
Metaptuqiak  An�lush I
Prìqeirh PerÐlhyh Shmei¸sewn

A. K.

0 Eisagwgik�

Xekin�me1 parajètontac, qwrÐc apait seic plhrìthtac   idiaÐterhc majhmatik c austhrì-
thtac, merik� probl mata thc Klasik c An�lushc pou odhgoÔn sthn anagkaiìthta thc
anaje¸rhshc thc ènnoiac thc olokl rwshc, tou embadoÔ, tou m kouc, dhlad  ousiastik�
sto prìblhma tou mètrou.

1. Seirèc Fourier � Pl rwsh

2. Enallag  orÐou kai oloklhr¸matoc

3. M koc tìxou � EujugrammÐsimec kampÔlec

4. Olokl rwsh kai diafìrish: To Jemeli¸dec Je¸rhma

5. To prìblhma tou Mètrou

0.1 Seirèc Fourier � Pl rwsh

'Estw f : [−π, π]→ C Riemann-oloklhr¸simh sun�rthsh (gr�foume: f ∈ R).

Sthn f antistoiqeÐ h tupik  seir� Fourier :

f ∼
∑
n∈Z

f̂(n)eint (1)

(dhl. h akoloujÐa (f̂(n))n∈Z twn suntelest¸n Fourier), ìpou

f̂(n) =
1

2π

∫ π

−π
f(t)e−intdt (n ∈ Z). (2)

EÐnai gnwstì ìti isqÔei h isìthta

Parseval :
∑
n∈Z

|f̂(n)|2 =
1

2π

∫ π

−π
|f(t)|2dt. (3)

Dhlad  h apeikìnish

R → `2(Z) : f → (f̂(n))n∈Z
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diathreÐ thn {mèsh tetragwnik  apìstash}.

'Omwc h apeikìnish aut , ìpwc apodeiknÔetai, den eÐnai epÐ. Dhlad  up�rqei (an) ∈ `2(Z)
pou den eÐnai akoloujÐa suntelest¸n Fourier kammi�c f ∈ R.
Efìson eÐnai gnwstì ìti o q¸roc (`2(Z), ‖·‖2) eÐnai pl rhc wc proc thn metrik 

‖(an)− (bn)‖2 ≡
(∑

n∈Z |an − bn|2
)1/2

, èpetai eidikìtera ìti o (R, ‖·‖L2) den eÐnai pl rhc

wc proc thn yeudometrik  ‖f − g‖L2 ≡
(

1
2π

∫ π
−π |f(t)− g(t)|2

)1/2

.

ProkÔptoun dÔo erwt mata:

• Ti eÐdouc {sunart seic} emfanÐzontai ìtan jewr soume thn pl rwsh tou (R, ‖·‖L2)?

• P¸c mporoÔme na oloklhr¸soume autèc tic {sunart seic}? IsqÔei gi' autèc h isìthta
Parseval?

0.2 Enallag  orÐou kai oloklhr¸matoc

'Estw (fn) akoloujÐa suneq¸n sunart sewn fn : [0, 1]→ R.

Upojètoume ìti gia k�je t ∈ [0, 1] to ìrio limn fn(t) up�rqei (sto R), opìte orÐzei mia
sun�rthsh f : [0, 1]→ R.

Ti eÐdouc sunart seic prokÔptoun apì mia tètoia diadikasÐa?

An h sÔgklish thc (fn) eÐnai omoiìmorfh sto [0, 1], tìte h kat�stash eÐnai h kalÔterh
dunat : h sun�rthsh-ìrio f eÐnai suneq c.

An ìmwc h sÔgklish den eÐnai omoiìmorfh, to ìrio mporeÐ na krÔbei ekpl xeic:

Up�rqei akoloujÐa suneq¸n sunart sewn (fn) ¸ste

(a) ∀n ∀t, 0 ≤ fn(t) ≤ 1
(b) gia k�je t h (fn(t))n eÐnai fjÐnousa (�ra sugklÐnei)
(g) h sun�rthsh-ìrio f den eÐnai kan Riemann oloklhr¸simh.

ParathroÔme ìmwc ìti apì ta (a) kai (b) prokÔptei ìti gia k�je n ∈ N to olokl rwma

In =
∫ 1

0
fn up�rqei, kai ìti h akoloujÐa (In) eÐnai fjÐnousa kai mh arnhtik , �ra to ìrio

lim
n

∫ 1

0

fn

up�rqei, en¸ to olokl rwma ∫ 1

0

lim
n
fn

oÔte kan orÐzetai.

Prìblhma Poi� {mèjodoc olokl rwshc} mporeÐ na exasfalÐsei thn oloklhrwsimìthta
sunart sewn ìpwc h limn fn? Upì poièc proôpojèseic exasfalÐzetai epiplèon h isìthta

lim
n

∫ 1

0

fn =

∫ 1

0

lim
n
fn ;
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0.3 M koc tìxou � EujugrammÐsimec kampÔlec

JewroÔme mia suneq  kampÔlh sto epÐpedo, me parametrik  morf 

γ = {(x(t), y(t)) : t ∈ [a, b]} ⊂ R2

ìpou oi x, y : [a, b]→ R eÐnai suneqeÐc sunart seic.

ProseggÐzoume thn γ me mia oikogèneia {γP} polugwnik¸n kampÔlwn wc ex c: H γP orÐzetai
apì mia diamèrish P = {a = t0 < t1 < · · · < tn = b} tou [a, b] kai eÐnai h polugwnik  gramm 
pou en¸nei ta shmeÐa

(x(a), y(a)), (x(t1), y(t1)), . . . , (x(b), y(b))

thc γ. To m koc thc γP eÐnai bebaÐwc

`(γP) =
n∑
k=1

(|x(tk)− x(tk−1)|2 + |y(tk)− y(tk−1)|2)1/2.

MporoÔme loipìn na orÐsoume

`(γ) ≡ sup{`(γP) : P diamer. tou [a, b]} ∈ [0,+∞]

kai na onom�zoume thn γ eujugrammÐsimh ìtan `(γ) < +∞.

Kat' arq�c parathroÔme ìti h sunèqeia twn x kai y den eÐnai arket  gia na exasfalÐsei ìti
`(γ) < +∞ (Par�deigma?)

EÐnai gnwstì ìti ìtan oi x kai y eÐnai (èstw kat� tm mata) suneq¸c paragwgÐsimec, tìte
h γ eÐnai eujugrammÐsimh kai m�lista

`(γ) =

∫ b

a

(|x′(t)|2 + |y′(t)|2)1/2dt. (4)

Prìblhma 1 Na brejoÔn ikanèc kai anagkaÐec sunj kec stic x kai y ¸ste h γ na eÐnai
eujugrammÐsimh.

Prìblhma 2 'Otan ikanopoioÔntai oi sunj kec autèc, èqei ènnoia to olokl rwma sthn
(4)? Kai an nai, isqÔei h isìthta?

H ap�nthsh sto pr¸to prìblhma dÐnetai apì thn ènnoia thc {sun�rthshc fragmènhc kÔ-
manshc}. 'Otan oi x kai y eÐnai fragmènhc kÔmanshc, to olokl rwma sthn (4) mporeÐ na
orisjeÐ me kat�llhlh {mèjodo olokl rwshc}. H isìthta ìmwc den isqÔei p�nta. MporeÐ
na epiteuqjeÐ me {allag  parametrik c morf c}: An h γ eÐnai eujugrammÐsimh, up�rqoun
sunart seic fragmènhc kÔmanshc x1 kai y1 ¸ste

γ = {(x(t), y(t)) : t ∈ [a, b]} = {(x1(t), y1(t)) : t ∈ [a, b]}

kai `(γ) =

∫ b

a

(|x′1(t)|2 + |y′1(t)|2)1/2dt.

0.4 Olokl rwsh kai diafìrish: To Jemeli¸dec Je¸rhma

Ac gr�youme tic dÔo morfèc tou Jemeli¸douc Jewr matoc tou ApeirostikoÔ LogismoÔ
(gia pragmatikèc sunart seic miac pragmatik c metablht c):

F (b)− F (a) =

∫ b

a

F ′(x)dx (5)

d

dx

∫ x

a

f(t)dt = f(x) (6)
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Er¸thma Gia poièc sunart seic F isqÔei h (5)?

An h F ′ eÐnai Riemann oloklhr¸simh sto [a, b], tìte h (5) isqÔei.

'Omwc up�rqoun paradeÐgmata suneq¸n sunart sewn F pou den èqoun par�gwgo se kanèna
shmeÐo tou [a, b].

Apì thn �llh meri�, up�rqoun paradeÐgmata diaforÐsimwn sunart sewn F : [a, b]→ R pou
h F ′ up�rqei men, all� den eÐnai Riemann oloklhr¸simh.

Oi sunart seic gia tic opoÐec isqÔei h (5) eÐnai oi legìmenec {apìluta suneqeÐc} sunart -
seic.

EpÐshc, an h f eÐnai {L1-sun�rthsh} tìte (me thn kat�llhlh {mèjodo olokl rwshc}), h
(6) isqÔei {sqedìn pantoÔ}.

0.5 To prìblhma tou Mètrou

H antimet¸pish ìlwn twn prohgoumènwn problhm�twn odhgeÐ sto legìmeno {prìblhma tou
mètrou}. Mia morf  tou eÐnai h akìloujh:

P¸c mporeÐ kaneÐc na orÐsei ton {ìgko} twn uposunìlwn tou Rd, me trìpo pou na epekteÐnei
th gnwst  gewmetrik  ènnoia tou ìgkou parallhlepipèdou?

Jèloume dhlad  na orÐsoume mia apeikìnish

md : P(Rd)→ [0,+∞] (P : to dunamosÔnolo)

me tic idiìthtec (periorizìmaste sthn perÐptwsh d = 2 gia aplìthta)

(a) m2([0, a]×[0, b]) = a · b ìtan a, b ≥ 0
(b) m2 (

⋃
nEn) =

∑
nm2(En) ìtan ta En ⊆ R2 eÐnai xèna an� duo

(c) m2(E + x) = m2(E) an E ⊆ R2, gia k�je x ∈ R2 kai
m2(T (E)) = m2(E) gia k�je orjog¸nio metasqhmatismì T : R2 → R2.

Parat rhsh Eidik  perÐptwsh thc idiìthtac (b) (pou lègetai arijm simh prosjetikìth-
ta) eÐnai h akìloujh peperasmènh prosjetikìthta:

(b′) md(E1 ∪ E2) = md(E1) +md(E2) ìtan E1 ∩ E2 = ∅.

'Opwc ja faneÐ sth sunèqeia, h (b) eÐnai anagkaÐa gia na antimetwpisjoÔn oriakèc diadika-
sÐec (p.q. enallag  orÐou kai oloklhr¸matoc, diafìrish aorÐstou oloklhr¸matoc k.lp.);
h (b′) den arkeÐ.

'Omwc,

Den up�rqei sun�rthsh md : P(Rd) → [0,+∞] pou ikanopoieÐ ta (a), (b), (c),
akìma kai sthn perÐptwsh d = 1!

Gia eukolÐa tou gr�fontoc, ja d¸soume thn apìdeixh tou isqurismoÔ gia thn monadiaÐa
perifèreia

S1 = {ei2πt : t ∈ [0, 1)}

sto migadikì epÐpedo, antÐ gia thn eujeÐa R. H (a) tìte antikajÐstatai apì thn ex c: to
m koc enìc tìxou T = {ei2πt : t ∈ [0, b)} eÐnai m1(T ) = 2πb.
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'Estw {q1,q2, . . .} mia arÐjmhsh tou Q ∩ [0, 1). Ja deÐxoume ìti up�rqei èna F ⊆ S1 pou
oi {strofèc} Fn = ei2πqnF tou F kat� gwnÐa 2πqn diamerÐzoun thn S1 se xèna an� dÔo
sÔnola:

S1 =
⋃
n

Fn =
⋃
n

ei2πqnF, Fn ∩ Fm = ∅ ìtan n 6= m. (7)

An up�rqei tètoio sÔnolo F , tìte h apeikìnish m1 apokleÐetai na orÐzetai sto sÔnolo
autì. GiatÐ an orizìtan, tìte apì thn (c) ja eÐqame m1(Fn) = m1(F ) gia k�je n, opìte,
an men m1(F ) > 0 tìte m1(S

1) = +∞ apì thn (b) lìgw thc (7), kai an m1(F ) = 0 tìte
m1(S

1) = 0 p�li apì thn (b). Kai oi dÔo autèc ekdoqèc èrqontai se antÐjesh me thn (a).

DeÐqnoume ìti tètoio sÔnolo F up�rqei:

OrÐzoume ei2πt ∼ ei2πs an ei2π(t−s) = ei2πq gia k�poio q ∈ Q. H sqèsh ∼ eÐnai sqèsh
isodunamÐac sthn S1, �ra diamerÐzei thn S1 se kl�seic isodunamÐac. Qrhsimopoi¸ntac to
AxÐwma thc Epilog c (!), epilègoume ènan kai mìnon ènan antiprìswpo ei2πt apì k�je
kl�sh isodunamÐac, kai onom�zoume F ⊆ S1 to sÔnolo ìlwn aut¸n twn antipros¸pwn. Ja
deÐxoume ìti to F ikanopoieÐ thn (7).

An p 6= q eÐnai rhtoÐ sto [0, 1), ta sÔnola ei2πpF = {ei2π(p+t) : ei2πt ∈ F} kai ei2πqF
eÐnai xèna giatÐ an ei2π(p+t) = ei2π(q+s) tìte ei2π(t−s) = ei2π(q−p), opìte ta ei2πt kai ei2πs ja
an koun sthn Ðdia kl�sh isodunamÐac, antÐjeta me thn epilog  tou F . EpÐshc,

S1 =
⋃
n

ei2πqnF

giatÐ k�je ei2πt ∈ S1 an kei se k�poia kl�sh isodunamÐac, opìte eÐnai isodÔnamo me k�poio
ei2πs ∈ F , dhlad  up�rqei qn ¸ste ei2π(t−s) = ei2πqn , �ra ei2πt ∈ ei2πqnF . 2

TÐjetai to er¸thma, an eÐnai dunatìn na orisjeÐ apeikìnish md : P(Rd)→ [0,+∞] pou na
ikanopoieÐ tic (a), (b′) kai (c), na eÐnai dhlad  mìnon peperasmèna prosjetik .

To akìloujo entupwsiakì apotèlesma, gnwstì wc {par�doxo twn Banach - Tarski}, deÐ-
qnei ìti oÔte tètoia apeikìnish up�rqei, ìtan d ≥ 3:

An d ≥ 3 kai U, V eÐnai opoiad pote anoikt� kai fragmèna uposÔnola tou Rd,
tìte up�rqei n ∈ N ¸ste

U =E1 ∪ E2 ∪ · · · ∪ En
V =F1 ∪ F2 ∪ · · · ∪ Fn

ìpou ta Ek eÐnai xèna an� dÔo, ta Fk eÐnai xèna an� dÔo, kai Ek ' Fk gia k�je
k = 1, . . . , n, dhlad  up�rqoun orjog¸nioi d × d pÐnakec Tk kai xk ∈ Rd ¸ste
Fk = Tk(Ek) + xk, k = 1, . . . , n.

An loipìn orizìtan mia tètoia apeikìnish {ìgkou}md se ìla ta uposÔnola tou Rd, tìte ìla
ta anoikt� kai fragmèna sÔnola ja eÐqan ton Ðdio {ìgko}: ja mporoÔsame na {kìyoume}
to U se peperasmèno pl joc kommati¸n E1 . . . En kai, met� apì metajèseic kai strofèc,
na fti�xoume to V .

Sumpèrasma An jèloume na diathr soume tic idiìthtec (a), (b) kai (c), eÐmaste upoqre-
wmènoi na periorÐsoume to pedÐo orismoÔ thc md, thn kl�sh dhlad  twn uposunìlwn tou
Rd pou mporoÔn na {metrhjoÔn}.
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