
SUNDUASTIKH I, IANOUARIOS 2013, Jèmata kai lÔseic B
Jèma 1. JewroÔme dÔo sÔnola A = {α1, . . . , α20} kai B = {β1, . . . , β10} me 20 kai
10 stoiqeÐa, antÐstoiqa, upojètoume ìti A ∩ B = ∅, kai jètoume Ω = A ∪ B. Na
upologÐsete
(a) ton arijmì twn uposunìlwn tou Ω me akrib¸c 19 stoiqeÐa, 12 apì ta opoÐa an -
koun sto A (kai ta upìloipa 7 sto B).
(b) ton arijmì twn uposunìlwn tou Ω pou perièqoun akrib¸c 12 stoiqeÐa apì to A
kai perittì arijmì stoiqeÐwn apì to B.
(g) ton arijmì twn uposunìlwn tou Ω pou perièqoun osad pote stoiqeÐa apì to A
kai akrib¸c 7 apì to B.
(d) ton arijmì twn uposunìlwn tou Ω me akrib¸c 9 stoiqeÐa pou perièqoun toul�qi-
ston èna stoiqeÐo apì to A kai toul�qiston èna stoiqeÐo apì to B.
(e) ton arijmì twn uposunìlwn tou Ω pou perièqoun akrib¸c 12 stoiqeÐa apì to A
kai to polÔ 9 stoiqeÐa apì to B.

LÔsh: (a) 'Ena uposÔnolo tou Ω me akrib¸c 19 stoiqeÐa, 12 apì ta opoÐa an koun sto
A kai ta upìloipa 7 sto B fti�qnetai se duì st�dia. Sto pr¸to st�dio epilègoume
ta 12 apì ta 20 stoiqeÐa tou A pou ja mpoun sto uposÔnolo me
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sto deÔtero st�dio epilègoume ta 7 apì ta 10 stoiqeÐa tou B pou ja mpoÔn sto
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tètoia uposÔnola.

(b) 'Ena uposÔnolo tou Ω pou perièqei akrib¸c 12 stoiqeÐa apì to A kai perittì
arijmì stoiqeÐwn apì to B fti�qnetai se dÔo st�dia. Sto pr¸to st�dio epilègoume
ta 12 apì ta 20 stoiqeÐa tou A pou ja mpoÔn sto uposÔnolo me
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deÔtero st�dio epilègoume èna uposÔnolo tou B me perittì arijmì stoiqeÐwn gia na
mpoun sto uposÔnolo me
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opìte lÔnontac to sÔsthma paÐrnoume
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29 tètoia uposÔnola.

(g) 'Ena uposÔnolo tou Ω pou perièqei osad pote stoiqeÐa apì to A kai akrib¸c
7 stoiqeÐa apì to B fti�qnetai se dÔo st�dia. Sto pr¸to st�dio epilègoume èna
opoiod pote sÔnolo stoiqeÐwn tou A pou ja mpoun sto uposÔnolo me 220 trìpouc (ìsa
eÐnai dhlad  ta dunat� uposÔnola tou A) kai sto deÔtero st�dio epilègoume ta 7 apì
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ta 10 stoiqeÐa tou B pou ja mpoun sto uposÔnolo me
(
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)
trìpouc . Epomènwc, apì

thn pollaplasiastik  arq , èqoume ìti up�rqoun sunolik� 220
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tètoia uposÔnola.

(d) To pl joc twn uposunìlwn tou Ω me akrib¸c 9 stoiqeÐa pou perièqoun tou-
l�qiston èna stoiqeÐo apì to A kai toul�qiston èna stoiqeÐo apì to B brÐsketai
upologÐzontac to pl joc ìlwn twn uposunìlwn tou Ω me akrib¸c 9 stoiqeÐa kai
afair¸ntac to pl joc twn uposunìlwn tou Ω me akrib¸c 9 stoiqeÐa pou proèrqon-
tai ìla apokleistik� apì to A   apokleistik� apì to B. Sunep¸c to pl joc twn
uposunìlwn aut¸n eÐnai
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(e) 'Ena uposÔnolo tou Ω pou perièqei akrib¸c 12 stoiqeÐa apì to A kai to polÔ 9
stoiqeÐa apì to B fti�qnetai se dÔo st�dia. Sto pr¸to st�dio epilègoume ta 12 apì
ta 20 stoiqeÐa tou A pou ja mpoÔn sto uposÔnolo me
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trìpouc kai sto deÔtero

st�dio epilègoume èna uposÔnolo tou B me to polÔ 9 stoiqeÐa gia na mpoun sto
uposÔnolo me
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(210 − 1) tètoia sÔnola.

Jèma 2. (a) Na breÐte to pl joc twn mh-arnhtik¸n akeraÐwn lÔsewn (x1, . . . , x9)
tou sust matoc exis¸sewn

(x1 + x2 + x3 + x4)(x5 + x6 + x7 + x8 + x9) = 12

(x1 + x2 + x3 + x4) + (x5 + x6 + x7 + x8 + x9) = 7.

(b) Na breÐte to pl joc twn akeraÐwn lÔsewn (x1, . . . , x7) thc exÐswshc

(x1 + x2 + x3 + x4)(x1 + x5 + x6 + x7) = 49

me touc periorismoÔc 0 ≤ xi ≤ 8, i = 1, 2, . . . , 7.

LÔsh: (a) An jèsoume x1 + x2 + x3 + x4 = x kai x5 + x6 + x7 + x8 + x9 = y,
blèpoume ìti x + y = 7 kai xy = 12, opìte anagkastik� ja èqoume x = 3, y = 4  
x = 4, y = 3. Sunep¸c, k�je lÔsh (x1, . . . , x9) tou arqikoÔ sust matoc eÐnai lÔsh
tou sust matoc x1 + x2 + x3 + x4 = 3, x5 + x6 + x7 + x8 + x9 = 4   lÔsh tou
sust matoc x1 + x2 + x3 + x4 = 4, x5 + x6 + x7 + x8 + x9 = 3 kai antÐstrofa.

To sÔsthma x1 + x2 + x3 + x4 = 3, x5 + x6 + x7 + x8 + x9 = 4 èqei
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arnhtikèc akèraiec lÔseic lìgw thc pollaplasiastik c arq c kai omoÐwc to sÔsthma

x1 + x2 + x3 + x4 = 4, x5 + x6 + x7 + x8 + x9 = 3 èqei
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lÔseic. Sunep¸c, qrhsimopoi¸ntac thn arq  tou ajroÐsmatoc, èqoume ìti to arqikì

sÔsthma èqei sunolik�
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(b) AfoÔ endiaferìmaste gia akèraiec lÔseic kai m�lista mh-arnhtikèc kai isqÔei
49 = 72, ja prèpei na isqÔei eÐte x1 + x2 + x3 + x4 = 1, x1 + x5 + x6 + x7 = 49, eÐte
x1+x2+x3+x4 = 7, x1+x5+x6+x7 = 7, eÐte x1+x2+x3+x4 = 49, x1+x5+x6+x7 = 1.
Apì autèc tic peript¸seic mìno h x1 + x2 + x3 + x4 = 7, x1 + x5 + x6 + x7 = 7 eÐnai
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dunat  afoÔ lìgw twn periorism¸n 0 ≤ xi ≤ 8, i = 1, 2, . . . , 7, den eÐnai dunatì
to �jroisma tess�rwn metablht¸n na k�nei 49. 'Ara to zhtoÔmeno pl joc akeraÐwn
lÔsewn tautÐzetai me to pl joc twn akeraÐwn lÔsewn tou sust matoc x1 + x2 + x3 +
x4 = 7, x1 + x5 + x6 + x7 = 7, me touc periorismoÔc 0 ≤ xi ≤ 8, i = 1, 2, . . . , 7.
Sthn pragmatikìthta ìmwc to dexiì mèloc twn periorism¸n eÐnai perittì (xi ≤ 8,
i = 1, 2, . . . , 7) afoÔ ètsi ki alli¸c oi metablhtèc eÐnai mh-arnhtikèc kai ajroÐzoun
sto 7. Telik�, to zhtoÔmeno pl joc akeraÐwn lÔsewn tautÐzetai me to pl joc twn
akeraÐwn lÔsewn tou sust matoc x1 +x2 +x3 +x4 = 7, x1 +x5 +x6 +x7 = 7, me touc
periorismoÔc 0 ≤ xi, i = 1, 2, . . . , 7. Gia k�je dunat  tim  tou x1, x1 = k = 0, 1, . . . , 7
to sÔsthma an�getai sto x2 + x3 + x4 = 7 − k, x5 + x6 + x7 = 7 − k, me touc

periorismoÔc 0 ≤ xi, i = 2, 3, . . . , 7 pou èqei
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lÔseic (fusik� den up�rqoun

lÔseic me x1 = 8). Sunep¸c, me epÐklhsh thc arq c tou ajroÐsmatoc èqoume sunolik�∑7
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Jèma 3. (a) Se èna amfijèatro exet�zontai tautìqrona 120 diakekrimènoi foithtèc,
oi α1, α2, . . . , α40 (oi opoÐoi exet�zontai se jèmata thc kathgorÐac A), oi β1, β2, . . . , β40
(oi opoÐoi exet�zontai se jèmata thc kathgorÐac B) kai oi γ1, γ2, . . . , γ40 (oi opoÐoi e-
xet�zontai se jèmata thc kathgorÐac G). Kajènac apì autoÔc paradÐdei to graptì
tou kai tìte katagr�fetai to ìnom� tou se mÐa lÐsta (diatetagmènh 120-�da). Me
pìsouc trìpouc gÐnetai na sqhmatisteÐ h lÐsta aut  ètsi ¸ste stic pr¸tec 12 jèseic
thc lÐstac na perilamb�netai toul�qiston ènac foitht c apì k�je kathgorÐa jem�twn?

(b) Na upologÐsete twn arijmì twn epanalhptik¸n diat�xewn twn 10 stoiqeÐwn tou
Ω = {ω0, ω1, . . . ω9} an� 41, an to ω0 epitrèpetai na emfanÐzetai to polÔ 2 forèc en¸
ta upìloipa stoiqeÐa epitrèpetai na emfanÐzontai 0   10 forèc to kajèna.

LÔsh: (a) 'Estw Ω to sÔnolo ìlwn twn dunat¸n 120-�dwn foitht¸n, A to sÔnolo
twn dunat¸n 120-�dwn qwrÐc na up�rqoun foithtèc thc kathgorÐac A stic pr¸tec
12 jèseic, B to sÔnolo twn dunat¸n 120-�dwn qwrÐc na up�rqoun foithtèc thc ka-
thgorÐac B stic pr¸tec 12 jèseic kai G to sÔnolo twn dunat¸n 120-�dwn qwrÐc na
up�rqoun foithtèc thc kathgorÐac G stic pr¸tec 12 jèseic. Tìte to zhtoÔmeno pl -
joc trìpwn eÐnai N(A′B′Γ′) pou apì thn arq  egkleismoÔ apokleismoÔ eÐnai Ðso me
N(Ω) − N(A) − N(B) − N(Γ) + N(AB) + N(AΓ) + N(BΓ) − N(ABΓ). 'Eqoume
ìti N(Ω) = 120!, afoÔ k�je met�jesh twn foitht¸n eÐnai apodekt  120-�da tou Ω.
EpÐshc N(A) = (80)12108!, afoÔ mia 120-�da pou den perilamb�nei foithtèc thc ka-
thgorÐac A stic pr¸tec 12 jèseic fti�qnetai se 2 st�dia: Pr¸ta epilègoume 12 apì
touc 80 foithtèc twn kathgori¸n B kai G gia tic pr¸tec 12 jèseic kai touc b�zou-
me sth seir� me (80)12 trìpouc kai katìpin b�zoume touc upìloipouc 108 foithtèc
sth seir�. OmoÐwc brÐskoume N(B) = N(Γ) = (80)12108!. Me an�logo skeptikì
èqoume N(AB) = N(AΓ) = N(BΓ) = (40)12108!, en¸ N(ABΓ) = 0. Telik� to
pl joc twn trìpwn gia na sqhmatisteÐ h lÐsta (120-�da) twn foitht¸n ¸ste stic
pr¸tec 12 jèseic na perilamb�netai toul�qiston ènac foitht c apì k�je kathgorÐa
eÐnai 120!− 3(80)12108! + 3(40)12108!.



4

(b) QrhsimopoioÔme genn triec diat�xewn. H ekjetik  aparijm tria tou stoiqeÐou

ω0 eÐnai E0(t, x0) = 1 + tx0
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AnaptÔssontac me ton tÔpo tou diwnÔmou èqoume
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O suntelest c tou t41 = t10·4+1 eÐnai
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. Sunep¸c, o zhtoÔmenoc arijmìc epa-

nalhptik¸n diat�xewn pou eÐnai o suntelest c tou t41
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