
3 Olokl rwsh

3.1 Metr simec Sunart seic

Parathr seic 3.1 (a) Mia sun�rthsh f : X → Y metaxÔ mh ken¸n sunìlwn ep�gei
mia apeikìnish

f−1 : P(Y ) → P(X) : B → f−1(B) ≡ {x ∈ X : f(x) ∈ B}.

H apeikìnish aut  diathreÐ sumplhr¸mata, aujaÐretec en¸seic kai aujaÐretec tomèc.

(b) An B ⊆ P(Y ) eÐnai σ-�lgebra, h oikogèneia

f−1(B) ≡ {f−1(B) : B ∈ B}

eÐnai σ-�lgebra uposunìlwn tou X.

Orismìc 3.1 An (XA) kai (Y,B) eÐnai metr simoi q¸roi, mia sun�rthsh f : X → Y
lègetai (A,B)-metr simh an gia k�je B ∈ B isqÔei f−1(B) ∈ A.

Parathr seic 3.2 (a) H sÔnjesh metrhsÐmwn sunart sewn eÐnai metr simh: An

(X,A)
f→ (Y,B)

g→ (Z, C)

ìpou h f eÐnai (A,B)-metr simh kai h g eÐnai (B, C)-metr simh, tìte h g ◦ f eÐnai (A, C)-
metr simh.

(b) Gia na elègxw an mia sun�rthsh f : X → Y eÐnai (A,B)-metr simh, arkeÐ na elègxw
an h sqèsh f−1(E) ∈ A isqÔei gia k�je E ∈ E , ìpou E ⊆ B mia oikogèneia pou par�gei
thn B, dhlad  tètoia ¸ste M(E) = B.
(g) 'Epetai apì to (b) ìti an oi X kai Y eÐnai topologikoÐ (  metrikoÐ) q¸roi, k�je suneq c
sun�rthsh f : X → Y eÐnai (BX ,BY )-metr simh.

Orismìc 3.2 An (X,M) eÐnai metr simoc q¸roc kai Y eÐnai topologikìc   metrikìc
q¸roc, mia f : X → Y lègetai M-metr simh an eÐnai (M,BY )-metr simh.

IdiaÐtera endiafèroun oi peript¸seic Y = R   Y = C (me th sunhjismènh topologÐa).

Eidikìtera mia f : R → R lègetai Borel metr simh an eÐnai (BR,BR)-metr simh, kai
Lebesgue metr simh an eÐnai (Mλ,BR)-metr simh (ìpou Mλ h σ-�lgebra twn Lebesgue
metr simwn sunìlwn).

'Askhsh 3.3 H sun�rthsh χA eÐnai M-metr simh an kai mìnon an A ∈M.

Prìtash 3.4 An f : (X,M) → R, ta ex c eÐnai isodÔnama:
(i) H f eÐnai M-metr simh.
(ii) Gia k�je U ⊆ R anoiktì, f−1(U) ∈M.
(iii) Gia k�je a ∈ R, f−1([a,∞)) ∈M.
(iv) Gia k�je a ∈ R, f−1((−∞, a]) ∈M.
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Parat rhsh 3.5 An E ⊆ X kai f : E → R, h f lègetai metr simh sto E an eÐnai
(ME,BR)-metr simh, ìpou ME = {A ∩ E : A ∈ M}. Sthn perÐptwsh pou h f orÐzetai
sto X kai E ∈ M, h f |E eÐnai metr simh sto E an kai mìnon an gia k�je B ∈ BR isqÔei
(f−1(B) ∩ E) ∈M.

Orismìc 3.3 An (X,M) eÐnai metr simoc q¸roc, mia f : X → [−∞,∞] lègetai M-
metr simh an eÐnai (M,BR̄)-metr simh ìpou BR̄ = {E ⊆ [−∞,∞] : E ∩ R ∈ BR}. IsodÔ-
nama, h f eÐnai M-metr simh an kai mìnon an f−1([−∞, b]) ∈M gia k�je b ∈ R.

Prìtash 3.6 An (X,M) eÐnai metr simoc q¸roc, f : X → R metr simh kai g : R → R
suneq c, tìte h g ◦ f : X → R eÐnai metr simh.

Parathr seic 3.7 (a) An mia f : R → R eÐnai Borel (dhlad  (BR,BR)-metr simh),
tìte eÐnai Lebesgue metr simh, dhlad  (Mλ,BR)-metr simh. To antÐstrofo den isqÔei
p�nta.
(b) An oi f, g : R → R eÐnai Lebesgue metr simec, den alhjeÔei p�nta ìti h sÔnjesh
g ◦ f : R → R eÐnai Lebesgue metr simh.

Prìtash 3.8 An (X,M) eÐnai metr simoc q¸roc, f, g : X → R metr simec kai p > 0,

(i) oi sunart seic |f | kai |f |p eÐnai metr simec

(ii) oi sunart seic f + g kai fg eÐnai metr simec.

Prìtash 3.9 'Estw (X,M) metr simoc q¸roc kai fn : X → [−∞, +∞] metr simec
(n ∈ N). Tìte

1. h sun�rthsh supn fn eÐnai metr simh,

2. h sun�rthsh infn fn eÐnai metr simh,

3. h sun�rthsh lim supn fn ≡ infk supn≥k fn eÐnai metr simh,

4. h sun�rthsh lim infn fn ≡ supk infn≥k fn eÐnai metr simh,

5. eidikìtera, an to kat� shmeÐo ìrio f ≡ limn fn : X → [−∞, +∞] up�rqei, tìte eÐnai
metr simh sun�rthsh.

Prìtash 3.10 'Estw (X,M) metr simoc q¸roc.
(a) An f : X → [−∞, +∞] metr simh, tìte oi f+ = max{f, 0}, f− = −min{f, 0} kai
|f | = f+ + f− eÐnai metr simec (kai ikanopoioÔn f = f+ − f− kai f+f− = 0).
(b) An g : X → C kai u = 1

2
(g + ḡ), v = 1

2i
(g− ḡ), tìte h g eÐnai metr simh an kai mìnon

an oi u kai v eÐnai metr simec.
(g) An h g : X → C eÐnai metr simh, tìte oi |g| =

√
u2 + v2 kai sgn g eÐnai metr simec,

ìpou sgn z =

{ z
|z| , z 6= 0

0, z = 0
(z ∈ C).
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Aplèc sunart seic

Orismìc 3.4 Mia sun�rthsh s : X → R lègetai apl  an to sÔnolo s(X) eÐnai pepera-
smèno. An s(X) = {a1, a2, . . . , an} kai Ai = s−1({ai}) tìte h {A1, . . . An} eÐnai diamèrish

tou X kai h s gr�fetai se kanonik  morf : s =
n∑

k=1

akχAk
.

Parathr seic 3.11 'Estw (X,M) metr simoc q¸roc.
(a) Mia apl  sun�rthsh s : X → R se kanonik  morf  s =

∑
k ckχEk

eÐnai metr simh
an kai mìnon an Ek ∈M gia k�je k = 1, . . . , n.

(b) Epomènwc an oi s, t : X → R eÐnai aplèc metr simec, to Ðdio isqÔei kai gia tic

s + t, s · t, max{s, t}, min{s, t}, s+, s−, |s| = s+ + s−.

Je¸rhma 3.12 'Estw f : X → [0, +∞] mia sun�rthsh. Tìte up�rqei aÔxousa akolou-
jÐa (sn) apl¸n me sn(X) ⊆ [0, +∞) gia k�je n tètoia ¸ste

sn(x) ↗ f(x) gia k�je x ∈ X.

An h f eÐnai fragmènh, mporoÔme na dialèxoume tic sn ¸ste sn → f omoiìmorfa sto X.

H idèa thc apìdeixhc: Gia k�je n ∈ N jètw

Fn = {x ∈ X : f(x) ≥ n}

QwrÐzw to [0, n) se n · 2n diast mata [0, 1
2n ), [ 1

2n , 2
2n ), . . . , [n2n−1

2n , n2n

2n ) kai jewr¸ tic antÐ-
strofec eikìnec mèsw thc f :

En,i =

{
x ∈ X :

i− 1

2n
≤ f(x) <

i

2n

}
, i = 1, 2, . . . , n2n.

OrÐzw
sn =

n2n∑
i=1

i− 1

2n
χEn,i

+ nχFn .

dhlad  jètw

sn(x) =


n, an f(x) ≥ n

i−1
2n , an i = 1, 2, . . . , n2n tètoio ¸ste i−1

2n ≤ f(x) < i
2n

Prìtash 3.13 Gia k�je M-metr simh sun�rthsh f : X → [0, +∞] up�rqei akoloujÐa
(sn) apl¸n M-metrhsÐmwn sunart sewn ¸ste 0 ≤ sn(x) ≤ sn+1(x) ≤ f(x) kai sn(x) →
f(x) gia k�je x ∈ X. An h f eÐnai fragmènh, mporoÔme na dialèxoume tic sn ¸ste sn → f
omoiìmorfa sto X.

Je¸rhma 3.14 Mia sun�rthsh f : X → R   f : X → C eÐnai M-metr simh an kai
mìnon an eÐnai to (kat� shmeÐo) ìrio miac akoloujÐac1 {sn} (pragmatik¸n   migadik¸n)
M-metr simwn apl¸n sunart sewn.

1h {sn} den eÐnai kat�an�gkhn monìtonh, mporoÔme ìmwc na thn epilèxoume ¸ste h {|sn|} na eÐnai
aÔxousa
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Sumpèrasma H kl�sh twn M-metrhsÐmwn sunart sewn perièqei tic qarakthristikèc
sunart seic χA, A ∈M kai eÐnai kleist  wc proc tic algebrikèc pr�xeic:

f, g metr simec ⇒ f + g, f · g, max{f, g}, min{f, g}, |f |, f+, f− metr simec

kaj¸c kai ta kat� shmeÐo ìria akolouji¸n:

fn (n ∈ N) metr simec ⇒ sup
n

fn, inf
n

fn, lim
n

fn metr simec

(an to teleutaÐo ìrio up�rqei).

3.2 To olokl rwma Lebesgue

Se ìlh thn par�grafo, stajeropoioÔme ènan q¸ro mètrou (X,S, µ).

3.2.1 Mh arnhtikèc sunart seic

Ja melet soume pr¸ta tic idiìthtec tou oloklhr¸matoc mh arnhtik¸n sunart sewn.

Orismìc 3.5 SumbolÐzoume L+(X,S)   apl� L+ to sÔnolo twn mh arnhtik¸n metr si-
mwn sunart sewn f : X → [0, +∞].

(i) An s : X → R+ eÐnai apl  metr simh se kanonik  morf  s =
n∑

k=1

ckχAk
orÐzoume∫

sdµ =
n∑

k=1

ckµ(Ak) ∈ [0, +∞]

(jètoume 0 · (+∞) = 0).

(ii) An f : X → [0, +∞] eÐnai metr simh, orÐzoume∫
fdµ = sup

{∫
sdµ : s apl  metr simh, 0 ≤ s ≤ f

}
.

An A ∈ S orÐzoume ∫
A

fdµ =

∫
fχAdµ.

L mma 3.15 An s : X → R+ apl  metr simh kai s =
∑m

k=1 bkχBk
ìpou Bk ∩Bj = ∅ gia

k 6= j, tìte ∫
sdµ =

m∑
k=1

bkµ(Bk).

Prìtash 3.16 An s, t : X → [0, +∞) aplèc metr simec kai a ≥ 0, tìte

(i)

∫
asdµ = a

∫
sdµ

(ii)

∫
(s + t)dµ =

∫
sdµ +

∫
tdµ

(iii) An s ≤ t tìte

∫
sdµ ≤

∫
tdµ.
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Prìtash 3.17 An f, g : X → [0, +∞] metr simec kai a ≥ 0, tìte

(i)

∫
afdµ = a

∫
fdµ

(ii) An f ≤ g tìte

∫
fdµ ≤

∫
gdµ.

(iii) An A ⊆ B (A, B ∈ S) tìte

∫
A

fdµ ≤
∫

B

fdµ

(iv) An A ∈ S kai µ(A) = 0   f |A = 0 tìte

∫
A

fdµ = 0.

Prìtash 3.18 'Estw s : X → [0, +∞) apl  metr simh. OrÐzoume

ν : S → [0, +∞] : ν(A) =

∫
A

sdµ.

Tìte to ν eÐnai mètro.

Je¸rhma 3.19 (Monìtonhc sÔgklishc tou Lebesgue) An (fn) eÐnai aÔxousa
akoloujÐa metrhsÐmwn mh arnhtik¸n sunart sewn fn : X → [0, +∞], tìte∫

(lim
n

fn)dµ = lim
n

∫
fndµ.

Apìdeixh Gia k�je x ∈ X h akoloujÐa (fn(x)) eÐnai aÔxousa kai sunep¸c èqei ìrio
f(x) ∈ [0, +∞]. 'Eqoume deÐxei ìti to kat� shmeÐo ìrio metrhsÐmwn sunart sewn eÐnai
metr simh. 'Ara h f eÐnai metr simh, kai sunep¸c to

∫
fdµ up�rqei (mporeÐ na eÐnai +∞).

Epeid  fn ≤ fn+1 ≤ f , èqoume
∫

fndµ ≤
∫

fn+1dµ ≤
∫

fdµ. Epomènwc to ìrio
limn

∫
fndµ ≡ a up�rqei (mporeÐ na eÐnai +∞) kai

a ≤
∫

fdµ.

Mènei na deiqjeÐ h antÐstrofh anisìthta. Apì ton orismì tou
∫

fdµ arkeÐ na deÐxoume ìti
an s eÐnai apl  metr simh sun�rthsh me 0 ≤ s ≤ f isqÔei∫

sdµ ≤ a.

StajeropoioÔme èna c ∈ (0, 1) kai ja deÐxoume ìti

c

∫
sdµ ≤ a.

Jètoume
En = {x ∈ X : fn(x) ≥ cs(x)} (n = 1, 2, . . .).

ParathroÔme ìti En ∈ S afoÔ h fn − cs eÐnai metr simh kai ìti E1 ⊆ E2 ⊆ . . . afoÔ
f1 ≤ f2 ≤ . . . .

Isqurismìc:
∞⋃

n=1

En = X.
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Pr�gmati, èstw x ∈ X. An f(x) = 0 tìte s(x) = 0 �ra x ∈ En gia k�je n. An p�li
f(x) > 0 tìte f(x) ≥ s(x) > cs(x), opìte efìson fn(x) ↗ f(x) up�rqei n ∈ N ¸ste
fn(x) ≥ cs(x), �ra x ∈ En. O isqurismìc apodeÐqjhke.

JewroÔme to mètro ν pou orÐzetai apì th sqèsh

ν(E) =

∫
E

sdµ, E ∈ S

'Eqoume

cν(En) = c

∫
En

sdµ =

∫
En

csdµ ≤
∫

En

fndµ ≤
∫

fndµ.

'Otan n →∞, èqoume ν(En) → ν(X) =
∫

sdµ apì thn σ-prosjetikìthta tou ν (Prìtash
3.18). EpÐshc

∫
fndµ → a.

Sunep¸c c
∫

sdµ ≤ a. AfoÔ h anisìthta aut  isqÔei gia k�je c ∈ (0, 1), jewr¸ntac c ↗ 1
prokÔptei ∫

sdµ ≤ a.

H anisìthta apodeÐqjhke gia k�je apl  metr simh sun�rthsh s me 0 ≤ s ≤ f , kai sunep¸c∫
fdµ = sup

{∫
sdµ : s apl  metr simh, 0 ≤ s ≤ f

}
≤ a

�ra telik¸c
∫

fdµ = a. 2

Pìrisma 3.20 (Prosjetikìthta) An f, g : X → [0, +∞] metr simec, tìte∫
(f + g)dµ =

∫
fdµ +

∫
gdµ.

Je¸rhma 3.21 (Beppo Levi) An (fn) eÐnai akoloujÐa metrhsÐmwn mh arnhtik¸n su-
nart sewn fn : X → [0, +∞], tìte∫ (∑

n

fn

)
dµ =

∑
n

(∫
fndµ

)
.

L mma 3.22 (Anisìthta Chebyshev) An f ∈ L+ kai c > 0 tìte∫
fdµ ≥ cµ({x ∈ X : f(x) ≥ c}).

Prìtash 3.23 An f, g : X → [0, +∞] eÐnai metr simec tìte

(i) f = g sqedìn pantoÔ =⇒
∫

fdµ =
∫

gdµ

(ii) f = 0 sqedìn pantoÔ ⇐⇒
∫

fdµ = 0.

Prìtash 3.24 An fn, f ∈ L+ kai fn ↗ f sv.p. tìte∫
fdµ = lim

n

∫
fndµ.
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ParadeÐgmata 3.25 (a) An fn = χ[n,n+1] tìte fn → f = 0 kat� shmeÐo all�
limn

∫
fndλ = 1 >

∫
limn fdλ.

(b) An gn = nχ(0, 1
n

) tìte gn → g = 0 kat� shmeÐo all� limn

∫
gndλ = 1 >

∫
limn gdλ.

Je¸rhma 3.26 (L mma Fatou) An fn : X → [0, +∞] eÐnai metr simec 2∫
(lim inf

n
fn)dµ ≤ lim inf

n

∫
fndµ.

Pìrisma 3.27 An fn, f ∈ L+ kai fn → f sv.p. tìte∫
fdµ ≤ lim inf

n

∫
fndµ.

Prìtash 3.28 An f : X → [0, +∞] eÐnai metr simh kai
∫

fdµ < ∞ tìte

(i) H f eÐnai sv.p. peperasmènh: µ({x ∈ X : f(x) = +∞}) = 0.

(ii) To sÔnolo {x ∈ X : f(x) > 0} eÐnai σ-peperasmèno.

3.2.2 Olokl rwsh metrhsÐmwn sunart sewn

Orismìc 3.6 (i) 'Estw f : X → R metr simh kai f+ = max{f, 0} kai f− = −min{f, 0}.
Tìte oi f+ kai f− eÐnai mh arnhtikèc kai metr simec, �ra orÐzontai ta

∫
f+dµ kai

∫
f−dµ

(sto R). An toul�qiston èna apì ta dÔo eÐnai peperasmèno, orÐzoume∫
fdµ =

∫
f+dµ−

∫
f−dµ ∈ R.

(ii) Mia f : X → R lègetai (apolÔtwc) oloklhr¸simh an eÐnai metr simh kai∫
|f |dµ < +∞.

Sumbolismìc:

L1
R(X,S, µ) = L1

R(µ) = {f : X → R : oloklhr¸simh}.

Parat rhsh 3.29 (i) 'Estw f : X → R metr simh. An
∫
|f |dµ < +∞, tìte apì thn

Prìtash 3.28 h |f | paÐrnei µ-sqedìn pantoÔ peperasmènec timèc, �ra to Ðdio isqÔei gia tic
f, f+ kai f−. Epomènwc up�rqei g ∈ L1 ¸ste g = f µ-sqedìn pantoÔ.

(ii) An f ∈ L1
R(µ) kai f = f+ − f−, tìte epeid  0 ≤ f± ≤ |f | èqoume f± ∈ L1

R(µ). An
antÐstrofa oi f+ kai f− eÐnai oloklhr¸simec tìte afoÔ |f | = f++f− èqoume

∫
|f |dµ < +∞

�ra f ∈ L1
R(µ). Dhlad , an h f eÐnai metr simh,

f ∈ L1
R(µ) ⇔ |f | ∈ L1

R(µ) ⇔ f+ kai f− ∈ L1
R(µ) ⇒

∫
fdµ =

∫
f+dµ−

∫
f−dµ ∈ R.

2UpenjÔmish: lim inf
n

fn = lim
n

(inf{fk : k ≥ n}) = sup
n

(inf{fk : k ≥ n}).
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Je¸rhma 3.30 O L1
R(µ) eÐnai grammikìc q¸roc kai to olokl rwma eÐnai grammik  apei-

kìnish L1
R(µ) → R. Dhlad 

an f, g ∈ L1
R(µ)kai λ ∈ R, tìte f + λg ∈ L1

R(µ)

kai

∫
(f + λg)dµ =

∫
fdµ + λ

∫
gdµ.

Apìdeixh (i) Epeid  |f + λg| ≤ |f |+ |λ||g|, èqoume∫
|f + λg|dµ ≤

∫
(|f |+ |λ||g|)dµ

(3.17,3.20)
=

∫
|f |dµ + |λ|

∫
|g|dµ < +∞.

(iia) An h = f + g tìte oi f±, g± kai h± paÐrnoun pragmatikèc mìno timèc opìte

h+ − h− = f+ − f− + g+ − g−

⇒ h+ + f− + g− = f+ + g+ + h−

⇒
∫

(h+ + f− + g−)dµ =

∫
(f+ + g+ + h−)dµ (ìlec mh arnhtikèc)

⇒
∫

h+dµ +

∫
f−dµ +

∫
g−dµ =

∫
f+dµ +

∫
g+dµ +

∫
h−dµ (Pìrisma 3.20)

⇒
∫

hdµ =

∫
fdµ +

∫
gdµ.

(iib) An λ ≥ 0 tìte (λf)+ = λf+ kai (λf)− = λf− �ra∫
λfdµ =

∫
(λf)+dµ−

∫
(λf−)dµ =

∫
λf+dµ−

∫
λf−dµ

(3.17)
= λ

∫
f+dµ− λ

∫
f−dµ = λ

∫
fdµ.

(iig) (−f)+ = f− kai (−f)− = f+ �ra∫
(−f)dµ =

∫
(−f)+dµ−

∫
(−f−)dµ =

∫
f−dµ−

∫
f+dµ

= −
(∫

f+dµ−
∫

f−dµ

)
= −

∫
fdµ.

Prìtash 3.31 An f, g ∈ L1
R(µ) tìte

(i) f ≤ g =⇒
∫

fdµ ≤
∫

gdµ.

(ii)

∣∣∣∣∫ fdµ

∣∣∣∣ ≤ ∫ |f |dµ

Apìdeixh (i) Ex orismoÔ an h ≥ 0 metr simh tìte
∫

hdµ ≥ 0. Epomènwc
∫

(g−f)dµ ≥ 0.
All�

∫
(g − f)dµ =

∫
gdµ−

∫
fdµ.

(ii) 'Eqoume
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−|f | ≤ f ≤ |f | =⇒
∫

(−|f |)dµ ≤
∫

fdµ ≤
∫
|f |dµ

=⇒ −
∫
|f |dµ ≤

∫
fdµ ≤

∫
|f |dµ

=⇒
∣∣∣∣∫ fdµ

∣∣∣∣ ≤ ∫ |f |dµ.

Prìtash 3.32 'Estw f, g ∈ L1
R(µ).

(i) An f = g µ-sv.p. tìte
∫

fdµ =
∫

gdµ.

(ii) f = g µ-sv.p. an kai mìnon an
∫

A
fdµ =

∫
A

gdµ gia k�je A ∈ S.

Apìdeixh (i) An f = g µ-sv.p. tìte |f − g| = 0 µ-sv.p. opìte
∫
|f − g|dµ = 0, �ra

0 ≤
∣∣∣∣∫ fdµ−

∫
gdµ

∣∣∣∣ =

∣∣∣∣∫ (f − g)dµ

∣∣∣∣ ≤ ∫ |f − g|dµ = 0.

(ii) An
∫

A
fdµ =

∫
A

gdµ gia k�je A ∈ S, tìte jètontac A+ = {x ∈ X : f(x) ≥ g(x)} kai
A− = {x ∈ X : f(x) < g(x)}, opìte A± ∈ S, èqoume∫

|f − g|dµ =

∫
A+

(f − g)dµ +

∫
A−

(g − f)dµ = 0

�ra, afoÔ |f − g| ≥ 0, èqoume |f − g| = 0 µ-sv.p. (Prìtash 3.23) epomènwc f = g µ-sv.p.

Pìrisma 3.33 An f, g ∈ L1
R(µ) kai f ≤ g µ-sv.p. tìte

∫
fdµ ≤

∫
gdµ.

Apìdeixh An B = {x ∈ X : f(x) > g(x)} tìte B ∈ S kai µ(B) = 0. An f1 = fχBc

kai g1 = gχBc tìte |f1| ≤ |f | kai |g1| ≤ |g| �ra f1, g1 ∈ L1
R(µ) kai f1 ≤ g1 pantoÔ �ra∫

f1dµ ≤
∫

g1dµ. All� f = f1 kai g = g1 µ-sv.p. �ra
∫

fdµ =
∫

f1dµ kai
∫

gdµ =
∫

g1dµ.

Je¸rhma 3.34 (Kuriarqhmènhc SÔgklishc) 'Estw (fn) akoloujÐa metr simwn
sunart sewn pou sugklÐnei gia k�je x ∈ X kai èstw f(x) = limn fn(x).

An up�rqei g ∈ L1
R(µ) ¸ste3 |fn| ≤ g gia k�je n, tìte f ∈ L1

R(µ) kai

lim
n→∞

∫
|fn − f |dµ = 0

lim
n→∞

∫
fndµ =

∫
fdµ.

Apìdeixh H f eÐnai metr simh diìti k�je fn eÐnai metr simh. Efìson |fn| ≤ g kai g ∈
L1

R(µ), èqoume
∫
|fn|dµ ≤

∫
gdµ < +∞ �ra fn ∈ L1

R(µ). Gia ton Ðdio lìgo (efìson
|f | = limn |fn| ≤ g) èqoume epÐshc f ∈ L1

R(µ). Epomènwc∣∣∣∣∫ fndµ−
∫

fdµ

∣∣∣∣ =

∣∣∣∣∫ (fn − f)dµ

∣∣∣∣ ≤ ∫ |fn − f | dµ

3upenjumÐzoume ìti h upìjesh |fn| ≤ g den mporeÐ en gènei na paraleifjeÐ (p.q. 3.25)
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ìpou h pr¸th isìthta prokÔptei apì to je¸rhma 3.30 kai h deÔterh anisìthta apì thn
Prìtash 3.31.

ArkeÐ loipìn na deÐxoume ìti ∫
|fn − f | dµ → 0.

Jètoume hn = |fn − f | kai parathroÔme ìti 0 ≤ hn ≤ 2g kai ìti hn(x) → 0 gia k�je x.
'Ara 2g − hn ≥ 0 kai 2g − hn → 2g kat� shmeÐo. Apì to L mma Fatou èqoume∫

lim inf
n

(2g − hn)dµ ≤ lim inf
n

∫
(2g − hn)dµ

dhlad  ∫
2gdµ =

∫
lim inf

n
(2g − hn)dµ ≤ lim inf

n

∫
(2g − hn)dµ

=

∫
2gdµ + lim inf

n

∫
(−hn)dµ =

∫
2gdµ− lim sup

n

∫
hndµ

�ra lim sup
n

∫
hndµ ≤ 0. All�

∫
hndµ ≥ 0 �ra lim inf

n

∫
hndµ ≥ 0 epomènwc

0 ≤ lim inf
n

∫
hndµ ≤ lim sup

n

∫
hndµ ≤ 0

dhlad  to ìrio lim
n

∫
hndµ up�rqei kai eÐnai 0. 2

Parat rhsh 3.35 Ta sumper�smata twn Jewrhm�twn Kuriarqhmènhc SÔgklishc kai
Monìtonhc SÔgklishc exakoloujoÔn na isqÔoun an oi upojèseic touc ikanopoioÔntai µ-
sqedìn se ìla ta shmeÐa tou X.

Gia par�deigma, èstw (fn) akoloujÐa metr simwn sunart sewn pou sugklÐnei µ-sqedìn
gia k�je x ∈ X kai up�rqei g ∈ L1

R(µ) ¸ste |fn| ≤ g µ-sqedìn pantoÔ. An orÐsoume
f(x) = limn fn(x) sta shmeÐa x ∈ X ìpou to ìrio up�rqei kai f(x) = 0 sta upìloipa shmeÐa
tou q¸rou, tìte h f eÐnai metr simh, an kei ston L1

R(µ) kai isqÔei
∫
|fn − f |dµ → 0.

Prìtash 3.36 'Estw (X,S, µ) q¸roc mètrou kai (X,S, µ̄) h pl rws  tou. An f : X →
[−∞, +∞]   f : X → C tìte

(a) an h f eÐnai S-metr simh tìte eÐnai S-metr simh

(b) an h f eÐnai S-metr simh tìte up�rqei S-metr simh sun�rthsh g ¸ste f
µ̄∼ g.

Pìrisma 3.37 K�je Lebesgue metr simh sun�rthsh f : R → [−∞, +∞] eÐnai λ-sqedìn
pantoÔ Ðsh me mia Borel metr simh sun�rthsh.
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3.3 SÔgklish wc proc thn ‖·‖1 � O q¸roc L1(X,S, µ)

Sumbolismìc An f : X → R   f : X → C eÐnai metr simh, gr�foume

‖f‖1 =

∫
X

|f |dµ ∈ [0, +∞].

Parat rhsh 3.38 An f, g ∈ L1(X,S, µ) kai λ ∈ C tìte f + λg ∈ L1(X,S, µ) kai

1. ‖λg‖1 = |λ|‖g‖1

2. ‖f + g‖1 ≤ ‖f‖1 + ‖g‖1

3. ‖f‖1 = 0 an kai mìnon an f = 0 µ-σ.π.

Orismìc 3.7 Mia akoloujÐa (fn) sunart sewn ston L1(X,S, µ) lègetai ìti sugklÐnei
sthn f ∈ L1(X,S, µ) wc proc thn ‖·‖1 (  ston L1) an ‖fn − f‖1 → 0. Genikìtera, h
(fn) lègetai basik  akoloujÐa wc proc thn ‖·‖1 an gia k�je ε > 0 up�rqei no ∈ N
¸ste ‖fn − fm‖1 < ε gia k�je m, n ≥ no.

Parat rhsh 3.39 An h (fn) sugklÐnei µ-sv.p., den èpetai kat�an�gkhn ìti sugklÐnei wc
proc thn ‖·‖1.
Gia par�deigma èstw fn : [0, 1] → R h sun�rthsh

fn(x) =

{
n2(1− nx), 0 ≤ x ≤ 1

n

0, 1
n

< x ≤ 1

Tìte fn ∈ L1([0, 1], λ) kai fn(x) → 0 gia k�je x 6= 0, �ra fn → 0 λ-σ.π., all� ‖fn‖1 =
n
2
→∞.

Parat rhsh 3.40 An h (fn) sugklÐnei wc proc thn ‖·‖1, den èpetai kat�an�gkhn ìti
sugklÐnei µ-sv.p. MporeÐ m�lista na apoklÐnei se k�je shmeÐo. 'Opwc ja doÔme ìmwc sthn
apìdeixh tou Jewr matoc 3.42, h (fn) èqei p�nta mia upakoloujÐa pou sugklÐnei µ-sv.p.

Par�deigma 3.41 Gia k�je n, èstw Kn to ex c peperasmèno k�lumma tou [0, 1] apì
diast mata m kouc 2−n: K1 = {[0, 1

2
], ][1

2
, 1]}, K2 = {[0, 1

4
], [1

4
, 1

2
], [1

2
, 3

4
], [3

4
, 1]} kai oÔtw

kajex c. To sÔnolo ∪mKm eÐnai arijm simo. 'Estw I1, I2, . . . mia arÐjmhs  tou, kai èstw
fn h qarakthristik  sun�rthsh tou In. Efìson k�je x ∈ [0, 1] an kei se �peiro pl joc In

kai se �peiro pl joc Ic
n, h akoloujÐa (fn(x)) den mporeÐ na sugklÐnei. Apì thn �llh ìmwc,

‖fn‖1 =

∫ 1

0

|fn|dλ = λ(In) → 0

efìson gia k�je m ∈ N, mìnon peperasmèno pl joc apì ta In èqei m koc megalÔtero apì
2−m. Epomènwc fn → 0 wc proc thn ‖·‖1.

Je¸rhma 3.42 (Riesz-Fischer) 'Estw (fn) mia akoloujÐa ston L1(X,S, µ) pou eÐnai
basik  wc proc thn ‖·‖1. Tìte up�rqei f ∈ L1(X,S, µ) ¸ste fn → f wc proc thn ‖·‖1.

Epilpèon, up�rqei mia upakoloujÐa thc (fn) pou sugklÐnei sthn f µ-sv.p.
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Apìdeixh (i) Efìson oi diaforèc ‖fn − fm‖1 {teÐnoun sto 0}, up�rqei upakoloujÐa
(fnk

) ¸ste
∑

k ‖fnk+1
− fn‖1 < +∞. Ja deÐxoume ìti mia tètoia upakoloujÐa sugklÐnei

µ-σ.π. se mia f ∈ L1(X,S, µ).

Sugkekrimèna, epilègoume epagwgik� gnhsÐwc aÔxousa akoloujÐa (nk) ¸ste

‖fm − fn‖1 <
1

2k
(m, n ≥ nk) (†)

Gia eukolÐa jètoume hk = fnk
,

gk = |h1|+ |h2 − h1|+ . . . + |hk+1 − hk|

kai

g = sup
k

gk = lim
k

gk = |h1|+
∞∑

k=1

|hk+1 − hk|.

Tìte apì to Je¸rhma B. Levi,∫
gdµ =

∫
|h1|dµ +

∫ ∞∑
k=1

|hk+1 − hk|dµ

=

∫
|h1|dµ +

∞∑
k=1

∫
|hk+1 − hk|dµ ≤

∫
|h1|dµ +

∞∑
k=1

1

2k
< ∞

�ra g(x) < +∞ sqedìn gia k�je x. Me �lla lìgia, up�rqei A ∈ S me µ(Ac) = 0 ¸ste gia
k�je x ∈ A h akoloujÐa (gk(x)) na sugklÐnei se peperasmèno ìrio. Autì shmaÐnei ìti gia
k�je x ∈ A, h seir�

h1(x) +
∞∑

k=1

(hk+1(x)− hk(x))

sugklÐnei apìluta, �ra sugklÐnei, se pragmatikì arijmì. All�

hk+1(x) = h1(x) + (h2(x)− h1(x)) + . . . + (hk+1(x)− hk(x)) ,

opìte jètontac f(x) = limk hk(x) = limk fnk
(x) gia x ∈ A kai f(x) = 0 gia x ∈ Ac èqoume

mia metr simh sun�rthsh f sto X. EpÐshc,∫
X

|f |dµ =

∫
X

lim
m
|hm+1|dµ ≤

∫
X

lim
m

(
|h1|+

m∑
k=1

|hk+1 − hk|

)
dµ

=

∫
X

gdµ < +∞

�ra f ∈ L1(X,S, µ).

(ii) DeÐqnoume t¸ra ìti h f eÐnai to ìrio wc proc thn ‖·‖1 olìklhrhc thc akoloujÐac (fn).

Dojèntoc ε > 0, epilègoume ko ¸ste
1

2ko < ε opìte apì thn (†) èqoume

‖fm − fn‖1 < ε (m, n ≥ nko).

Sunep¸c an k ≥ ko kai m ≥ nko tìte ‖fm − fnk
‖1 < ε �ra

lim inf
k
‖fm − fnk

‖1 ≤ ε gia k�je m ≥ nko .
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Epeid  ìmwc f = lim fnk
σ.π., apì to L mma Fatou èqoume gia k�je m ≥ nko

‖f − fm‖1 =

∫
X

|f − fm|dµ =

∫
X

lim
k

inf |fnk
− fm|dµ

≤ lim
k

inf

∫
X

|fnk
− fm|dµ ≤ ε. 2

O q¸roc L1(X,S, µ)

An f, g eÐnai µ-sqedìn pantoÔ sto X orismènec sunart seic4 me timèc sto R   sto C,
gr�foume f

µ∼ g an oi f, g eÐnai Ðsec µ-sqedìn pantoÔ.5 EÐnai �meso ìti h sqèsh aut  eÐnai
sqèsh isodunamÐac sto sÔnolo twn sqedìn pantoÔ orismènwn sunart sewn me timèc sto R
(antÐstoiqa, sqedìn pantoÔ orismènwn sunart sewn me timèc sto C).
Apì thn Prìtash 3.32(ii) èpetai ìti an oi f, g eÐnai metr simec µ-isodÔnamec kai mÐa apì tic
dÔo eÐnai oloklhr¸simh, tìte (epeid 

∫
|f |dµ =

∫
|g|dµ) eÐnai kai oi dÔo ston L1(X,S, µ)

kai
∫

E
fdµ =

∫
E

gdµ gia k�je E ∈ S. Dhlad  h Ôparxh kai oi timèc tou oloklhr¸matoc
mi�c metr simhc sun�rthshc exart�tai mìnon apì thn kl�sh isodunamÐac thc.

MporoÔme loipìn na epekteÐnoume ton orismì tou oloklhr¸matoc stic sunart seic pou
eÐnai orismènec kai metr simec µ-sqedìn pantoÔ:6 Ja lème ìti mia tètoia sun�rthsh eÐnai
(apolÔtwc) oloklhr¸simh an eÐnai µ-isodÔnamh me mia f ∈ L1(X,S, µ).

Ac sumbolÐzoume (proswrin�) thn kl�sh isodunamÐac

f̃ = {g : Eg → [−∞, +∞] metr simh me g
µ∼ f}

kai antÐstoiqa
f̃ = {g : Eg → C metr simh me g

µ∼ f}
(ìpou Eg ∈ S kai µ(Ec

g) = 0.) MporoÔme t¸ra na orÐsoume

Orismìc 3.8

L1
R(X,S, µ) = {f̃ : f ∈ L1

R(X,S, µ)} L1(X,S, µ) = {f̃ : f ∈ L1
C(X,S, µ)}.

Me tic pr�xeic f̃ + g̃ = f̃ + g kai λf̃ = λ̃f , o L1(X,S, µ) gÐnetai grammikìc q¸roc diìti an
f̃ , g̃ ∈ L1 kai λ ∈ C tìte an f1, f2 ∈ f̃ , g1, g2 ∈ g̃, oi fi + λgi (i = 1, 2) orÐzontai µ-sqedìn

pantoÔ, f1 + λg1
µ∼ f2 + λg2 kai

∫
|f1 + λg1|dµ ≤

∫
|f1|dµ + |λ|

∫
|g1|dµ < +∞. EpÐshc, h

‖·‖1 orÐzei mia nìrma ston q¸ro L1(X,S, µ), diìti ‖f‖1 = 0 ⇔ f̃ = 0.

Me aut n thn orologÐa, to Je¸rhma Riesz-Fischer lèei akrib¸c ìti o q¸roc (L1(X,S, µ), ‖·‖1)
eÐnai pl rhc q¸roc me nìrma, dhlad  q¸roc Banach.

Apì thn Prìtash 3.36 èpetai ìti an (X,S, µ̄) eÐnai h pl rwsh tou (X,S, µ), tìte up�rqei mia
1-1 antistoiqÐa metaxÔ tou L1(X,S, µ) kai tou L1(X,S, µ̄) h opoÐa diathreÐ to olokl rwma.
Sunep¸c ja tautÐzoume touc q¸rouc autoÔc:

L1(X,S, µ) = L1(X,S, µ̄).

Eidikìtera L1(R,BR, λ) = L1(R,Mλ, λ).

4Dhlad  f : Ef → R   C ìpou to X \ Ef eÐnai µ-mhdenikì sÔnolo.
5Dhlad  an to sÔnolo Ef,g ≡ {x ∈ Ef ∩ Eg : f(x) = g(x)} èqei µ-mhdenikì sumpl rwma.
6Den eÐnai dÔskolo na deÐxei kaneÐc ìti mia µ-sqedìn pantoÔ orismènh sun�rthsh eÐnai metr simh (bl.

Parat rhsh 3.5) sto pedÐo orismoÔ thc, èstw Ef (to opoÐo mporoÔme na upojètoume metr simo, periorÐ-
zontac ki �llo thn f en an�gkh), an kai mìnon an èqei mia pantoÔ orismènh metr simh epèktash.
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An f̃ ∈ L1 mpor¸ na epilègw g : X → C metr simh ¸ste g ∈ f̃ . M�lista sthn perÐ-
ptwsh (X,S, µ) = (R,Mλ, λ) mpor¸ na upojètw ìti h g eÐnai Borel metr simh (Pìrisma
3.37). Sun jwc sthn pr�xh den k�noume di�krish metaxÔ thc sun�rthshc f kai thc kl�shc
isodunamÐac f̃ .

Parat rhsh 3.43 Ston L1(X,S, µ) oi aplèc oloklhr¸simec sunart seic eÐnai puknì
uposÔnolo: gia k�je f ∈ L1(R,Mλ∗ , λ) up�rqei akoloujÐa (fn) apì aplèc oloklhr¸simec
sunart seic ¸ste ‖f − fn‖1 → 0.

Apìdeixh Up�rqoun aÔxousec akoloujÐec apl¸n metr simwn sunart sewn (sn) kai (tn)
¸ste sn ↗ f+ kai tn ↗ f−. An fn = sn − tn èqoume
fn → f+ − f− = f kat� shmeÐo kai

|fn| = |sn − tn| ≤ |sn|+ |tn| ≤ f+ + f− = |f |.

AfoÔ h |f | an kei ston L1, èqoume fn ∈ L1 kai apì to Je¸rhma Kuriarqhmènhc SÔgklishc
èpetai ìti ‖fn − f‖1 =

∫
|fn − f |dµ → 0.

Prìtash 3.44 An µ eÐnai kanonikì mètro Borel (mètro Borel - Stieltjes) sto R, oi su-
neqeÐc sunart seic me sumpag  forèa eÐnai puknì uposÔnolo7 tou L1(R,BR, µ): gia k�-
je f ∈ L1(R,BR, µ) kai ε > 0 up�rqei g suneq c sun�rthsh me sumpag  forèa ¸ste
‖f − g‖1 < ε.

Apìdeixh Apì thn teleutaÐa Parat rhsh, arkeÐ na upojèsoume ìti f = χE, ìpou E ∈ BR.
ParathroÔme ìti µ(E) =

∫
|f |dµ < ∞. Xèroume (Prìtash 2.19) ìti gia k�je ε > 0 up�rqei

peperasmènh ènwsh A = ∪n
k=1Ik xènwn kai fragmènwn diasthm�twn8 ¸ste µ(E 4 A) < ε,

opìte ‖χE − χA‖1 < ε. Gia k�je èna apì ta Ik mporoÔme na broÔme mia suneq  sun�rthsh
gk : R → [0, 1] me sumpag  forèa ¸ste ‖gk − χIk

‖1 < ε
n
. Gia par�deigma an Ik = (a, b]

mpor¸ na dialèxw [c, d] ⊇ (a, b] ¸ste 0 < µ([c, d] \ (a, b)) < ε
n
kai na p�rw gk(t) = 1 ìtan

t ∈ [a, b], gk(s) = 0 ìtan s /∈ [c, d] kai gk {grammik } sta upìloipa. Epeid  ta Ik eÐnai xèna
èqw χA =

∑
k χIk

kai sunep¸c∥∥∥∥∥χE −
∑

k

gk

∥∥∥∥∥
1

≤

∥∥∥∥∥χE −
∑

k

χIk

∥∥∥∥∥
1

+

∥∥∥∥∥∑
k

(χIk
− gk)

∥∥∥∥∥
1

< ‖χE − χA‖1 +
∑

k

ε

n
< 2ε.

Prìtash 3.45 An fn ∈ L1(X,S, µ) kai
∑

n

∫
|fn|dµ < +∞ tìte h seir� sugklÐnei

µ-sv.p. kai wc proc thn ‖·‖1 se mia f =∈ L1(X,S, µ) kai

∫ ∑
n

fndµ =
∑

n

∫
fndµ.

Me �lla lìgia, an fn ∈ L1 kai
∑

n ‖fn‖1 < +∞ tìte h seir�
∑

n fn sugklÐnei ston
(L1, ‖·‖1).

7To apotèlesma autì isqÔei gia kanonik� mètra Borel se topik� sumpageÐc q¸rouc Hausdorff.
8Apì thn Prìtash 2.19 mporoÔme na gr�youme A = ∪m

j=1(aj , bj); jètoume J1 = (a1, b1) kai Jj =
(aj , bj) \ Ij−1 ìtan j > 1; k�je Jj eÐnai peperasmènh xènh ènwsh fragmènwn diasthm�twn.
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3.4 SÔgkrish me to olokl rwma Riemann

3.4.1 UpenjÔmish: To olokl rwma Riemann

'Estw f : [a, b] → R fragmènh. Gia k�je diamèrish P tou [a, b]

P = {I1, I2, . . . , In}
se xèna an� dÔo diast mata Ik = [tk−1, tk), (k = 1, 2, . . . , n− 1) kai In = [tn−1, tn] jètoume

Mi = Mi(f) = sup{f(s) : s ∈ Ii}
mi = mi(f) = inf{f(s) : s ∈ Ii} (i = 1, . . . , n).

kai
L(f,P) =

n∑
i=1

mi(f)(ti − ti−1) U(f,P) =
n∑

i=1

Mi(f)(ti − ti−1).

Ta L(f,P) kai U(f,P) onom�zontai to k�tw kai �nw �jroisma Riemann thc f wc
proc th diamèrish P .
EÐnai safèc ìti L(f,P) ≤ U(f,P). Jewr¸ntac diadoqik� diamerÐseic me ìlo kai perissì-
tera shmeÐa, ja parathr soume ìti ta k�tw ajroÐsmata megal¸noun, paramènontac ìmwc
ìla mikrìtera (  Ðsa) apì k�je �nw �jroisma, en¸ ta �nw ajroÐsmata mikraÐnoun, para-
mènontac ìmwc ìla megalÔtera (  Ðsa) apì k�je k�tw �jroisma. An up�rqei ènac kai
monadikìc arijmìc I an�mesa sta k�tw kai ta �nw ajroÐsmata, dhlad  tètoioc ¸ste na
isqÔei L(f,P) ≤ I ≤ U(f,Q) gia opoiesd pote dÔo diamerÐseic P kai Q tou [a, b], tìte
autìc o arijmìc onom�zetai to olokl rwma Riemann thc f sto [a, b]. Alli¸c, to olokl -
rwma Riemann thc f sto [a, b] den up�rqei. Ta ajroÐsmata Riemann loipìn apoteloÔn
k�tw kai �nw proseggÐseic9 tou oloklhr¸matoc Riemann, ìtan autì up�rqei.

Prìtash 3.46 (Krit rio Riemann) 'Estw f : [a, b] → R fragmènh. H f eÐnai
Riemann-oloklhr¸simh an kai mìnon an gia k�je ε > 0 up�rqei diamèrish Pε tou [a, b]
¸ste

U(f,Pε)− L(f,Pε) < ε.

IsodÔnama:

Gia k�je diamèrish P tou [a, b] orÐzoume klimakwtèc sunart seic hP , gP sto [a, b] wc
ex c: k�je t ∈ [a, b] an kei akrib¸c se èna apì ta Ii kai jètoume

hP(t) = mi(f), gP(t) = Mi(f), t ∈ Ii (i = 1, . . . , n)

dhlad 

hP =
n∑

i=1

mi(f)χIi
, gP =

n∑
i=1

Mi(f)χIi

Diapist¸netai eÔkola ìti

hP(t) ≤ f(t) ≤ gp(t) gia k�je t ∈ [a, b]

kai

∫ b

a

hP(t)dt = L(f,P),

∫ b

a

gP(t)dt = U(f,P).

Epomènwc to krit rio Riemann anadiatup¸netai wc ex c:

9MporeÐ na diapist¸sei kaneÐc ìti, eÐte upologÐsei ta �nw kai k�tw ajroÐsmata qrhsimopoi¸ntac hmi-
�noiqta diast mata (ìpwc ed¸) eÐte ta upologÐsei qrhsimopoi¸ntac kleist� diast mata, h Ôparxh kai h
tim  tou oloklhr¸matoc thc f den ephre�zontai.
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Prìtash 3.47 'Estw f : [a, b] → R fragmènh. H f eÐnai Riemann-oloklhr¸simh an
kai mìnon an gia k�je ε > 0 up�rqoun klimakwtèc sunart seic gε, hε : [a, b] → R ¸ste

gε ≤ f ≤ hε kai
∫ b

a
(hε − gε) < ε.

3.4.2 Olokl rwma Riemann kai olokl rwma Lebesgue

Exet�zoume t¸ra th sqèsh an�mesa sto olokl rwma Riemann kai to olokl rwma Lebe-
sgue.

Ja deÐxoume ìti an h f eÐnai Riemann-oloklhr¸simh tìte eÐnai Lebesgue-oloklhr¸simh kai∫ b

a
f(x)dx =

∫
[a,b]

fdλ.

Epeid  oi sunart seic hP kai gP eÐnai klimakwtèc (�ra aplèc metr simec), to olokl rwma
Riemann kai to olokl rwma Lebesgue twn sunart sewn aut¸n sumpÐptoun.

Epilègoume epagwgik� diamerÐseic P1 ⊆ P2 ⊆ . . . ⊆ Pn ⊆ . . . ¸ste h {leptìthta} (dhlad 
h apìstash dÔo diadoqik¸n shmeÐwn) thc Pn na eÐnai mikrìterh apì 1

n
kai

lim
n→∞

∫ b

a

hPn = sup
P

L(f,P) ≡
∫ b

a

f, lim
n→∞

∫ b

a

gPn = inf
P

U(f,P) ≡
∫ b

a

f.

ParathroÔme ìti h akoloujÐa (hPn) = (hn) eÐnai aÔxousa kai h (gPn) = (gn) eÐnai fjÐnousa
kai ìti hn ≤ f ≤ gn gia k�je n. Jètoume h = supn hn kai g = infn gn. Oi h, g eÐnai
metr simec kai

h ≤ f ≤ g.

QwrÐc kammi� upìjesh gia thn f (ektìc tou ìti eÐnai fragmènh) apì to Je¸rhma Monìtonhc
SÔgklishc sumperaÐnoume ìti∫

hdλ = lim
n

∫
hndλ =

∫ b

a

f kai

∫
gdλ = lim

n

∫
gndλ =

∫ b

a

f.

Epomènwc h f eÐnai Riemann oloklhr¸simh an kai mìnon an isqÔei h isìthta∫
hdλ =

∫
gdλ.

Efìson h ≤ g, h isìthta aut  isqÔei an kai mìnon an h(x) = g(x) sqedìn gia k�je x ∈ [a, b].

Tìte èqoume kai h(x) = f(x) = g(x) sqedìn gia k�je x ∈ [a, b] opìte h f eÐnai metr simh10,
m�lista Lebesgue-oloklhr¸simh kai∫

fdλ =

∫
hdλ =

∫ b

a

f

dhlad  to olokl rwma Lebesgue thc f sumpÐptei me to olokl rwma Riemann.

Ja deÐxoume t¸ra ìti h f eÐnai Riemann oloklhr¸simh an kai mìnon an eÐnai sqedìn pantoÔ
suneq c.

10gia k�je c ∈ R, to sÔnolo {x ∈ [a, b] : f(x) < c} diafèrei apì to sÔnolo {x ∈ [a, b] : h(x) < c} kat�
èna sÔnolo mètrou mhdèn, �ra eÐnai metr simo, giatÐ ta sÔnola mètrou mhdèn eÐnai Lebesgue metr sima.
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Isqurismìc 3.48 'Estw x ∈ [a, b] pou den an kei se kanèna apì ta diaqwristik� shmeÐa
kammi�c apì tic diamerÐseic Pn. Tìte h f eÐnai suneq c sto x an kai mìnon an h(x) =
f(x) = g(x).

Apìdeixh An h f eÐnai suneq c sto x, tìte gia k�je ε > 0 up�rqei δ > 0 ¸ste an
t ∈ [a, b] kai |t− x| < δ na isqÔei |f(t)− f(x)| < ε. Epilègoume n ∈ N ¸ste 1

n
< δ, opìte

h leptìthta thc diamèrishc Pn eÐnai mikrìterh apì δ. 'Epetai ìti an Ik eÐnai to di�sthma11

thc Pn ìpou an kei to x, tìte k�je t ∈ Ik ja ikanopoieÐ |t− x| < δ, �ra |f(t)− f(x)| < ε
kai sunep¸c |Mk(f)− f(x)| ≤ ε kai |mk(f)− f(x)| ≤ ε �ra |Mk(f)−mk(f)| ≤ 2ε. AfoÔ
x ∈ Ik, èqoume gn(x) = Mk(f) kai hn(x) = mk(f) opìte gn(x) − hn(x) ≤ 2ε. All�
0 ≤ g(x)−h(x) ≤ gn(x)−hn(x) ≤ 2ε, pr�gma pou shmaÐnei (afoÔ to ε > 0 eÐnai aujaÐreto)
ìti g(x)− h(x) = 0.

An antÐstrofa g(x)−h(x) = 0 tìte gia k�je ε > 0 up�rqei n ∈ N ¸ste 0 ≤ gn(x)−hn(x) <
ε opìte, an Ik = [tk−1, tk) eÐnai to di�sthma thc Pn ìpou an kei to x, tìte gia k�je t ∈ Ik

èqoume mk(f) ≤ f(t) ≤ Mk(f) kai mk(f) ≤ f(x) ≤ Mk(f) �ra

|f(t)− f(x)| ≤ Mk(f)−mk(f) = gn(x)− hn(x) < ε.

Dhlad  gia k�je ε > 0 up�rqei anoiktì di�sthma (tk−1, tk) ¸ste gia k�je t ∈ (tk−1, tk) na
isqÔei |f(t)− f(x)| < ε, pou shmaÐnei ìti h f eÐnai suneq c sto x. 2

Epomènwc, an up�rqei èna sÔnolo N1 ⊆ [a, b] mètrou mhdèn ¸ste h(x) = f(x) = g(x) gia
k�je x ∈ [a, b] \ N1 kai an onom�soume N thn ènwsh tou N1 me to (arijm simo) sÔnolo
∪nPn ìlwn twn shmeÐwn ìlwn twn diamerÐsewn Pn, n ∈ N, tìte to N èqei mètro mhdèn kai
h f eÐnai suneq c se k�je x ∈ [a, b] \N , dhlad  sqedìn pantoÔ. Pr�gmati, an x /∈ N tìte
to x den eÐnai shmeÐo kammi�c diamèrishc opìte, afoÔ h(x) = f(x) = g(x), h f eÐnai suneq c
sto x apì ton Isqurismì.

An antÐstrofa h f eÐnai suneq c sqedìn pantoÔ, dhlad  up�rqei èna sÔnolo N2 ⊆ [a, b]
mètrou mhdèn ¸ste h f na eÐnai suneq c se k�je x ∈ [a, b] \N2, tìte jètontac M = N2 ∪
(∪nPn), apì ton Isqurismì prokÔptei h isìthta h(x) = f(x) = g(x) se k�je x ∈ [a, b]\M .
'Epetai tìte, afoÔ λ(M) = 0, ìti

∫
hdλ =

∫
gdλ, kai sunep¸c to olokl rwma Riemann

thc f sto [a, b] up�rqei.

SunoyÐzoume:

Je¸rhma 3.49 Mia fragmènh sun�rthsh f : [a, b] → R eÐnai Riemann oloklhr¸simh
an kai mìnon an eÐnai sqedìn pantoÔ suneq c, an dhlad  to sÔnolo twn asuneqei¸n thc èqei
mètro mhdèn. Tìte h f eÐnai Lebesgue oloklhr¸simh kai ta dÔo oloklhr¸mata sumpÐptoun.

Parat rhsh 3.50 Ac tonÐsoume th diafor� an�mesa sthn ènnoia {sqedìn pantoÔ sune-
q c} kai thn ènnoia {sqedìn pantoÔ Ðsh me mia suneq  sun�rthsh}:

Gia par�deigma h sun�rthsh Dirichlet, dhlad  h qarakthristik  sun�rthsh twn rht¸n, den
eÐnai poujen� suneq c, all� eÐnai sqedìn pantoÔ Ðsh me th suneq  sun�rthsh f(t) = 0.
AntÐjeta h qarakthristik  sun�rthsh tou [1

3
, 2

3
] eÐnai sqedìn pantoÔ suneq c (afoÔ eÐnai

asuneq c mìno sta shmeÐa 1
3
kai 2

3
), all� den mporeÐ na eÐnai sqedìn pantoÔ Ðsh me mia

suneq  sun�rthsh, giatÐ èqei �lma sta dÔo aut� shmeÐa.

11monadikì, afoÔ ta In eÐnai xèna
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3.5 SÔgklish akolouji¸n metrhsÐmwn sunart sewn

Parat rhsh 3.51 'Estw (X,S, µ) q¸roc mètrou, fn, f : X → R metr simec. GnwrÐ-
zoume  dh tic ex c ènnoiec sÔgklishc:

1. fn → f omoiìmorfa sto X

2. fn → f kat� shmeÐo sto X.

3. fn → f kat� shmeÐo µ-sqedìn pantoÔ.

4. fn → f ston L1, dhlad 
∫
|fn − f |dµ → 0.

EÐnai profanèc ìti (1) ⇒ (2) ⇒ (3) kai ìti oi antÐstrofec sunepagwgèc den isqÔoun.

EpÐshc h (1) ⇒ (4) den isqÔei en gènei (par�deigma: fn = 1
n
χ[0,n], f = 0 ston (R,BR, λ)),

isqÔei ìmwc se q¸rouc peperasmènou mètrou (apì to Je¸rhma Kuriarqhmènhc SÔgklishc).

H sunepagwg  (2) ⇒ (4) den isqÔei qwrÐc epiplèon upojèseic (ìpwc p.q. sta Jewr ma-
ta Monìtonhc   Kuriarqhmènhc SÔgklishc) oÔte se q¸rouc peperasmènou mètrou. 'Ena
par�deigma ston ([0, 1],B[0,1], λ)) eÐnai h fn = nχ(0, 1

n
], f = 0.

OÔte ìmwc h sunepagwg  (4) ⇒ (3) isqÔei. 'Ena par�deigma eÐnai to 3.41. To mìno pou
mporeÐ kaneÐc na sumper�nei en gènei apì thn ‖fn − f‖1 → 0 eÐnai ìti up�rqei upakoloujÐa
(fkn) ¸ste fkn → f sqedìn pantoÔ (Je¸rhma 3.42).

Orismìc 3.9 'Estw (X,S, µ) q¸roc mètrou, fn, f : X → R metr simec. Lème ìti
fn → f kat� mètro ìtan

gia k�je ε > 0, an N(n, ε) = {x ∈ X : |fn(x)−f(x)| ≥ ε} tìte lim
n

µ(N(n, ε)) = 0.

Prìtash 3.52 (Lebesgue) 'Estw µ(X) < ∞. An fn → f sqedìn pantoÔ , tìte fn → f
kat� mètro.

ParadeÐgmata 3.53 (a) To antÐstrofo den isqÔei en gènei. Dec to par�deigma 3.41.

(b) To sumpèrasma den isqÔei p�nta se q¸rouc �peirou mètrou. Gia par�deigma h akoloujÐa
(χ[n,∞)) teÐnei sto 0 kat� shmeÐo, en¸ den sugklÐnei kat� mètro ston (R,Mλ∗ , λ).

Je¸rhma 3.54 (Egorov) 'Estw µ(X) < ∞. An fn → f µ-sqedìn pantoÔ, tìte gia
k�je δ > 0 up�rqei Aδ ∈ S me µ(Aδ) < δ ¸ste fn → f omoiìmorfa sto X\Aδ.

H sÔgklish sto sumpèrasma tou Jewr matoc onom�zetai pollèc forèc {sqedìn omoiìmorfh
sÔgklish}.

Apìdeixh Gia k�je k kai m ∈ N, èstw

Em(k) =
⋃

n≥m

N(n,
1

k
) = {x : ∃n ≥ m : |fn(x)− f(x)| ≥ 1

k
}.

'Eqoume Em(k) ⊃ Em+1(k) gia k�je m kai⋂
m≥1

En(k) = {x : ∀m ∃n ≥ m : |fn(x)− f(x)| ≥ 1

k
} ⊆ {x : |fn(x)− f(x)| 9 0}
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�ra µ

(⋂
m≥1

Em(k)

)
= 0. Epeid  µ(E1(k)) < +∞, èpetai ìti lim

m
µ(Em(k)) = 0.

Epomènwc gia k�je δ > 0 kai k�je k ∈ N up�rqei mk ∈ N ¸ste

µ(Emk
(k)) = µ

(
∞⋃

n=mk

N(n,
1

k
)

)
<

δ

2k
.

'Estw
Aδ =

∞⋃
k=1

Emk
(k)

Tìte
µ(Aδ) ≤

∞∑
k=1

µ(Emk
(k)) <

∞∑
k=1

δ

2k
= δ.

Isqurismìc: fn → f omoiìmorfa sto Ac
δ.

Apìdeixh : 'Estw ε > 0 kai k ∈ N me 1
k

< ε. Epeid  Aδ ⊇ Emk
(k), an x ∈ Ac

δ èqoume
x /∈ Emk

(k) �ra gia k�je n ≥ mk isqÔei |fn(x)−f(x)| < 1
k

< ε. AfoÔ to mk den exart�tai
apì to x èqoume fn → f omoiìmorfa sto Ac

δ. 2

To Je¸rhma Egorov den isqÔei p�nta se q¸rouc �peirou mètrou. 'Ena par�deigma eÐnai to
3.53 (b): H akoloujÐa (χ[n,∞)) teÐnei sto mhdèn pantoÔ, all� den up�rkei Aδ peperasmènou
(pìso m�llon mikroÔ) mètrou ¸ste h (χ[n,∞)) na teÐnei sto mhdèn omoiìmorfa sto Ac

δ.

To antÐstrofo ìmwc tou Jewr matoc Egorov isqÔei. M�lista isqÔei k�ti isqurìtero:

Prìtash 3.55 An fn → f sqedìn omoiìmorfa tìte fn → f sqedìn pantoÔ kai kat�
mètro.

Apìdeixh ParaleÐpetai.

To antÐstrofo den isqÔei en gènei. 'Ena par�deigma eÐnai h akoloujÐa (gn) ìpou

gn(t) =

{
1, an n ≤ t ≤ n + 1

n

0, alli¸c
ston (R,Mλ∗ , λ).

Parat rhsh 3.56 Apo to Je¸rhma 3.54 kai thn Prìtash 3.55 èpetai ìti se q¸rouc
peperasmènou mètrou,

fn → f sv.p. ⇐⇒ fn → f sqedìn omoiìmorfa.

Epomènwc, an fn → f sq. omoiìmorfa tìte fn → f kat� mètro. To antÐstrofo ìmwc den
isqÔei p�nta (oÔte se q¸rouc peperasmènou mètrou): h akoloujÐa (fn) sto Par�deigma 3.41
sugklÐnei sto 0 kat� mètro, ìqi ìmwc sqedìn pantoÔ �ra oÔte sqedìn omoiìmorfa (Prìtash
3.55).

Prìtash 3.57 An fn → f ston L1 tìte fn → f kat� mètro.

Apìdeixh Apì thn anisìthta Chebyshev 3.22 èqoume gia k�je ε > 0,

µ(N(n, ε)) ≤ 1

ε

∫
|fn − f |dµ =

1

ε
‖fn − f‖1 → 0. 2

To antÐstrofo den isqÔei en gènei. 'Ena par�deigma eÐnai h akoloujÐa fn = n2χ[0, 1
n

] ston

([0, 1],B[0,1], λ).
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