
Je¸rhma Fubini kai efarmogèc

4 Mètra ginìmeno - Je¸rhma Fubini

Orismìc 4.1 An (X,A) kai (Y,B) eÐnai metr simoi q¸roi, ta sÔnola A×B ìpou A ∈ A
kai B ∈ B lègontai metr sima orjog¸nia. OrÐzoume 1

A⊗ B = M{A×B ⊆ X × Y : A ∈ A, B ∈ B}.

Parat rhsh BC = BR ⊗ BR.

Prìtash 4.1 An (Z, C) eÐnai metr simoc q¸roc kai f : Z → X × Y , tìte h f eÐnai C-
A⊗B-metr simh an kai mìnon an h π1◦f : Z → X eÐnai C-A-metr simh kai h π2◦f : Z → Y
eÐnai C-B-metr simh (ìpou πi oi kartesianèc probolèc X × Y → X kai X × Y → Y ).

Pìrisma 4.2 'Estw (Z, C) metr simoc q¸roc kai f1, f2 : Z → R.
(a) An oi f1, f2 eÐnai metr simec, tìte oi f1 + f2 : Z → R kai f1f2 : Z → R eÐnai
metr simec.
(b) Oi f1, f2 eÐnai metr simec an kai mìnon an h f1 + if2 : Z → C eÐnai metr simh.

Prìtash 4.3 An (X,A, µ) kai (Y,B, ν) eÐnai q¸roi mètrou, up�rqei mètro

π ≡ µ⊗ ν : A⊗ B → [0, +∞]

¸ste
π(A×B) = µ(A)ν(B) ìtan A ∈ A, B ∈ B.

An ta µ, ν eÐnai σ-peperasmèna, tìte to π eÐnai monadikì kai σ-peperasmèno.

H idèa thc apìdeixhc To π orÐzetai kal� sthn oikogèneia C twn peperasmènwn xènwn
en¸sewn metrhsÐmwn orjogwnÐwn. H C eÐnai �lgebra (Prìtash 1.7). EpekteÐnoume to π
sthn A⊗ B qrhsimopoi¸ntac to Je¸rhma epèktashc Karajeodwr .

Orismìc 4.2 An E ⊆ X × Y kai f : X × Y → Z, gia k�je (x, y) ∈ X × Y jètoume

Ex = {y ∈ Y : (x, y) ∈ E} ⊆ Y

Ey = {x ∈ X : (x, y) ∈ E} ⊆ X

fx : Y → Z fx(s) = f(x, s) (s ∈ Y )

f y : X → Z f y(t) = f(t, y) (t ∈ X).

Par�deigma (χE)x = χEx .

Prìtash 4.4 An E ∈ A⊗ B tìte gia k�je (x, y) ∈ X × Y ,

Ex ∈ B, Ey ∈ A.

1BebaÐwc to sÔnolo {A × B : A ∈ A, B ∈ B} den eÐnai �lgebra sunìlwn, eÐnai ìmwc {stoiqei¸dhc
oikogèneia} (Orismìc 1.4).
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Prìtash 4.5 An f : X × Y → C eÐnai A⊗B-metr simh tìte gia k�je (x, y) ∈ X × Y ,

fx eÐnai B-metr simh, f y eÐnai A-metr simh.

Je¸rhma 4.6 (Fubini gia qarakthristikèc) JewroÔme (X,A, µ) kai (Y,B, ν) q¸-
rouc σ-peperasmènou mètrou. Gia k�je E ∈ A⊗ B,
(a) oi sunart seic

X → [0, +∞] : x → ν(Ex) =

∫
Y

χE(x, y)dν(y)

Y → [0, +∞] : y → µ(Ey) =

∫
X

χE(x, y)dµ(x)

eÐnai A (antistoÐqwc B) metr simec kai
(b) isqÔoun oi isìthtec∫

X

(∫
Y

χE(x, y)dν(y)

)
dµ(x) =

∫
Y

(∫
X

χE(x, y)dµ(x)

)
dν(y) = (µ⊗ ν)(E).

H idèa thc apìdeixhc Upojètoume pr¸ta ìti µ(X) < ∞ kai ν(Y ) < ∞. JewroÔme thn
oikogèneia Θ ⊆ A⊗ B twn sunìlwn gia ta opoÐa (ìla) ta sumper�smata tou Jewr matoc
isqÔoun. ParathroÔme ìti h Θ perièqei ìla ta metr sima orjog¸nia. ApodeiknÔoume ìti
h Θ eÐnai kleist  wc proc peperasmènec xènec en¸seic, �ra perièqei thn �lgebra C pou
par�goun ta metr sima orjog¸nia. ApodeiknÔoume ìti h Θ eÐnai kleist  wc proc aÔxousec
en¸seic (Je¸rhma monìtonhc sÔgklishc) kaj¸c kai wc proc fjÐnousec tomèc (Je¸rhma
kuriarqhmènhc sÔgklishc). 'Epetai tìte (dec to epìmeno L mma) ìti h Θ perièqei thn σ-
�lgebra pou par�goun ta metr sima orjog¸nia, �ra Θ = A⊗ B.
H epèktash sthn perÐptwsh σ-peperasmènwn mètrwn gÐnetai gr�fontac ton X × Y wc
arijm simh xènh ènwsh metrhsÐmwn orjogwnÐwn peperasmènou mètrou kai efarmìzontac
thn grammikìthta twn oloklhrwm�twn kai to Je¸rhma Beppo Levi.

L mma 4.7 (Monotìnwn kl�sewn) 'Estw C mia �lgebra sunìlwn kai M mia oiko-
gèneia pou eÐnai kleist  wc proc aÔxousec en¸seic kai wc proc fjÐnousec tomèc (mia tètoia
M lègetai monìtonh kl�sh). An h M perièqei thn C, tìte perièqei thn σ-�lgebra M(C)
pou par�gei h C.

Prìtash 4.8 (Arq  Cavalieri) An (X,A, µ) kai (Y,B, ν) eÐnai q¸roi σ-peperasmènou
mètrou kai E, F ∈ A⊗ B, tìte

(µ⊗ ν)(E) = (µ⊗ ν)(F ) ⇐⇒ ν(Ex) = ν(Fx) µ-sqedìn gia k�je x ∈ X

⇐⇒ µ(Ey) = µ(F y) ν-sqedìn gia k�je y ∈ Y.

Apìdeixh Apì to Je¸rhma 4.6 èqoume

(µ⊗ ν)(E) =

∫
X

ν(Ex)dµ(x) =

∫
Y

µ(Ey)dν(x).
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Parat rhsh 4.9 Me tic upojèseic tou Jewr matoc 4.6, an h

f : X × Y → [0, +∞] me f(x, y) =
N∑

k=1

ckχEk
(x, y) (ck ≥ 0)

eÐnai apl  kai A⊗ B-metr simh, tìte h φ : X → [0, +∞] ìpou

φ(x) =

∫
Y

f(x, y)dν(y) =
∑

k

ckν((Ek)x)

eÐnai A metr simh2 wc grammikìc sunduasmìc metrhsÐmwn sunart sewn.

Epiplèon èqoume∫
X

(∫
Y

f(x, y)dν(y)

)
dµ(x) =

∫
X

φ(x)dµ(x) =
∑

k

ck

∫
X

ν((Ek)x)dµ(x) =
∑

k

ckπ(E)

sunep¸c ∫
X

(∫
Y

f(x, y)dν(y)

)
dµ(x) =

∑
k

ckπ(E) =

∫
X×Y

f(x, y)dπ(x, y).

Genikìtera,

Je¸rhma 4.10 (Tonelli) 'Estw f : X × Y → [0, +∞] ìpou oi (X,A, µ) kai (Y,B, ν)
eÐnai q¸roi σ-peperasmènou mètrou. An h f eÐnai A⊗ B-metr simh, tìte
(a) oi sunart seic

X → [0, +∞] : x →
∫

Y

f(x, y)dν(y)

Y → [0, +∞] : y →
∫

X

f(x, y)dµ(x)

eÐnai A (antistoÐqwc B) metr simec kai
(b) isqÔoun oi isìthtec∫

X

(∫
Y

f(x, y)dν(y)

)
dµ(x) =

∫
Y

(∫
X

f(x, y)dµ(x)

)
dν(y) =

∫
X×Y

fd(µ⊗ ν).

Par�deigma 4.11 To sumpèrasma den isqÔei p�nta ìtan den eÐnai kai oi dÔo q¸roi σ-
peperasmènou mètrou. Gia par�deigma, èstw X = Y = [0, 1], A = B ta sÔnola Borel, µ
to mètro Lebesgue kai ν to mètro aparÐjmhshc. An D = {(x, x) : x ∈ [0, 1]}, tìte ta trÐa
oloklhr¸mata

∫
Y
(
∫

X
χDdµ)dν = 0,

∫
X

(
∫

Y
χDdν)dµ = 1 kai

∫
X×Y

χDd(µ⊗ ν) = +∞ eÐnai
diaforetik� an� dÔo.

Par�deigma 4.12 H upìjesh f ≥ 0 den mporeÐ en gènei na paraleifjeÐ. Gia par�deigma,
an (X,A, µ) = (Y,B, ν) = (N,P(N), µ) (µ to mètro aparÐjmhshc) kai

f(x, y) =


1, x = y
−1, x = y + 1
0, alli¸c

tìte
∫

Y
(
∫

X
fdµ)dν = 0 en¸

∫
X

(
∫

Y
fdν)dµ = 1.

ParathroÔme ed¸ ìti
∫

X×Y
|f |d(µ⊗ ν) = +∞.

2Den eÐnai en gènei apl . P�re gia par�deigma thn f = χE ìpou E ⊆ [0, 1] × [0, 1] to sÔnolo Borel
E = {(x, y) : x ≤ y} kai upolìgise thn φ.
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Je¸rhma 4.13 (Fubini) 'Estw f ∈ L1(X × Y,A ⊗ B, µ ⊗ ν) ìpou oi (X,A, µ) kai
(Y,B, ν) eÐnai q¸roi σ-peperasmènou mètrou. Tìte

(a) µ-sqedìn gia k�je x ∈ X isqÔei ìti
∫

Y
|f(x, y)|dν(y) < +∞

kai ν-sqedìn gia k�je y ∈ Y isqÔei ìti
∫

X
|f(x, y)|dµ(x) < +∞

(b) oi (sqedìn pantoÔ orismènec) sunart seic

x →
∫

Y

f(x, y)dν(y) kai y →
∫

X

f(x, y)dµ(x)

orÐzoun stoiqeÐa tou L1(X,A, µ) (antistoÐqwc L1(Y,B, ν)) kai

(g) isqÔoun oi isìthtec∫
X

(∫
Y

f(x, y)dν(y)

)
dµ(x) =

∫
Y

(∫
X

f(x, y)dµ(x)

)
dν(y) =

∫
X×Y

fd(µ⊗ ν).

Parat rhsh 4.14 Ta Jewr mata Tonelli kai Fubini sun jwc qrhsimopoioÔntai se sun-
duasmì: an dojeÐ mia metr simh sun�rthsh f : X×Y → R, parathroÔme ìti apì to Je¸rhma
Tonelli oi sqèseic

(i)

∫
X

(∫
Y

|f(x, y)|dν(y)

)
dµ(x) < ∞

(ii)

∫
Y

(∫
X

|f(x, y)|dµ(x)

)
dν(y) < ∞

kai (iii)

∫
X×Y

|f(x, y)|dπ(x, y) < ∞ (ìpou π = µ⊗ ν)

eÐnai isodÔnamec. Elègqoume loipìn an k�poio apì ta diadoqik� oloklhr¸mata sto (i)  
sto (ii) dÐnei peperasmèno apotèlesma, opìte èqoume ìti f ∈ L1(X × Y,A ⊗ B, π), kai
an autì isqÔei, tìte efarmìzontac to Je¸rhma Fubini sumperaÐnoume ìti to {diplì} olo-
kl rwma

∫
X×Y

fdπ up�rqei kai isoÔtai me opoiod pote apì ta ta diadoqik� oloklhr¸mata∫
Y

(∫
X

f(x, y)dµ(x)
)
dµ(x) kai

∫
X

(∫
Y

f(x, y)dν(y)
)
dµ(x).

4.1 H Sunèlixh ston L1(R)

Eisagwg  H an�gkh thc pr�xhc thc {sunèlixhc} sunart sewn, pou ja orÐsoume se lÐgo,
pro lje apì thn Armonik  An�lush. 'Enac eÔkoloc trìpoc na deÐ kaneÐc th qrhsimìtht�
thc se mia eidik  perÐptwsh eÐnai o ex c:

An p(z) =
N∑

k=−N

akz
k kai q(z) =

N∑
k=−N

bkz
k (z ∈ C \ {0})

eÐnai dÔo polu¸numa Laurent, tìte to kat� shmeÐo ginìmeno

p(z)q(z) =
∑

k

∑
m

akbmzk+m (k + m = n)

=
∑

k

∑
n

akbn−kz
n =

∑
n

(∑
k

akbn−k

)
zn
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eÐnai èna polu¸numo Laurent r(z) =
∑

n

cnz
n tou opoÐou oi suntelestèc

cn =
∑

k

akbn−k =
∑
m

an−mbm

prokÔptoun apì thn {sunèlixh} (“convolution”) twn suntelest¸n (ak) kai (bk). Gr�foume
(ck) = (ak) ∗ (bk).

MporoÔme na orÐsoume mia antÐstoiqh pr�xh sto {suneqèc an�logo} twn akolouji¸n me
peperasmèno forèa, tic (suneqeÐc) sunart seic me sumpag  forèa:

An f, g : R → C eÐnai suneqeÐc sunart seic me sumpag  forèa (gr�foume f, g ∈ Cc(R)),
gia k�je x ∈ R h sun�rthsh y → f(x − y)g(y) eÐnai ston Cc(R) kai �ra to olokl rwma
Riemann

(f ∗ g)(x) ≡
∫

R
f(x− y)g(y)dy

up�rqei kai orÐzei mia sun�rthsh f ∗ g ∈ Cc(R) (giatÐ?). O orismìc epekteÐnetai ston
f, g ∈ L1(R):

L mma 4.15 An f, g ∈ L1(R), tìte sqedìn gia k�je x ∈ R (wc proc to mètro Lebesgue)
èqoume ∫

R
|f(x− y)g(y)|dy < ∞ (olokl rwma Lebesgue).

Apìdeixh Epilègoume Borel antipros¸pouc twn kl�sewn f, g ∈ L1 pou sumbolÐzoume
epÐshc me f, g kai jewroÔme thn sun�rthsh

φ : R2 → C : (x, y) → f(x− y)g(y).

H sun�rthsh aut  eÐnai Borel metr simh, afoÔ oi sunart seic

R2 → R : (x, y) → x− y kai (x, y) → y

eÐnai Borel kai h φ eÐnai to ginìmeno twn sunart sewn

R2 → C : (x, y) → (x− y) → f(x− y) kai (x, y) → y → g(y).

'Eqoume ∫
R
|φ(x, y)|dx = |g(y)|

∫
R
|f(x− y)|dx

(∗)
= |g(y)|

∫
R
|f(t)|dt = |g(y)| ‖f‖1

ìpou h isìthta (∗) ofeÐletai sto analloÐwto tou mètrou Lebesgue wc proc metajèseic (dec
to L mma 4.17). Epomènwc∫

R

(∫
R
|φ(x, y)|dx

)
dy =

∫
|g(y)| ‖f‖1 dy = ‖g‖1 ‖f‖1 < +∞.

Apì to Je¸rhma Tonelli, to olokl rwma thc |φ| wc proc to mètro Lebesgue ston R2 eÐnai
peperasmèno, dhlad  φ ∈ L1(R2,BR2 , λ2), kai∫

R2

|f(x− y)g(y)|dλ2(x, y) =

∫
R

(∫
R
|φ(x, y)|dx

)
dy = ‖g‖1 ‖f‖1 . (1)
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Kat� sunèpeia h sun�rthsh Borel x →
∫

R |f(x − y)g(y)|dy eÐnai peperasmènh sqedìn gia
k�je x ∈ R. 2

Up�rqei loipìn sÔnolo A ⊆ R mètrou mhdèn ¸ste
∫

R f(x− y)g(y)dy ∈ C gia k�je x ∈ Ac.
Gr�foume

(f ∗ g)(x) =

∫
R

f(x− y)g(y)dy (x ∈ Ac).

Apì to Je¸rhma 4.13 (b) èpetai ìti h sqèsh aut  orÐzei èna stoiqeÐo tou L1(R) pou
sumbolÐzetai f ∗g kai onom�zetai h sunèlixh (convolution) twn f kai g. IsqÔei m�lista
h

‖f ∗ g‖1 =

∫
R

∣∣∣∣∫
R

f(x− y)g(y)dy

∣∣∣∣ dx ≤
∫

R

(∫
R
|φ(x, y)|dx

)
dy

(1)
= ‖g‖1 ‖f‖1 . (2)

OrÐsame loipìn mia apeikìnish

(L1(R), ‖·‖1)× (L1(R), ‖·‖1) → (L1(R), ‖·‖1) : (f, g) → f ∗ g

pou eÐnai profan¸c digrammik . H anisìthta (2) deÐqnei ìti eÐnai suneq c. Pr�gmati, an oi
fn, f, gn, g eÐnai ston L1 kai ‖fn − f‖1 → 0 kai ‖gn − g‖1 → 0 tìte

‖(fn ∗ gn)− (f ∗ g)‖1 → 0

giatÐ

‖fn ∗ gn − f ∗ g‖1 = ‖fn ∗ (gn − g) + (fn − f) ∗ g‖1

≤‖fn ∗ (gn − g)‖1 + ‖(fn − f) ∗ g‖1

≤‖fn‖1 ‖gn − g‖1 + ‖fn − f‖1 ‖g‖1 → 0 .

H sunèqeia epitrèpei, gia na apodeÐxoume idiìthtec thc sunèlixhc ston L1, na periorizìmaste
se ènan puknì upìqwro apoteloÔmeno apì {epark¸c leÐec} sunart seic:

L mma 4.16 H sunèlixh eÐnai (digrammik ) metajetik  kai prosetairistik  ston L1: an
oi f, g, h an koun ston L1 tìte

(i) f ∗ g = g ∗ f kai (ii) (f ∗ g) ∗ h = f ∗ (g ∗ h) .

Apìdeixh Apì thn sunèqeia thc sunèlixhc3 kai to gegonìc ìti o q¸roc Cc(R) eÐnai puknìc
ston L1, ‖·‖1) (Prìtash 3.44), arkeÐ na upojèsoume ìti oi f, g, h eÐnai ston Cc(R). Tìte,
apì tic gnwstèc idiìthtec tou oloklhr¸matoc Riemann,

(g ∗ f)(x) =

∫ +∞

−∞
g(x− t)f(t)dt =

∫ −∞

+∞
g(y)f(x− y)(−dy) (x− t = y)

=

∫ +∞

−∞
f(x− y)g(y)dy = (f ∗ g)(x) . (3)

3gia thn akrÐbeia, qreiazìmaste th sunèqeia thc (f, g) → f ∗ g, kaj¸c kai thc (f, g, h) → (f ∗ g) ∗ h−
f ∗ (g ∗ h)
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EpÐshc

(f ∗ (g ∗ h))(x) =

∫
f(x− y)(g ∗ h)(y)dy =

∫
f(x− y)

(∫
g(y − t)h(t)dt

)
dy

=

∫ (∫
f(x− y)g(y − t)dy

)
h(t)dt

=

∫ (∫
f(x− t− u)g(u)du

)
h(t)dt (u = y − t)

=

∫
(f ∗ g)(x− t)h(t)dt = ((f ∗ g) ∗ h)(x) . 2

L mma 4.17 An h f : R → C an kei ston L1 tìte gia k�je x ∈ R èqoume

(i)

∫
R

f(y − x)dy =

∫
R

f(t)dt kai (ii)

∫
R

f(−y)dy =

∫
R

f(t)dt.

Epomènwc an fx(y) = f(y − x) tìte fx ∈ L1 kai

‖fx‖1 = ‖f‖1 gia k�je x ∈ R.

Apìdeixh An f = χE ìpou E ⊆ R eÐnai Borel   Lebesgue metr simo tìte f(y − x) =
χE+x(y) kai �ra

∫
f(y − x)dy = λ(E + x) = λ(E) =

∫
f(t)dt. Apì th grammikìthta tou

oloklhr¸matoc èpetai ìti
∫

f(y − x)dy =
∫

f(t)dt ìtan h f eÐnai apl  metr simh sun�r-
thsh, kai h genik  perÐptwsh apodeiknÔetai proseggÐzontac thn f me mia akoloujÐa apl¸n
metr simwn sunart sewn kai qrhsimopoi¸ntac to Je¸rhma Kuriarqhmènhc SÔgklishc.

An�loga apodeiknÔetai kai h (ii), efìson
∫

χE(−y)dy = λ(−E) = λ(E) =
∫

χE(t)dt.

Parat rhsh 4.18 Gia k�je x ∈ R h apeikìnish Ux : f → fx eÐnai mia kal� orismènh
grammik  isometrÐa L1(R) → L1(R).

Pr�gmati, ‖Uxf‖1 =
∫
|f(t− x)|dt =

∫
|f(t)|dt = ‖f‖1 .

L mma 4.19 Gia k�je f ∈ L1(R) h apeikìnish

R → L1(R) : x → fx

eÐnai omoiìmorfa suneq c.

Apìdeixh 'Estw ε > 0. Up�rqei g ∈ Cc(R) ¸ste ‖f − g‖1 < ε opìte kai ‖fx − gx‖1 =
‖Ux(f − g)‖1 < ε gia k�je x, �ra èqoume gia k�je x, y ∈ R,

‖fx − fy‖1 ≤ ‖fx − gx‖1 + ‖gx − gy‖1 + ‖gy − fy‖1 < 2ε + ‖gx − gy‖1 .

All� g ∈ Cc(R), opìte up�rqei M > 0 ¸ste g(t) = 0 ìtan |t| > M kai h g eÐnai omoiìmorfa
suneq c, up�rqei loipìn δ > 0 ¸ste |u − v| < δ ⇒ |g(u) − g(v)| < ε. Epomènwc an
|x− y| < min(δ,M) èqoume

‖gx − gy‖1 =

∫
|g(t− x)− g(t− y)|dt =

∫ 2M

−2M

|g(t− x)− g(t− y)|dt

≤
∫ 2M

−2M

εdt = 4Mε (diìti |(t− x)− (t− y)| < δ gia k�je t)

�ra telik¸c
‖fx − fy‖1 < 2ε + ‖gx − gy‖1 < (2 + 4M)ε. 2
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4.2 O metasqhmatismìc Fourier ston L1(R)

'Estw f ∈ L1(R). Gia k�je ξ ∈ R h sun�rthsh t → e−2πiξtf(t) eÐnai ston L1(R) kai �ra o
tÔpoc

f̂(ξ) =

∫
e−2πiξtf(t)dt ξ ∈ R.

orÐzei mia sun�rthsh f̂ : R → C. H f̂ onom�zetai o metasqhmatismìc Fourier thc f .

L mma 4.20 H sun�rthsh f̂ eÐnai suneq c kai fragmènh sto R (me supR |f̂(ξ)| ≤ ‖f‖1).

Apìdeixh H f̂ eÐnai fragmènh:

|f̂(ξ)| ≤
∣∣∣∣∫ e−2πiξtf(t)dt

∣∣∣∣ ≤ ∫ |e−2πiξtf(t)|dt =

∫
|f(t)|dt = ‖f‖1 .

H f̂ eÐnai suneq c: an ξn → ξ tìte gia k�je t ∈ R èqoume e−2πiξntf(t) → e−2πiξtf(t).
Epeid  |e−2πiξntf(t)| ≤ |f(t)| kai f ∈ L1(R), apì to Je¸rhma Kuriarqhmènhc SÔgklishc

èpetai ìti f̂(ξn) → f̂(ξ). 2

L mma 4.21 (Riemann - Lebesgue) H sun�rthsh f̂ an kei ston C0(R), dhlad :

lim
ξ→±∞

f̂(ξ) = 0.

Apìdeixh An ξ 6= 0,∫
f(t− (2ξ)−1)e−2πiξtdt =

∫
f(s) exp

(
−2πiξ(s + (2ξ)−1)

)
ds

=

∫
f(s)e−2πiξse−πids = −f̂(ξ).

'Epetai ìti

2f̂(ξ) =

∫ (
f(t)− f(t− (2ξ)−1)

)
e−2πiξtdt

�ra 2|f̂(ξ)| ≤
∫ ∣∣f(t)− f(t− (2ξ)−1)

∣∣ dt =
∥∥f − f(2ξ)−1

∥∥
1

.

'Omwc apì to L mma 4.19 èqoume lim
|ξ|→∞

∥∥f − f(2ξ)−1

∥∥
1

= lim
x→0

‖f − fx‖1 = 0. 2

Parat rhsh 4.22 Epeid  oi timèc thc f̂ exart¸ntai mìnon apì thn kl�sh thc f ston
L1, orÐzetai mia apeikìnish

L1(R) → C0(R) : f → f̂

pou onom�zetai o metasqhmatismìc Fourier.

An f ∈ L1(R) den èpetai p�nta ìti f̂ ∈ L1(R) (par�deigma?). An ìmwc sumbeÐ h f̂ na
an kei kai aut  ston L1(R), mporoÔme na epanal�boume th diadikasÐa kai na jewr soume

thn sun�rthsh t →
∫

e+2πiξtf̂(ξ)dξ. To apotèlesma eÐnai endiafèron:
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Je¸rhma 4.23 (Antistrof c) An f ∈ L1(R) kai f̂ ∈ L1(R) tìte sqedìn gia k�je
t ∈ R èqoume ∫

e+2πiξtf̂(ξ)dξ = f(t).

'Amesh sunèpeia tou Jewr matoc eÐnai to jemeli¸dec

Pìrisma 4.24 (Monadikìthta) O metasqhmatismìc Fourier eÐnai 1-1 ston L1:

an f ∈ L1(R) kai f̂(ξ) = 0 gia k�je ξ ∈ R tìte f(t) = 0 sqedìn pantoÔ.

Gia thn apìdeixh tou Jewr matoc, ja qreiasjeÐ to

L mma 4.25 An f, g ∈ L1(R) tìte∫
f̂(x)g(x)dx =

∫
f(y)ĝ(y)dy

Apìdeixh Efìson g ∈ L1(R) kai h f̂ eÐnai fragmènh kai suneq c (L mma 4.20) to pr¸to
olokl rwma up�rqei (sto C). OmoÐwc up�rqei kai to deÔtero. 'Eqoume∫

ĝ(y)f(y)dy =

∫ (∫
g(x)e−2πixydx

)
f(y)dy =

∫ (∫
φ(x, y)dx

)
dy

kai

∫
f̂(x)g(x)dx =

∫ (∫
f(y)e−2πixydy

)
g(x)dx =

∫ (∫
φ(x, y)dy

)
dx

ìpou φ(x, y) = g(x)f(y)e−2πixy. H φ eÐnai metr simh ston R2 kai∫ ∫
|φ(x, y)|dxdy =

∫
|g(x)|dx

∫
|f(y)|dy < +∞.

Epomènwc to Je¸rhma Tonelli deÐqnei ìti φ ∈ L1(R2). T¸ra apì to Je¸rhma Fubini èpetai
ìti ta diadoqik� oloklhr¸mata thc φ eÐnai Ðsa, pou eÐnai to zhtoÔmeno. 2

Apìdeixh tou Jewr matoc antistrof c

H idèa thc apìdeixhc: AntÐ tou
∫

f̂(ξ)e2πiξxdξ jewroÔme to olokl rwma

fδ(x) =

∫
f̂(ξ)e2πiξxe−πδξ2

dξ

ìpou δ > 0. Ja deÐxoume ìti up�rqei akoloujÐa δn → 0 ¸ste fδn(x) → f(x) sqedìn gia
k�je x. Sth sunèqeia ja deÐxoume ìti mporoÔme na enall�xoume to ìrio kaj¸c δn → 0 me
thn olokl rwsh opìte ja èqoume, sqedìn gia k�je x,

f(x) = lim
n→∞

∫
f̂(ξ)e2πiξxe−πδnξ2

dξ =

∫
lim

n→∞
f̂(ξ)e2πiξxe−πδnξ2

dξ =

∫
e2πiξtf̂(ξ)dξ.

JewroÔme loipìn th sun�rthsh g(ξ) = e2πiξxe−πδξ2
.

H g an kei ston L1(R) kai ènac upologismìc 4 deÐqnei ìti

ĝ(y) =
1√
δ

exp
(
−π

δ
(x− y)2

)
≡ Kδ(x− y).

'Alloc ènac upologismìc deÐqnei ìti h sun�rthsh Kδ èqei tic ex c idiìthtec:

4An den mporeÐc na k�neic ton upologismì, dec to arqeÐo {Mia qr simh sun�rthsh}
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(i) Kδ(t) > 0 gia k�je t ∈ R

(ii)
∫

R Kδ(t)dt = 1

(iii) gia k�je η > 0, lim
δ→0

∫
|t|≥η

Kδ(t) = 0.

Efarmìzoume to L mma 4.25:∫
f̂(ξ)e2πiξxe−πδξ2

dξ =

∫
f̂(ξ)g(ξ)dξ =

∫
f(y)ĝ(y)dy =

∫
f(y)Kδ(x−y)dy = (Kδ∗f)(x).

Exet�zoume loipìn thn sumperifor� thc diafor�c (Kδ ∗ f)− f kaj¸c δ → 0. 'Eqoume

(Kδ ∗ f)(x)−f(x) = (f ∗Kδ)(x)− f(x)

(∫
Kδ(y)dy

)
(apì thn (ii))

=

∫
f(x− y)Kδ(y)dy −

∫
f(x)Kδ(y)dy =

∫
(f(x− y)− f(x))Kδ(y)dy.

Isqurismìc An

Fδ(x) =

∫
(f(x− y)− f(x))Kδ(y)dy

tìte lim
δ→0

‖Fδ‖1 = 0.

Apìdeixh Gia k�je x ∈ R èqoume

|Fδ(x)| ≤
∫
|f(x− y)− f(x)|Kδ(y)dy

kai �ra, efìson h sun�rthsh (x, y) → |f(x−y)−f(x)|Kδ(y) eÐnai mh arnhtik  kai metr simh
ston R2, efarmìzontac to Je¸rhma Tonelli èqoume

‖Fδ‖1 =

∫
|Fδ(x)|dx ≤

∫ (∫
|f(x− y)− f(x)|Kδ(y)dy

)
dx

=

∫ (∫
|f(x− y)− f(x)|dx

)
Kδ(y)dy

=

∫
‖fy − f‖1 Kδ(y)dy.

'Estw t¸ra ε > 0. Apì to L mma 4.19, up�rqei η > 0 ¸ste

|y| < η ⇒ ‖fy − f‖1 < ε.

Epomènwc

‖Fδ‖1 ≤
∫
|y|<η

Kδ(y)dy +

∫
|y|≥η

‖fy − f‖1 Kδ(y)dy

≤ ε

∫
|y|<η

Kδ(y)dy +

∫
|y|≥η

‖fy − f‖1 Kδ(y)dy

≤ ε + 2 ‖f‖1

∫
|y|≥η

Kδ(y)dy

giatÐ
∫
|y|<η

Kδ(y)dy ≤
∫

R Kδ(y)dy = 1 kai ‖fy − f‖1 ≤ ‖fy‖1 + ‖f‖1 = 2 ‖f‖1.
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T¸ra apì thn idiìthta (iii) tou Kδ mporoÔme na broÔme δo > 0 ¸ste
∫
|y|≥η

Kδ(y)dy < ε

gia k�je δ ∈ (0, δo). O Isqurismìc apodeÐqjhke.

An loipìn jèsoume Gn = F1/n tìte lim
n→∞

‖Gn‖1 = 0.

'Epetai ìti up�rqei upakoloujÐa Gkn pou sugklÐnei sto 0 sqedìn pantoÔ.

DeÐxame ìti up�rqei akoloujÐa δn = 1
kn
→ 0 ¸ste (Kδn ∗f)−f → 0 sqedìn pantoÔ, dhlad ∫

f̂(ξ)e2πiξxe−πδnξ2

dξ = (Kδn ∗ f)(x) → f(x) sqedìn gia k�je x ∈ R.

Apì thn �llh meri� h akoloujÐa (hn) ìpou hn(ξ) = f̂(ξ)e2πiξxe−πδnξ2
sugklÐnei kat� shmeÐo

sthn f̂(ξ)e2πiξx kaj¸c n → ∞ kai ikanopoieÐ |hn(ξ)| ≤ |f̂(ξ)|. Efìson f̂ ∈ L1 apì thn

upìjesh, èpetai lìgw kuriarqhmènhc sÔgklishc ìti
∫

hn(ξ)dξ →
∫

f̂(ξ)e2πiξxdξ kai �ra∫
f̂(ξ)e2πiξxdξ = lim

n

∫
f̂(ξ)e2πiξxe−πδnξ2

dξ = f(x) sqedìn gia k�je x ∈ R. 2

KleÐnoume me mia parat rhsh pou apoteleÐ to {suneqèc an�logo} twn eisagwgik¸n sqolÐwn
sthn par�grafo gia thn sunèlixh:

Parat rhsh 4.26 An f, g ∈ L1(R) ikanopoioÔn f̂ , ĝ ∈ L1(R), tìte (bebaÐwc f̂ ∗ ĝ ∈
L1(R) kai)

f̂g = f̂ ∗ ĝ.

Apìdeixh 'Askhsh. Ef�rmose to Je¸rhma antistrof c kai to Je¸rhma Fubini.
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