
Metaptuqiak  An�lush I
Prìqeirec Perilhptikèc Shmei¸seic

A. K.

1 σ-'Algebrec

Orismìc 1.1 'Estw X mh kenì sÔnolo1.
'Algebra A uposunìlwn tou X eÐnai mia mh ken  oikogèneia A ⊆ P(X) kleist  wc proc
sumplhr¸mata kai peperasmènec tomèc.
MÐa σ-�lgebra eÐnai mia �lgebra pou eÐnai kleist  wc proc arijm simec tomèc.

Parathr seic 1.1 An A eÐnai �lgebra, tìte {∅, X} ⊆ A.
EpÐshc h A eÐnai kleist  wc proc peperasmènec en¸seic.
An mia S eÐnai σ-�lgebra, eÐnai kleist  wc proc arijm simec en¸seic.

'Askhsh 1.2 An mia �lgebra A eÐnai kleist  wc proc xènec arijm simec en¸seic, tìte
eÐnai σ-�lgebra. To Ðdio sumpèrasma èpetai an eÐnai kleist  wc proc aÔxousec arijm simec
en¸seic.

ParadeÐgmata 1.3 (a) Oi oikogèneiec {∅, X} kai P(X) eÐnai σ-�lgebrec.
(b) An to X eÐnai �peiro tìte

A = {E ⊆ X : E peperasmèno   Ec peperasmèno}

eÐnai �lgebra, all� ìqi σ-�lgebra.
(g) An to X eÐnai uperarijm simo tìte

A = {E ⊆ X : E arijm simo   Ec arijm simo}

eÐnai σ-�lgebra.
(d) H tom  mi�c opoiasd pote oikogèneiac σ-algebr¸n eÐnai σ-�lgebra.

K�je ∅ 6= E ⊆ P(X) perièqetai se mia σ-�lgebra, thn P(X). Epomènwc h tom  M(E)
ìlwn twn σ-algebr¸n pou perièqoun thn E eÐnai h mikrìterh σ-�lgebra pou thn perièqei.

Orismìc 1.2 H M(E) onom�zetai h σ-�lgebra pou par�getai apì thn E .
1metro, 17/11/07
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Parathr seic 1.4 An E ⊆ F tìte M(E) ⊆M(F).
An E ⊆M kai M eÐnai σ-�lgebra tìte M(E) ⊆M.

Orismìc 1.3 An (X, T ) eÐnai topologikìc q¸roc, h σ-algebra M(T ) pou par�getai apì
ta anoikt� sÔnola onom�zetai h σ-�lgebra Borel tou X kai sumbolÐzetai BX .

Perièqei:
ìla ta anoikt� sÔnola
ìla ta kleist� sÔnola
ìlec tic arijm simec tomèc anoikt¸n sunìlwn (ta sÔnola Gδ)
ìlec tic arijm simec en¸seic kleist¸n sunìlwn (ta sÔnola Fσ)
ìlec tic arijm simec tomèc Fσ sunìlwn: ta sÔnola Fσδ

ìlec tic arijm simec en¸seic Gδ sunìlwn: ta sÔnola Gδσ

k.lp. k.lp.

Prìtash 1.5 H σ-�lgebra Borel BR par�getai apì opoiand pote apì tic parak�tw oiko-
gèneiec:

E1 = {(a, b) : a < b} E5 = {[a, b) : a < b}
E2 = {[a, b] : a < b} E6 = {(a, b] : a < b}
E3 = {(a,+∞) : a ∈ R} E7 = {[a,+∞) : a ∈ R}
E4 = {(−∞, b) : b ∈ R} E8 = {(−∞, b] : b ∈ R}.

Orismìc 1.4 Mia oikogèneia E ⊆ P(X) lègetai stoiqei¸dhc oikogèneia an

• ∅ ∈ E
• E,F ∈ E ⇒ E ∩ F ∈ E
• E ∈ E ⇒ Ec eÐnai peperasmènh xènh ènwsh stoiqeÐwn thc E .

Par�deigma 1.6 'Estw E = {(a, b] : a ≤ b}∪{(−∞, b] : b ∈ R}∪{(a,+∞) : a ∈ R}∪R.
EÐnai mia stoiqei¸dhc oikogèneia.

Prìtash 1.7 An E ⊆ P(X) eÐnai stoiqei¸dhc oikogèneia tìte h oikogèneia A ìlwn twn
peperasmènwn en¸sewn E1∪E2∪· · ·∪En xènwn sunìlwn {E1, . . . , En} ⊆ E eÐnai �lgebra.

Apìdeixh (perÐlhyh) 1. An E,F ∈ E tìte E \ F ∈ A.
2. An E,F ∈ E tìte E ∪ F ∈ A.
3. An E1, . . . , En ∈ E tìte E1 ∪ · · · ∪ En ∈ A.
4. An A1, . . . , An ∈ A tìte A1 ∪ · · · ∪ An ∈ A.
5. An A ∈ A tìte Ac ∈ A.
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2 Mètra

Orismìc 2.1 (a) An X eÐnai mh kenì sÔnolo kai M eÐnai σ-�lgebra uposunìlwn tou,
to zeÔgoc (X,M) lègetai metr simoc q¸roc.
(b) Mètro ston metr simo q¸ro (X,M) lègetai mia apeikìnish

µ : M→ [0,+∞]

me tic idiìthtec

µ(∅) = 0

µ

( ∞⋃
n=1

En

)
=

∞∑
n=1

µ(En) ìtan En ∈M eÐnai xèna an� dÔo (σ-prosjetikìthta).

Parat rhsh 2.1 Mia apeikìnish µ : M → [0,+∞] pou ikanopoieÐ µ(∅) = 0 kai
µ (E ∪ F ) = µ(E) ∪ µ(F )ìtan E,F ∈ M eÐnai xèna lègetai peperasmèna prosjetikì
mètro.

Orismìc 2.2 'Ena mètro µ ston metr simo q¸ro (X,M) lègetai
• peperasmèno an µ(X) <∞
• σ-peperasmèno an X =

⋃∞
n=1Xn ìpou Xn ∈M kai µ(Xn) <∞ gia k�je n ∈ N.

• hmipeperasmèno (semifinite) an k�je E ∈ M me µ(E) = +∞ perièqei F ∈ M
me 0 < µ(E) <∞.

Parathr seic 2.2 (a) Apì thn epìmenh Prìtash 2.3 èpetai ìti an to µ eÐnai pepera-
smèno tìte gia k�je E ∈M isqÔei µ(E) <∞.
(b) EpÐshc èpetai ìti an to µ eÐnai σ-peperasmèno tìte ìla ta E ∈M èqoun {σ-peperasmèno
mètro}.

Prìtash 2.3 (Basikèc idiìthtc tou mètrou)
(a) (MonotonÐa) An E,F ∈M kai E ⊆ F tìte µ(E) ≤ µ(F ).
(b) (σ-Upoprosjetikìthta)An {En : n ∈ N} ⊆ M tìte µ (

⋃∞
n=1En) ≤ ∑∞

n=1 µ(En).

(g) An {En : n ∈ N} ⊆ M kai En ⊆ En+1 gia k�je n tìte µ (
⋃∞

n=1En) = limn µ(En).
(d) An {En : n ∈ N} ⊆ M, an En ⊇ En+1 gia k�je n kai an µ(E1) < ∞ tìte
µ (

⋂∞
n=1En) = limn µ(En).

UpenjÔmish An {ai : i ∈ I} ⊆ [0,+∞], orÐzoume

∑
i∈I

ai = sup

{∑
i∈F

ai : F ⊆ I peperasmèno

}
∈ [0,+∞].

'Otan I = N kai ai ∈ R, o orismìc sumpÐptei me ton sunhjismèno orismì tou ajroÐsmatoc
miac seir�c mh arnhtik¸n ìrwn.
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Par�deigma 2.4 'Estw X mh kenì sÔnolo kai f : X → [0,+∞] mia sun�rthsh.
OrÐzoume µf : P(X) → [0,+∞] apì th sqèsh

µf (E) =
∑
x∈E

f(x).

Eidikèc peript¸seic: (a) An f(x) = 1 gia k�je x ∈ X, tìte µf (E) = #E (o plhj�rijmoc
tou E): to µf eÐnai to mètro aparÐjmhshc (counting measure).

(b) 'Estw xo ∈ X kai f : X → [0,+∞] h sun�rthsh ìpou f(x) =

{
1, x = xo

0, x 6= xo
. Tìte

µf (E) =

{
1, xo ∈ E
0, xo /∈ E . To µf eÐnai to mètro Dirac δxo sto xo.

Parathr seic 2.5 (a) To µf eÐnai hmipeperasmèno an kai mìnon an f(X) ⊆ [0,+∞).
(b) To µf eÐnai σ-peperasmèno an kai mìnon an eÐnai hmipeperasmèno kai to sÔnolo {x ∈
X : f(x) > 0} eÐnai arijm simo.

2.1 Mhdenik� sÔnola, pl rwsh

'Estw (X,M, µ) q¸roc mètrou. An N ∈ M kai µ(N) = 0 tìte to N lègetai µ-mhdenikì
sÔnolo.

Orismìc 2.3 Mia idiìthta P (x) pou anafèretai se stoiqeÐa x ∈ X lègetai ìti isqÔei
µ-sqedìn pantoÔ an isqÔei ektìc apì èna mhdenikì sÔnolo, dhl. an up�rqei èna mhdenikì
sÔnolo N ∈ M ¸ste h P (x) na isqÔei gia k�je x /∈ N ,   isodÔnama, an to sÔnolo twn
x ∈ X gia ta opoÐa h P (x) den isqÔei perièqetai se èna mhdenikì sÔnolo N ∈M.

Parathr seic 2.6 An Nn, n ∈ N eÐnai mhdenik� sÔnola tìte to ∪nNn eÐnai mhdenikì
sÔnolo.
An N eÐnai mhdenikì sÔnolo kai E ⊆ N den èpetai ìti E ∈M.
Gia par�deigma an X = [0, 1] kai M h σ-�lgebra tou ParadeÐgmatoc 1.3(g), èstw E =
[0, 1/2] kai xo = 3/4. JewroÔme ton (X,M, δxo). An N ≡ {xo}c tìte N ∈M, δxo(N) = 0
kai E ⊆ N all� E /∈M.

Orismìc 2.4 'Ena mètro (  ènac q¸roc mètrou) lègetai pl rec (ant. pl rhc) an k�je
uposÔnolo mhdenikoÔ sunìlou eÐnai metr simo.

Je¸rhma 2.7 (Pl rwsh) 'Estw (X,M, µ) q¸roc mètrou kai

N = {N ∈M : µ(N) = 0}
N = {F ⊆ X : ∃N ∈ N ¸ste F ⊆ N}
M = {E ∪ F : E ∈M, F ∈ N}.

Tìte h M eÐnai σ-�lgebra, kai an jèsoume

µ̄(E ∪ F ) = µ(E), E ∈M, F ∈ N
tìte to µ̄ eÐnai kal� orismèno mètro sthn M ¸ste µ̄|M = µ.
O q¸roc mètrou (X,M, µ̄) eÐnai pl rhc kai to µ̄ eÐnai monadikì, me thn ènnoia ìti an ν
eÐnai pl rec mètro sthn M ¸ste µ̄|M = µ tìte ν = µ̄.
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Apìdeixh ParaleÐpetai.

2.2 Exwterik� mètra kai mètra

Orismìc 2.5 'Estw Ω 6= ∅. Mia sun�rthsh µ∗ : P(Ω) → [0,+∞] lègetai exwterikì
mètro an
(a) µ∗(∅) = 0
(b) (σ-upoprosjetikìthta) an An ⊆ Ω tìte µ∗(

⋃
n∈NAn) ≤ ∑

n∈N µ
∗(An)

(g) (monotonÐa) an A ⊆ B tìte µ∗(A) ⊆ µ∗(B).

Parat rhsh 2.8 SÔgkrish me thn ènnoia tou mètrou:
(i) 'Ena exwterikì mètro orÐzetai s�olìklhro to dunamosÔnolo
(ii) den eÐnai ìmwc kat�an�gkh (oÔte peperasmèna) prosjetikì, all� mìno σ-upoprosjetikì.

Prìtash 2.9 'Estw B ⊆ P(Ω) mia oikogèneia ¸ste ∅,Ω ∈ B kai èstw ψ : B → [0,+∞]
mia sun�rthsh me ψ(∅) = 0. An A ⊆ Ω, orÐzoume

µ∗(A) = inf

{ ∞∑
n=1

ψ(En) : En ∈ B, A ⊆
⋃
n

En

}
.

Tìte to µ∗ eÐnai exwterikì mètro.

Par�deigma 2.10 Ston Ω = Rd, orÐzw

(a, b) = {x = (x1, . . . , xd) ∈ Rd : ai < xi < bi, i = 1, . . . , d} (anoiktì parallhlepÐpedo).
Jètw B = {(a, b) : a, b ∈ Rd, ai < bi} ∪ {∅,R3}

kai ψ((a, b)) = (b1 − a1)(b2 − a2) . . . (bd − ad), φ(∅) = 0, φ(Rd) = +∞.

To exwterikì mètro pou prokÔptei eÐnai to exwterikì mètro Lebesgue.

Orismìc 2.6 'Estw φ : P(Ω) → [0,+∞] èna exwterikì mètro. 'Ena B ⊆ R lègetai
φ-metr simo an

gia k�je A ⊆ R, φ(A) = φ(A ∩B) + φ(A ∩Bc).

Jètoume Mφ = {B ⊆ Ω : B φ-metr simo}.

Parat rhsh 2.11 'Estw B ⊆ Ω.

• An φ(B) = 0, tìte B ∈Mφ.

• Gia na deÐxw ìti B ∈Mφ, arkeÐ na deÐxw ìti

gia k�je A ⊆ Ω, φ(A) ≥ φ(A ∩B) + φ(A ∩Bc).

• M�lista arkeÐ na deÐxw thn anisìthta aut  gia k�je A me φ(A) <∞.

Je¸rhma 2.12 (Karajeodwr ) An φ eÐnai exwterikì mètro sto Ω, tìte
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• H Mφ eÐnai σ-�lgebra kai

• To φ|Mφ
eÐnai pl rec mètro.

B mata apìdeixhc:

1. H Mφ eÐnai �lgebra.

2. An B1, B2 ∈Mφ eÐnai xèna, tìte gia k�je A ⊆ Ω isqÔei

φ(A ∩ (B1 ∪B2)) = φ(A ∩B1) + φ(A ∩B2)

�ra φ(B1 ∪B2) = φ(B1) + φ(B2)

opìte to φ|Mφ
eÐnai peperasmèna prosjetikì.

3. An {Bn : n ∈ N} ⊆ Mφ eÐnai xèna an� dÔo, tìte

• ⋃
n∈NBn ∈Mφ kai

• φ
(⋃

n∈NBn

)
=

∑∞
n=1 φ(Bn)

opìte h Mφ eÐnai σ-�lgebra kai to φ|Mφ
eÐnai σ-prosjetikì.

Epomènwc o q¸roc (Ω,Mφ, φ|Mφ
) eÐnai q¸roc mètrou. 'Oti eÐnai pl rhc èpetai t¸ra apì

thn Parat rhsh 2.11.

B ma 1. (a) Ω ∈Mφ: profanèc.
(b) An B ∈Mφ, tìte gia k�je A ⊆ Ω isqÔei

φ(A) = φ(A ∩B) + φ(A ∩Bc)

= φ(A ∩ Cc) + φ(A ∩ C) (ìpou C = Bc)

�ra Bc ∈Mφ.
(g) An B1, B2 ∈ Mφ, na deÐxw ìti B1 ∪ B2 ∈ Mφ: 'Estw A ⊆ Ω. Epeid  B1 ∈ Mφ

èqoume
φ(A) = φ(A ∩B1) + φ(A ∩Bc

1). (1)

Epeid  B2 ∈Mφ èqoume

φ(A ∩Bc
1) = φ((A ∩Bc

1) ∩B2) + φ((A ∩Bc
1) ∩Bc

2) (2)

opìte h (1) gÐnetai

φ(A) = φ(A ∩B1) + φ((A ∩Bc
1) ∩B2) + φ(A ∩Bc

1 ∩Bc
2)

= φ(A ∩B1) + φ((A ∩Bc
1) ∩B2) + φ(A ∩ (B1 ∪B2)

c). (3)

All� A ∩ (B1 ∪ B2) = (A ∩ B1) ∪ (A ∩ (B2 ∩ Bc
1)) �ra, afoÔ to φ eÐnai upoprosjetikì,

φ(A ∩ (B1 ∪B2)) ≤ φ(A ∩B1) + φ(A ∩ (B2 ∩Bc
1)), opìte apì thn (3) èqoume

φ(A) ≥ φ(A ∩ (B1 ∪B2)) + φ(A ∩ (B1 ∪B2)
c) (4)

�ra (B1 ∪B2) ∈Mφ.
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B ma 2. An B1, B2 ∈Mφ, kai B1∩B2 = ∅, tìte (B1∪B2)∩B1 = B1 kai (B1∪B2)∩Bc
1 =

B2, opìte gia k�je A ⊆ Ω, jètontac C = A ∩ (B1 ∪B2) èqoume, afoÔ B1 ∈Mφ,

φ(A ∩ (B1 ∪B2)) = φ(C) = φ(C ∩B1) + φ(C ∩Bc
1)

= φ(A ∩ (B1 ∪B2) ∩B1) + φ(A ∩ (B1 ∪B2) ∩Bc
1)

= φ(A ∩B1) + φ(A ∩B2).

B ma 3. An {Bn : n ∈ N} ⊆ Mφ eÐnai xèna an� dÔo kai B = ∪nBn, ja deÐxw ìti gia
k�je A ⊆ Ω,

φ(A) = φ(A ∩B) + φ(A ∩Bc) =
∞∑

n=1

φ(A ∩Bn) + φ(A ∩Bc) (5)

opìte
φ(A) = φ(A ∩B) + φ(A ∩Bc)

�ra B ∈Mφ kai (jètontac A = B)

φ(B) =
∞∑

n=1

φ(Bn)

�ra to φ|Mφ
eÐnai σ-prosjetikì.

Pr�gmati, gia k�je N ∈ N, epeid  ⋃N
n=1Bn ∈Mφ,

φ(A) = φ

(
A ∩

(
N⋃

n=1

Bn

))
+ φ

(
A ∩

(
N⋃

n=1

Bn

)c)

=
N∑

n=1

φ(A ∩Bn) + φ

(
A ∩

(
N⋃

n=1

Bn

)c)
(B ma 2)

≥
N∑

n=1

φ(A ∩Bn) + φ (A ∩Bc)

diìti A ∩Bc ⊆ A ∩
(⋃N

n=1Bn

)c

. AfoÔ h anisìthta isqÔei gia k�je N ∈ N, èqoume

φ(A) ≥
∞∑

n=1

φ(A ∩Bn) + φ (A ∩Bc) ≥ φ

( ∞⋃
n=1

(A ∩Bn)

)
+ φ (A ∩Bc)

lìgw thc σ-upoprosjetikìthtac tou φ. All� ∪n(A ∩Bn) = A ∩ (∪nBn) = A ∩B, �ra

φ

( ∞⋃
n=1

(A ∩Bn)

)
+ φ (A ∩Bc) = φ(A ∩B) + φ (A ∩Bc) ≥ φ(A)

p�li apì thn upoprosjetikìthta. Dhlad 

φ(A) ≥
∞∑

n=1

φ(A ∩Bn) + φ (A ∩Bc) ≥ φ(A ∩B) + φ (A ∩Bc) ≥ φ(A)

sunep¸c isqÔei isìthta, kai h (5) apodeÐqjhke. 2
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Orismìc 2.7 Mia apeikìnish µ : A → [0,+∞] lègetai promètro an
(a) To pedÐo orismoÔ A tou µ eÐnai �lgebra uposunìlwn tou X
(b) µ(∅) = 0
(g) An {An : n ∈ N} ⊆ A eÐnai xèna ana dÔo kai isqÔei

⋃∞
n=1An ∈ A, tìte

µ(
⋃∞

n=1An) =
∑∞

n=1 µ(An).

Dhl. to µ eÐnai peperasmèna prosjetikì, kai {ìtan mporeÐ} eÐnai σ-prosjetikì.

Je¸rhma 2.13 (Epèktashc Karajeodwr ) 'Ena promètro µo : A → [0,+∞] dè-
qetai epèktash µ : M(A) → [0,+∞] sthn σ−�lgebra M(A) pou par�gei h A.
H epèktash aut  eÐnai monadik  ìtan to µo eÐnai peperasmèno (µo(X) <∞)   σ-peperasmèno
(X = ∪nAn ìpou An ∈ A kai µo(An) <∞ gia k�je n ∈ N).
Genik�, k�je epèktash ν : M(A) → [0,+∞] tou µ ikanopoieÐ ν(E) ≤ µ(E) gia k�je
E ∈M(A) kai, an µ(E) <∞, tìte ν(E) = µ(E).

B mata apìdeixhc OrÐzoume to antÐstoiqo exwterikì mètro µ∗ : P(X) → [0,+∞].
B ma 1 DeÐqnoume ìti µ∗|A = µo.
B ma 2 DeÐqnoume ìti k�je A ∈ A eÐnai µ∗-metr simo.
Kat� sunèpeia, an M(A) eÐnai h σ-�lgebra pou par�getai apì thn A, tìte M(A) ⊆Mµ∗

kai an µ = µ∗|M(A), tìte o (X,M(A), µ) eÐnai q¸roc mètrou kai µ|A = µ0.
B ma 3 EÔkola prokÔptei ìti an ν : M(A) → [0,+∞] eÐnai mètro pou epekteÐnei to µ
tìte ν(E) ≤ µ(E) gia k�je E ∈M(A)

B ma 4 DeÐqnoume ìti, an ν eÐnai ìpwc sto B ma 3 kai E ∈ M(A) me µ(E) < ∞, tìte
µ(E) = ν(E).
B ma 5 EÔkola prokÔptei ìti an ν eÐnai ìpwc sto B ma 3 kai to µ0 eÐnai σ-peperasmèno
tìte ν = µ.

2.3 Mètra Borel sto R

An µ : BR → [0, 1] eÐnai mètro Borel sto R (mètro pijanìthtac gia eukolÐa) orÐzoume thn
sun�rthsh

F : R→ R : F (x) = µ((−∞, x]).

ParathroÔme ìti h F eÐnai aÔxousa, �ra gia k�je xo ∈ R ta pleurik� ìria

lim
x→xo+

F (x), lim
x→xo−

F (x), lim
x→+∞

F (x), lim
x→−∞

F (x)

up�rqoun. M�lista lim
x→xo+

F (x) = F (xo) (h F eÐnai dexi� suneq c).

Je¸rhma 2.14 An F : R → R eÐnai aÔxousa kai dexi� suneq c tìte up�rqei monadikì
mètro Borel µF sto R pou ikanopoieÐ µF ((a, b]) = F (b)− F (a) ìtan a, b ∈ R kai a ≤ b.
An G : R → R eÐnai aÔxousa kai dexi� suneq c kai µF = µG tìte h diafor� F − G eÐnai
stajer .
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Tèloc an µ eÐnai mètro Borel sto R pou ikanopoieÐ µ((a, b]) < ∞ ìtan a, b ∈ R kai a ≤ b
tìte h sun�rthsh F : R→ R me

F (x) =





µ((0, x]), x > 0
0, x = 0

−µ((x, 0]), x < 0

eÐnai aÔxousa kai dexi� suneq c kai µF = µ.

Orismìc 2.8 'Estw X topologikìc (  metrikìc) q¸roc, S mia σ-�lgebra pou perièqei
ta anoikt� (�ra kai ta Borel), µ èna mètro ston (X,S). To µ lègetai kanonikì an
(i) Gia k�je K ⊆ X sumpagèc isqÔei µ(K) <∞.
(ii) Exwterik  kanonikìthta:

Gia k�je A ∈ S isqÔei µ(A) = inf{µ(V ) : V anoiktì, A ⊆ V }
(iii) Eswterik  kanonikìthta:

Gia k�je V ⊆ X anoiktì isqÔei µ(V ) = sup{µ(K) : K sumpagèc, K ⊆ V }.

Prìtash 2.15 K�je mètro Borel µ sto R pou ikanopoieÐ µ((a, b]) <∞ ìtan a, b ∈ R kai
a ≤ b eÐnai kanonikì. M�lista h isìthta

µ(E) = sup{µ(K) : K sumpagèc, K ⊆ E}

isqÔei gia k�je µ-metr simo sÔnolo E ⊆ R (kai ìqi mìno gia ta anoikt�).

Parat rhsh 2.16 K�je tètoio mètro ikanopoieÐ, gia k�je µ-metr simo sÔnolo E ⊆ R,

µ(E) = inf

{ ∞∑
n=1

µ((an, bn]) : E ⊆
⋃
n

(an, bn]

}

L mma 2.17 K�je tètoio mètro ikanopoieÐ, gia k�je µ-metr simo sÔnolo E ⊆ R,

µ(E) = inf

{ ∞∑
n=1

µ((an, bn)) : E ⊆
⋃
n

(an, bn)

}

Prìtash 2.18 An µ eÐnai kanonikì mètro Borel sto R kai E ⊆ R, ta ex c eÐnai isodÔnama:
(a) to E eÐnai µ-metr simo
(b) Up�rqei Gδ-sÔnolo V kai µ-mhdenikì sÔnolo N ¸ste E = V \N .
(g) Up�rqei Fσ-sÔnolo H kai µ-mhdenikì sÔnolo M ¸ste E = H ∪M .

Prìtash 2.19 An µ eÐnai kanonikì mètro Borel sto R kai E ⊆ R eÐnai µ-metr simo me
µ(E) <∞, tìte gia k�je ε > 0 up�rqei peperasmènh ènwsh A anoikt¸n diasthm�twn ¸ste
µ(E 4 A) < ε.

Parat rhsh 2.20 To mètro Lebesgue ston R (bl. Par�deigma 2.10) eÐnai to mètro
λ = µF ìpou F (t) = t, t ∈ R.
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Prìtash 2.21 To mètro Lebesgue eÐnai analloÐwto stic metajèseic fc : t→ t+c, c ∈ R.

Je¸rhma 2.22 An µ eÐnai èna mètro Borel sto R pou eÐnai analloÐwto stic metajèseic
kai peperasmèno sta sumpag  sÔnola tìte eÐnai pollapl�sio tou mètrou Lebesgue, dhlad 
up�rqei a ≥ 0 ¸ste µ = aλ.

Apìdeixh 'Estw a = µ([0, 1)). To a eÐnai peperasmèno efìson µ([0, 1)) ≤ µ([0, 1]) kai
to [0, 1] eÐnai sumpagèc.
An a = 0 tìte µ = 0 giatÐ µ(R) =

∑
n∈Z µ(In) ìpou In = [n, n+ 1) �ra µ(In) = a = 0.

An a > 0, jètoume ν(A) = 1
a
µ(A) kai ja deÐxoume ìti ν = λ. ArkeÐ (giatÐ?) na deÐxoume

ìti ν((a, b)) = λ((a, b)) gia k�je fragmèno anoiktì di�sthma (a, b).
Gia k�je n, jètoume Dn,k = [k−1

2n ,
k
2n ). Ja deÐxoume ìti ν(Dn,k) = 1

2n . Pr�gmati, epeid 
Dn,k = Dn,1 + (k − 1) èqoume ν(Dn,k) = ν(Dn,1) ≡ νn kai epeid  Dn,k ∩ Dn,j = ∅ ìtan
k 6= j èqoume

[0, 1) =
2n⋃

k=1

Dn,k =⇒ ν([0, 1)) =
2n∑

k=1

ν(Dn,k) = 2nνn

�ra νn = 1
2n = λ(Dn,k), dhlad  ta mètra ν kai λ tautÐzontai sta diast mata thc morf c

Dn,k. 'Omwc k�je fragmèno anoiktì di�sthma (a, b) eÐnai arijm simh ènwsh tètoiwn diasth-
m�twn2, �ra ta mètra ν kai λ tautÐzontai sta fragmèna anoikt� diast mata, �ra pantoÔ.
2

To sÔnolo Cantor 'Estw

C0 = [0, 1]

C1 =

[
0,

1

3

] ⋃ [
2

3
, 1

]

C2 =

[
0,

1

9

]
∪

[
2

9
,
3

9

] ⋃ [
6

9
,
7

9

]
∪

[
8

9
, 1

]

. . . . . . . . . . . .

C =
∞⋂

n=1

Cn.

Dhlad  sto n-ostì st�dio èqoume èna sÔnolo Cn pou eÐnai ènwsh 2n kleist¸n diasthm�twn
kai afairoÔme apì k�je kleistì di�sthma I tou Cn to anoiktì di�sthma me kèntro to mèso
tou I kai m koc Ðso me 1/3 tou m koc tou I.

2Up�rqoun gnhsÐwc monìtonec akoloujÐec duadik¸n rht¸n (pn) kai (qn) ¸ste pn ↘ a kai qn ↗ b,
opìte (a, b) = ∪n[pn, qn) kai k�je di�sthma [pn, qn) eÐnai thc morf c [ p

2n , q
2m ) = [ 2mp

2n+m , 2nq
2n+m ), eÐnai dhlad 

peperasmènh ènwsh diasthm�twn thc morf c D(n + m, k).
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Parat rhsh 2.23 To sÔnolo Cantor eÐnai {metrojewrhtik� kai topologik� amelhtèo},
dhlad  èqei mètro Lebesgue mhdèn kai eÐnai kleistì kai poujen� puknì. EÐnai ìmwc upera-
rijm simo.

Apìdeixh (a) K�je Cn eÐnai ènwsh 2n xènwn kleist¸n diasthm�twn me m koc (1
3
)n to

kajèna, �ra λ(Cn) = 2n(1
3
)n. 'Epetai ìti λ(C) = limn λ(Cn) = 0.

(b) To C eÐnai kleistì kai poujen� puknì: An I eÐnai anoiktì di�sthma pou perièqetai
sto C, tìte λ(I) ≤ λ(C) = 0, kai sunep¸c I = ∅.
(g) Ja deÐxoume tèloc ìti to C eÐnai uperarijm simo. Ja kataskeu�soume mia 1-1 sun�r-
thsh pou ja apeikonÐzei to sÔnolo

Ω = {(σn) : σn ∈ {0, 1}}

epÐ tou C. Autì arkeÐ, afoÔ to Ω eÐnai uperarijm simo.
DÐnoume diadoqik� deÐktec sta kleist� diast mata tou k�je Cn wc ex c:

C1 : [0, 1
3
] = K(0), [2

3
, 1] = K(1)

C2 : [0, 1
9
] = K(00), [2

9
, 3

9
] = K(01), [6

9
, 7

9
] = K(10), [8

9
, 1] = K(11)

. . . . . . . . . . . .

0 1

00 01 10

000   100 101  110  111 011 010 001

 11

Dhlad , an ta diast mata tou Cn èqoun onomasjeÐ K(σ1, σ2, . . . , σn) ìpou σk ∈ {0, 1}, sto
(n+1)-ostì st�dio prokÔptoun apì toK(σ1, σ2, . . . , σn) ta diast mataK(σ1, σ2, . . . , σn, 0)
kai K(σ1, σ2, . . . , σn, 1) tou Cn+1. Epomènwc, k�je �peirh akoloujÐa σ = (σ1, σ2, . . . ) ∈ Ω
kajorÐzei mia monadik  fjÐnousa akoloujÐaK(σ1), K(σ1, σ2), . . . , K(σ1, σ2, . . . , σn), . . . apì
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sumpag  diast mata. 'Epetai (lìgw sump�geiac) ìti h tom  Kσ ≡
∞⋂

n=1

K(σ1, σ2, . . . , σn)

den eÐnai ken , kai efìson diamK(σ1, σ2, . . . , σn) = 3−n → 0, to Kσ eÐnai monosÔnolo.
Onom�zoume f(σ) to monadikì stoiqeÐo tou Kσ, dhlad  Kσ = {f(c)}.
Den eÐnai dÔskolo na bebaiwjeÐ kaneÐc ìti h σ → f(σ) eÐnai 1-1 kai epÐ:
An σ = (σ1, σ2, . . .) 6= τ = (τ1, τ2, . . .), tìte up�rqei n ∈ N ¸ste σn 6= τn opìte ta
sÔnola K(σ1, σ2, . . . , σn) kai K(τ1, τ2, . . . , τn) eÐnai xèna. All� f(σ) ∈ K(σ1, σ2, . . . , σn)
kai f(τ) ∈ K(τ1, τ2, . . . , τn) �ra f(σ) 6= f(τ).
EpÐshc an x ∈ C = ∩nCn tìte gia k�je n to x an kei se èna kai monadikìK(σ1, σ2, . . . , σn).
'Ara to x an kei sthn tom 

⋂
nK(σ1, σ2, . . . , σn) = Kσ = {f(σ)} opìte up�rqei σ ∈ Ω

¸ste x = f(σ).

Parat rhsh 2.24 To sÔnolo Cantor eÐnai tèleio, dhlad  eÐnai kleistì kai den èqei
memonwmèna shmeÐa.

Apìdeixh Ja deÐxoume ìti k�je x ∈ C eÐnai ìrio miac akoloujÐac (xn) shmeÐwn tou C
daforetik¸n apì to x.
Gia k�je n, to shmeÐo x perièqetai se èna monadikì K(σ1, σ2, . . . , σn). An to x eÐnai to
aristerì �kro tou K(σ1, σ2, . . . , σn0), onom�zoume xn to dexiì �kro; an ìqi, onom�zoume xn

to aristerì �kro. Kai stic dÔo peript¸seic, èqoume 0 < |x− xn| ≤ (1
3
)n. 2

Parat rhsh 2.25 Gia k�je a ∈ (0, 1), mporoÔme na kataskeu�soume èna sÔnolo {tÔpou
Cantor} Ca me mètro a.

Kataskeu  Xekin�me apì to C0 = [0, 1], all� antÐ na afairèsoume èna anoiktì di�sthma
m kouc 1

3
me kèntro to mèson tou, afairoÔme èna anoiktì di�sthma (1

2
− b

4
, 1

2
+ b

4
) m kouc

b
2
(ìpou b = 1− a). ProkÔptoun dÔo kleist� diast mata m kouc 1

2
(1− b

2
). Apì to kajèna

afairoÔme èna anoiktì di�sthma m kouc b
8
me kèntro to mèson tou, kai prokÔptoun tèssera

diast mata m kouc 1
4
(1 − b

2
− b

4
) to kajèna, kai oÔtw kajex c. 'Etsi sto n-ostì st�dio

afairoÔme, me kèntro to mèson k�je diast matoc tou Ca
n−1, èna anoiktì di�sthma m kouc

b
22n−1 . 'Epetai ìti

λ([0, 1] \ Ca) =
b

2
+
b

4
+
b

8
+ . . . = b, �ra λ(Ca) = a.

To Ca eÐnai kleistì kai poujen� puknì. Pr�gmati, an I eÐnai èna anoiktì di�sthma pou
perièqetai sto Ca, tìte gia k�je n ja perièqetai sto Ca

n. All�, epeid  λ(Ca
n) < 1, kajèna

apì ta 2n kleist� xèna diast mata pou apoteloÔn to Ca
n èqei m koc mikrìtero apì 1

2n .
Kat� sunèpeia λ(I) < 1

2n gia k�je n, opìte λ(I) = 0 �ra I = ∅. 'Ara to Ca den mporeÐ na
perièqei mh ken� anoikt� diast mata.
EpÐshc to Ca eÐnai tèleio. H apìdeixh eÐnai h Ðdia me thn perÐptwsh tou C.
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