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Esxwézpsl TapaleTovtag, Ywelc amutThoES TANROTNTUC 1| WLdTEENG HoMUATIXAS AUGTNEO-
TG, pepd mpoPhAuata tng Khaowhc Avdhuong mou odnyoly oty avayxatoTnTo NG
avodemENonE TNG EVVOLUG TNG OAOXAIPWGOTS, Tou eUadol, Tou Uxous, dnhady ovolacTixd
070 TEOBANUA TOU UETPOU.

1.
2.

0.1

Yewéc Fourier — IMApwor

Evahayr oplou xou ohoxAnpmuatog

. Mrxoc t6&ou — Buduypauuiowes xoumiieg

Ohoxhipwon xau dladpior: To Oguehindeg Oprnua
To medfhnua Tou Mérpou

Yeipég Fourier — ITArpwon

‘BEotww f: [—m, 7] — C Riemann-ohoxinpcoun cuvdptnon (yedpouue: f € R).

/ 7 ’ .
ETY]V f OCVTLGTOLXEL Y] ‘L'U7T1K'T] gelpa Fourier:

f > fm)e™ (1)

neL

(Onh. n oxoroudio (f(1))nez TV cuvieheotdy Fourier), dmou

~ 1 & )
fon =5 [ swema mez) 2)
Ebtvar yvooto 6t ioylel i iooTtnta
. 1 /7
Parseval : % |f(n)]* = By /7T |f(t)2dt. (3)

Anhadh 1 amexovion

R —(Z): f— (f(n))nez
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OLULTNPEL TNV «UEST TETRAY WVIXT| ATOCTACT)>.

‘Opws 1 ameévior auth, onwe amodexvietar, dev ebvan enl. Anhadi undpyet (a,) € (*(Z)
mou dev ebvon axohoutio cuviekeotwv Fourier xopude f € R.

Egboov efvor yvwot6 6t o yodpoc ((2(Z),||-],) ebvar mAipng we npog v Yetpxh

[(an) = (b))l = (X ,ez lan — bn|2)1/2, émetan eWdeotepa 6Tt 0 (R, ||| ;2) Oev efvar mAijpng
/ L L\ /2

w¢ mpog My deudopetoied] [|f — gl = (2— JZNF @) = 9(@)] )

HpoximTouy B0 epwTAuATL

o T eldouc «ouvapthoery epgavilovton 6tav Yewproouue Ty TAHpwan tou (R, ||-||2);

o 1lw¢ Unopolue Vo OhOXANEWCOVUE AUTES TIG «CUVAPTAoESY; Loylel YU autég 1 wooTnTa
Parseval,

0.2 Evailoyr, oplou xot OAOXANP®UATOS

‘Eotw (f,) axohoudio cuveydv ouvapthioewy f, : [0,1] — R.

Trodétouue 61 yia xdde t € [0,1] to bplo lim,, f,,(t) urdpyer (o010 R), ondte opiler wua
ouvdptnon f: [0,1] — R.

T eldoug cuVaPTAGES TPOXUTTOLY UTd Wiar TETOL OLadLxacla;

Av 7 olbyxhon e (fn) elvar opoiduopen oo [0, 1], téte 1 xatdotaon eivor 1 xoAbTERT
duvath: 1 cuvdptnon-opo f etvar ourexTs.

Av bpwq 1 obyxhior dev efvar ogolduoper, To 6plo Uropel vo xpUBEt exTAREEL:
Trdpyer axoloudior cuveywy cuvapThoewy (f,) dote

() VW, 0 < fu(t) <1
(B) Y xd0e t 1 (fo(t))n eivon @divovoa (dpo cuyxhiver)
() n ovvdptnon-deto f dev etvor xav Riemann ohoxhnpwouun,.

Hopatnpotye duwe 6t and ta (o) xau (B) mpoxtmter 6Tt Y xdde n € N 1o ohoxhfipwyo
I, = fol fn uTdpyeL, xou 6Tt 1 axorovdia (1,,) elvon @divovoa xou un apvntixd, dea 10 Gpto

1
lim / fn
mJo
1
/ lim f,
0 n

IMeoPAnua Towd «uédodog ohoxhfipwaongy unogel vo eLac@aiicet TNV 0AoXANEWoIUOTTA
oLVAPTACEWY OTwS 1) lim, f,; Yo molég mpolnovéoelg eaopulileTton emmiéoy 1 lo6TNTA

1 1
lim / fn= / lim f,,

UTIEPYEL, EV® TO OAOXATPWUA

o0te xav op{leTou.



0.3 Mnxog t6&ou — Evduypapulowpes xaundAeg

Ocwpotue o oUVEY T xoTOAY 0TO ETUTEDO, UE TUPAUETELXT LOPPY)

v ={((t),y(¥) : t € [a,b]} C R
émou ot z,y : [a,b] — R elvou oureyels cuvapthoeic.
pooeyyilovye Ty 7y ue ot owoyévewd {yp } toduywrikdy kapmidwy we e&ic: H yp optleta
and wa Swpépton P = {a =ty < t; < --- < t, = b} 10U [a, b] xou eivon N TOAUYWVIXT YEoUUT
TOU EVOVEL T OTuEi

(.CU(CL)7 y(CL)), (x(tl)a y(tl))v Ty (1’(5)7 y(b))

e 7. To uixoc tne vp ebvan Befoiwe

n

Uyp) = Y (le(te) = (i) + ly(te) = y(tea) )2

k=1
Mropolue howndv va oplcouye

U(y) = sup{l(yp) : P Swep. tou [a,b]} € [0, +o0]
xou var ovoudlouvye Ty v evBuypauptonun btav £(y) < +oo.
Kot" apydc mapatneolue 6Tt 1 cuvEyELo Twy & xot y 0ev efvan apxeTy| Yo var eacpalioel 6T
U(y) < 400 (Hopdderypa;)
Eivar yvwoté 6t 6tav ot z xon y ebvan (€0Tw xatd TuRpote) ouveEydS topaywyioes, TOTe
7 7y ebvan evduypopuiown xon pdAoTa

b
() = / (O + 1o ()]2) 2. (4)

IMeboBAnua 1 Na Bpedodv wavég xar avayxalec UVINXES OTIC T XU Y OOTE 1) 7y VoL €lval
evduypaupioun.

IMeoPBAnpa 2 'Otav wavonoolviar ol cuVIHXES AUTES, €yEl EVVOLa TO OROXAHPWU GTNV
(4); Kou av vau, toyler n wodtnta;

H andvtnon oto mpwto medBAnua dlvetar amd TNV €vVvold TNG «CUVAETNOTG QEAYUEVNS XU-
povoney. ‘Otav ov z xaw y ebvon gpayuévng xOUavene, To OAOXAHPOUA CTNY (4) unopei va
optovel ue xatdAAnAn «pédodo ohoxifpwoney. H wodtnta dume dev woyler mavta. Mropel
vo emtevy el ue «ahhayr mapopeTenc mop@hicy: Av 1 v etvan euduypaupiown, urdpyouv
CUVUPTACELS GRAYUEVNC XUPAVOTC T1 XU i WOTE

v =A{(2@),y() - t € la, 0]} = {(z1(1), 12 (1)) = ¢ € [a, b]}

b
xar (y) = / (124 ()2 + 14 (6) ) /2.

0.4 OloxApwomn xou dtapodplon: To Oesushiwdeg Oesdpnua

Ac ypddoupe Tig 800 Uop@és Tou Oguehiddoug Oewprhuatog Tou Anepootixol Aoylouod
(yror mparyporTinée GUYAPTAHCELS LG TOAUYUATIXTG psraﬁkmﬁg):

Fla) = / F(2)dz (5)

Fb) —
& [ e = s )



Epdtnpa Tw noéc ouvaptioec F oylet 1 (5);
Av 1 F' eivau Riemann ohoxhnpdhown 1o [a,b], t6te 1 (5) woylet.

‘Ouwe urdpyouv TapadelyUaTa GUVEY®Y CLUVARTHOEWY I Tou Bev Eyouy Tapdywyo e kavéva
onueio tou [a, b].

And v dhhn ueptd, undpyouy mapadelyuata dagoplotpwy cuvapthoewy F : [a,b] — R tou
n F' undpyel pev, ahhd Sev elvon Riemann oloxAnpdoun,.

Ov ouvopthoelc yio Tic omoleg toyler 1 (5) elvat oL AeYOUEVES «ambAUTO CUVEYEICY CUYAPTY-
oElC.

Enfone, av 1 f ebvar «L'-cuvdptnony t6te (Ue Ty xatdhnhy «pédodo ohoxhhpnorcy), 1
(6) 1oy 0eL «oyedHY TaVTOOY.

0.5 To neoAnua Tou Métgou

H avtigetonion 6hwv oV TponYouueveny tpoBAnudtoy 0dnyel 6To AeYOUEVO «TpdBAnua Tou
pé€tpouy. Mia popgt| Tou elvar 1 ocdhovdn:

s pmopet kavels va opioer tov «byko» twv vroourdlwr tov R?, pe tpdro mov va emekteivel
TN YWOTH YEWUETPIKT) évvola Tov OYKkov TapaAAnAemiméoon;

©éhouye ONhadT| Vol 0plCOUYE Lol ATEIXOVIOT)
mq : P(R?) — [0, +o0] (P: to duvapocivolo)

e Tic WioTnTES (meproplléyacte oty tepinTwon d = 2 Yo anhdTnTo)

(@) ms([0,a]x[0,0])) = a-b o6ty a,b>0
(b) mso (U, En) = >, ma(E,) otav ta B, C R? etvou Zéva avd duo
(c) ma(E + x) = mo(E) av ECR? yiaxdde z € R* xau
mo(T(E) = my(E) vy xdde opdoydvio petaoynuotiopd T : R? — R2.

IMopathpnon Ewud tepintwon tne idtnroc (b) (rou Aéyetaw apridunoun mpooletikin-
a) elvar 1 oxdrovdT, Temepaouérvn mpooletikdrna:

(0") maq(Ey U Ey) = mg(Ey) + mg(Ey)  otav By N Ey = 0.

‘Onwe Yo gavel 6t ouvéyea, 1 (b) ebvon avoryxada yior var avtetwmiooly oplaxés dodixa-
olec (m.y. evolhayt| 0plou xat OROXATPOUATOS, DLaPOELGT) AopiGTOU OAOXANPOUAUTOS XATL)
n (b') dev opxel.

‘Ouwg,

Aev vrdpyer ouvdptnon mg : P(R?) — [0, +oo] mov ikavoroiet ta (a), (b), (c),
akéua kar otny nepintwon d = 1!

[o euxola Tou ypdgoviog, Vo BOCOUUE TNV anddeién Tov 10y UpIooU Yo TNY povodiaio
TEQLPEPELXL .
St={e?":tec0,1)}

oto wyadixé eninedo, avtl yo v evdela R. H (a) t61e avtixadiotatan and tny e&fc: 1o
whixog evéc t6€ou T = {e™ : t € [0,b)} etvaw my(T) = 27b.



‘Eote {q1,¢a, ...} pet apidunon tou QN [0,1). Ou deffoupe 61t undpyet éva F C ST nou
oL «oTpowécy F, = e®™nF tou F xatd yovia 2mg, dwpepilouy tny ST oe Zéva avd So
oUVOAXL:

St :UFn:UeQ”q”F, F,NF, =0 é6tav n#m. (7)

Av undpyel €00 cUvolo F, 16T 1) amewodvion my anoxheleton vo opiletan 6T0 6UY0AO
awto. Tl av oplotay, téte and my (c) Yo ebyope mq(F,) = mq(F) yia xéde n, ondte,
av pev my(F) > 0 t6te my(Sh) = 400 and v (b) hoyw tne (7), xau av my(F) = 0 téte
my(S') = 0 néh and v (b). Ko ot 800 autée exdoyéc épyovta oe avtideon pe tny (a).

Acetyvouue 6Tt T€tol0 olvolo F' umdpyet:

Opiloupe €™ ~ 27 gy 2m(t=3) = ¢ yioo xdmoo ¢ € Q. H oyéon ~ ebvar oyéon

1woduvoiag oTny St doa dropepiCet TNy St oe x\doeic wooduvapiog. Xenowomolmwvtog 10
Aliwya e Enoyrc (1), emthéyouue évay xar uévov €vay avTimpéowto €™ gnd wdde
xhdoT) 1woduvaplag, xou ovoudlouue F C St 10 0Ovoro HAWV AUTOY TWV AVTITPOCWTWY. Ou
dei€oupe 61t 10 F' ixavornowel Ty (7).

Av p # q ebva pnot oo [0,1), T olvora e?PF = {?mPHt) . 2t ¢ [} yq 2T
etvon Eéva yioth av e2TPH) = ei2m(ats) hre 27(75) = 27(0-P) orhre To €2 xan €27 Yo
avixouv oty Blo xAdor teoduvaplag, avtideta pye Tnv emioyn Tou F. Enlong,

Sl _ U ei27ran

i2mq

vl xéde €™ € ST avixer oe xdmowa xhdor) woduvopiuc, ondTe efvor 16OBUVALO PE XETOLO
™ € F, Snhady undpyet ¢, OoTe ei2m(t=s) — oi2man bpa e € emin O

Tideton 0 epmTNUA, av ebvar duvatdy va oploel amexovion my @ P(RY) — [0, +o0] mov va
wavorotel e (a), (') xou (¢), vo ebvon dnhadny uévov nenepacuévo mpoodetiny.

To axéroudo eviunwolaxd ATOTEAECUA, YVWOTO WS «Tapddoo Twv Banach - Tarskiy, Oei-
YVEL OTL 0UTE TETOLO AMEWOVIOT) UTAEYEL, dTay d > 3:

Av d > 3 ka1 U,V efvar orowadninote avoiktd kar gpaypéva vroodvola tou R,
téte undpyer n € N dote

U= UEU---UE,
V=FUFRU---UF,

orov ta By, efvar Eéva avd 0Vo, ta Fy, elvar E€va avd 0vo, kar By, ~ Fy, yia kdOe
k=1,...,n, én\adn vrdpyovr opdoydvior d x d wivaxes Ty xar z, € RY dote
Fk :Tk(Ek) —|—;L'k, k= 1,...,71.

Av hoimov oplldTay i TETOL ATEXOVIGT] <OYXOUY Mg OF GAd Ta UTOGUYORA TOU R¢, té1e bhat
ToL oVOLXTE o pparypéva alvola Yo elyay Tov (D10 «Oyxoy: Vo UTopoUoaUE VoL «XOYOUYEY
10 U og nencpaopévo mafdog xoppatiey By ... E, xo, yetd and uetadéoels xar oTpoges,
vo pTidEouye 1o V.

Younépaopa Av Vélouye va dratnerioouue Tic WoTnTeS (a), (b) xou (c), elyacte uToype-
WUEVOL va Teplopiooupe To mEdio 0plooY TS My, TNV XAACY) ONAADY TWY UTOCUVOLLY TOU
R ou uropodv vo «uetprdoivy.



