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Epilèxte 7 ask seic
(Par�dosh: 19 NoembrÐou 2008)

1. An δ0 eÐnai to mètro Dirac sto 0, breÐte thn sun�rthsh katanom c tou. Genikìtera, an
x1 < x2 < . . . eÐnai gnhsÐwc aÔxousa akoloujÐa pragmatik¸n arijm¸n kai an > 0, breÐte th
sun�rthsh katanom c tou mètrou Borel µ ≡

∑∞
n=1 anδxn .

2. An E = {(a,+∞] : a ∈ R}, deÐxte ìti BR =M(E).
3. 'Estw f : X → R kai Y = f−1(R). DeÐxte ìti h f eÐnai M-metr simh an kai mìno an
f−1({−∞}) ∈M, f−1({∞}) ∈M, kai h f eÐnaiM-metr simh sto Y .

4. 'Estw (fn) mia akoloujÐa metr simwn sunart sewn sto (X,M). DeÐxte ìti to sÔnolo
{x ∈ X : up�rqei to limn fn(x)} eÐnai metr simo.

5. 'Estw f : X → R. An f−1((r,∞]) ∈M gia k�je r ∈ Q, deÐxte ìti h f eÐnaiM-metr simh.

6. An f, g : X → R eÐnai sunart seic ston metr simo q¸ro (X,M), deÐxte ìti h f + ig : X → C
eÐnai metr simh an kai mìnon an oi f kai g eÐnai metr simec.

7. 'Estw f : R→ R aÔxousa sun�rthsh. DeÐxte ìti h f eÐnai Borel metr simh.

8. 'Estw (fn) mia akoloujÐa ston L+(X,M). Upojètoume ìti fn → f kat� shmeÐo, kai ìti∫
fdµ = lim

∫
fndµ < +∞.

DeÐxte ìti
∫
E fdµ = lim

∫
E fndµ gia k�je E ∈M.

9. 'Estw f ∈ L+(X,M). OrÐzoume λ(E) =
∫
E fdµ gia k�je E ∈M. DeÐxte ìti to λ eÐnai mètro,

kai ìti ∫
gdλ =

∫
fgdµ

gia k�je g ∈ L+(X,M) [Upìdeixh: jewr ste pr¸ta thn perÐptwsh pou h g eÐnai apl .]

10. 'Estw f ∈ L+(X,M) me
∫
fdµ < +∞. DeÐxte ìti: gia k�je ε > 0 up�rqei E ∈ M tètoio

¸ste µ(E) <∞ kai
∫
E fdµ >

( ∫
fdµ

)
− ε.

11. 'Estw X 6= ∅ kai µ : P(X)→ [0,+∞] me µ(A) = ]A. Na deiqjeÐ ìti1

1. sthn eidik  perÐptwsh X = N, gia k�je f : N→ [0,+∞] èqoume∫
fdµ =

∞∑
n=1

f(n)

2. an f : X → [0,+∞] tìte∫
fdµ = sup{

∑
x∈A

f(x) : A ⊆ Xpeperasmèno}

12. An fn, gn, f, g ∈ L1(X,µ), fn → f sqedìn pantoÔ, gn → g sqedìn pantoÔ, |fn| ≤ gn kai∫
gn →

∫
g, tìte ∫

fn →
∫
f.

[Upìdeixh: MimhjeÐte thn apìdeixh tou Jewr matoc Kuriarqhmènhc SÔgklishc.]

13. Upojètoume ìti fn, f ∈ L1(X,µ) kai fn → f sqedìn pantoÔ. Tìte,∫
|fn − f | → 0 an kai mìno an

∫
|fn| →

∫
|f |.

1euqarist¸, K.L.


