma jèma. O Steinhaus upèdeixe ston Bana
h na epilèxei san deÔterojèma thn astronom�a. O Bana
h, me kalè
 arqik� projèsei
, epikoin¸nhse me tonkajhght  astronom�a
 Stanislaw Loria gia na tou zht sei thn Ôlh p�nw sthn opo�aja exetazìtan. O Loria tou èdwse ènan kat�logo bibl�wn, kai, ìpw
 èlege argìtera,e�qe me�nei èkplhkto
 apì thn taqÔthta me thn opo�a o Bana
h kajhmerin� k�lu-pte thn Ôlh. 'Omw
, an kai o Bana
h diekpera�wne me enjousiasmì th majhsiak diadikas�a, den poluskeftìtan thn idèa ìti qrei�zetai na exetaste� sto antike�me-



193no. Th mèra kai ¸ra th
 exètash
, oi f�loi tou ton parèsuran me tèqnasma sthnprogrammatismènh a�jousa.Sto delt�o tou Poluteqne�ou th
 Lvov gia to akadhmaðkì èto
 1920-21, o Ba-na
h anafèretai san bohjì
 tou A. Lomni
ki sto tm ma majhmatik¸n. Oi didakti-kè
 upoqre¸sei
 tou  tan tre�
 ¸re
 thn ebdom�da, k�ti pou ton �fhne ousiastik�aper�spasto sthn èreun� tou. H eleÔjerh antallag  ide¸n pou p�nta qarakt rizeth majhmatik  koinìthta th
 Lvov, apèdwse sÔntoma karpoÔ
. Eke�nh thn epoq , oBana
h ègraye to �rjro Sur le probl�eme de la mesure, pou argìtera dhmosieÔthkeston tètarto tìmo tou Fundamenta Mathemati
ae.To 1922, o Stefan Bana
h p re thn ufhges�a tou. Sto {Qronikì tou Pane-pisthm�ou Jan Kazimierz} th
 Lvov gia to akadhmaðkì èto
 1921-22, sth st lh{proswpik�}, diab�zoume:{Sti
 7 April�ou tou 1922, o Dr. Bana
h p re ufhges�a sta majhmatik�. Pro-sel fjh w
 Diakekrimèno
 Kajhght 
 twn Majhmatik¸n me proedrikì di�tagmapou ekdìjhke sti
 22 Ioul�ou tou 1922.}Se genikè
 grammè
, oi kajhghtè
 tou panepisthm�ou zoÔsan polÔ �neta. Tokìsto
 zw 
 sthn Lvov  tan mikrìtero ap� ìti sth Barsob�a: èna
 �njrwpo
 memètrie
 apait sei
 mporoÔse na z sei logik� me misì doll�rio thn hmèra.San kajhght 
 panepisthm�ou loipìn o Bana
h ja èprepe na e�nai se kal oikonomik  kat�stash. Autì ìmw
 den sunèbaine sthn per�ptws  tou. 'Arqisena xodeÔei polÔ perissìtera ap� ìsa èbgaze, kai  tan suqn� qrewmèno
. Gia nabelti¸sei thn oikonomik  tou kat�stash, �rqise na gr�fei didaktik� bibl�a, èrgopou p re polÔ sta sobar�. O Steinhaus sqoli�zei aut n thn per�odo twn {sqolik¸nbibl�wn}:{O Bana
h spataloÔse ton qrìno kai thn enèrgei� tou gr�fonta
 bibl�a arijmh-tik 
, �lgebra
 kai gewmetr�a
 gia to Gumn�sio. Ta ègrafe maz� me ton Sierpinskikai ton Stozek, all� kai mìno
 tou. Lìgw th
 empeir�a
 pou e�qe apokt sei k�nonta
frontist ria, o Bana
h e�qe pl rh ep�gnwsh tou ìti k�je orismì
, k�je apìdeixh,kai k�je �skhsh e�nai meg�lh prìklhsh gia èna suggrafèa sqolik¸n egqeirid�wnpou endiafèretai gia th didaskal�a.}Piì k�tw, o Steinhaus k�nei èna per�ergo all� apokaluptikì sqìlio gia ti
suggrafikè
 drasthriìthte
 tou Bana
h:{Kat� th gn¸mh mou, apì ton Bana
h èleipe mìno èna apì ta qar�smata pouprèpei na èqei èna
 suggrafèa
 sqolik¸n bibl�wn: h ikanìthta na sullamb�nei meth fantas�a tou ton q¸ro.}Ta qrìnia 1929 kai 1930, o Bana
h exèdwse, se dÔo tìmou
, kai to panepi-sthmiakì sÔggramma Diaforikì
 kai Oloklhrwtikì
 Logismì
. 'Egine gnwstì giathn austhr  prosèggis  tou sto antike�meno, kai k�luye èna kenì th
 Polwnik 
majhmatik 
 bibliograf�a
.Pèra apì autè
 ti
 {par�pleure
} asqol�e
, o Bana
h sunèqise to ereunhtikìtou prìgramma, to opo�o apèfere tèsseri
 akìma ergas�e
. H teleuta�a apì autè
,me t�tlo Sur la d�e
omposition des ensembles de points en parties respe
tivement
ongruentes, ax�zei idia�terh mne�a. O Bana
h thn ègraye maz� me ton Alfred Tar-ski, ènan filìsofo kai majhmatikì kat� dèka qrìnia ne¸terì tou (o opo�o
 ègine



194argìtera prÔtani
 tou Panepisthm�ou th
 Barsob�a
, kai to 1946 kajhght 
 stoBerkeley, ìpou  tan o idrut 
 olìklhrh
 ereunhtik 
 sqol 
 sth majhmatik  logi-k  kai e�qe ter�stia ep�drash sthn an�ptuxh tou kl�dou sti
 Hnwmène
 Polite�e
kai alloÔ). H ergas�a perièqei èna diaisjhtik� anap�nteqo apotèlesma, pou r�qneif¸
 ìqi mìno sth jewr�a twn metr simwn sunìlwn, all� kai sthn ant�lhy  ma
 giata jemèlia twn majhmatik¸n.Gia na exhg soume autì to apotèlesma, prèpei na d¸soume dÔo orismoÔ
. Lèmeìti dÔo uposÔnola mi�
 mp�la
 tairi�zoun, an to èna metafèretai sto �llo meperistrof  th
 mp�la
 gÔrw apì to kèntro th
. Lème akìma ìti dÔo sÔnola e�naiisodÔnama w
 pro
 peperasmènh di�spash, an mporoÔme na or�soume diasp�sei
 tou
se peperasmèna to pl jo
 komm�tia (�dio pl jo
 kommati¸n gia kajèna apì ta dÔosÔnola), ètsi ¸ste ta ant�stoiqa komm�tia twn dÔo diasp�sewn na tairi�zoun.O Bana
h kai o Tarski apèdeixan ìti up�rqoun dÔo xèna uposÔnola th
 mp�la
,kajèna apì ta opo�a e�nai isodÔnamo w
 pro
 peperasmènh di�spash me thn arqik mp�la. M�a ligìtero akrib 
, all� piì parastatik , perigraf  tou apotelèsmato
e�nai h ex 
: MporoÔme na qwr�soume th mp�la se dÔo komm�tia, me tètoio trìpo¸ste apì aut� ta komm�tia na mporoÔme na sunarmolog soume dÔo mp�le
 pano-moiìtupe
 me thn arqik . E�nai fanerì ìti gi� aut� ta komm�tia h ènnoia tou ìgkouden èqei kanèna nìhma: alli¸
, o ìgko
 th
 arqik 
 mp�la
 ja  tan �so
 me todipl�siì tou.Aut  h par�doxh di�spash th
 mp�la
, pou sti
 mère
 ma
 onom�zetai {to pa-r�doxo twn Bana
h kai Tarski},  tan m�a apì ti
 anakalÔyei
 pou èkanan epitaktik thn an�gkh epanexètash
 twn jemeliwd¸n ennoi¸n twn majhmatik¸n. Eidikìtera,èbale tou
 majhmatikoÔ
 na exet�soun polÔ prosektik� to rìlo tou legìmenouaxi¸mato
 th
 epilog 
. 'Egine fanerì ìti mpore� na exasfal�zetai h Ôparxh mi�
tètoia
 di�spash
, ìqi ìmw
 kai o trìpo
 kataskeu 
 th
. To par�doxo enèpneusepolloÔ
 majhmatikoÔ
 kai prok�lese èntono endiafèron, akìma kai èxw apì tonkÔklo twn epaggelmati¸n majhmatik¸n. 'Htan m�a apì ti
 el�qiste
 mh tetrimmè-ne
 sÔgqrone
 majhmatikè
 anakalÔyei
 pou mporoÔse kane�
 eÔkola na perigr�yeikai stou
 adae�
.Aut� ta qrìnia  tan polÔ eutuqismèna gia ton Bana
h. Sto {Qronikì touPanepisthm�ou Jan Kazimierz}, diab�zoume:{Autì to qrìno, ìpw
 kai ti
 prohgoÔmene
 qroniè
, to Upourge�o Paide�a
 qo-r ghse �deia se k�poiou
 apì tou
 kajhghtè
 twn Majhmatik¸n kai twn Fusik¸nEpisthm¸n, ¸ste na gnwr�soun apì pr¸to qèri ti
 piì prìsfate
 exel�xei
 sthn epi-st mh kai na dhmiourg soun proswpikè
 epafè
 me diakekrimènou
 epist mone
 se�lle
 q¸re
. Gia to èto
 1924-25, dìjhkan �deie
 (me pl rh misjì) ston kajhght Loria gia na suneq�sei thn èreun� tou sto California Institute of Te
hnology sthnPasadena, kai ston kajhght  Bana
h gia na suneq�sei thn majhmatik  èreun� tousto Par�si.}Den gnwr�zoume pìso shmantikì  tan to tax�di tou Bana
h sth Gall�a giathn peraitèrw exèlix  tou. H epirro  ìmw
 twn G�llwn sth majhmatik  sqol th
 Lvov e�nai emfan 
. O Marek Ka
, majht 
 tou Steinhaus kai diakekrimèno
pijanojewrhtikì
 argìtera, gr�fei:



195{H epirro  tou Lebesgue sth sqol  th
 Lvov  tan polÔ �mesh. H sqol , pouousiastik� idrÔjhke apì tou
 Bana
h kai Steinhaus, epikentrwnìtan sth sunar-thsiak  an�lush, th genik  jewr�a twn orjog¸niwn seir¸n, kai th jewr�a pija-not twn. Kamm�a apì autè
 ti
 jewr�e
 den ja e�qe proqwr sei sto shmerinì th
b�jo
, qwr�
 thn ousiastik  katanìhsh tou mètrou kai tou oloklhr¸mato
 touLebesgue. Apì thn �llh pleur�, oi idèe
 tou Lebesgue den br kan poujen� alloÔtìso entupwsiakè
 kai gìnime
 efarmogè
, ìso eke�: sthn Lvov.}Mi� martur�a gia ton {d�skalo} Bana
h d�netai apì ton Josef Jarymowi
z:{O Bana
h e�qe to talènto na metad�dei thn majhmatik  gn¸sh me kajarì trìpo.Sto m�jhma miloÔse qamhlìfwna, all� sthn a�jousa up rqe hsuq�a: ìloi  tanmagemènoi ap� aut� pou èlege. QrhsimopoioÔse polÔ apl  gl¸ssa, sa na m�
èlege: ko�ta pìso eÔkolo kai aplì e�nai. Katalaba�name ti
 idiaiterìthte
 twn nèwnennoi¸n, ki autì e�nai to piì shmantikì ìtan prwtompa�nei
 se mi� jewr�a. Kat�kanìna, erqìtan dèka me dekapènte lept� kajusterhmèno
, ìmw
 sthn upìloiphmis  ¸ra prol�baine na m�
 metad¸sei perissìterh gn¸sh apì ìsh ja pa�rnamean parakoloujoÔsame k�poion �llon ep� ¸re
. 'Oloi oi �lloi kajhghtè
 e�qanuperèntash, kai parèdidan to m�jhma me neurikìthta. Den mporoÔsan na to k�nounètsi apl� kai ab�asta ìpw
 autì
.}Sta apomnhmoneÔmata tou Mar
eli Stark diab�zoume:{Eke�nh thn epoq , up rqan tèsseri
 èdre
 majhmatik¸n sto Jan Kazimierz,ti
 opo�e
 kate�qan (kat� seir�n prosl yew
) oi E. Zylinski, H. Steinhaus, S. Ru-ziewi
z, kai S. Bana
h. Sun jw
, to m�jhma th
 An�lush
 gia tou
 prwtoete�
didaskìtan k�je qroni� apì diaforetikì kajhght , o opo�o
 kratoÔse thn �dia t�xhkai sto deÔtero èto
, kai sth sunèqeia dihÔjune semin�ria kai kajodhgoÔse tou
�diou
 foithtè
 kai sto tr�to èto
. Met� ap� autì, sto teleuta�o tou
 èto
, oifoithtè
 parakoloujoÔsan mìno eidik� maj mata kai semin�ria.Thn t�xh mou e�qe anal�bei o kajhght 
 Steinhaus. 'Htan polÔ meg�lh t�xh,kai sti
 paradìsei
 th
 An�lush
 p�nw apì 220 �toma sunwst�zontan se èna mikrìamfijèatro me polÔ ftwqì klimatismì, ìpou pollo� boleÔontan sta skali� kai staperb�zia twn parajÔrwn. Olìklhro to tm ma twn Majhmatik¸n e�qe mìno tèsseri
bohjoÔ
, kai w
 ek toÔtou h t�xh den e�qe moiraste� se mikrìtera tm mata gia ti
frontisthriakè
 ask sei
, ti
 opo�e
 e�qe anal�bei mìno
 o kajhght 
 Steinhaus,qwr�
 kamm�a bo jeia.Skarfalwmèno
 se èna b�jro mprost� apì ènan mikrì maurop�naka, kuriar-qoÔse sto amfijèatro. An kai proeto�maze polÔ kal� ti
 dialèxei
 tou, o mèso
foitht 
 e�qe fober  duskol�a sto na ton parakolouj sei. Me aut n thn ènnoia,o Steinhaus  tan to akrib¸
 ant�jeto tou Bana
h, oi dialèxei
 tou opo�ou  tan ìqimìno sqolastik� proetoimasmène
, all� kai d�nontan me tètoion trìpo pou ìloisthn t�xh mporoÔsan na ti
 parakolouj soun.Prèpei na exhg sw merik� pr�gmata gia th sqèsh tou Steinhaus me tou
 �l-lou
 majhmatikoÔ
 th
 sqol 
 th
 Lvov. Up�rqoun k�poie
 parano sei
, eidik�gia th sqèsh tou Bana
h me ton Steinhaus... Lègetai ìti o Bana
h str�fhke pro
th sunarthsiak  an�lush k�tw apì thn epirro  tou Steinhaus. E�qa p�nta thn pe-rièrgeia, kai k�poia stigm , amèsw
 met� ton deÔtero pagkìsmio pìlemo, r¸thsa



196ton �dio ton Steinhaus. O Steinhaus si¸phse gia l�ga lept�, kai katìpin ap�nthse:{'Oqi!} O Bana
h kin jhke s� aut n thn kateÔjunsh anex�rthta, ìpw
 èkane ki ìtan�rqise na douleÔei p�nw sth jewr�a sunìlwn, kai, nwr�tera, p�nw sto olokl rwmatou Lebesgue ( tan akìma foitht 
 tìte, kai to jèma den up rqe kan sta panepi-sthmiak� bibl�a). Qwr�
 amfibol�a, o Steinhaus epèdrase katalutik� ston Bana
h:to pr¸to �rjro tou Bana
h sti
 trigwnometrikè
 seirè
 proèkuye apì m�a er¸thshtou Steinhaus. O Steinhaus ton èpeise na doulèyei sti
 orjog¸nie
 seirè
. Sthdekaet�a tou 20  tan polÔ steno� sunerg�te
. Kaj¸
 ìmw
 h sunarthsiak  an�lu-sh �rqise na apokt� to dikì th
 b�ro
, oi drìmoi tou
 �rqisan na apokl�noun. OBana
h sqhm�tise mi� dik  tou om�da, me sunerg�te
 tou
 S
hauder, Mazur, Orli
z(majht  tou Steinhaus), kai Ulam (o opo�o
 xek�nhse san majht 
 tou Kuratowski),kai �rqisan na douleÔoun p�nw sth sunarthsiak  an�lush kai ti
 efarmogè
 th
.}H sunergas�a an�mesa ston Bana
h kai ton Steinhaus den e�qe telei¸sei: anti-jètw
, e�qe me m�a ènnoia g�nei bajÔterh. To 1928-29 d�daxan maz� to m�jhma Eidik�jèmata majhmatik 
 fusik 
, kai, to 1929, �drusan apì koinoÔ èna nèo majhmati-kì periodikì pou èmelle na apokt sei diejn  epirro : to Studia Mathemati
a. OBana
h e�qe de�xei ti
 projèsei
 tou
 na k�noun autì to b ma, sto Sunèdrio twnPolwn¸n mjhmatik¸n pou ègine sthn Lvov, ton Septèmbrio tou 1927. Se èna �rjropou parèdwse gia ta praktik� tou sunedr�ou, ègrafe:{Sto sunèdrio ègine safè
 ìti h jewr�a sunìlwn kai   èreuna sta jemèlia twnmajhmatik¸n e�nai eidikìthta twn Polwn¸n majhmatik¸n. H epituq�a tou Funda-menta Mathemati
ae ton�zei autì akrib¸
 to shme�o. Apì thn �llh pleur�, h polÔìmorfh perioq  twn efarmog¸n twn majhmatik¸n, sti
 opo�e
 sumperilamb�nw thmhqanik  kai olìklhro ton kl�do th
 majhmatik 
 fusik 
, den èqei ektimhje� apìti
 ne¸tere
 geniè
 twn Polwn¸n majhmatik¸n, pl n elaq�stwn exairèsewn.}10.5 Studia Mathemati
aOi shmantikìtere
 episthmonikè
 suneisforè
 tou Bana
h sthn per�odo 1920-30, tan h dhmiourg�a tou periodikoÔ Studia Mathemati
a maz� me ton Steinhaus, kai hèkdosh tou bibl�ou Th�eorie des Op�erations Lin�eaires.To Studia arqik� qrhmatodot jhke apì to Upourge�o Ejnik 
 Paide�a
 kaiJrhskeum�twn, kai, sta qrìnia prin ton deÔtero pagkìsmio pìlemo, apì m�a dw-re� tou Josef Pilsudski. O Kazimierz Szalajko, o opo�o
  tan upeÔjuno
 gia thndiak�nhsh tou periodikoÔ kat� thn per�odo 1934-39, anafèrei ìti ta èsoda tou pe-riodikoÔ apì ti
 sundromè
  tan shmantik�, kai ìti to Ôyo
 tou logariasmoÔ poue�qe anoiqte� sthn tr�peza Handlowy anèbaine me gorgoÔ
 rujmoÔ
. Up rqe ep�-sh
 èna drast rio prìgramma antallag¸n me �lla majhmatik� periodik�, to opo�oemploÔtise �mesa th biblioj kh tou tm mato
 majhmatik¸n.H �drush tou nèou majhmatikoÔ periodikoÔ anakoin¸jhke ton Okt¸brio tou1929 sto Mathesis Polska:{O pr¸to
 tìmo
 enì
 nèou periodikoÔ, tou Studia Mathemati
a, emfan�sth-ke sthn Lvov, k�tw apì thn dieÔjunsh twn Stefan Bana
h kai Hugo Steinhaus.



197To periodikì ja dhmosieÔei ereunhtikè
 ergas�e
 sti
 perioqè
 twn kajar¸n kaiefarmosmènwn majhmatik¸n, kai h dieÔjuns  tou skopeÔei na epikentrwje� sthnsunarthsiak  an�lush kai ti
 efarmogè
 th
.To Studia Mathemati
a ja dhmosieÔei �rjra grammèna sta Gallik�, ta Ger-manik�, ta Agglik�, kai ta Italik�. Ta �rjra prèpei na upob�llontai se ènan apìtou
 ekdìte
: ton Kajhght  Stefan Bana
h, Lvov, St. Ni
olaus 4,   ton Kajhght Hugo Steinhaus, Lvov, Kade
ka 14. K�je tìmo
 kost�zei 1:5 doll�rio sto exwteri-kì, kai 12 zlotys sthn Polwn�a. Ta grafe�a tou periodikoÔ br�skontai sthn Lvov,sthn odì St. Ni
olaus 4, sto Panepist mio.}'Opw
 blèpete, o Bana
h èdine th dieÔjunsh tou grafe�ou tou, en¸ o Steinhausth dieÔjunsh tou spitioÔ tou. Oi Bana
h e�qan èna diamèrisma sto {paliì} kt�-rio tou panepisthm�ou. Ta diorjwmèna qeirìgrafa èprepe na epistrèfontai stonSteinhaus, o opo�o
 epèblepe ìle
 ti
 diadikastikè
 leptomèreie
 th
 èkdosh
: ti
epafè
 me tou
 ekdotikoÔ
 o�kou
, ti
 antallagè
 me �lla periodik�, ta oikonomik�,thn tupografik  epimèleia, kai �lla.Se autì to shme�o, tairi�zei �sw
 na sqoli�soume thn proswpikìthta tou Stei-nhaus. O Andrzej Turowi
z perigr�fei ènan �njrwpo pou sundÔaze ton aneptugmè-no pragmatismì me m�a idia�terh a�sjhsh th
 metafusik 
, dÔo qarakthristik� poumoi�zoun apara�thta gia ènan majhmatikì pou uperba�nei ta ìria th
 sumbatik 
karièra
:{Ja sa
 dihghj¸ èna anèkdoto pou �kousa apì ton Steinhaus sto S
ottish Caf�eth
 Lvov prin apì ton pìlemo, to opo�o epanalamb�netai kai sta apomnhmoneÔmat�tou. O Steinhaus me r¸thse: xèrei
 poiì e�nai to piì shmantikì er¸thma ìlwn twnepoq¸n?Tou ap�nthsa ìti den e�qa idèa, kai mou e�pe ìti k�pote, se m�a di�lex  tou,o Hilbert e�qe pe� pw
 an gia k�poio lìgo koimìtan kai xupnoÔse met� apì 500qrìnia, den ja rwtoÔse gia ta istorik� gegonìta   ti
 koinwnikè
 allagè
, all�gia ti
 exel�xei
 p�nw sthn upìjesh tou Riemann, giat� autì  tan to piì shmantikìprìblhma.O Steinhaus e�qe m�a mèjodo an�logh me aut n tou Swkr�th. Tou �rese naodhge� tou
 anjr¸pou
 sth bajÔterh katanìhsh enì
 probl mato
, k�nonta
 erw-t sei
. Tou
 kolloÔse tìso polÔ ston to�qo me ti
 erwt sei
 tou, pou sto tèlo
èmenan �fwnoi. Sti
 anamn sei
 tou apì to Gottingen, an jum�mai kal�, perigr�feiènan di�logo me th spitonoikokur� tou. Thn r¸thse giat� prèpei kane�
 na plhr¸neifìrou
.� M�llon plhr¸noume fìrou
 gia na diasfaliste� to axiìmaqon tou stratoÔma
.� Ma ti ton jèloume autìn to stratì?� Gia na nik soume tou
 G�llou
, fant�zomai.� Ma giat� na nik soume tou
 G�llou
?Se autì to shme�o, den up rxe ap�nthsh. O Steinhaus qrhsimopoioÔse aut n thmèjodo polÔ suqn�.O Steinhaus prospajoÔse na did�xei tou
 nèou
 na e�nai taktiko� kai akribe�
sth doulei� tou
. O Mazur mou dihg jhke thn istor�a tou pr¸tou �rjrou pou,foitht 
 akìma, ègraye kai upèballe ston Steinhaus. O Steinhaus ja to parous�aze



198se m�a sun�nthsh th
 majhmatik 
 etaire�a
 th
 Lvov. DÔo ¸re
 prin th sun�nthsh,k�lese ton Mazur kai tou e�pe:� KÔrie Mazur, p¸
 mpor¸ na parousi�sw to �rjro sa
, afoÔ den mou tod¸sate?O Mazur èmeine embrìnthto
.� Ti ennoe�te kÔrie? Sa
 to parèdwsa eg¸ o �dio
.� Mou parad¸sate tèsseri
 �deie
 kìlle
. Koit�xte.Ti e�qe sumbe�: prin apì ton pìlemo, kukloforoÔse èna e�do
 fthnoÔ qartioÔ, meelafr¸
 kitrinwp  apìqrwsh. Kaj¸
 o Mazur ègrafe to �rjro, tou tele�wse tomel�ni, kai mèsa sth biasÔnh tou, ant� na p�ei na agor�sei mel�ni prìsjese l�gonerì sto melanodoqe�o. O Steinhaus èdwse to �rjro ston ftwqì suggrafèa, kaitou e�pe:� 'Isw
, kÔrie Mazur, na gr�yate k�poia pr�gmata ed¸. An ìmw
 skopeÔete naafier¸sete th zw  sa
 sthn epist mh, kal� ja k�nete na efodiaste�te me �spraqarti� kai arketì maÔro mel�ni.}O Steinhaus ektimoÔse polÔ th sunergas�a tou me ton Bana
h. An kai  tan o�njrwpo
 pou anak�luye ton Bana
h, o pr¸to
 tou d�skalo
, kai arketè
 forè
 okajodhght 
 tou, sun jize na apod�dei ston eautì tou ton tapeinì rìlo tou exwte-rikoÔ parathrht . Gnwr�zoume polÔ kal� ìti poll� kr�sima b mata pro ljan apìautìn: h �drush th
 majhmatik 
 etaire�a
 sthn Krakob�a, to Studia Mathemati
a,koin� maj mata, kai koin� ereunhtik� apotelèsmata. Up rqe ìmw
 k�ti pragmati-k� jaum�sio ston qarakt ra tou Steinhaus: den z leue, bohjoÔse tou
 anjr¸pou
qwr�
 na perimènei antall�gmata, kai  tan metriìfrwn. 'Htan idanikì
 upoy fio
gia sunergas�a me opoiond pote. Sta apomnhmoneÔmat� tou gr�fei:{To 1927, m�a sunergas�a me ton Bana
h od ghse sto �rjro Sur le prin
ipede la 
ondensation des singularit�es, to opo�o dhmosieÔthke sto Fundamenta Ma-themati
ae O Henkel e�qe nwr�tera skefte� ìti k�ti tètoio èprepe na isqÔei. OStanislaw Saks di�base to arqikì qeirìgrafo, kai isquropo�hse to apotèlesm� ma
qrhsimopoi¸nta
 to Je¸rhma tou Baire. Autì bo jhse to �rjro ma
 na exeliqje�se m�a shmantik  Polwnik  epituq�a th
 epoq 
 tou mesopolèmou, sthn perioq  th
sunarthsiak 
 an�lush
...To 1928, idrÔsame to Studia Mathemati
a. O pr¸to
 tìmo
 emfan�sthke sthnLvov to 1929. To periodikì e�nai afierwmèno sth sunarthsiak  an�lush, kai e�naito ep�shmo ìrgano th
 legìmenh
 sqol 
 th
 Lvov. Mèqri ton pìlemo, to Studiaekdidìtan sta Gallik�, ta Germanik�, ta Agglik�, kai ta Italik�. Met� ton pìlemo,ta Italik� antikatast�jhkan apì ta Rwssik�.}Ston pr¸to tìmo tou Studia Mathemati
a, o Bana
h dhmos�euse to �rjro Surles fon
tionelles lin�eaires, se dÔo mèrh. To �rjro perie�qe exairetik� shmantikè
idèe
. Sto pr¸to tou mèro
, èdine m�a apìdeixh tou jemeli¸dou
 jewr mato
 epè-ktash
 grammik¸n sunarthsoeid¸n, kai merikè
 aplè
 all� shmantikè
 sunèpeiè
tou. Sti
 mère
 ma
, to je¸rhma autì e�nai gnwstì san Je¸rhma Hahn-Bana
h. OGermanì
 majhmatikì
 Hans Hahn to e�qe apode�xei nwr�tera, ìmw
 o Bana
h, pouden parakoloujoÔse sten� th bibliograf�a, agnooÔse thn Ôparx  tou. Sto deÔte-ro mèro
, o Bana
h eis gage m�a seir� shmantik¸n ennoi¸n kai apede�knue pl jo




199spouda�wn jewrhm�twn. MetaxÔ �llwn, eis gage thn ènnoia tou suzugoÔ
 tele-st , thn asjen  sump�geia, kai apèdeixe m�a pr¸th morf  tou jewr mato
 kleistoÔgraf mato
, to opo�o ja teleiopoioÔse o �dio
 l�go argìtera.To 1931, m�a nèa seir� {Majhmatik¸n Monografi¸n} �rqise na ekd�detai meoikonomik  en�sqush apì to Ejnikì 'Idruma PolitismoÔ. Thn ekdotik  epimèleiae�qan oi Bana
h kai Steinhaus apì thn Lvov, kai oi Knaster, Kuratowski, Mazur-kiewi
z kai Sierpinski apì th Barsob�a. O Kuratowski p�steue ìti h dhmiourg�aaut 
 th
 seir�
  tan kajoristik  gia to mèllon twn majhmatik¸n sthn Polwn�a.IdoÔ p¸
 thn perigr�fei:{'Ena apì ta piì shmantik� gegonìta gia ta Polwnik� majhmatik�  tan h dh-miourg�a th
 seir�
 twn Majhmatik¸n Monografi¸n, sta 1931. Oi prohgoÔmene
ekdotikè
 drasthriìthte
 exantloÔntan sth dhmos�eush sÔntomwn ereunhtik¸n er-gasi¸n apì ta periodik� Fundamenta Mathemati
ae kai Studia Mathemati
a. E�qeìmw
 èrjei h ¸ra gia m�a piì ousi¸dh sÔnjesh twn epiteugm�twn twn Polwn¸nmajhmatik¸n,   akìma kai th sÔnjesh ìlwn twn kl�dwn twn majhmatik¸n stou
opo�ou
 oi Polwno� majhmatiko� e�qan exairetik� shmantik  suneisfor�. To arqi-kì sqèdio peril�mbane thn èkdosh monografi¸n sti
 perioqè
 th
 sunarthsiak 
an�lush
 (Tìmo
 1 - Op�erations lin�eaires tou Bana
h), th
 jewr�a
 tou oloklh-r¸mato
 (Tìmo
 2 - Th�eorie de l' integrale tou Saks), th
 topolog�a
 (Tìmo
 3 -Kuratowski), th
 upìjesh
 tou suneqoÔ
 (Tìmo
 4 - Sierpinski), kai th
 jewr�a
twn orjog¸niwn seir¸n (Tìmo
 5 - Steinhaus kai Ka
zmarz).}Sto arqikì sqèdio prostèjhke kai to bibl�o Trigonometri
 series tou Zygmund(Shme�wsh: kuklofore� sta ellhnik� apì ti
 Panepisthmiakè
 Ekdìsei
 Kr th
).'Ola aut� ta bibl�a  rjan sto f¸
 mèsa se ekplhktik� sÔntomo qronikì di�sthma.To 1935 e�qan ìla ekdoje�, kai paramènoun klasik� sto e�do
 tou
. To bibl�o touBana
h ègine dektì me enjousiasmì. Pr¸toi ap� ìlou
 antèdrasan oi Amerikano�.O Tamarkin, sqoli�zont�
 to sto Bulletin of the Ameri
an Mathemati
al So
iety,ton topojèthse metaxÔ twn meg�lwn th
 an�lush
: Volterra, Fredholm, Hilbert,Hadamard, Fre
het, Riesz. 'Egrafe: {h Theory of Linear Operators e�nai oÔtw
  �llw
 gohteutik , h shmas�a th
 ìmw
 ektim�tai perissìtero apì ti
 polu�rijme
ìmorfe
 efarmogè
 th
}.To bibl�o e�qe kuklofor sei nwr�tera sta Polwnik�, to 1931. O t�tlo
 tou,Teoria opera
yj. Tom I. Opera
je liniowe, èdeiqne ìti o Bana
h e�qe skopì na pro-qwr sei pèra apì thn grammik  sunarthsiak  an�lush, sth melèth twn mh grammi-k¸n telest¸n. O deÔtero
 ìmw
 tìmo
 den oloklhr¸jhke potè, an kai, argìtera, oBana
h anèptuxe m�a jewr�a poluwnumik¸n telest¸n maz� me tou
 sunerg�te
 touMazur kai Orli
z. H pr¸th èkdosh tou bibl�ou perie�qe thn afièrwsh {A MadameLu
ie Bana
h},  tan 256 sel�dwn, kai kìstize 3 doll�ria.To 1931, o Bana
h dhmos�euse �lla tèssera �rjra. To tr�to qrhsimopoioÔseto Je¸rhma tou Baire gia na apode�xei (me exairetik� aplì trìpo) thn ÔparxhsuneqoÔ
 sun�rthsh
 pou den èqei par�gwgo se kanèna shme�o. Autì  tan gnwstìapì thn epoq  tou Weierstrass, o opo�o
 ìmw
 e�qe qrhsimopoi sei polÔploke
kataskeuè
 gia na to apode�xei.Mèqri to 1936, o Bana
h e�qe gr�yei 47 ergas�e
, kai e�qe thn meg�lh tim  na



200prosklhje� san kÔrio
 omilht 
 sto International Congress tou Oslo. Di�lexe namil sei gia thn {Jewr�a Telest¸n kai th shmas�a th
 sthn An�lush}. O AntoniZygmund, kajhght 
 tìte sto Wilno, kai katìpin kajhght 
 sto Panepist mio touChi
ago kai patèra
 th
 Amerikanik 
 sqol 
 th
 armonik 
 an�lush
, ègraye to1938 gia th sun�nthsh tou Oslo:{H summetoq  sto Oslo den  tan meg�lh. Oi sÔnedroi  tan mìli
 500, l�goi sesqèsh me tou
 1200 th
 Bologna kai tou
 700 th
 Zur�qh
. Sobarì
 lìgo
 gi� autì tan to politikì kl�ma. Oi Italo� arn jhkan kathgorhmatik� na summet�sqoun,antidr¸nta
 ston diejn  apokleismì pou e�qe epiblhje� sthn Ital�a. Oi R¸ssoi denemfan�sthkan ki auto�, an kai e�qan arqik� uposqeje� ìti ja summete�qan. Akìmakai oi Germano�, pou sun jw
  tan polu�rijmoi kai p gainan pantoÔ,  tan apìnte
.Autì ermhneÔthke san ant�drash sto ìti oi Norbhgo� den e�qan ste�lei antiprosw-pe�a sth giort  tou Panepisthm�ou th
 Qaðdelbèrgh
, nwr�tera ton �dio qrìno.Oi Amerikano� e�qan th megalÔterh om�da, me 70 majhmatikoÔ
. Thn Polw-n�a ekpros¸phsan oi: Borsuk, Eilenberg, Gruzewska, Lubelski, Sierpinski, Zaran-kiewi
z apì th Barsob�a, Bana
h, Ka
zmarz, S
hauder, Zylinski apì thn Lvov,Golab, Wazewski, Zaremba apì thn Krakob�a, kai o Zygmund apì to Wilno.W
 sun jw
, up rqan dÔo eid¸n omil�e
: oi kÔrie
 kai oi omil�e
 an� kl�do. Oarijmì
 twn kÔriwn omili¸n e�nai polÔ periorismèno
: g�nontai to prw�, kai kratoÔnm�a ¸ra. Oi organwtè
 d�noun autè
 ti
 omil�e
 se exairetikoÔ
 majhmatikoÔ
, oiopo�oi perigr�foun ti
 genikè
 kateujÔnsei
 enì
 kl�dou ston opo�o èqoun hgetikìrìlo. Mi� tètoia prìsklhsh jewre�tai p�nta polÔ timhtik . O Bana
h ekpros¸-phse tou
 PolwnoÔ
 majhmatikoÔ
 me tètoia di�lexh.}Akrib¸
 prin apì ton pìlemo, o Bana
h gn¸rise meg�le
 timè
. Ton Apr�liotou 1939 exelègh Prìedro
 th
 Polwnik 
 Majhmatik 
 Etaire�a
, th
 opo�a
  tansunidrut 
 e�kosi qrìnia nwr�tera. H Etaire�a e�qe polÔ èntonh drasthriìthta.MetaxÔ �llwn, suntìnize ti
 episkèyei
 di�shmwn Eurwpa�wn majhmatik¸n sthnPolwn�a, gia dialèxei
 kai sunergas�a me tou
 PolwnoÔ
 majhmatikoÔ
. MetaxÔaut¸n  tan oi: P. Aleksandrov, E. Borel, E. Cartan, R. Fre
het, H. Hardy, L.Kantorovi
h, H. Lebesgue, S. Lefs
hetz, N. Luzin, F. Riesz, I. Vinogradov kai E.Zermelo.Sti
 9 Ioun�ou tou 1939, o Bana
h èlabe brabe�o 20.000 zlotys (posì ant�stoiqotou et siou misjoÔ kajhght  AmerikanikoÔ Panepisthm�ou th
 epoq 
) apì thnPolwnik  Akadhm�a Episthm¸n, gia to �rjro tou Sur les fon
tionelles lin�eaires.'Htan to pr¸to tètoio brabe�o pou dinìtan se majhmatikì, kai to megalÔtero seax�a pou dìjhke potè. To posì katatèjhke sto logariasmì tou, ìmw
 o Bana
hden mpìrese na to eispr�xei potè. Xèspase o pìlemo
, kai ìloi oi logariasmo�p�gwsan. H telet  th
 aponom 
 ja ginìtan ton Okt¸brio, me to xek�nhma th
nèa
 akadhmaðk 
 qroni�
. 'Omw
 o pìlemo
 �rqise to Septèmbrio, kai ìle
 oigiortè
 anabl jhkan. Thn 1h Oktwbr�ou, o Sobietikì
 stratì
 e�qe katal�bei thnLvov.
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ottish Caf�e'Opw
 gr�fei o Zygmund, h Lvov  tan m�a polÔ zwntan  kai euq�risth pìlh sthdi�rkeia tou mesopolèmou: h genikeumènh aisiodox�a kai h susswreumènh enèrgeiapou apeleujer¸jhke me thn anak ruxh th
 anex�rthth
 Polwn�a
, wjoÔsan tou
anjr¸pou
 na bgoÔn apì ta sp�tia tou
, sti
 plate�e
, stou
 drìmou
 kai stamagazi�.H geitoni� th
 A
ademi
ka Street, polÔ kont� sto Panepist mio,  tan èna apìta stèkia twn dianooumènwn th
 pìlh
. Sto noÔmero 22 briskìtan to zaqaropla-ste�o tou Zalewski, sto opo�o sÔqnazan oi Lomni
ki, Steinhaus kai Kuratowski.PolÔ kont� tou br�skontan to Caf�e Roma kai to S
ottish Caf�e. Arqik�, oi majh-matiko� sunantioÔntan sto Caf�e Roma k�je Sabbatìbrado, met� ti
 ebdomadia�e
sunant sei
 tou topikoÔ parart mato
 th
 Polwnik 
 majhmatik 
 etaire�a
. Oisunant sei
 g�nontan sthn a�jousa seminar�wn tou Panepisthm�ou, kai  tan polÔsÔntome
. Amèsw
 met�, h suz thsh metaferìtan sto Caf�e Roma. O Bana
h �r-qise na phga�nei maz� tou
, kai exel�qjhke se kajhmerinì jam¸na tou magazioÔ.PolÔ sÔntoma ìmw
 ekneur�sthke me ton trìpo pou o idiokt th
 antimet¸pize taqrèh tou, kai metèfere ìlh thn parèa sthn apènanti gwn�a, sto S
ottish Caf�e.O eikonografhmèno
 odhgì
 th
 Lvov tou 1925, shmei¸nei ìti to S
ottish Caf�ebriskìtan sto 9 th
 A
ademi
ka, an ke ston kÔrio Zielinski, kai  tan stèki f�lwntou ajlhtismoÔ kai th
 logoteqn�a
, kai anjr¸pwn tou Panepisthm�ou. To br�due�qe kal  zwntan  mousik . O suggrafèa
 tou odhgoÔ den k�nei eidik  mne�a stou
majhmatikoÔ
: w
 to 1925, to S
ottish den e�qe akìma apokt sei thn eÔnoia touBana
h.To S
ottish Caf�e e�qe Biennèzikh diakìsmhsh. Oi marm�rine
 epif�neie
 twnmikr¸n trapezi¸n tou  tan ja èlege kane�
 eidik� ftiagmène
 gia na filoxen sounmajhmatikoÔ
 tÔpou
. Sthn arq  o idiokt th
 den  tan kai tìso enjousi¸dh
 meaut n thn drasthriìthta. 'Omw
, met� apì l�go o Zielinski sun jise na mhn dia-martÔretai gia thn {katastrof } th
 perious�a
 tou (argìtera, h kur�a Bana
hton lup jhke kai agìrase èna polusèlido tetr�dio, to opo�o exel�qjhke sto fhmi-smèno S
ottish book). Sto k�tw-k�tw, auto� pou k�jontan sta trapèzia tou den tan tuqa�oi èfhboi tarax�e
, all� sobaro� kajhghtè
 tou Panepisthm�ou kai touPoluteqne�ou.Oi sunant sei
 twn majhmatik¸n sto S
ottish Caf�e  tan arqik� akanìniste
,polÔ sÔntoma ìmw
 èginan kajhmerin  sun jeia, kai p ran ta qarakthristik� alhji-n 
 ierotelest�a
 sthn opo�a summete�qan ìlo kai perissìteroi. Ta arqik� {mèlh} tan oi Bana
h, Stozek, Ruziewi
z, Steinhaus, Ka
zmarz, Zylinski, kai o piì kon-tinì
 sunerg�th
 tou Bana
h, o Mazur. Sthn om�da prosq¸rhsan argìtera oiNiklibor
, Auerba
h, S
hreier, S
hauder, Kuratowski, Nikodym, Ulam, Eilenberg,Orli
z, Eidelheit, Ka
, kai Birnbaum. MazeÔontan sto kafene�o gÔrw sti
 5 me7 to apìgeuma, k�jontan p�nta sta �dia trapèzia, kai doÔleuan w
 arg� th nÔqtame apìluth sugkèntrwsh, diakosm¸nta
 ta trapèzia tou Zielinski me majhmatikoÔ
tÔpou
. 'Otan ìmw
 lème ìti {doÔleuan me apìluth sugkèntrwsh}, den e�masteentel¸
 akribe�
: den up rqe sun�nthsh qwr�
 aste�a, zwhrè
 suzht sei
, fwnè
,kai potì. O Bana
h, gia par�deigma, èpine ter�stie
 posìthte
 kafè kai koni�k,



202kai k�pnize dek�de
 tsig�ra.OÔte oi suzht sei
  tan apokleistik� majhmatikè
. O Stozek, gia par�deigma,èpaize suqn� sk�ki me ton Niklibor
, kai oi upìloipoi èpinan trigÔrw kai tou
pe�razan. O Auebar
h  tan ep�sh
 mani¸dh
 skakist 
. Kanèna
 den paraponiìtangia to mètrio faghtì kai potì, ìla katanal¸nontan se meg�le
 posìthte
. O Ulamjum�tai thn atmìsfaira th
 epoq 
:{O Kuratowski kai o Steinhaus emfan�zontan arai� kai poÔ. SÔqnazan se ènaeugenèstero teðopote�o pou prosèfere ta kalÔtera gluk� sthn Polwn�a.'Htan dÔskolo na xeper�sei
 ton Bana
h, e�te sth suz thsh e�te sto potì.SuzhtoÔsame probl mata pou prote�nontan ep� tìpou, qwr�
 na broÔme th lÔshmet� apì pollè
 ¸re
 skèyh
. Thn epìmenh mèra, o Bana
h ja erqìtan krat¸nta
di�fora qart�kia pou perie�qan to sq ma twn apode�xewn pou e�qe sumplhr¸sei. Anden  tan tèleie
   an e�qan k�poio mikrì l�jo
, o Mazur anal�mbane na mpal¸seiti
 atèleie
 kai na ti
 fèrei se ikanopoihtik  morf .Peritì na poÔme ìti oi majhmatikè
 suzht sei
 diakìptontan apì koubènta gÔrwapì thn epist mh, to panepisthmiakì koutsompoliì, thn politik , thn kat�stashsthn Polwn�a. To {upìloipo sÔmpan} gia na qrhsimopoi soume thn èkfrash touJohn von Neumann. H �nodo
 tou Q�tler sthn exous�a kai o fìbo
 tou pagkosm�oupolèmou  tan basik� jèmata suz thsh
.}H a�sjhsh tou qioÔmor qarakt rize thn majhmatik  koinìthta th
 Lvov. Pl -jo
 anèkdota kukloforoÔn gia thn epoq  eke�nh. 'Otan k�poio
 diamartur jhkeston Auerba
h, prìedro tìte tou tm mato
 majhmatik¸n, gia thn akatastas�a pouepikratoÔse sth biblioj kh twn majhmatik¸n, autì
 ap�nthse ìti {to q�o
 e�naikalÔtero apì thn t�xh. Mpore� mèsa sto q�o
 na mhn bre�
 potè autì pou y�qnei
,apokle�etai ìmw
 kai na to q�sei
.}'Oloi aisj�nontan �neta sthn Lvov, akìma kai oi xènoi. To 1938, o Steinhauskanìnise m�a ep�skeyh tou Lebesgue sto Panepist mio Jan Kazimierz, gia na tonanagoreÔsei ep�timo did�ktora. Na p¸
 perigr�fei o Ka
 thn istor�a:{Ton kairì th
 ep�skey 
 tou, o Lebesgue endiaferìtan pi� mìno gia ta stoi-qei¸dh majhmatik�. Arniìtan na suzht sei gia to mètro, to olokl rwma, ta sÔno-la Borel kai ta toiaÔta. 'Edwse dÔo dialèxei
, exairetik� ìmorfe
 all� exairetik�stoiqei¸dei
: m�a gia kataskeuè
 me kanìna kai diab th, kai m�a gia rizik�.H dex�wsh gia ton Lebesgue ègine sto S
ottish Caf�e. Oi parìnte
 den  tanparap�nw apì dekapènte, oi kairo�  tan pi� dÔskoloi. O serbitìro
 mo�rase tou
katalìgou
, kai, nom�zonta
 ìti o Lebesgue  tan Polwnì
, èdwse ènan kai s� autìn.O Lebesgue perierg�sthke ton kat�logo me polÔ sobarì Ôfo
, kai e�pe: Mer
i,je ne mange que des 
hoses bien d�e�nies (Euqarist¸, tr¸w mìno kal� orismènapr�gmata).}Ta majhmatik�  tan fusik� to kÔrio jèma twn sunant sewn. O Ulam ti
jum�tai kal�:{Up rqan sÔntome
 ex�rsei
 sth suz thsh, duì-tre�
 grammè
 gr�fontan p�nwsto trapèzi, k�poio
 xespoÔse xafnik� se gèlia, kai akoloujoÔsan makrè
 per�odoi
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, ìpou p�name kafè kai koitoÔsame anèkfrasta o èna
 ton �llon. Oi pel�-te
 sta diplan� trapèzia èmoiazan aporhmènoi me thn allìkoth sumperifor� ma
.'Omw
, aut  h epimon  kai h ex�skhsh sth sugkèntrwsh sunistoÔn to piì shmantikìproapaitoÔmeno gia thn aujentik  kai dhmiourgik  majhmatik  doulei�.}O Steinhaus paradeqìtan ìti to trapèzi sto o opo�o k�jontan o Bana
h meton Mazur (argìtera, kai me ton Ulam),  tan to kèntro tou S
ottish Caf�e. M�asun�nthsh kr�thse 17 ¸re
. To apotèlesm� th
  tan èna je¸rhma gia tou
 q¸rou
Bana
h, to opo�o kanèna
 den ègraye sto qart�. S mera, kane�
 den xèrei p¸
 na toapode�xei, giat�, ìpw
 ègraye o Steinhaus, ìtan èkleise to kafene�o, o idiokt th
kaj�rise epimel¸
 to trapèzi. Aut   tan h mo�ra poll¸n apì ta jewr mata pouapèdeixan o Bana
h kai oi f�loi tou. O Steinhaus jum�tai ton trìpo doulei�
 touBana
h:{O Bana
h e�qe eke�nh thn kajarìthta skèyh
 pou o Kazimierz Bartel k�poteapek�lese {sqedìn dus�resth}. Potè den empisteuìtan thn tÔqh: suqn� èlegeìti h {elp�da e�nai h mhtèra twn hlij�wn}. QrhsimopoioÔse autìn ton aforismìenant�on th
 aisiodox�a
, tìso sta majhmatik� ìso kai sthn politik . 'Emoiaze meton Hilbert s� autì to jèma: afoÔ apèkleie me parade�gmata ìla ta monop�tia pouden ja odhgoÔsan sth lÔsh, èriqne ìlo to b�ro
 ston monadikì drìmo pou apèmene.P�steue ìti h logik  an�lush enì
 probl mato
, tele�w
 ant�stoiqh me thn an�lushpou k�nei èna
 skakist 
 gia m�a dÔskolh jèsh, prèpei na odhge� e�te sthn apìdeixhenì
 jewr mato
   se èna antipar�deigma.Prèpei p�ntw
 na p¸ ìti poll� axiìloga apotelèsmata tou Bana
h kai th
sqol 
 tou q�jhkan, lìgw th
 èlleiyh
 sqolastikìthta
 pou qarakt rize ta mèlhth
 sqol 
, kai, pr¸ton ap� ìlou
, ton �dio ton Bana
h. Autì  tan meg�lh zhmi�gia thn Polwnik  epist mh.}O Andrzej Turowi
z sumplhr¸nei:{Dustuq¸
, autì den e�nai uperbol . PisteÔw ìti q�jhkan perissìtera ap�ìsa s¸jhkan. Fusik�, o Bana
h dhmos�euse ta shmantikìtera apotelèsmat� tou,ìqi ìmw
 ìla. Mpor¸ na exhg sw tou
 lìgou
. Par gage me tètoio rujmì, pou tan an�kano
 na gr�yei kai na dhmosieÔsei ta jewr mat� tou. K�je prìblhmapou èlune ton odhgoÔse se nèa probl mata. Katèlhxe na metabib�zei proforik�ti
 anakalÔyei
 tou sthn koinìthta th
 Lvov. An dÔo   tre�
 �njrwpoi k�jontanna gr�youn ìsa tou
 èlege, tìte ìlo to èrgo tou ja e�qe swje�. 'Omw
, tele�w
fusik�, ìloi  tan aporrofhmènoi me th dik  tou
 doulei�: den ja qar�mizan toqrìno tou
 gia na antigr�youn ta jewr mata k�poiou �llou. An to magnhtìfwnoe�qe anakalufje� sthn epoq  tou, ja up rqe èna
 aplì
 trìpo
 gia na per�sei sthnistor�a ìlh h doulei� tou. 'Omw
 o Bana
h èzhse prin apì aut n thn qrus  epoq .}'Eqei eipwje� kai grafte�, sthn Polwn�a kai alloÔ, ìti h koultoÔra th
 doulei�
sto kafene�o e�nai {o Polwnikì
 drìmo
 gia thn majhmatik  èreuna}. Me autìnton ìro perigr�fetai h omadik  ergas�a se anorjìdoxa mèrh pou odhge� sth lÔshereunhtik¸n problhm�twn. O Bana
h dikaioÔtai ton t�tlo tou dhmiourgoÔ autoÔtou stÔl doulei�
.



204To S
ottish Book: ti  tan kai p¸
 proèkuye? S mera, e�nai èna apì ta plèonaxiosèbasta keim lia tou majhmatikoÔ kìsmou. 'Opw
 sumba�nei me k�je jrÔlo,merikè
 apì ti
 leptomèreie
 th
 istor�a
 tou diafèroun an�loga me to prìswpopou ti
 afhge�tai. Xek�nhse polÔ apl�, san èna kanonikì sqolikì tetr�dio meqontrì, zwgrafistì ex¸fullo, to opo�o agìrase h sÔzugo
 tou Bana
h apì ènakat�sthma yilik¸n, sthn tim  twn duìmish zlotys. Profan¸
  tan ahdiasmènhapì thn agaphmènh asqol�a tou suzÔgou th
 kai twn f�lwn tou na ler¸noun tatrapèzia tou Caf�e me tou
 logariasmoÔ
 kai ta majhmatik� tou
 probl mata. E�qesumfwnhje� na ful�ssoun to tetr�dio sto besti�rio kai na to parad�doun stou
majhmatikoÔ
 ìtan to zhtoÔsan, an kai o Steinhaus isqurizìtan ìti frourì
 touS
ottish Book den  tan oÔte o up�llhlo
 tou bestiar�ou, oÔte o serbitìro
, oÔtekan o idiokt th
, all� o tam�a
 tou Caf�e. Gr�fei akìma:{Ta probl mata tou bibl�ou gr�fontan sti
 perittè
 sel�de
 diadoqik¸n fÔl-lwn, kai oi p�sw sel�de
 èmenan kenè
 perimènonta
 ti
 apant sei
 pou �sw
 d�nontansto mèllon.}Opoiosd pote endiaferìtan, mporoÔse na jèsei probl mata sto bibl�o, kaiopoiosd pote mporoÔse na gr�yei ti
 lÔsei
 tou. Me m�a ènnoia, to bibl�o  tanm�a anep�shmh koin  episthmonik  èkdosh. O Kuratowski perigr�fei ki autì
 thgènnhsh tou S
ottish Book:{Sth di�rkeia twn polu�rijmwn sunant sewn pou g�nontan sto S
ottish Caf�e(to agaphmèno 
af�e twn majhmatik¸n th
 Lvov), to pl jo
 twn nèwn problhm�twnpou diatup¸nontan auxanìtan me tètoiou
 rujmoÔ
 pou k�poia stigm  apofas�sthkeìti  tan skìpimo na gr�fontai se èna eidikì shmeiwmat�rio, to opo�o ja fulagìtanmìnima sto Caf�e. 'Etsi, genn jhke to jrulikì S
ottish Book. Apèkthse shmantik episthmonik , sunaisjhmatik , kai istorik  ax�a, lìgw twn onom�twn pou suneisè-feran s� autì: an�mes� tou
 br�skontan kai pollo� diakekrimènoi xènoi.}To pr¸to prìblhma pou mp ke sto Bibl�o, tèjhke apì ton Bana
h sti
 17Ioul�ou tou 1935. Mèqri to 1941, pou to Bibl�o èkleise, 193 probl mata e�qankatagrafe� apì dek�de
 PolwnoÔ
 kai xènou
 majhmatikoÔ
. Den  tan omoiìmor-fa katanemhmèna an�mesa stou
 pistoÔ
 jam¸ne
 th
 ierotelest�a
 tou S
ottishCaf�e. O Bana
h prosèfere 14 mìno
 tou (kai �lla 11 apì koinoÔ me tou
 Mazurkai Ulam), o Ulam 40 (ki �lla 15 maz� me �llou
), o Mazur 24 (ki �lla 19 ma-z� me �llou
). Auto� oi tre�
 saf¸
 kuriarqoÔsan sth sugkomid . O Steinhausprosèfere 10 probl mata, kai oi �lloi taktiko� jam¸ne
 (Ruziewi
z, Auerba
h,Ka
, Eilenberg, Orli
z, Niklibor
 kai S
hreier) apì 5-6 o kajèna
. Se di�forashme�a emfan�zontai probl mata pou èjetan diakekrimènoi proskeklhmènoi episkè-pte
: Fre
het, Zygmund, O�ord, Kampe, de Feriet, von Neumann, Sobolev, kaiLyusternik.Oi summetoqè
 den  tan omoiìmorfa katanemhmène
 sto qrìno. Apì ta 193probl mata tou Bibl�ou, ta 122 mp kan s� autì stou
 pr¸tou
 èxh m ne
 th
 zw 
tou. Katìpin �rqise h fj�nousa pore�a: 32 to 1936, 13 to 1937, 9 to 1938, 4 to1939, 7 to 1940, kai 4 to 1941. 'Opw
 gr�fei o Ulam,



205{poll� apì ta probl mata up rqan prin to 1935. Ginìtan leptomer 
 an�lushgia thn patrìtht� tou
 prin apodojoÔn se k�poio sugkekrimèno �tomo. H pleioyh-f�a twn problhm�twn pou prote�nontan suzhtoÔntan se b�jo
 prin jewrhjoÔn �xiagia na kataqwrhjoÔn epis mw
 sto bibl�o. Merikè
 ìmw
 forè
 ta probl matalÔnontan ep� tìpou, kai tìte oi apant sei
 èmpainan amèsw
 sto p�sw fÔllo.}Sta l�ga qrìnia th
 pragmatik 
 tou zw 
, to S
ottish Book antanakloÔse thn�dia th zw  th
 Lvov. Amèsw
 met� thn arq  tou deutèrou pagkosm�ou polèmou,thn 1h Septembr�ou tou 1939, h pìlh prosart jhke apì th Sobietik  'Enwsh, kaionìmata Sobietik¸n majhmatik¸n ìpw
 oi Bogolubov, Aleksandrov, Sobolev kaiLyusternik �rqisan na emfan�zontai sto bibl�o, shm�di tou endiafèronto
 twn nèwndun�mewn gia th doulei� th
 majhmatik 
 sqol 
 th
 Lvov. To teleuta�o prìblhmapou mp ke sto bibl�o  tan tou Steinhaus sti
 31 Ma�ou tou 1941, kai perie�qe m�am�llon par�xenh sullog  apì arijmhtik� apotelèsmata pou aforoÔsan diamer�sei
sp�rtwn se èna spirtìkouto! Met� to xek�nhma twn eqjropraxi¸n an�mesa sto R�iqkai th Sobietik  'Enwsh, kai thn kat�lhyh th
 pìlh
 apì ta Germanik� strateÔmatato kaloka�ri tou 1941, to bibl�o stam�thse na dèqetai probl mata.Prin xesp�sei o pìlemo
, k�poioi majhmatiko� e�qan arq�sei na k�noun sqèdiagia th fÔlaxh tou Bibl�ou. SÔmfwna me ton Ulam,{...to kaloka�ri tou 1939, sthn teleuta�a mou ep�skeyh sth Lvov kai l�ge
 mère
prin thn epistrof  mou sti
 Hnwmène
 Polite�e
, suzhtoÔsa me ton Mazur to ende-qìmeno tou polèmou (Shm: apì to 1935 kai met�, o Ulam metakìmise sto Prin
eton,kai met� sto Harvard, pernoÔse ìmw
 ta kaloka�ria tou sthn Polwn�a). Genik�, oi�njrwpoi per�menan �llh m�a kr�sh tÔpou Mon�qou, kai den  tan proetoimasmènoigia ènan Pagkìsmio Pìlemo. O Mazur e�pe:{To endeqìmeno pagkosm�ou polèmou den apokle�etai. Ti ja k�noume me toS
ottish Book kai ti
 anèkdote
 sunergas�e
 ma
? Phga�nei
 sti
 Hnwmène
 Poli-te�e
, kai eke� ja e�sai asfal 
. An bombardiste� h pìlh, ja mazèyw ta qeirìgrafakai to Bibl�o, ja ta b�lw se èna kib¸tio kai ja to j�yw.}Apofas�same akìma kai thn topojes�a: d�pla sto tèrma, se èna g pedo po-dosfa�rou sta pro�stia th
 pìlh
. Den xèrw an ègine akrib¸
 ètsi. P�ntw
, toS
ottish Book epèzhse ston pìlemo, qwr�
 na p�jei to paramikrì. Met� ton pìlemo,o Steinhaus mou èsteile èna ant�grafo. To 1957, to metèfrasa sta Agglik� kai toèsteila se di�forou
 f�lou
-majhmatikoÔ
, sti
 Hnwmène
 Polite�e
 kai alloÔ.}Sto International Congress tou EdimboÔrgou, to 1958, o Ulam eto�mase fwto-tuphmèna ant�grafa tou S
ottish Book gia tou
 sunèdrou
. Exait�a
 tou onìmatì
tou, arqik� prok�lese meg�lh a�sjhsh an�mesa stou
 oikodespìte
 Skwtsèzou
,oi opo�oi apogohteÔthkan ìtan èmajan ìti h sqèsh tou me th Skwt�a  tan m�a apl sunwnum�a.Poll� apì ta probl mata tou S
ottish Book èpaixan shmantikì rìlo sthnan�ptuxh th
 sunarthsiak 
 an�lush
 kai �llwn kl�dwn twn majhmatik¸n. Toprìblhma tou Mazur (up� arijmìn 153, me hmeromhn�a 6 Noembr�ou 1936) gia thnÔparxh b�sh
 S
hauder stou
 diaqwr�simou
 q¸rou
 Bana
h èmeine èna apì takentrik� anoikt� probl mata th
 sunarthsiak 
 an�lush
 mèqri to 1972, opìte o
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 majhmatikì
 Per En
o (t¸ra sto Panepist mio Kent tou Ohio) èdwsearnhtik  ap�nthsh. O Mazur e�qe uposqeje� èna èpajlo -m�a zwntan  q na- giaìpoion èlune to prìblhma, kai to brabe�o dìjhke pragmatik� apì ton �dio to Mazurston En
o, o opo�o
 episkèfthke th Barsob�a kai èdwse dialèxei
 gia th lÔshtou. 'Htan èna gegonì
 pou probl jhke polÔ apì ta mèsa. 'Htan sunhjismènota probl mata tou Bibl�ou na sunodeÔontai apì brabe�a. O Mazur  tan o piìdrast rio
 s� autìn ton tomèa, all� me thn exa�resh th
 q na
, ta brabe�a tou tan m�llon pez�: duì-tr�a mpouk�lia mpÔra   èna mpouk�li kras�. O eupatr�dh
Steinhaus prosèfere mìno dÔo brabe�a: to èna  tan 100 gramm�ria qabi�ri, kaito �llo èna de�pno sto sik estiatìrio tou George. O Bana
h uposqèjhke brabe�omìno m�a for�: èna mpouk�li kras�.Oi xènoi emfan�zontai sti
 sel�de
 tou Bibl�ou me piì exwtik� brabe�a. O vonNeumann me èna mpouk�li ou�sku mètrou> 0, oWard me èna geÔma sto Cambridge,kai o Wavre me fontÔ sth GeneÔh. Den e�nai safè
 an k�luptan kai ta èxodatou taxidioÔ. Oi Sobietiko� katakthtè
 prosèferan eortastik� oinopneumat¸dh:mpr�ntu apì ton Bogolubov, samp�nia apì ton Lyusternik. Eke�nh thn epoq , otopikì
 plhjusmì
, exantlhmèno
 apì thn pe�na kai thn katoq  th
 pìlh
, den e�qekamm�a di�jesh gia giortè
, kai str�fhke se piì praktik� brabe�a. Thn pagwmènh8h Febrouar�ou tou 1940, o Stanislaw Saks prosèfere èna kilì mpèikon gia ènaprìblhma sqetikì me ufarmonikè
 sunart sei
.Met� ton pìlemo, to prwtìtupo tou S
ottish Book  rje sthn katoq  th
 guna�-ka
 tou Bana
h, h opo�a to èfere sthnWro
law. Met� to j�nato th
 Lu
ja Bana
hto 1954 -ston t�fo th
 gr�fthke {sÔzugo
 majhmatikoÔ}- to S
ottish Book pèra-se sta qèria tou gioÔ tou Bana
h, neuroqeirourgoÔ sth Barsob�a, pou to èqei w
t¸ra. Sth dekaet�a tou 1980, ektèjhke sto Bana
h Center tou InstitoÔtou Majh-matik¸n th
 Polwnik 
 Akadhm�a
 Episthm¸n sthn Barsob�a. To 1981, to Bibl�oekdìjhke apì thn Birkh�auser, me majhmatik� kai istorik� sqìlia apì ton DanielMauldin.O Steinhaus, o opo�o
 egkatast�jhke sthn Wro
law, par ggeile na tou ago-r�soun èna nèo tetr�dio. To onìmase New S
ottish Book. Qrhsimopoie�tai apì to1946, kai ta perieqìmen� tou ekd�dontai taktik� sto Colloquium Mathemati
um,èna majhmatikì periodikì pou �druse o Edward Mar
zewski. 'Epaixe rìlo an�logome autìn tou S
ottish Book, an bèbaia afairèsoume ton Bana
h kai to S
ottishCaf�e. Arqik� fulagìtan sthn koin  biblioj kh tou Panepisthm�ou th
 Wro
lawkai tou Tomèa Majhmatik¸n tou Poluteqne�ou, kai, met� to 1970, metakin jhkesto nèo kt�rio tou InstitoÔtou Majhmatik¸n. 'Etsi, suneq�sthke h par�dosh touS
ottish Book.10.7 Ta teleuta�a qrìniaSti
 17 Septembr�ou tou 1939, met� to sÔmfwno Ribbentrop-Molotov, h Sobietik 'Enwsh mp ke ston pìlemo, kai, polÔ sÔntoma, ta Sobietik� strateÔmata katèlabanthn Lvov. H Sobietik  katoq  sunodeÔthke apì mazikoÔ
 diwgmoÔ
 kai talaipwr�atou PolwnikoÔ plhjusmoÔ.



207Amèsw
 zht jhkan plhrofor�e
 gia ton Bana
h. Oi Sobietiko� majhmatiko�ektimoÔsan polÔ th suneisfor� tou sthn epist mh, kai e�qan de�xei pollè
 forè
aut n tou
 thn ekt�mhsh. 'Etsi, o Bana
h diathroÔse kalè
 sqèsei
 me tou
 R¸sou
kai tou
 OukranoÔ
. To nèo kajest¸
 tou prosèfere m�a jèsh kajhght  stoJan Kazimierz -to opo�o metonom�sthke se Ivan Franko pro
 tim n enì
 OukranoÔpoiht - thn �dia stigm  pou pl jo
 Oukrano� èrqontan na anal�boun jèsei
 apìto K�ebo kai to Q�rkobo. O Bana
h ègine kosm tora
 th
 fusikomajhmatik 
sqol 
 kai dieujunt 
 tou tomèa majhmatik 
 an�lush
. Sto �dio tm ma, br kandoulei� oi Orli
z, Saks kai Knaster. Met� apì prìsklhsh, tax�deye sth Mìsqa.To bibl�o tou Theory of Linear Operations metafr�sthke amèsw
 sta Oukranik�.Sobietiko� majhmatiko� ìpw
 oi Bermant kai Lyusternik tax�deyan apì th Mìsqasth Lvov. 'Otan o Bermant rwt jhke poi�  tan ta piì spouda�a majhmatik� kèntrath
 Sobietik 
 'Enwsh
, ap�nthse: {h Mìsqa e�nai sthn pr¸th jèsh. Gia th deÔterhden e�mai bèbaio
. 'Isw
 to Leningrad, �sw
 h Lvov}.Eke�nh thn epoq , h zw  tou Bana
h den �llaxe polÔ. D�daske, sunèqize thnèreun� tou, e�qe ti
 dioikhtikè
 tou asqol�e
, episkeptìtan to S
ottish Caf�e, kaiègrafe sqolik� bibl�a. Sta tèlh tou 1940, h {Kìkkinh Shma�a}, ep�shmh Sobietik efhmer�da th
 Lvov eke�nh thn per�odo, anafèrei me to am�mhto stÔl th
:{...Sto Panepist mio th
 Lvov, to kam�ni th
 gn¸sh
 twn Dutik¸n eparqi¸nth
 Dhmokrat�a
 ma
, douleÔoun pollo� diakekrimènoi epist mone
 pou - k�tw apìti
 exairetik� eunoðkè
 sunj ke
 pou dhmiourge� h Sobietik  dÔnamh - prowjoÔn taplati� tou
 progr�mmata. Sto Panepist mio th
 Lvov up�rqoun 65 episthmonik�tm mata kai tome�
, kai ta mèlh tou
 erg�zontai se 477 diaforetik� episthmonik�progr�mmata.}Parak�tw, up�rqoun sugkekrimène
 plhrofor�e
 gia ton Bana
h:{...Oi Kajhghtè
 Bana
h kai S
hauder gr�foun èna ekpaideutikì bibl�o jew-rhtik 
 mhqanik 
.}H �dia efhmer�da m�
 plhrofore� ìti to 1940 o Bana
h eklèqjhke dhmotikìesÔmboulo
 sthn Lvov. E�nai gnwstì ìti qrhsimopo�hse thn epirro  tou gia nabohj sei thn diwkìmenh Polwnik  koinìthta. Oi polÔ steno� desmo� tou me tou
SobietikoÔ
 epist mone
 suneq�sthkan. O Pavel Aleksandrov, spouda�o
 Sobieti-kì
 topolìgo
, ègraye argìtera stonKuratowski: {eke�na ta qrìnia, gnwrist kamekal� me ton Bana
h, ton opo�o e�qa gnwr�sei sthn Lvov. M�
 episkèfthke pollè
forè
 sth Mìsqa ìpou e�qa thn tim  na ton filoxen sw kai sto sp�ti mou}. Thn�dia epoq , o Bana
h eklèqthke antepistèllon mèlo
 th
 Oukranik 
 Akadhm�a
Episthm¸n sto K�ebo.H kat�rghsh tou sumf¸nou Ribbentrop-Molotov kai h Germanik  eisbol  sthnSobietik  'Enwsh br kan ton Bana
h sto K�ebo, ìpou parakoloujoÔse èna majh-matikì sunèdrio. Amèsw
 epibib�sthke se èna tra�no -to teleuta�o pou èfeuge apìto K�ebo pro
 thn Lvov- kai, agno¸nta
 ton k�nduno, epèstreye sthn oikogènei�tou. Ton IoÔnio tou 1941, ìtan ta strateÔmata tou Q�tler mp kan sthn Lvov, oiBana
h brèjhkan se polÔ dÔskolh jèsh. O Bana
h fobìtan ìti oi Germano� jatou zhtoÔsan na logodot sei gia ti
 egk�rdie
 sqèsei
 tou me tou
 SobietikoÔ
.



208All� kai to gegonì
 ìti an ke sthn Polwnik  pneumatik  el�t ton èjete se k�ndu-no. Sunel fjh apì thn Gestapo me thn kathgor�a ìti emporeuìtan me germanikìsun�llagma, all� afèjhke eleÔjero
 met� apì l�ge
 ebdom�de
. K�poioi apì tou
noik�rhdè
 tou  tan ìpw
 fa�netai mplegmènoi se tètoie
 drasthriìthte
. Akìmakai mèsa sth fulak , kat�fere na apode�xei merik� jewr mata.O J�osef Sieradzki, k�toiko
 th
 Lvov sth di�rkeia th
 Sobietik 
 katoq 
,perigr�fei thn atmìsfaira pou bas�leue sthn pìlh:{Mpor¸ na p¸ qwr�
 uperbol  ìti peja�name k�je for� pou xhmèrwne. OÔpno
  tan h mình ma
 anakoÔfish. 'Omw
, akìma ki autè
 oi sp�nie
 ¸re
 pou okajèna
 apì m�
 - kat�kopo
 kai ekneurismèno
 apì thn apa�sia katanagkastik ergas�a pou m�
 epèbalan - èbriske katafÔgio ston makrinì kai qamèno kìsmo twnpalai¸n episthmonik¸n tou enasqol sewn, èpayan na up�rqoun me ton erqomì twnGerman¸n.}'Htan m�a tragik  epoq . Me entol  tou Himmler, h pneumatik  el�t th
 Lvo-v exafan�sthke oloklhrwtik�. Sthn Krakob�a, oi kajhghtè
 e�qan sullhfje� mesunoptikè
 diadikas�e
 kai e�qan stale� se stratìpeda sugkèntrwsh
 dÔo qrìnianwr�tera. H exolìjreush twn dianooumènwn th
 Lvov e�qe sqediaste�  dh apì to1939. E�qan katartiste� dÔo l�ste
 anjr¸pwn pou ja ekteloÔntan. H pr¸th perie�-qe onìmata episthmìnwn pou doÔleuan sthn Poluteqnik  kai thn Emporik  Sqol .H deÔterh, onìmata kajhght¸n tou Panepisthm�ou. Oi proetoimas�e
 e�qan g�neisqolastik�: akìma kai o tìpo
 twn ektelèsewn e�qe proepilege�. Ta dolofonik�aut� sqèdia efarmìsthkan me pl rh mustikìthta, se ant�jesh me ti
 proklhti-k� dhmìsie
 ektelèsei
 th
 Krakob�a
 pou e�qan foberì ant�ktupo sthn Dutik koin  gn¸mh. Eidik� ekpaideumènoi {ekkajaristè
} emfan�sthkan, anèlaban dr�-sh akrib¸
 p�sw apì ta strateÔmata pou p gainan mprost�, èkanan th doulei�,kai exafan�sthkan. 'Olh aut  h drasthriìthta emfan�sthke w
 anex�rthth apì thnkajod ghsh th
 Wehrma
ht.Th nÔqta th
 3h
 Ioul�ou tou 1941, 40 Polwno� epist mone
, kajhghtè
, sug-grafe�
 kai dianooÔmenoi ektelèsthkan apì tou
 Naz� kai tou
 OukranoÔ
 ejniki-stè
 th
 {Na
htigall}. An�mes� tou
  tan oi f�loi kai sun�delfoi tou Bana
h,Wlodzimierz Stozek, Antoni Lomni
ki, kai Stanislaw Ruziewi
z.Autè
 oi ektelèsei
  tan mìno h arq  mi�
 ektetamènh
 ep�jesh
 pou e�qe skopìthn katastrof  th
 pneumatik 
 zw 
 th
 Lvov. Met� ton pìlemo, o J�osef Sieradzkiprosp�jhse na bre� k�poia logik  ex ghsh gia to makeleiì:{...Ta Germanik� egkl mata e�qan th jewr�a kai th mejodolog�a tou
. An kane�
melet sei thn proèleush kai thn yuqolog�a aut¸n twn egklhm�twn, odhge�tai seèna polÔploko kai skoteinì top�o, o stìqo
 ìmw
 twn ektelèsewn th
 Lvov, thn �diamèra pou oHimmler episkeptìtan thn pìlh, e�nai tele�w
 profan 
. Ta p�nta èginanme astrapia�a taqÔthta, qwr�
 prof�sei
 kai nomikè
 diadikas�e
. H katastrof oloklhr¸jhke tìso gr gora pou akìma kai k�poie
 Germanikè
 arqè
 pi�sthkanston Ôpno. L�ge
 mère
 met� ti
 ektelèsei
, apestalmènoi etairi¸n petrela�ou apìto Berol�no, prosp�jhsan na plhsi�soun ton Kajhght  Pilat - diejnoÔ
 kÔrou
eidikì sthn teqnolog�a tou petrela�ou - o opo�o
 e�qe mìli
 dolofonhje�.Up�rqoun apode�xei
 gia to ìti oi l�ste
 twn jum�twn e�qan katartiste� apì to1938-39: Thn hmèra th
 ep�jesh
, �njrwpoi th
 Gestapo èyaqnan dÔo epist mone




209pou e�qan  dh pej�nei sthn per�odo 1939-41. Ton dermatolìgo Lesz
zynski kai tonofjalmolìgo Bednarski. Pe�sthkan gia to j�natì tou
 mìno ìtan oi q re
 tou
parous�asan ta pistopoihtik� jan�tou.Sqedìn ìla ta onìmata th
 l�sta
 e�qan pl jo
 dhmosieÔsewn, shmantikè
 ana-kalÔyei
, diejn  brabe�a, diakr�sei
 kai met�llia. Oi Germano� tou
 exaf�nisan,akrib¸
 ìpw
 e�qan k�nei merikoÔ
 ai¸ne
 nwr�tera sto Gdansk, mìno kai mìnogiat�  tan Sl�boi kai Polwno�.}O Bana
h epèzhse apì aut n thn epidrom . Oi sunj ke
 ìmw
 k�tw apì ti
 opo�-e
 anagk�sthke na z sei sth di�rkeia th
 Nazistik 
 katoq 
,  tan polÔ sklhrè
.H Jadwiga Hallaunbrenner, majhmatikì
 apì thn Lvov, pou o �ntra
 th
 Mi
hal tan fusikì
, jum�tai:{O Bana
h m�
 episkeptìtan suqn�. O �ntra
 mou e�qe katafèrei na bre�doulei� sthn Viehverband, m�a epiqe�rhsh pou paraskeÔaze louk�nika deutèra
dialog 
. 'Eferne sto sp�ti èna kilì krèa
 th bdom�da, to qeirìtero e�do
 louk�-nikou. Katèbaza ta roll� th
 kouz�na
 kai èftiaqna èna kaz�ni fasìlia me krèa
.To br�du m�
 episkèptontan o Stefan Bana
h, o Tadeusz Riedl, o kajhght 
 fi-lolog�a
 Kazimierz Bran
zyk, kai meriko� �lloi pou den jum�mai. O Bana
h  tanexoujenwmèno
, limoktonoÔse kai èsbhne, en¸ prin ton pìlemo  tan polÔ dunatì
kai tetr�gwno
. Met� to de�pno, �rqizan th suz thsh: gia thn kat�stash stomètwpo, thn anamon  twn summ�qwn, to Anatolikì mètwpo, ta nèa sthn Polwn�a,thn Lvov, ti
 pijanìthte
 epib�wsh
.}H �sqhmh fusik  kat�stash tou Bana
h den  tan mìno apotèlesma th
 genik 
pe�na
, all� kai th
 doulei�
 tou:  tan {ektrofeÔ
 yeir¸n} sto BakthriologikìInstitoÔto tou Rudolf Weigl. 'Arqise na douleÔei eke� to fjinìpwro tou 1941. Toep�ggelma autì e�qe kai ta kal� tou. M�a eidik  k�rta tou InstitoÔtou, h opo�atou epètrepe na epibi¸sei me sqetik  asf�leia sthn katoq . O giì
 tou Ruziewi
zjum�tai aut n thn per�odo:{... To InstitoÔto prosèlabe sqedìn ìlou
 ìsou
 e�qan �mesh   èmmesh sqèshme thn epist mh, dhlad  thn pleioyhf�a th
 dianìhsh
 sthn Lvov. DoÔleua ki eg¸sto InstitoÔto tou Weigl. Kajìmastan se èna makrÔ xÔlino trapèzi kai taðzame ti
ye�re
. Jum�mai ìti sqedìn autìmata �rqisan na sqhmat�zontai koinwnikè
 om�de
.Up rqe èna trapèzi sto opo�o ìloi oi ektrofe�
  tan kajhghtè
 twn anjrwpistik¸nepisthm¸n. O Bana
h kai o Knaster k�jontan sto �dio trapèzi, kai èdinan thnentÔpwsh ìti  tan aporrofhmènoi se majhmatikè
 suzht sei
. Gnwr�zw ìti sthdi�rkeia tou polèmou o Bana
h parèdide maj mata sto giì tou Tadeusz Riedl.}O Bana
h doÔleye {sti
 ye�re
} mèqri ton IoÔlio tou 1944, opìte èlhxe h Nazi-stik  katoq . Sti
 27 Ioul�ou, ta Sobietik� strateÔmata xanamp kan sthn Lvov. OBana
h ananèwse ti
 Rwsikè
 epafè
 tou kai summete�qe energ� sthn Panslabik Antifasistik  Epitrop , m�a org�nwsh pou upost rizan oi Sobietiko�. H epitrop {...dhmiourg jhke ton AÔgousto tou 1941, prowjoÔse thn ant�stash twn Sl�bwnkat� tou germanikoÔ fasismoÔ, kai enhmèrwne thn koin  gn¸mh gia ta nazistik�egkl mata sth Sobietik  'Enwsh, thn Polwn�a, th Giougkoslab�a, kai �lle
 q¸-re
}. Eke�nh thn epoq , o Sobolev sunantoÔse suqn� ton Bana
h sto Uzkov, ènajèretro l�go èxw apì th Mìsqa:



210{Par� ta �qnh pou e�qe af sei p�nw tou o pìlemo
, kai par� thn arr¸stia pouton e�qe exasjen�sei, o Bana
h diathroÔse th zwnt�nia sta m�tia tou. 'Htan o�dio
 koinwnikì
, euq�risto
 kai gohteutikì
 Stefan Bana
h pou e�qa de� sthn Lvovprin ton pìlemo. 'Etsi ton jum�mai: sp�nia a�sjhsh tou qioÔmor, enèrgeia, ìmorfhyuq , meg�lo talènto.}Amèsw
 prosfèrjhke m�a èdra tou Jagiellonian ston Bana
h. Thn dèqthke meqar�, afoÔ ja dieukìlune kai ton epanapatrismì tou apì thn Oukranik  plèonLvov sthn Polwn�a. O Bana
h parèmene prìedro
 th
 Polwnik 
 Majhmatik 
Etair�a
, kai h nèa - epibeblhmènh apì tou
 SobietikoÔ
- kubèrnhsh th
 Polwn�a
tou prosèfere th jèsh tou UpourgoÔ Paide�a
. 'Omw
, par� ti
 prosp�jeie
 twngiatr¸n, to dialumèno shk¸ti tou kai o kark�no
 tou f�rugga ton katèbalan.O Bana
h pèjane sti
 31 AugoÔstou tou 1945, sthn Lvov. 'Htan mìli
 53 et¸n,gem�to
 sqèdia gia to mèllon. Ta nèa gia ti
 epituq�e
 twn pr¸hn majht¸n tou sti
Hnwmène
 Polite�e
 e�qan arq�sei na ft�noun. Oi topikè
 efhmer�de
 th
 periìdoude�qnoun to jr no th
 episthmonik 
 koinìthta
 th
 Lvov. Pènte ergas�e
 kai ènabibl�o tou Bana
h kuklofìrhsan met� to j�natì tou. E�qe doulèyei gi� aut� staqrìnia tou polèmou.10.8 Ep�logo
Pollè
 martur�e
 bebai¸noun ìti o Bana
h den endiaferìtan gia t�pota èxw apì tamajhmatik�. 'Opw
 gr�fei o Steinhaus,{O Bana
h  tan pr¸ta ap� ìla majhmatikì
. H politik  den ton endièfere kaipolÔ, h omorfi� th
 fÔsh
 den ton entupws�aze, h tèqnh kai h logoteqn�a  tan gi�autìn deutereÔouse
 apolaÔsei
, sÔntoma diale�mata apì th doulei�.}'Opw
 kai n� e�nai, pl jo
 istor�e
 anatrèpoun thn eikìna th
 monìpleurh
kai adi�forh
 gia ìla majhmatik 
 di�noia
. Piì qarakthristik  e�nai h jrulik sun�nthsh tou Bana
h me ton von Neumann:O von Neumann episkèfthke thn Polwn�a tre�
 forè
 prin ton pìlemo. K�jefor�, me proswpikè
 odhg�e
 touWiener, tou patèra th
 kubernhtik 
, prosp�jhsena pe�sei ton Bana
h na metanasteÔsei sti
 Hnwmène
 Polite�e
. H teleuta�a touep�skeyh sthn Lvov  tan to 1937. Apant¸nta
 sthn prosfor� tou, o Bana
hr¸thse:{Kai pìsa e�nai diatejeimèno
 na plhr¸sei o Wiener?}{Autì to èqoume  dh front�sei} ap�nthse gem�to
 autopepo�jhsh o Amerika-nì
, b�zonta
 to qèri sthn tsèph. {Autì e�nai èna tsek me thn upograf  touWiener.'Eqei shmei¸sei mìno to yhf�o 1, mpore�
 na prosjèsei
 d�pla ìsa mhdenik� nom�zei
ìti apaitoÔntai}.O Bana
h skèfthke thn prìtash gia mi� stigm , kai ap�nthse: {autì to posìe�nai polÔ mikrì gia na af sw thn Polwn�a}.


