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(Par�dosh: 14 IanouarÐou 2009)

1. H sunèlixh ston L1(R) An f, g ∈ L1(R) deÐxte ìti h isìthta

h(x) =
∫

R
f(x− y)g(y)dy sqedìn gia k�je x

orÐzei èna stoiqeÐo h ∈ L1(R) (to opoÐo lègetai sunèlixh twn f kai g kai
sumbolÐzetai f ∗ g).
[Upìdeixh: DeÐxte pr¸ta ìti sqedìn gia k�je x ∈ R èqoume∫

R |f(x− y)g(y)|dy <∞.]

2. Monadikìthta tou mètrou Lebesgue
'Estw µ kai ν dÔo σ-peperasmèna mètra sta Borel uposÔnola tou Rn, ta opoÐa
eÐnai analloÐwta wc proc metaforèc (dhlad , an E eÐnai Borel uposÔnolo tou
Rn kai an x ∈ Rn, tìte µ(E+x) = µ(E) kai ν(E+x) = ν(E)). Upojètoume
epÐshc ìti up�rqei Borel sÔnolo B ⊂ Rn gia to opoÐo 0 < µ(B) = ν(B) <
+∞. DeÐxte ìti µ ≡ ν.
Upìdeixh: DeÐxte pr¸ta ìti∫

Rn×Rn

χE(x)χF (x+y) d(µ×ν)(x, y) =
∫

Rn×Rn

χE(x−y)χF (x) d(µ×ν)(x, y)

gia k�je zeug�ri Borel uposunìlwn E,F tou Rn.

3. To {embadìn k�tw apì thn kampÔlh} 'Estw (X,S, µ) q¸roc
σ-peperasmènou mètrou kai f : X → [0,+∞] metr simh. Jètoume

SGf = {(x, y) ∈ X × [0,+∞] : y ≤ f(x)}

(to {upogr�fhma} thc f). DeÐxte ìti to SGf eÐnai S ⊗ BR-metr simo kai ìti

(µ×m)(SGf ) =
∫

X
f(x)dµ(x).

4. 'Estw f : (0,+∞) → R sun�rthsh Borel ¸ste gia k�je t > 0 na isqÔei
f(tx) = f(x) sqedìn gia k�je x > 0 (dhlad  gia k�je t > 0 up�rqei At ⊆
(0,+∞) me m(Ac

t) = 0 ¸ste f(tx) = f(x) gia k�je x ∈ At).
DeÐxte ìti h f eÐnai sqedìn pantoÔ Ðsh me mia stajer�.
[Upìdeixh: Efarmìste to Je¸rhma Tonelli sth sun�rthsh
g(t, x) = |f(tx)− f(x)|.]


