3  OloxArpwon

3.1 Metprolueg XUVULTNOELS

Mopatnphioeic 3.1 (o) M ouvdptnon f: X — Y petall un xevodv cuvolwy endyet!
UL OLTELXOVIOT

[ :PY)=PX): B—f(B)={zxecX: f(x)e B

H arewxovion autr Swatnpeel ouuminewuarte, ouldolpetes eVOoELS xat avIaipeTEC TOUEC.
(B) Av B C P(Y) eivar o-8hyePpa, 1 owoyévew

f(B)={f"(B): BeB}

etvor o-dhyeBpa uTtoGLVOAWY Tou X.

Opwopoc 3.1 Av (X, A) kar (Y,B) elvar petpiouor ydpor, a ovvdptnon f: X — Y
Aéyetar (A, B)-petpioun av ya kdde B € B woyva f~1(B) € A.

Mapatneroeic 3.2 (o) H olvideon yetpnoiuwy cuvapthoewy eivor uetphown: Av

(X, AL w,B % (20

omou 1 f eivon (A, B)-uetpriown xo 1 g civon (B,C)-uetpriown, t6te 1 g o f eivar (A,C)-
UETEHOLUT.

(B) Eow € C B wa owoyévewr mou tapdyet ty B, dnhady| tétowo wote M(E) = B. T va
eMéyZw av pa ouvdptnon f : X — Y eivar (A, B)-yetpriown, apxel vo eAéyim av 1) oyéon
f7HE) € A wybe yio xdde E € E.

() Enetor ané to (B) 6t av ot X xar Y eivon tomohoyixol (# uetpwxol) ywpot, xdie cuveyc
ouvdptnon f : X — Y eivar (Bx, By)-uetpriown.

Opiopoc 3.2 Av (X, M) elvar petpriouos ydpos kar Y elvar totodoyikds 1 HETPIKOS
xopos, pa f: X —Y Ayerar M-petprionun av etvar (M, By )-petprioiun.

Isatirepa evorapépovr o1 tepintddoeicY =R Y = C (ue ) ovvndhopérn tonodoyia).
Ewwcdrepa e f @ R — R Aéyerar Borel petpioun av eivar (Br, Br)-petprioun, kai

Lebesgue petprioun av etvar (My, Br)-petprionun (6nov My n o-dAyefpa twv Lebesgue
HETPIIOU@Y TUVOAWY ).

‘Aoxnon 3.3 H ouvdptnom xa elvar M-uetprown av xat uévov av A € M.

IMpétaocm 3.4 Av f: (X, M) — R, wa €&ijs eivar wwodlvapa:
(i) H f etvar M-petprioyun.

(ii) Ta xd9 U C R avoixed, f~H(U) € M.

(iii) Ta kdO a € R, f~([a,)) € M.

(iv) INa kdde a € R, f~1((—o0,a]) € M.
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INopatienon 3.5 Av £ C X xau f : F — R, n f Myetu petpriown oto £ av eiva
(Mg, Br)-uetphown, 6mov Mp = {ANE : A e M}. Ly nepintwon mou 1 f opiletan
oto X xau B € M, n f|g evan yetpriown oto £ av xou uévov av yio xdde B € By 1oy el
(f"Y(B)NE)e M.

Optowde 3.3 Av (X, M) eivar petprioipos ydpos, pa f: X — [—o0, 00| Aéyetar M-
petprioun av etvar (M, Bg)-petprioun énov Bg = {E C [—o0,00] : ENR € Br}. Ioodv-
vaua, n f etvar M-petprioun av kar uévov av f~([—oo,b]) € M ya kdde b € R.

IMpétaom 3.6 Av (X, M) elvar petprjoipog yopos, f: X — R petprionun kar g : R — R
ouveyng, tote n go f : X — R elvar petprionun.

Mapatneroec 3.7 (o) Av wa f: R — R eivor Borel (Snhady| (Br, Br)-petefowun),
161¢ elvon Lebesgue petpriown, dnhady) (M, Br)-uetpfiown. To avtiotpogo dev 15y lel
TAVTA.

(B) Avo f,g: R — R elvar Lebesgue yetpriotes, dev ohndelet mdvta dtt v alvideon
go f:R — R eivau Lebesgue yetpriown.

IMpétaom 3.8 Av (X, M) elvar petpriouos yopos, f,g: X — R petprioipes kar p > 0,
(1) o1 owvaptiioes | f| kar |f|P elvar petprionpeg
(i1) o1 ouvvaptioes f + g ka1 fg elvar petprioipe.

ITeértaocy 3.9 Eoww (X, M) petprioipos ydpos kar f, + X — [—o0,+00]| petprioyies
(n € N). Tdre

1. n ovvdptnon sup,, f, €lvar petpRoun,
2. n ovvdptnon inf,, f,, elvar petprjonun,
3. n ovvdptnon limsup,, f, = infgsup,,>, fn €var pecpioyn,
4. n owdptnon liminf, f, = sup,inf, >y f,, €lvar petpRoun,

5. edikdtepa, av to katd onueio dpo f = lim, f, : X — [—o0, +00] vrdpyer, téte elvai

peTpioun ovvdpTnon.

IMpétaon 3.10 Eotw (X, M) petprjonios ydpos.

() Av f: X — [—00,+00] petpriowun, téte o1 f1 = max{f,0}, f- = —min{f, 0} xa
|f| = fo+ [ elvar pevpioues (kar ikavorowody f = fy — f— ka1 frf- =0).

(B) Avg: X - Crau=3(9+7), v=5(g—g), tdte ng elvar perprioun av kar pévov
av o1 u kal v €val PLETPHOIUES.

(v) Avng: X — C elvar petprioun, tite o1 |g| = Vu? + v? kai sgn g elvar petprioueg,

L Zio (z € C).

OToU sgn z = { 0, 0



ATnAEC cLVOETHOELS

Optowde 3.4 Mia owvdptnon s : X — R 1) C Aéyetar amA1} av o odvoro s(X) elvai
tenepacpuévo. Av s(X) = {ar,ag,...,a,} ka1t A; = s7'({a;}) tére n {Ay,... A} evar

dapépion® tov X ka1 n s ypdeetar o€ kavovikny popen: s = Z aEX A, -

k=1
Mapatneroec 3.11 Eotw (X, M) petprioipos xydpos.

(a) Ma amdij ovvdptnon s : X — R o€ kavoviki popen) s = Y, ckXE, €var petpiomun
av kair uévov av B, € M ya kdOe k =1,...,n.

(B) Emopérvews av ot s,t: X — R elvar anAé§ petprioies, o idio wyvel kai yia tg

s+t, s-t, max{s,t}, min{s,t}, sy, s_, |s| =5+ +s_.

Ocedpnua 3.12 Foww f: X — [0, +00] jua ovwdptnon. Téte vdpyer adZovoa akolov-
Ola (s,) amddv pe s,(X) C [0, +00) ya kdle n tétowa dote

sn(x) /" f(x) yie kdle x € X.

Av n f elvar ppaypévn, pumopolue va daAébovue Ti§ s, ote s, — f ouotduoppa oto X.

H 8 tng anddedng: TNo xdde n € N ¥étw

Xowpllo 10 [0,n) oe n - 2" dwothuota [0, 55), (5, =), - - - (2, 225) xou Jewpd Tic avti-

OTPOYES ELXOVES UEGW NG f -

1 .
En,i:{xeX:ZQn _f(a:)<22—n}, 1=1,2,...,n2"
Opilw n2m
n on Eni Fn

n, ov f(z)>n

Sl oavi=1,2,...,n2" 00 (bc‘rsl;ngf(:p)<2in

IMeéraoy 3.13 Ia kdde M-uetprioun ovvdptnon f: X — [0, 4+o00] vrndpyer akodovdia
(sn) amAdv M-petpnofuwy ovvaptioewy bdote 0 < s,(z) < s,q1(z) < f(z) kar s,(x) —
f(z) yia kdle x € X. Av n f elvar ppaypévn, uropolue va diakééovue ti§ s, &ote s, — f
opoLopoppa 0to X.

Oewpnua 3.14 Ma ovvdptnon [+ X — R nf:X — C evar M-petprionun av ka
pévov av etvar to (katd onueio) dpio puag axodovdias® {s,} (mpaypaticdv B pyadikdv)
M-petpiouwy arAdv ouvaptioewy.

Zonhodh to Ay etvon Eévar avd B0 xow UA, = X
31 {sn} Bev etvon xat’ avdynny povéTtovn, uropolpe duwe vo Ty emthéZoupe wote 1 {|s,|} v ebvon adEouoa

3



Yvunépacua H kddon twr M-uetpnoiuwy ouvaptnoewy mepiéyel TS YapakTnpioTikéS
ouvaptiioes x4, A € M kai efvar kAewot) wg mpos TS akyefpikés mpdées:

f, g pewprioues = f +g, f-g, max{f, g}, min{f, g}, |f|, f*, f~ pevpriopes

kalds kai ta katd onueio épia axokovir:

fn (n € N) petprioues = sup f,, inf f,, lim f,, perpioues

(av o teAevtaio dpio vndpyer).

[Mpétaon 3.15 Fotw (X, S, 1) ydpos pétpov kar (X, S, i) n mApwory tov.
Av f: X — [—o0,+o0] 1} f : X — C tdte

() av n f etvar S-petprionun téte efvar S-petprionun

(B) av n f etvar S-petprionqun tére vrdpyer S-petpioun ovvdptnon g mou etvar p-oyeddv
ravtov fon pe Ty f.

ITépropa 3.16 Kde Lebesque petprioun ovvdptnon f: R — [—oo, +00| elvar A\-oyeddr
ravtov ion ue pa Borel petproun ovvdptnon.
3.2 To ohoxArpwua Lebesgue

Ye OAn TV mopdypapo, oTaEpOTOIOVUE Evay Yhpo wétpou (X, S, ).

3.2.1 Mn apvnTXég CUVAETNOELS
Oa UEAETHOOUUE TEWTA TIC LOLOTNTES TOU OAOXANPWUATOS UY) OV TIXWY CUVIRTHCEMY.

Optowde 3.5 Zuppolitovpe LT(X,S) 1j atdd LT to ovvolo twv un aprnuikdy LetpRion-
pov owvaptioewy [ X — [0, +00].

(i) Av s : X — RT elvar anA ) petprorun oe kavovikrj popgn s = ZCkXAk opiloupie

k=1

/SdM = crp(Ar) € [0, +00]
=1

(0érovpe 0 - (+00) = 0).
(ii) Av f: X — [0, +00] elvar peTprjorun, opilovue

/fd,u = sup {/sdu : s amAn petpnoun, 0 < s < f} .

Av A € § optlovue
/A i = [ Fradn

Adupo 3.17 Av s : X — RY amdij petprjonqun ka1 s = Y - bpxp, 6mov By € S kai

B,NB; =0 yua k # j, tdre
/SdM = bu(By).

k=1



IMpétaoy 3.18 Av s,t: X — [0,400) andég petprioes kar a > 0, tdte

(i) /asd,u = a/sdu
(ii) /(s+t)du:/sd,u+/tdu

(iii) Av s<t tdre /sdu < /tdu.

IMeértaocy 3.19 Av f,g: X — [0, 400] petprioues kar a > 0, tdte
@ [afau=a [ siy
(ii) Av f<g tére /fd,u < /gdu.
(iii) Av ACB(A,BeS) tite /fd,ug / fdu
A B

(iv) Av AeSkapu(A)=01nfla=0 tdre /fdu:O.
A

IMopdderypo 3.20 Av p efvar o pétpo Dirac oy oto 0 € R, tére ya kdOe ouvvdptnon
Borel f : R — [—00, +00] 10xUel
/ fdp = f(0)
R

o6t av A C R efvar Borel ka1 0 ¢ A, téte p(A) = 0, ondre [ fdp = f{o} fdu = f(0).
IMeoétaoy 3.21 FEow s: X — [0,+00) amAn} petproun. Opilovue

v:S —[0,400] : v(A) = / sdp.
A
Téte To v elvar puétpo.

Ocedpnua 3.22 (Movétovne clUyxAiorne tou Lebesgue) Av (f,) evar adlouvoa
axolovilia petpnoiuwr un epvnukdy ovvaptioewy f, : X — [0, +00], téte

/ (1im £,)dp = lim / Fadp.

Anédedn INa xde x € X n axohovdia (f,(x)) elvar avovoo xa GUVERMS EYEL Gplo
f(z) € [0,+00]. 'Eyouue deiler 6T to xatd onueio 6plo YETENOUWY GUVAPTAOEWY Elvor
uetpfiown. Apa 1 f ebvon petphown, xo ouverds to [ fdu vrdpyer (uropel va etvar +00).
Eredf fr < fup1 < f, éyoupe ffndu < ffn“d,u < [ fdu. Emopévec 1o pto

lim, [ fudp = a vrdpyer (unopel va elvar +00) xou

a</fdu



Méver va Serydel 1 avtiotpogn avicdtnTa. ATo TOV 0pIoUS TOU f fdp apxel va 5et&ouye 6Tt
av s etvon amh petpriown cuvdptnon pe 0 < s < f oylel

/sduga.

Yrodeponototye éva ¢ € (0, 1) xar Yo dei&ouye ot

c/sd,uga.

E,={ze X : f.(z) > cs(x)} (n=1,2,...).

Hoapatnpolue ot B, € S agod 1 f, — cs elvor petpriown xou 6Tt £y C Fy C ... agod
HhH< <o

Ioyuploudc:

Oétouue

G E, =X.
n=1

pdypott, éotw x € X. Av f(z) = 0 t61e s(x) = 0 dpo x € E, vy xd0e n. Av ndh
f(x) >0 t6te f(z) > s(z) > cs(x) (Yupioou ot s(x) < 00), ondte epboov f,(z) / f(x)
vrdpyet n € N dote fu(x) > cs(x), dpa x € E,. O woyvpopog amodelydnxe.

Oewpolye To YETPo v oL opileTon and TN oo
y(E):/sdu, FeS
E

‘Eyouue
cv(E,) = c/ sdp = / csdp < fodp (vt es(z) < fo(z) btav x € E,)
n E’VL

En
< / fudp

‘Oay n — 0o, éyoupe v(E,) — v(X) = [ sdu ard v o-tpocdetixétnra tou v (lpdtaoy
3.21). Erlone [ fodp — a. Suverdc and tn oyéon cv(E,) < [ fudp éreta dtic [ sdp < a.
Aol n aviootna auth toylet yio xdde ¢ € (0, 1), Jewpdvtac ¢ /' 1 tpoxintel

/sduga.

H avioétnta anodelydnxe yia xdie anhy yuetprown cuvdptnon s e 0 < s < f, xot ouvenog

/fd,u = sup {/sdu : s amh yetpriown, 0 < s < f} <a

dpa tehxare [ fdp=a. O

ITépropa 3.23 (IlpocVetixdtnta) Av f,g: X — [0, +00] perproyes, tdte

/(f+g)du=/fdﬂ+/gdﬂ-



Ocedpnua 3.24 (Beppo Levi) Av (f,) evar akolovdia petpnoiuwy un aprntikdv ouv-
vaptioewy f, : X — [0, +00], tdte

J(£)e-s )

Adppa 3.25 (Avicotnta Chebyshev - Markov) Av f € LT ka1 ¢ > 0 tdte
[ fdnz et € X @)= e},

IMpoértaoy 3.26 Av f,g: X — [0, +00] elvar petprioues téte
(1) [ =g oxeddr navvod = [ fdu = [ gdu
(1) f =0 oyedor ravrol < [ fdu=0.

Mpoétaon 3.27 Av f,, f € LT ka1 f,, /' f 0.1 téte

/Mwﬂ?/hw.

Mopadeiypata 3.28 (a) Ywov (R, B, A), av fu = Xpnt1] T6Te fr, — 0 katd onpeio
aMAd limy, [ fod)\ =1 > [lim, fodA.

(B) Xrov ([0,1], Bjoaj, A), av gn = nX (g 1) T0TE g — g = 0 Kkatd onueio aArd
lim,, fgnd)\ =1> flimn gndA.

Oedpnua 3.29 (AAupa Fatou) Av f, : X — [0, +00] efvar petprjoes *
/(lim inf f,,)dp < lim inf/fnd,u.

IMégwopa 3.30 Av f,, f € LT ka1 f, — [ 0.1 téte

/fd,u < liminf/fndu.

[Mpotaon 3.31 Av f: X — [0, +o00] elvar petprionun kar [ fdp < oo tdte
(v) H f eivar o.1. menepaopérn: p({z € X : f(x) = +oo}) = 0.
(vt) To otvoro {x € X : f(x) > 0} elvar o-nenepacuévo.

3.2.2 OloxAfpwon UETENOIL®Y CLVAPTHCEWY
Optopde 3.6 (i) Eowo f : X — R perprioun kar f = max{f,0} kar f_ = —min{f, 0}.

Téte o1 fy ka1 f— efvar un apvnukés ka1 petpRoues, dpa opilovtar wa [ frdp xar [ f-dp

oto R). Av touddyviotov éva and ta 6Uo olokAnpouata €ivar tetepaciévo, optlovie
J

[ tin= [ feau= [ raue®

Y revdiuon: hm inf z, = hm (inf{zy : k >n}) = sup (inf{xy : k > n}).




(ii) Mia f: X — R Aéyetar (amod¥twg) odokAnpéoiun av evai peTproun rka

/|f\d,u < +00.
Yuupohioudg:
Lh(X,8, 1) =Ly(p)={f: X —R: oloxnpooiun}.

Mopathpnon 3.32 (1) O mepopiouds f: X — R awov opiopd wov L (1) efvar avaykaios
yia va ekaopalioel 6t o L1(u) efvar ypappikds ydpos (deg to Ocdpnua 3.33). Mia odo-
kAnpoowun f: X — R efvai buvatov va unv aviker otov L, kaddg evdéyetar va tajprea g
tpés £oo. Opws, epdoov [ |fldu < 400, and Ty Ipdraon 3.31 n |f| raiprer p-oyeddr
tavtol memepacuéves Tucs, dpa to 0 wyda ya s f, [T kar fT. Eropévos vrdpyer
g € Ly dote g = f p-oxedov ravov.

(w) Av f € LL(n) ka1 f = fT — [, téte emadn 0 < f* < |f] éyovpe f£ € LL(u). Av
avtiotpopa o fT kar f~ elvar ohokAnpdoipes kai dev aneipilovtal, téte apot |f| = fH+ [~
éxovpe [ |fldp < +oo dpa f € L(n). Ankadn, av n f: X — R efvar petprioun,

fELLn) & |fl€Lh() & [ wka [~ € L) = / fdu = / frdu— / fdueR.

Oedpnua 3.33 O Li(u) evar ypapjukds xopog kai to olokApwua €ivar ypajjukn are-
kévion Lk (p) — R. Ankadr

av f,g € Lp(u)kar N ER, téte f+ Ag € Li(p)
Kai /(f—l—)\g)du:/fdu—i—)\/gd,u.

And6deln (1) Ermedi

F 29l < [f1+ | Mllgl, éxouye

(3.19,3.23

/ 1+ Agldp < / (7] + M lgl)dp 1222 / Fldu+ / l9ldy < +oo.

(w) Av h = [+ g t61te 00 f*, g% xou h* madpvouy mporypatixéc uévo téc ondte
hr—h™=f"—f"+g" —g
=>ht+f+g =fT+g +h

= / (W' +f" +g )du= / (ff+g"+h7)du  (6hes un opvnuixée)
=>/h+d,u+/fd,u+/gdu:/f+du+/g+dﬂ+/hdu (Ibpopa 3.23)
:>/hdu:/fdu+/gdu.
(uB) Av A >0 t6te (Af)* = Af+ won (Af)~ = Af~ dpa
[asdn= [onran= [(fdn= [arsdn= [ar-d
(.19 A/f*du—)\/fdu:)\/fdu.

Sndpe g = fxm, 6mou E = {z € X : |f(z)] < oo}




(wy) (—f)" = [~ wou (—f)" = * o
Jenan= [ntau- [ru= [ rau- [ 5
- (/f*dn—/fdﬂ) —~ [ tu

IMpbtacn 3.34 Av f,g € Li(1) tdre

i) [f<g = /fduﬁ/gd,u.

(i) ’/fd,u’ < [ 171dn
Anédedn (v) EC oplopol av b > 0 yetpriown téte f hdp > 0. Enoyévec f(g—f)du > 0.
AWé [(g— fdp = [ gdp— [ fdp.
(v) 'Eyouue
“fl<f2ifl= [ifans [ sdu< [1ndn

:>_/|f|d,u§/fdu§/|f|dﬂ
_ '/fdu' < [11dn

[Mpébraoy 3.35 Eotw f,g € LL(u).

(1) Av f =g p-o.m. wte [ fdu= [ gdu.
(n) [ =g p-o.m av ke pévov av [, fdu = [, gdp ya ke A € S.

Anddeln (V) Av f=g por ot |f —g| =0 p-o.x ondte [|f — gldu =0, dpa

OS’/fdﬂ—/gdﬂlz’/(f—g)d/i’§/|f—g\dﬂzo-

(w) Av [, fdu= [, gdp yaxdde A € S, tote ¥toviag AT = {z € X : f(z) > g(x)} xu
A= ={z e X: f(x) < g(x)}, ondte A* € S, éyoupe

/|f—9|d,u:/A+(f—9)d#+/_(g—f)d,u:0

dpa, aol |f — g >0, éyouvpe |f — g| = 0 p-o.n. (Ilpdroon 3.26) enopéves f = g p-o.m.
Mépwopa 3.36 Av f,g € LE(n) ka1 f < g p-o.7. téte [ fdu < [ gdp.

Anodelly AvB={rec X : f(x) > g(x)} t61c B €S xu p(B) =0. Av f1 = fxpe
xow g1 = gxpe 167€ |fil < |f| xen [ga| < |g| dpa f1,91 € Ly(p) xen fi < g1 mavto0 dpar
[ hdp < [gudp. A& f = fixaw g = gy peoon bpa [ fdu = [ frdp xa [ gdp = [ gidp.

IMopathenon 3.37 Ta ovurnepdopata tov Ocwpnuatos Movétovng YXoyrkhions kar tov
Anupatog Fatou e€axodovfolv va 10yvovy av o1 unoléoeig Touvg tikaromolotvtal j1-oxediy o€
dAa ta onueia tov X.



Yuvopthoelg pe pryadixég tipwée Av f 1 X — C eivan S-petpriown (1ooddvaua, ot
u = Re f xa v = Im f eivar S-petpriowec mpayuatinés cuvopthoei), ondte 1 |f] + X —
[0, +00) etvar yetphown, Aéue 6Tt 1 f elvor ohoxAnpdotun av [ | fldu < 0o xou ypdpouue

LYX, S, p) =LY p) ={f: X - C: ohoxdknpdown}
= {f : X — C yetpriown: /|f|d,u < oo}.

Hopatnpotue 61, enedh) | Re f| < [ f| xou [Im f| < |f], evd |f| < |Re f| + |Im f], n f eivou
ohoxAnpwaotun av xou wovov av ot Re f xou Im f efvon ohoxdnpwotues. Opiloupe

/fdu:/Refdu+i/Imfdu.

Efvor dpeoco 6t o L1(p) etvon (uryadindc) yoouxde yeog xat To ohoxhfpwpa etva ypouux
arewxovon L () — C.

[Mpbtacn 3.38 Av f e L}(X,S, ) tdre

'/}mﬁs/uww

Anodedn O wyodinoc apdude z = [ fdu yedyeton z = €“]z| = Az| émou |A] = 1.
‘Eyouue howndv |z| = Az dnhadh

L/MAZA/ﬂmz/&mM

OmoTE fj\fdu € R. Avowmév g = Re A f xau h = Im \f €Y OLUE Af = g+ ih onbte

/deﬂz/gdﬂﬁ/hdu:/gdué/|g|du

an6 v [pdraon 3.34 (). Ouwe |g] < IANf| = |f] (opo¥s
J1fldp omb v 3.34 (1), dpa teMXS

’/fd/L’I/j\fdﬂﬁ/\gldug/mdu. O

Ocedpnua 3.39 (Kuptapynuévne XoOyxiong) Eotw (f,) axodovdia petpriowr
oUVapPTATEWY € UIYaOIkES TIES TOU TUYKALVel [1-oxeodr yia kdle x € X. TroUérouue on
vrdpyer g € Li(1) dote |fn| < g p-oxeddv mavrot. Av opioovue f(x) = lim, f,.(z) ota
onueia x € X dnov to dpo vrdpyer (oo C) kar f(z) = 0 ota vrdhoima onueia tov ydpov,
téte n f efvar petpioun, aviker ocov L1(p) ka1 wyder

lim /|fn—f|du:0 ket lim /fndu:/fd,u.

Al = 1) xou cuveroe [ |gldp <
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Andédedn H f elvou pyetpriown ot xde f, eivon petpriown. Egdoov |f,| < g oyedov
navtol xou g € Li(p), éxovue [ |faldp < [ gdu < +o0 dpo v f, ebvon ohoxhnpdotur. T
Tov (B0 A6yo (epboov | f| = lim, |f,] < g) n f ebvor ohoxhnpdown, Snhadf fn, f € L (1).

[ o~ [ sau z‘/(fn—f)dﬂ < [15a = fldu

OTOL 1) TEWTN LOOTNTA TEOXVTTEL UTO TN YEUUUXOTNTO TOU OAOXATPWUATOC XL 1) OEUTERT
aviooTnTa and v llpdtaoy 3.38.

Enouévec

Apxel howndy va deiloupe ot
JAE

Alndlovtag, av ypetaolel, Tic TWES TV f, ot éva oUvoro® uétpou 0, umopoLUE Vo uTOVE-
coule 6Tt ya kdle x € X wybet | f,(x)] < g(z) xou f(x) = lim,, f,,(x).

©¢touue h, = |f, — f| o napatneolue 6t 0 < h, < 2g xau 6T hy,(x) — 0 vy xd0e .
Apa 29 — hy, > 0 %o 29 — h,, — 2g xatd onueio. And to Auua Fatou €youue

/lim inf(2g — h,)dp < lim inf/(2g — hy)dp

N 4

ONAxo™
/di,u = /lim inf(2g — hy,)dp < lim inf/(Zg — hy)dp

= /di,u—i—liminf/(—hn)d,u: /2gdu—limsup/hnd,u

dea lim sup/hndu < 0. A\ /hndu > 0 dpa lim inf/hnd,u > 0 emouévwg
0 < lim inf/hnd,u < lim sup/hndu <0

onAady| To Hpto lim/hnd,u umdeyet xou ebvon 0. O

3.3 XOyxhom o npog Vv ||, — O yopoc LYX,S, )
SupBohiowée Av f: X R f: X — C eivar petpriown, Ypdooupe
11, = [ 1fldn € 0. +oc)
(ométe L1(p) = {f : X — C pevpfioyn: || f]l; < oc}.)
MopatApnon 3.40 Av f.g € LYX,S,u) ka A € C téte [+ \g € LY(X,S, 1) ka1

L [Aglh = [Alllgllx

AV N, = {z € X : |fa(x)] > g(z)} xu N = {z € X : 70 lim, f,.(z) dev undpyet}, T Ny, N elvou
petpfotua xan undevind, dpa Yétoviac M = (U, N,) UN éyovpe M € S xou u(M) = 0.

11



2 1f +glly < [ f1l + llgll

3. Iflli =0 av ka1 pévov av f =0 p-o.m.

Opiowde 3.7 Mia axoloviia (f,) cuvaptioewr otor LY X, S, n) Aéyetar du ovyrkdive
oty [ € LYX,S, 1) wg rmpog Tnv |||, (1 owov L) av ||fn — fl1 — 0. Tevikérepa, n
(fn) Aéyetar Baoikt) akodovdia wg mpog Tnv |||, av yia kdde € > 0 vrdpyern, € N
dote || fr, — fl1 < € ya kdle m,n > n,.

Mapathpnon 3.41 Av n (f,) ovykdiver p-0.1., dev énctar kat’avdykny 6t ovykAivel wg

mpos e |-l
o mopdderypa éotw f,, @ [0, 1] — R 7 ouvdptnon

fa(2) :{ " (lo_’m)’ gi

Téte f, € L1([0,1],A) xon fro(z) — 0 v x80e @ # 0, dpa fr, — 0 A\-0.7., ahAd

[fulls =5 — oo

IMapathpnon 3.42 Av n (f,) ovykdiver ws mpos v |||, dev éretar kat’avdyxknr du
ovykAiver p-o.m. Mropel udhiota va aroxdiver oe kdle onueio. Onws Va doljue duws otny
anédaén tov Ocwpnuaros 3.44, n (f,) éxer ndva pa vroxolovdio Tov ouykAiver pi-0.1.

Moapdderypo 3.43 T xdle n, éotw K, to €&fc nenepacpévo xdhuppo tou [0,1] and
Swotiona wiovs 27 Ky = {0, 3,131} K = ([0, 2], [2, 41, [4, 2], [2, 1} e otmo

10201201
xadelnc. To obvoho U, K, eivon apriunowo. Eotw Iy, I, ... ua apiduncy| tou, xat €6tw

fn 1 yopaxtneotixf ouvdpetnon tou I,. Eow z € [0,1] tuyaio. Egpboov 1o z avixet oe
dretpo TARYoc I, xou oe dmewpo mhidoc 15, n axohoudia (f,(x)) Bev umopel vor cuyxAVEL.
A6 v dhhn duoc,

1
nnm:Ame:A@»éo

epocov yia xde m € N, ubvov nerepacuévo thidog and ta I, €yl ufxog YeYAALTEQD and
27", Enopévee f, — 0 wg mpog v ||-||;.

Oewpnua 3.44 (Riesz-Fischer) Eoto (f,) pa axoloviia ovov L1(X, S, i) mov eivar
Baoikn wg tpog v ||-||,. Tdére vrdpyer f € LY X, S, p) dote f,, — [ ws mpos v |||,

EmArnéor, vndpyer pua vraxohouvdia tng (f,) mov ovykdiver otnr f p-o.m.

Anédedn (v) Eogdoov ol dwoupopée || fr — flli «telvouv oto 0y, undpyet umoxoloudia
(frr) ©0T€ D4 | frpey — fulli < H00. Oa dellouye bt o Tétola uTaxoloutia cuyxhivel
p-o.m. o wa f € LYX, S, u).

Luyxexpluéva, emAEYouUE emaywyxd Yvnoing avovoa oaxoloudia (ny) OoTe

1
1 = fally < 55 (mn 2 me) (1)
[ euxohio Vétouvue hy = fo,,

gk = |ha| + [ha = ha| + .o+ [hggr — i

12



pdeis

g = Sup g = lim g, = [hi| + > st — bl
k=1

Téte and to Oewpnua B. Levi,

/gdu=/lhlldu+/2|hk+l—hkm
k=1
o 00 1
:/|h1|du+2/|hk+1—hk\d,ug/\hﬂdu_;_zz_k < o0
k=1 k=1

doa g(x) < 400 oYed6V Yo xdde x. Me dhha Aoy, undpyet A € S pe pu(A°) = 0 dote yo
xde x € A n axohoudio (gi(z)) vo cuyxhiver oe tenepacuévo Gplo. Autd onuaiver 6Tt yio
xde x € A, 1 oepd

hi(@) + ) (i (x) = hi(x))
k=1
OLYXAVEL ATOAUTAL, Gpal GUYXAIVEL, OF TEAYHATIXG 1 Uyadixd aprdud. ANAG
hisa(x) = hi(z) + (he(z) — hi(2)) + .. 4 (haga(2) — he(2)) |

onote Vétovtog f(x) = limy, hy(z) = limy, f,, (2) oz € A xon f(x) =0y z € A° éyouye
wa yetpriotun ouvdptrnon f oto X.

(w) Ioyvpiouoc: f e LYX, S, p) v lim || fo, = fll, = [[Ax = fll, = 0.
Mpdryuortt, €yovue f = lim hy, oyeddv mavtol, xou yio xdde k,

k k
] = [l 4 (s = o) | < ha| + D Vs = hon| = g8 < .

m=1 m=1

Anhadi| 1 axohoudia (hy) «xvptapyeitoay and ty g € L. ‘Erneta howndv ond 10 Oedpnua
Kuptopynuévne Loyxhione 6t f € LY X, S, pu) xon 6t [ |hy — fldu — 0.

(vee) Aciyvouye thpa 6L 1 f elvor T0 dplo we mpoc TV ||-||, ohdxinene e axokoudiog (f,).
Aovdévtoc € > 0, agol 1 (f,) elvan Baoixr undpyel n, HGoTe
mnzn, = |fm— foll, <e
Ouwe and 1o (u) undpyet k, € N dote
E2k = fu—fl <=
Enhéyovtag éva k > k, BOTE ny > n, EYOUUE, Yia xdde m > n,
[fom = Slly < o = Frilly + W = flly < 26
AetZope 6t || fr, — fll; — O.
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O yopoc L'(X,S,u)

Av f,g etvon p-oyedov navtod oto X oployéves ouvocp'tv'pag7 UE TWEC OTO R 1 oto C,
Yedpouue f K gavol f,g evou {oec p-oyedby mavton.® Ebvar dueco 6t 1) oyéon auth ebvou
oy €on LoodLVAULNS GTO GUVOLO TWV GYEDHY TAVTOU OPIGUEVLY GUVAPTAGEWY UE TWES GTO R
(avtioTowya, oyeddv navtol opiouévwy cuvapticeny e Tiéc oto C).

Ané v [pdraon 3.35(w) énctan 6Tt av ot f, g eivon uetpiowes u-tloodivoues xou pio and T
dv0 elvor ohoxhnpwowun, tote (emedf [ |fldu = [ |g|du) eivor xou o1 500 ohoxhnedGLIES Xou
S fdp = [, gdp vy xdde E € S. Anhadt| 1 Onapn xow ot TWES ToU 0AOXANEGOUATOS WidS
UETPRoWNG GLVAPTNONG eCuPTATOL UOVOY antd THY XAAOT lGoduVauiag TNC.

Mrogolue Aowndy vo enexTEVOLUE TOV OPLOUG TOU OAOXANEWUATOC GTIC GUVAPTAHGELS TOU
elvol OPLOUEVEC XL UETPHOUIES [L-OYEDOY ravton:? Ou AEuE OTL i TéTola cUVAETNOT Elvou
(amohlTwg) ohoxknpwoun av elvar p-tsodivoun ve po f € LY X, S, p).

Ac oupPohriloupe (Tpocwpvd) v xAdomn 1oduvayios

f={g: E; — [~00,+00] petphiown ue g ~ f}
xou avtioTolyo . , i
f={9: E; — Cuetpfiownue g ~ f}
(6mov B, € S xa p(E5) = 0.) Mropolue téhpa va 0picoupe

Oplopog 3.8
Ly(X,8,p) ={f : f € La(X, 8, )} LNX, S, 1) ={[: f € LLX,S, p)}.

Me T npdleic f+g= m wou Af = Zf, o LY(X,8, ) yiveton ypopuxos yweog: T
x4de f,g € L' xaw A € C, av f1,fa € f xow g1,92 € g, ov f; + Agi (i = 1,2) opiloviu
p-0yedOY TavTol, fi + Agi X fa + Mgz xon 1A+ Agaldp < [ 1 fildp+ | A ! |g1]dp < +o0.
Enione, n |||, opilet pa véppa otov yodpo LH(X, S, u), dwét || fl|, =0« f=0.

Me authv v opodoyia, To Ocwpnua Riesz-Fischer et axpBire 6t o yodpoc (LN X, S, w), ||]],)
elvor TAENG Y WEOg UE VopUa, dnhadt| yweog Banach.

Ané v Hpdroon 3.15 érnetan bt av (X, S, i) elvon 1 mMipwon tou (X, S, 1), Thte uTdpyEL ot
1-1 avtistoryio uetall tou LY(X, S, p) xou tov L (X, S, i) 1 onolo dratrpel to ohoxhfpwpa.
Luvenoe Yo tautilouvye Toug yweoug auTols:

LY(X, 8, p) = L(X, S, ).
Edwébtepa LY(R, Bg, \) = L'(R, My, \).

Av f e L umop® vo emhéyw g : X — C petpriown wote g € f. Méhoa otnv mepi-
ttowon (X, S, 1) = (R, My, A) unoped vo unodétw 6t 1 g eivon Borel petpriown (Ilépopa
3.16). Luvidwg oty Tedln dev xdvouue didxplon ueTald TN cuVdETNoNS f ot TS xhdong
t6oduvauiog f.

TAnadh f: E; — R % C énou 10 X \ Ey ebvou p-undeviné olvoro.

8 Anhodh av to oivoho Ef s = {x € Ef N E, : f(z) = g(z)} éxer p-undevind cuumhfpoya.

9 Aev etvan dloxoho vo delfel xavelc 6L wa p-oyeddy movtol oplopévn ocuvdptnom eivon petpriowun (BA.
HMoapothenon 3.5) oto nedlo opiopol g, éotw Ef (to onolo unopolye vo unodétovye yetphiowo, neplopl-
Covtac xt Ghho TV f ev avdyxn), av xon BOVoY av EXEL Jlal TAVTOU OpLoPEVY UETPHOUYLY ETEXTAUOT.
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Mopathpnon 3.45 Ytov L'(X, S, 1) o1 atdés odokAnpooiies auvaptrioes efvar Tukvd
vrootvodo: ya kdde [ € LY X, S, pn) vndpyer axooviia (f,) ard amdés olokAnpdoijieg

owvaptioes wote || f — fulli — 0.

AT6BeLEY) OewpOVTIC YWELOTY TEAYUUTIXO X0l QPAVTAGTIXG UEPOC, UTOPOUUE VO UTOVEGOU-
ue 0Tt 1 f molpvel mpayHaTIXES TIIEC.
Trdpyouv t6te adZouces axoloudiec amhdY PETEHOWWY GUVAPTAGEWY (5,) xou (t,) OOTE

Sp /[T want, /" f7. Av f, = s, — T, €youpe

fo— [T —f = f xatd onpeio xa
[fol = [80 = tal < Isul + tal < f7+f7 = ].

Aol n | f| avixer otov L1, éyouye f, € L1 xou and 1o Oedpruo Kuptapynuévne Toyxhiorne
éneton Ot ||, — fllv = [ |fo — fldu — 0.

IMeoétaoy 3.46 Av p eivar kavoviké pétpo Borel (uétpo Borel - Stieltjes) oo R, o1 ov-
vexels ouvaptioes e ouutayn popéa etvar tukvé vrootvoro'® tov LY(R, Bg, u): ya xd-
Oe f € LYR,Bg,pu) kat € > 0 vrdpyer ovvexns ouvrdptnon g pe ouurayy gopéa dote
If =gl <e

And6dedn And my tedevtaio Hopathpnon (xou ) ypauuxdTnTo TOU OROXANEMOUATOS),
apxel va vtodécouye 6t f = xg, 6mouv E € Bg. Mopatnpotue 6t pu(E) = [|fldp < .
Zépouye (Ipdtaon 2.19) b yio xdde € > 0 undpyet nenepacyévn évwon A = Up_ I Zévwy
xon pporypévey dotnudtwv'! dote u(E A A) < €, ondte ||xp — xall; < e T x8de éva
and tor Iy, umopolue vo Ppolue Wit ouveyy ouvdptnon gr : R — [0, 1] ue ouumoyh gopéa
wote |lgr — x|l < 5. Ipdyuat, av I, = (a,b) xu C; = [a + %,b — %] t6te C; C Cjq
xan U;C; = I, ondte umopd va dtahé€w C; C (a,b) dote 0 < p(l \ Cj) < £ xou vor mdipw
gr(t) =1 o6tavt € Cj, gr(s) = 0 6tav s & I xou gi, <ypauuxhy ota undroima. Tote Yo éyw
0<x1, —gr <1onobte

€
I — gl = / Xoe — guldp = / (o — g0 < u(I\ Cy) < -
I\C; n

Enedr to Iy, efvan ZEva €yw xa = D, X1, X0l CUVETKC

XE— > O XE= Y X, > (xn = 9x)
k k

k

<
1

+
1

€
< lIxe = xall, + > ~ <2
1 k

Mpbtaoyn 3.47 Av f, € LY(X, S, u) kar Z/|fn\d,u < 400 tote n oepd Y f, ovy-

KA iver p-o.1. kar ws tpog Ty ||-||, o€ wa f € LYX,S,n) kar /andu = Z/fndu.

Me da Aéya, av f, € L' ka1 Y, || full, < +00 téte n oepd Y., f. ovykdiver otov
(LY 11M1)-

0To arotéheopa autéd toylel yio xavovxd uétpo Borel o tomxd ouunayelc yopouc Hausdorff.
11 , , , / i m . , ; , ,
Arno mv/Hpo-Soccn 2.19 umopotye vo ch/xq)oups A = szl/lj ocvfl.xouf)l.o-ccov-cocg opiapiéva anb o BlooTh-
ATl UE TNV EVWOoN Toue, UTopolUE Vo UTodécouue 6Tt elvon Eéva, dLoTL av 11 N Iy # O téte n évwon 11 U I
) e )
elvon avoixté xou pporyuévo didotnua.
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3.4 X0yxpion pe 1o ohoxApwuo Riemann
3.4.1 TYrevibuion: To ohoxAjpwuo Riemann

‘Eotw f:[a,b] — R gpayuévn. T xdde dropépton P tou [a, b]
P={a=ty<t; <---<t,=>}

oe Zéva avd do dtaothpota Iy = [te_1,tx), (K =1,2,...,n—1) xa I,, = [t,_1,t,] FétoUpE

M; = M;(f) = sup{f(s) : s € Ii}
m; = m;(f) =1inf{f(s) : s € I;} (t=1,...,n).
xo

L(f,P) = Zmz‘(f)(ti —ti1)  U(f,P) =) Mi(f)(ti—tia).

i=1

To L(f,P) xaw U(f,P) ovopdlovion To xdtew xow dvew ddpoicpa Riemann tne f oc
Teo¢ 1) dtoépton P.

Etvor cagéc 6t L(f,P) < U(f,P). Ocwpwvtoc Swdoyxd daucploeic ye 6ho xaL meploco-
Tepa omnuela, Yo TapaTNEHoOUUE OTL T XATw adeoloudTo UEYUADVOLY, TUPAUEVOVTIC OUMS
Oha uxpotepa (1 loa) and xdde dvw ddpotopa, eve o dve adpolouata uxpaivouy, Topd-
uévovtac 6uwe Oho ueyahltepa (1 ioo) and xdle xdtw dbpoopa. Av undpyer évag kai
povaoikog aptiuds I avdueoa oto x4Ttw xor o dve adpolopata, dnAadY| TETOLOC MOTE Va
wyver L(f,P) < I < U(f,Q) yw onoeadrinote 0o dapepioeic P xaw Q tou [a,b], tote
autoc o oprduoe ovoudletar To ohoxhipwua Riemann tne f oto [a, b]. AMdC, T0 ohoxhih-
owuo Riemann te f oto [a,b] dev undpyet. Ta adpoiopata Riemann hoindv amoteholv
®4tw xon v Tpooeyyioec' Tou ohoxhnpduatog Riemann, dtov autd undpyet.

ITpétaoy 3.48 (Keutthpro Riemann) Eotw f : [a,b] — R gpayuévn. H [ evar
Riemann-oAokAnpdoiun av kar udvov av ya kdde ¢ > 0 vrdpyer dwapépion P. tov |a,b]
WOoTE

U(f,Pe) — L(f,P.) <e.
Ioodbvapa:

[ xde Bropépion P tou [a, b] opillovpe xAipaxwTés ouvapthoelc hp, gp 010 [a,b] oc
efc: xde t € [a, b] avixer axpiBide oe évo amd T 1; xor VETOUUE

hp(t) =mi(f), gp(t)=M(f), tel(i=1,....n)

N 4

ONAxo™
hp = Zmi(f)XI“ gp = Z M;(f)xr,
i=1 i=1

AwmiotoveTtor eOxoha HTL

hp(t) < f(t) < gp(t) Yy xdde ¢ € [a,b]

xol / hp(t)dt = L(f,P), / gp(t)dt = U(f, P).

Enopévmg to xpitriplo Riemann avadtatunevetoar og e€ig:

12Mnop€i Vo SLomLoTMOEL xavelc 6TL, elte uTohoyioel Ta dve %ol xdTe adpolouaTta YENOULOTOLWVTAS M-
Gvouyta dlaothpata (6nwe €dm) elte ta uoloyioel yenowonoldvTae xAewotd SauothAgata, 1 UTapdn xou 7
T Tou ohoxhnpwuatog e f dev ennpedlovtan.
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ITpértaocy 3.49 Eoww f : [a,b] — R gpayuévn. H [ elvar Riemann-odokAnpdoiun av
kai pdvov av ya kde ¢ > 0 vrdpyour khipakwtés owvaptrioes ge, he © [a,b] — R dote

gsgfghe Kai fab(hE_ge) <€

3.4.2 OloxAfpwpa Riemann xou ohoxAvpwpa Lebesgue

EZetalouye thpa T oyéor avdueca oto ohoxhpwuo Riemann xou 1o ohoxifpwua Lebe-
sgue.

Oua o€ibovyie 6t av n f efvar Riemann-olokAnpaoun tote eivar Lebesgue-odokAnpaoiun ka
b

[, f(z)dz = f[mb] fdA.

Enetdy| ot ouvapthoeic hp xou gp eivar xhaxwTtée (dpo anhéc UETPHOLES), TO OAOXAHPWUL

Riemann xot to ohoxhipwua Lebesgue twv cuvaptcemy aut®dV GUUTITTOUVY.

Enéyoupe enaywywxd dopepioeic Py C Pr C ... C P, C ... dote n «hentdTnuoy (dnhady
n andotacn dVo dladoyxdy onueinv) e P, vo eivar uixpbdtepn and % Ol

b b b b
lim [ hp, =sup L(f,P) = / 1, lim / gp, = i%f U(f,P) = / f.
a P Ja n—o0 Ja a

n—oo

Hopatneotue 61t N oxohovdia (hp,) = (hy) evor adovoa xou n (gp,) = (gn) elvar @iivouoa
xou Ot hy, < f < g, Yl xd0e n. ©€touue h = sup, h, xa g = inf, g,. Ov h,g cbva
ueTproweS, ppayuéves (dpo Lebesgue-ohoxhnpdoues) xat

h<f<g.

Xwple xapuid unddeon v my f (extdc Tou 6Tt ebvan goaypévn) ond 1o Bedpnua Kuptope-
YNuévne Loyxhone (apod h, < g, < g1 o g1 € Ll) CUUTEPAVOUUE OTL

b b
/hd)\:lim/hnd)\:/ [ oxo /gd)\:lim/gnd)\:/f.

Enopévwe 1 f elvon Riemann ohoxhnpaotiun av xou pévov av Loy Vel 1) lodTnTo

/mmz/ﬁw.

Egdoov h < g, niodtno auty| oy Vet av o uovov av h(z) = g(x) oyedéy yo xdde x € [a, b].
Enopévwe

Hopathenon Ankadn n f elvar Riemann olokAnpdoiun av kar pudévov av h(z) = g(x)
oxedov Tavtov.

Téte éyoupe xan h(x) = f(x) = g(z) oyedodv yia x&e x € [a, b] ondre 1 f etvon petpRown',
udhota Lebesgue-ohoxAnpwaoutn xo

/ﬁM:/MM:l?

Byio x8de ¢ € R, to oivoro {z € [a,b] : f(z) < c} dpéper and 0 clvoro {z € [a,b] : h(z) < ¢} xotd
éva oOVoAo PETpou UNdEy, dpa etvar yetpriowo, yiotl to abvoha pétpou undév elvar Lebesgue yeteriotua.
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onAady| To ohoxhpwua Lebesgue tne f ouunintel ye 1o ohoxhfpwua Riemann.

Oua oeibovpie Tdpa ot n f elvar Riemann oAokAnpwoyun av kai puévov av eivar oxedéy tavto
ourexns.

Ioyveiopdc Eotw v € [a,b] mov dev avijkel o€ kavéva and ta daywpiotikd onueia kapuds
ané g odwapepioes P,. Tére n f elvar ovvexnis oo x av ka1 uévov av h(z) = g(x).

Arnodeln Av n f eivan ouveyrc oto x, 10TE Yo xdde € > 0 undpyet & > 0 wote av
t € [a,b] xou |t — x| < & vaoyler |f(t) — f(z)] < e. Emhéyouue n € N dote = < 6, ondte
N AentoTNTA TNS OLopéplong P, elvon wixpdtepn and 0. ‘Eneton 61t av [, elvon to &dcompal‘l
g Pp, 610U avixer To x, ToTe xde t € I Yo avorotel |t — x| < 4, dpa |f(t) — f(z)| <€
xou GUVETS | My (f) — ( )| <exo |mi(f) — f(z)] < edpa [My(f) —mi(f)] < 2e Agod
xr € Iy, épovue gn(x) = Mi(f) xau h,(z) = my(f) ondte go(x) — hy(z) < 26 ANNS
0 < g(x)—h(z) < go(z) —hp(x) < 2€, mpdypo Tou onuaivet (apod to € > 0 eivon avduipeTo)
ot g(x) — h(z) =

9

0.
Ay ozvuorpoapa g(x)—h(z) = 0téte yia xdde € > 0 Umcpxst n € Noote0 < g,(x)—h,(z) <

k-

flt

1,t ) elvon 1o BLdoTnue TS P, 6Tou avixel To x, TOTE yio xde t € I,
<

) k() wow mi(f) < f(x) < Mi(f) dpa
1f(t) = f(@)] < Mi(f) = m(f) = gn(x) — ha(x) <e.

Anhadh yio xde € > 0 undpyet avoxtd Sdotnua (tg_1,t;) Wote yio xde t € (t_1,t;) Vo
wyvet | f(t) — f(x)] <€, mou anuaiver 6L 1) f elvou cuveyrc oo . O

€ onbte, av I, = [t
€youue mk( ) <

‘Eotw howmov 6t 1) f ebvar Riemann ohoxhnpwowrn. And tnv Iopoatrenon, undpyet éva
obvoho Ny C [a, b] uétpou undév wote h(x) = g(z) yw xdde = € [a, b]\ N1. Av ovoudoouye
N 1y évworn tou Ny pe 1o (aprdufoto, dpa A-undevixd) cbvoro U, P, Ghov 1wy onueiwy
6LV TV Owueploewy Py, n € N, 161e 10 N €yet uétpo unoév xau 1 f ebvar cuveyrc oe
x&e x € [a,b] \ N, dnhadr oyeddv navtov. Ilpdyuatt, av & ¢ N tdte 10  dev eivon oryeio
xoptde dlopéotong onote, agol x € Ny onote h(z) = f(z) = g(z), n f ebvar cuveyrc oo
x an6 tov Ioyvploud.

‘Eotw avtiotpoga dtL 1 f elvon cuveyhic oyeddy tavto, dnhadr| undpyet éva chvoro Ny C
[a,b] yétpou undév wote n f va elvar ouveyhc oe xdde = € [a,b] \ No. Oétouvye M =
Ny U (UyPy). T xdde z € M°, n f elva ouveyric oto z, ondte and tov loyuptoud
npoxVnTeL N wéHTTa h(x) = g(x). Aol A(M) = 0, éyouye h = g oyeddv mavtol. And
v Hopathpnon mpoxdnter 61t 10 ohoxhfpwua Riemann tne f oto [a, b] undpyet.

Yuvodilouye:

Ocedpnua 3.50 Ma gpayuévn ovvdptnon f : a,b] — R efvar Riemann oAokAnpdoiun
av ka1 uovov av €ivai oxedov mavtol ourvexns, av 6nAadr) to oUVoro Twy aoureEXEly TS éxel
Hétpo undév. Tote n f elvar Lebesgue odokAnpdoiun kai ta 6U0 oAokAnpwpata ouuTitTouy.

IMopathenon 3.51 Ag tovioouue tn dapopd avdueoa atnr évvola <oxedoy Tartol ouve-
XNS» Kai Tny évvola «oxedoy mavtol {01 e pia ouvexn ouvvdptnony:

[ mopdderypa 1 suvdptnor Dirichlet, SnAady| 1 yapaxTnEto TN CUVEETNOY TWV ENTWY, OEV
elvar Toudevd ouveyhc, oAAd elvon oyedov tavtol {on ue tn ouveyrR ouvdptnon f(t) = 0.

14povoc5txé, apol Ta I, eivon Eéva
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’ / ’ 1 2 ’ N4 ’ 7 ’ ’
Avtideta 1 yopaxtneoTix Guvaprpcn 0L [3, 5] elvou oyedoy mavtol cuveyrc (apol eivou

7 7 ’ 1 ’ ’ ’ N4 7
O(OUVEXT]C P.OVO oTa OY]P.ELO( 3 nol g), A BSV PJTOPEL yaol gtvol GXEOOV TAVTOL lGY] P.E PJ.O(

ouvey ) cuvdptno, Yiutt £yel dAuo 6Ta 600 AT oTuEeia.

3.5 XU0yxAion axoAoLILOY UETEMNOIUWY CLUVALTHOEWY

Mopathienon 3.52 FEotww (X,S, p) ydpos pétpov, fo, f: X — R petprioyues. I'vopi-
lovpe non s €€ng évvoies ovykAions:

1. fn — f opoduoppa oto X

2. fn — f kavd onueio oto X.

3. fn — f katd onueio p-oyxeddv ravov.

4. f, — [ ovov L', 6nAadnj [ |fn — fldu — 0.

Efvor mpogavéc ot (1) = (2) = (3) xou 6TL o1 avtioTpoges GUVETAYWYES BEV oY DOLV.

Erfong n (1) = (4) dev wyber ev yéver (rapdderypo: fr, = X0, f = 0 otov (R, Bg, \)),
LOYVEL OUWS OE YMPOUS TETERUOUEVOL PETPOL (amd To Ocopnua Kuptapynuévng EL’)YX)\LGY]Q).

H ouvenaywyn (2) = (4) dev oylel ywplc emmiéov unodécels (dnwe m.y. ota Oewphua-
T Movétovng 1| Kupropynuévng EOYK)\LGY]Q) 00TE OE YWEOUS TENEQACUEVOL UéTpou. Eva
rapdderypa otov ([0, 1], By, A)) ebvar 1 f,, = nx,1 /= 0.

O0te buwe 1 ovveraywyy (4) = (3) woylet. Eva napdderypa eivar 1o 3.43. To uévo mou
uropel xavelc va ouumepdvel ev yéver and tny || f, — fll; — 0 ebvon 61t undpyel vrakodovdia
(fr,) ©oTE fir, — [ OYedOY MavTol (Ocwenua 3.44).

Opiopoc 3.9 Eoww (X,S,pn) xdpos pétpov, fo, [+ X — R perprioues.  Aéue du
fn — [ kard pézpo dtav

yia kdte € >0, av N(n,e) ={x € X : |fu(x)—f(z)| > e} tdte liernu(N(n, g))=0.

IMpoétaoy 3.53 (Lebesgue) FEotw pu(X) < oo. Av f,, — f oxedov navtov, téte f,, — f
katd 1étpo.

IMapadeiypata 3.54 (a) To avtiotpopo dev 10xlel v yévea. Aeg to napdderyua 3.43.

(B) To ovurnépaopa dev 10y ver ndvta o€ xypous drepov pétpov. Ia tapdderyua n akokovdia
(Xn,00)) Telver oo 0 xatd onpieio, eved 6ev ovykdiver katd pétpo orov (R, M+, \).

Ocedpnua 3.55 (Egorov) Eotw u(X) < oco. Av f, — f p-oyeddr mavwol, téte ya
kdle 6 > 0 vrdpyer As € S e pu(As) < 9§ dote fr, — f opoiduoppa oto X\ As.

H oOyxhion 0To cuurépacua Tou Oewpnuatog ovoudletar TOMES QPOREC «OYEDOY OUOLOUOPHT)
oOYXALOTY.

Anodely o xdde k xou m € N, éotw

1.

e

By = | Nln ) = {30 > m: | fule) ~ f(0)] >

n>m
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‘Eyouue E, (k) D Epqq(k) yio xdde m xon
() (k) = {z:Ym3n 2 m:|fu(x) = f(z)| 2 %} C {z:|fulz) = fz)] - 0}

m>1

dwbtt av x € (1, En(k) téte undpyouv dreor n € N aote |f,(z) — f(z)| > 1, xou

ouvendg 1 axohovdia (f,(x)) dev ouyxhiver 6o f(x). Ouwe f, — f oyedov mavtol, dpa
p(NmEm (k) = 0. Enewdh p(E(k)) < +oo, éneton 6t lim pu(E,, (k) = 0.

Enopévoc yio xdde § > 0 xo xdde k € N undpyet my, € N wote  pu(En,, (k) < — .

As = Em, (k)
k=1

"Eotw

Tote e 9
p(A5) < 3" p(En () < 30 0 =6

k=1
Ioxvpiouds: f, — f ouolduoppo oto Aj.
Anddedn : Eow e > 0 xon k € Nye + < e. Enedf As D Ep, (k), av x € A§ éyoupe
x ¢ Ep,, (k) dpo yia %80 n > my, woyler | fo(z) — f(2)] < § < e. Agol 1o my, dev eZoptdTan
amo To T €youue f, — f ouolduoppo oto Af. O

To Oehprnuo Egorov dev toybet tdvta ot yweoug drctpou pétpou. Eva mopdderyuo etvar to
3.54 (B): H axohoudia (X[n,00)) TEIVEL 0TO PNdEV TavToU, ahkd Sev undpxet As tenepacuévou
(1660 pdAhov uxpol) UETEOU BGTE N (X[n,c0)) VI TENVEL 0TO UNBEV opoLOUOppa oTo AS (Yiati;).

To avtiotpogo duwe Tou Ocwpruatoc Egorov oy lel. MdiioTa toylel x4t 1oy LedTERO:
ITpotaon 3.56 Av f, — f oyxeddv opoiduoppa téte f, — f oxeddv mavtol kar katd
HéTpo.

Anodelr Topokeineto.

To avtiotpogo tne 3.56 dev oylet ev yéver. Evo napdderyua eivor 1 axohoudia (g,) 6mou

<t< 1
gn(t) = { (1)’ z;x?& PS4 5 oo (R, M+, A). (Anddeiln: Aoxnon.)

Eniong, n unddeon «f, — f xatd yétpoy Bev opxel and uévn tng yio vo e€ac@aiioet Ty
oyed6V ouotbuop@n olyxhor (0UTE GE YWPEOUS TETEPAGUEVOU UETPOL): 1) axohoudia (f,)
oto Ilopdderypo 3.43 cuyxhivel oto 0 xotd PETpo, DEV GUYXAIVEL GUwS OF Xavéva GNuElo,
OTOTE OEV Elvol BUYVATOV VoL GUYXAIVEL GYEDOY OUOLOUOQPAL.

IHopathenon 3.57 Aro to Ocdpnua 3.55 ka1 v Ilpétaon 3.56 émetar 6t o€ ywpoug
TETEPATUEVOV ETPOL,

fo— fomn < f,— f oyeddr ouoiduopga.
ITpbétacn 3.58 Av f, — f otov L' tdte f,, — f katd pézpo.
Andden Ano v aviodtnta Chebyshev - Markov 3.25 €youue yio xdie € > 0,
pN,) < ¢ [ 1= A= o= Sl =0 O
To avtiotpogo dev toylet ev yével. 'Eva mapdderypa eivon 1 axohovdio f, = nQX[O%] oTov

([07 1]7 8[0,1]7 )‘>
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