
SUNDUASTIKH I, MARTIOS 2012
APANTHSEIS B

Jèma 1. JewroÔme ìlouc touc eptay fiouc arijmoÔc apì to 1000000 wc to 5999999
(se k�je tètoion arijmì to pr¸to yhfÐo an kei sto sÔnolo {1, 2, . . . , 5} kai ta upì-
loipa èxi sto sÔnolo {0, 1, . . . , 9}).
(a) Pìsoi arijmoÐ apì autoÔc èqoun ìla ta yhfÐa touc diaforetik�?
(b) Pìsoi arijmoÐ apì autoÔc eÐnai perittoÐ?
(g) Pìsoi arijmoÐ apì autoÔc eÐnai perittoÐ kai èqoun ìla ta yhfÐa touc diaforetik�?
(d) Pìsoi arijmoÐ apì autoÔc perièqoun to yhfÐo 4?
(e) Pìsoi arijmoÐ apì autoÔc perièqoun akrib¸c treic forèc to yhfÐo 6 kai akrib¸c
treic forèc to yhfÐo 7?

Ap�nthsh: (a) To pr¸to yhfÐo epilègetai me 5 trìpouc, to deÔtero me 9 (arkeÐ
na eÐnai diaforetikì apì to pr¸to), to trÐto me 8 (arkeÐ na eÐnai diaforetikì apì ta
dÔo pr¸ta) k.lp., kai ètsi, up�rqoun 5 ·9 ·8 ·7 ·6 ·5 ·4 = 5 · (9)6 arijmoÐ me diaforetik�
yhfÐa. (b) To pr¸to yhfÐo epilègetai me 5 trìpouc, to deÔtero, trÐto, tètarto, pèmpto
kai èkto me 10 (mporoÔme na b�loume o,tid pote) kai to teleutaÐo me 5 (arkeÐ na eÐnai
perittìc), kai ètsi, up�rqoun 5 · 105 · 5 perittoÐ arijmoÐ. (g) Oi perittoÐ tou sunìlou
{1, 2, . . . , 5} eÐnai oi 1, 3 kai 5 � treic to pl joc. Dialègontac pr¸ta to teleutaÐo
yhfÐo, met� to pr¸to, kai sth sunèqeia to deÔtero, trÐto, tètarto, pèmpto kai èkto
yhfÐo tou arijmoÔ, diapist¸noume ìti up�rqoun 3 · 4 · 8 · 7 · 6 · 5 · 4 = 12 · (8)5 arijmoÐ
me diaforetik� yhfÐa pou l goun se 1, 3   5. OmoÐwc, apì thn pollaplasiastik 
arq  brÐskoume ìti up�rqoun 2 · 5 · 8 · 7 · 6 · 5 · 4 = 10 · (8)5 arijmoÐ me diaforetik�
yhfÐa pou l goun se 7   9. Epeid  ta dÔo parap�nw sÔnola arijm¸n eÐnai xèna
diapist¸noume, apì thn arq  tou ajroÐsmatoc, ìti up�rqoun 12 · (8)5 + 10 · (8)5 =
22 · (8)5 perittoÐ arijmoÐ me diaforetik� yhfÐa. (d) Profan¸c to sÔnolo ìlwn twn
jewroÔmenwn arijm¸n, Ω, perièqei, sunolik�, 5 · 106 arijmoÔc. Apì autoÔc up�rqoun
akrib¸c 4 · 96 oi opoÐoi den perièqoun tess�ri, epomènwc oi upìloipoi 5 · 106 − 4 · 96

perièqoun toul�qiston èna tess�ri. (e) Dialègoume gia thn pr¸th jèsh tou arijmoÔ
èna yhfÐo apì ta 1, 2, . . . , 5 me 5 trìpouc. Sth sunèqeia, metajètoume stic upìloipec
6 jèseic tou arijmoÔ ta trÐa ex�ria kai ta trÐa ept�ria kat� 6!

3!·3! = 6!
(3!)2

= 20 trìpouc
� metajèseic dÔo eid¸n stoiqeÐwn. Apì thn pollaplasiastik  arq  to zhtoÔmeno
pl joc isoÔtai me 5 · 20 = 100.

Jèma 2. UpologÐste ta ajroÐsmata:
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Ap�nthsh: (a) An κ = 0 tìte κ(ν − κ)
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ν ≥ 2 kai qrhsimopoi¸ntac to gegonìc ìti

κ

(
4

κ

)
= 4

(
3

κ− 1

)
kai (ν−κ)

(
7

ν − κ

)
= 7

(
6

ν − κ− 1

)
gia k�je κ = 1, 2, . . . , ν−1,



2

to �jroisma upologÐzetai wc ex c:
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ìpou k�name thn antikat�stash j = κ− 1 kai qrhsimopoi same ton tÔpo Cauchy.

(b) Ac onom�soume Sα to zhtoÔmeno �jroisma. EÐnai
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Epomènwc, jewr¸ntac kai to antÐstoiqo �jroisma gia peritt� κ,
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blèpoume, apì to Diwnumikì Je¸rhma, ìti

Sα + Sπ =
2ν∑
κ=0

(
2ν

κ

)
2κ 72ν−κ = (2 + 7)2ν = 92ν ,

Sα − Sπ =
2ν∑
κ=0

(−1)κ
(

2ν

κ

)
2κ 72ν−κ =

2ν∑
κ=0

(
2ν

κ

)
(−2)κ 72ν−κ = (−2 + 7)2ν = 52ν .

Prosjètontac kat� mèlh tic parap�nw sqèseic prokÔptei ìti 2Sα = 92ν + 52ν dhlad 
Sα = 92ν+52ν

2
= 81ν+25ν

2
.

Jèma 3. (a) Na breÐte to pl joc twn akeraÐwn lÔsewn thc exÐswshc

x1 + x2 + · · ·+ xν + xν+1 + xν+2 + · · ·+ x2ν = 8 + 3ν

me touc periorismoÔc x1 ≥ 3, x2 ≥ 3, . . . , xν ≥ 3, xν+1 ∈ {0, 1}, xν+2 ∈ {0, 1}, . . . , x2ν ∈
{0, 1}.
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(b) Me pìsouc trìpouc mporoÔme na topojet soume 20 ìmoia sfairÐdia sta keli�
k1, k2, . . . , k8, an ta keli� k1, k2 kai k3 èqoun qwrhtikìthta 6 sfairidÐwn to kajèna
en¸ ta k4, k5, . . . , k8 èqoun �peirh qwrhtikìthta?

Ap�nthsh: (a) Jètontac yi = xi − 3 gia i = 1, 2, . . . , ν kai yi = xi gia i =
ν + 1, . . . , 2ν, h dojeÐsa exÐswsh metasqhmatÐzetai sthn

(y1 + 3) + · · ·+ (yν + 3) + yν+1 + · · ·+ y2ν = 8 + 3ν,

dhlad  sthn
y1 + · · ·+ yν + yν+1 + · · ·+ y2ν = 8,

me touc periorismoÔc yi ≥ 0 gia i = 1, . . . , ν kai yi ∈ {0, 1} gia i = ν + 1, . . . , 2ν,
h opoÐa èqei ton Ðdio arijmì akeraÐwn lÔsewn me thn arqik  exÐswsh. [Pr�gmati,
k�je lÔsh (y1, . . . , yν , yν+1, . . . , y2ν) thc parap�nw exÐswshc antistoiqeÐ se akrib¸c
mÐa lÔsh (x1, . . . , xν , xν+1, . . . , x2ν) thc arqik c, kai sugkekrimmèna, sth lÔsh ekeÐnh
pou xi = yi + 3 gia i = 1, . . . , ν kai xi = yi gia i = ν + 1, . . . , 2ν.] ParathroÔme t¸ra
ìti gia k�je stajerì j ∈ {0, 1, . . . , 8}, o arijmìc lÔsewn thc yν+1 + · · ·+ y2ν = j me
yi ∈ {0, 1} gia i = ν+1, . . . , 2ν isoÔtai me

(
ν
j

)
, ìsoi kai oi trìpoi pou dialègoume j apì

ta yν+1, . . . , y2ν sta opoÐa ja d¸soume thn tim  1, en¸ sta upìloipa yi ja d¸soume thn
tim  0. 'Omwc, ìtan yν+1 + · · ·+ y2ν = j, h exÐswsh gr�fetai wc y1 + · · ·+ yν = 8− j
me yi ≥ 0 gia i = 1, . . . , ν kai, profan¸c, up�rqoun

[ ν
8− j

]
diaforetikèc lÔseic wc

proc (y1, . . . , yν). Sunep¸c, apì thn pollaplasiastik  arq  prokÔptei ìti gia k�je

j ∈ {0, 1, . . . , 8}, h exÐswsh èqei
(
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j

)[ ν
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]
diaforetikèc lÔseic me yν+1+· · ·+y2ν = j,

kai ètsi, apì thn arq  tou ajroÐsmatoc prokÔptei ìti h arqik  exÐswsh èqei
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(b) Jètontac xi =pl joc sfairidÐwn pou topojetoÔntai sto kelÐ ki, i = 1, 2, . . . , 8,
to prìblhma an�getai sthn eÔresh tou pl jouc twn akeraÐwn lÔsewn thc exÐswshc
x1 + · · · + x8 = 20 me x1, x2, x3 ∈ {0, 1, . . . , 6} kai x4, x5, x6, x7, x8 ≥ 0. Jètoume
Ω = {ìlec oi akèraiec lÔseic thc x1 + · · · + x8 = 20 me xi ≥ 0 gia i = 1, 2, . . . , 8},
A1 = {oi akèraiec lÔseic thc x1 + · · · + x8 = 20 me x1 ≥ 7 kai xi ≥ 0 gia i =
2, . . . , 8}, A2 = {oi akèraiec lÔseic thc x1 + · · · + x8 = 20 me x2 ≥ 7 kai xi ≥ 0 gia
i = 1, 3, 4, 5, 6, 7, 8} kai A3 = {oi akèraiec lÔseic thc x1 + · · ·+x8 = 20 me x3 ≥ 7 kai
xi ≥ 0 gia i = 1, 2, 4, 5, 6, 7, 8}. Epomènwc zht�me ton plhj�rijmo tou A′1 ∩ A′2 ∩ A′3.
Profan¸c N(Ω) =

[ 8
20

]
, N(A1) = N(A2) = N(A3) =

[ 8
13

]
[diìti, p.q., to N(A1)

isoÔtai me to pl joc twn mh arnhtik¸n akeraÐwn lÔsewn (wc proc (y1, . . . , y8)) thc

exÐswshc (y1+7)+y2+· · ·+y8 = 20], N(A1∩A2) = N(A1∩A3) = N(A2∩A3) =
[ 8
6

]
[diìti, p.q., to N(A1 ∩ A2) isoÔtai me to pl joc twn mh arnhtik¸n akeraÐwn lÔsewn
(wc proc (y1, . . . , y8)) thc exÐswshc (y1 + 7) + (y2 + 7) + y3 + · · · + y8 = 20] kai
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N(A1∩A2∩A3) =
[ 8
−1
]

= 0 [h exÐswsh (y1+7)+(y2+7)+(y3+7)+y4+· · ·+y8 = 20

den èqei mh arnhtikèc lÔseic wc proc (y1, . . . , y8)]. Sunep¸c, apì thn arq  egkleismoÔ-
apokleismoÔ, o arijmìc twn zhtoÔmenwn topojet sewn isoÔtai me

N(A′1 ∩ A′2 ∩ A′3) = N(Ω)− [N(A1) +N(A2) +N(A3)]

+[N(A1 ∩ A2) +N(A1 ∩ A3) +N(A2 ∩ A3)]−N(A1 ∩ A2 ∩ A3)

=
[ 8
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]
− 3 ·

[ 8
13

]
+ 3 ·

[ 8
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]
− 0.

Jèma 4. 'Estw ακ to pl joc twn epanalhptik¸n diat�xewn twn ν + 1 stoiqeÐwn
tou Ω = {ω1, ω2, . . . , ων , ων+1} an� κ, ìpou to ων+1 epitrèpetai na emfanÐzetai perittì
arijmì for¸n sth di�taxh (1   3   5   . . .), en¸ gia ta upìloipa stoiqeÐa tou Ω den
up�rqei periorismìc. UpologÐste
(a) thn ekjetik  genn tria,

E(t) =
∞∑
κ=0

ακ
tκ

κ!
, kai

(b) ton arijmì ακ.

Ap�nthsh: (a) H aparijm tria diat�xewn tou stoiqeÐou ων+1 eÐnai
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2
,

en¸ gia ta upìloipa stoiqeÐa ωi, i = 1, 2, . . . , ν, èqoume
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Epomènwc, h zhtoÔmenh ekjetik  genn tria diat�xewn eÐnai h

E(t) = E1(t) · · ·Eν(t)Eν+1(t) = (et)ν
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2
=

1

2
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(b) AnaptÔssontac thn parap�nw genn tria se dunamoseir�, sÔmfwna me thn ek-
jetik  sun�rthsh, èqoume
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Sunep¸c, o arijmìc ακ isoÔtai me ton suntelest  tou
tκ

κ!
sto prohgoÔmeno an�ptugma,

dhl. ακ = (ν+1)κ−(ν−1)κ
2

.


