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Epilèxte 7 ask seic
(Par�dosh: 19 DekembrÐou 2008)

1. An f ∈ L1(m) kai F (x) =
∫ x
−∞ f(t)dt, tìte h F eÐnai suneq c sto R.

2. Ston q¸ro (R,BR,m), an fn = 1
nχ[0,n] kai gn = nχ[0, 1

n
] deÐxte ìti oi akoloujÐec (fn) kai (gn)

sugklÐnoun kat� mètro, all� ìqi wc proc thn ‖ · ‖1.

3. DeÐxte ìti h sunepagwg 

fn → f sq. pantoÔ ⇒ fn → f kat� mètro

den isqÔei p�nta se q¸rouc �peirou mètrou. [Upìdeixh: JewreÐste thn akoloujÐa (fn) ìpou
fn = χ[n,∞).]

4. Upojètoume ìti |fn| ≤ g, g ∈ L1, kai fn → f kat� mètro. DeÐxte ìti
∫
fn →

∫
f kai ìti

fn → f ston L1.

5. An fn → f sqedìn omoiìmorfa, tìte fn → f sqedìn pantoÔ kai fn → f kat� mètro.

6. An h f : [a, b] → R eÐnai Lebesgue metr simh, tìte gia k�je ε > 0 up�rqei èna sumpagèc
E ⊂ [a, b] pou ikanopoieÐ ta ex c: m([a, b]\E) < ε kai h f |E eÐnai suneq c. (Autì eÐnai to Je¸rhma
tou Lusin. Gia na to apodeÐxete, qrhsimopoi ste to Je¸rhma tou Egoroff kai thn puknìthta tou
q¸rou twn suneq¸n sunart sewn ston L1).

7. 'Estw f : R→ R Lebesgue oloklhr¸simh sun�rthsh. DeÐxte ìti∫
f(x) cos(nx)dm(x)→ 0 ìtan n→∞.

8. 'Estw f : R→ R Lebesgue oloklhr¸simh sun�rthsh.

(a) DeÐxte ìti

∫
f(x)dm(x) =

∫
f(x+ t)dm(x) gia k�je t ∈ R.

(b) DeÐxte ìti

lim
t→0

∫
|f(x)− f(x+ t)| dm(x) = 0.

[Upìdeixh: DeÐxte to pr¸ta sthn perÐptwsh pou h f eÐnai suneq c kai mhdenÐzetai èxw apì k�poio
di�sthma [−A,A], ìpou A > 0.]

9. 'Estw (X,M, µ) ènac q¸roc peperasmènou mètrou. An oi {fn}∞n=1, f : X → R eÐnai metr simec,
deÐxte ìti fn → f kat� mètro an kai mìno an k�je upakoloujÐa thc {fn} èqei upakoloujÐa pou
sugklÐnei sthn f sqedìn pantoÔ.

10. 'Estw (X,M, µ) ènac q¸roc σ-peperasmènou mètrou kai èstw g : X → R metr simh sun�r-
thsh. Upojètoume ìti: gia k�je f ∈ L1(µ) isqÔei f · g ∈ L1(µ). DeÐxte ìti up�rqei α > 0 tètoioc
¸ste

µ({x ∈ X : |g(x)| > α}) = 0.

11. 'Estw f : (0, 1) → R Lebesgue metr simh sun�rthsh. An h g(x, y) = f(x) − f(y) eÐnai
oloklhr¸simh sto (0, 1)× (0, 1), deÐxte ìti f ∈ L1(0, 1).

12. 'Estw E Lebesgue metr simo uposÔnolo tou Rn kai f, g mh arnhtikèc Lebesgue oloklhr¸simec
sunart seic sto E. DeÐxte ìti∫

E
f · g dm =

∫ +∞

0

(∫
{x∈E:g(x)≥y}

f(x)dm(x)

)
dm(y).


