
Je¸rhma Radon - Nikodym � Diafìrish
5 Proshmasmèna mètraPar�deigma 5.1 An (X,S) e�nai metr simo
 q¸ro
 1 kai µ1, µ2 e�nai peperasmèna mètrasthn S, h apeikìnish

ν : S → R : E → µ1(E) − µ2(E)ikanopoie� ti
 sqèsei

(i) ν(∅) = 0

(ii) an En ∈ S e�nai xèna an� dÔo tìte ν(
⋃

n

En) =
∑

n

ν(En) (1)Par�deigma 5.2 An (X,S, µ) e�nai q¸ro
 mètrou kai f : X → [0, +∞] metr simh, hsqèsh
E → ν(E) =

∫

E

fdµ, E ∈ Sor�zei (jetikì) mètro ston (X,S). Parat rhse ìti an µ(E) = 0 tìte ν(E) = 0.Genikìtera an f : X → [−∞, +∞] metr simh kai to olokl rwma ∫

fdµ or�zetai (bl. tonOrismì 3.6), h sunolosun�rthsh
S → [−∞, +∞] : E → ν(E) =

∫

E

fdµ (2)e�nai diafor� dÔo mètrwn, toul�qiston èna ek twn opo�wn e�nai peperasmèno, epomènw
ikanopoie� ti
 sqèsei
 (1) kai pa�rnei to polÔ m�a apì ti
 timè
 −∞ kai +∞.Orismì
 5.1 Proshmasmèno mètro e�nai mia sunolosun�rthsh S → [−∞, +∞] :
E → ν(E) pou pa�rnei to polÔ m�a apì ti
 timè
 −∞ kai +∞ kai ikanopoie� ti
 sqèsei
 (1).Migadikì mètro e�nai mia sunolosun�rthsh ν : S → C pou ikanopoie� ti
 sqèsei
 (1).Parathr sei
 5.3 (a) SÔmfwna me ton orismì, èna (jetikì) mètro e�nai proshmasmènomètro, en¸ èna proshmasmèno mètro den e�nai p�nta migadikì mètro. 'Alloi suggrafe�
 (p.q.Koumoull 
 � Negrepìnth
), me ton ìro proshmasmèno mètro ennooÔn èna migadikì mètrome pragmatikè
 timè
.1RN, 12/02/09
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(b) An sthn (ii) èqoume |ν(∪nEn)| < ∞ (eidikìtera an to mètro einai migadikì) h seir� sug-kl�nei. Tìte, epeid  k�je anadi�taxh ∑

n Eπ(n) th
 seir�
 èqei to �dio ìrio ν(
⋃

n Eπ(n)) =
ν(

⋃

n En), h sÔgklish e�nai apìluth.2(g) An µ1 kai µ2 e�nai (jetik�) mètra, to �jroism� tou
 e�nai jetikì mètro, all� h diafor�
µ1 − µ2 den e�nai en gènei proshmasmèno mètro.To sÔnolo twn migadik¸n mètrwn e�nai migadikì
 grammikì
 q¸ro
 w
 pro
 ti
 pr�xei
 kat�shme�o, ìpw
 o q¸ro
 L1(X, µ).(d) Ja doÔme ìti ìla ta proshmasmèna mètra ston (X,S) e�nai th
 morf 
 µ1 − µ2 giakat�llhla jetik� mètra µi kai ep�sh
 th
 morf 
 (2) gia kat�llhlo jetikì mètro µ kaimetr simh f : X → [−∞, +∞].An doje� èna jetikì mètro µ ston (X,S), e�nai al jeia ìti ìla ta proshmasmèna mètra νston (X,S) e�nai th
 morf 
 (2)? 'Oqi!Par�deigma to mètro Dirac δ0 sto 0: An ikanopoioÔse thn (2) w
 pro
 to mètro Lebe-
sgue λ tìte h f ja èprepe na ikanopoie� f(x) = 0 λ-sqedìn pantoÔ sto R \ {0}, opìte
∫

R
f(t)dλ(t) = 0 6= δ0(R).Parat rhse ìti ìtan to ν ikanopoie� thn (2) tìte ikanopoie�, ektì
 apì ti
 (i) kai (ii), kaithn sqèsh

(iii) an µ(E) = 0 tìte ν(E) = 0en¸ gia to δ0 isqÔei to {�krw
 ant�jeto}: Up�rqei metr simo E ⊆ R ¸ste λ(E) = 0 en¸
δ0(E

c) = 0 (pr�gmati, E = {0}).IsqÔei to akìloujo Je¸rhma, to opo�o ja apode�xoume me thn epiplèon upìjesh ìti to νe�nai σ-peperasmèno (de
 Je¸rhma 5.21):Je¸rhma 5.4 (Radon - Nikodym I) An (X,S, µ) e�nai q¸ro
 σ-peperasmènou mè-trou kai ν e�nai jetikì mètro tìte up�rqei metr simh f : X → [0, +∞], ¸ste
ν(E) =

∫

E

fdµ, E ∈ San kai mìnon an
E ∈ S, µ(E) = 0 =⇒ ν(E) = 0.H f e�nai monadik  modulo isìthta µ-sv.p.2Απόδειξη (α) ΄Εστω πρώτα ότι το ν είναι προσημασμένο μέτρο. Υποθέτουμε ότι δεν παίρνει την τιμή

−∞ (αλλιώς, θεωρούμε το −ν). Η σειρά
∑

n
ν(En) συγκλίνει στον πραγματικό αριθμό ν(∪nEn). Θέτοντας

N1 = {n : ν(En) ≥ 0} και N2 = {n : ν(En) < 0} παρατηρούμε ότι οι δύο σειρές
∑

n∈N1
ν(En) = ν(

⋃

n∈N1
)

και
∑

n∈N2
(−ν(En)) = −ν(

⋃

n∈N2
) έχουν και οι δύο μη αρνητικούς όρους, άρα ή συγκλίνουν ή τείνουν στο

+∞. Εφόσον όμως ν(
⋃

n∈N2
) > −∞, η δεύτερη αναγκαστικά συγκλίνει. Επειδή η διαφορά τους είναι η

συγκλίνουσα σειρά
∑

n
ν(En), έπεται ότι και οι δύο συγκλίνουν (στο R). ΄Εχουμε λοιπόν

∑

n∈R

|ν(En)| =
∑

n∈N1

|ν(En)| +
∑

n∈N2

|ν(En)| =
∑

n∈N1

ν(En) +
∑

n∈N2

(−ν(En)) ∈ R.

(β) Αν το ν είναι μιγαδικό μέτρο, τότε τα ν1(E) = Re ν(E) και ν2(E) = Im ν(E) είναι προσημασμένα μέτρα
με πραγματικές μόνον τιμές, οπότε

∑

n
|ν(En)| ≤

∑

n
|ν1(En)| +

∑

n
|ν2(En)| < +∞.
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5.1 AnalÔsei
 mètrwnL mma 5.5 'Estw ν proshmasmèno mètro ston (X,S) kai (En) sthn S. An h (En)e�nai aÔxousa, tìte ν(∪En) = limn ν(En). An h (En) e�nai fj�nousa kai ν(E1) ∈ R, tìte
ν(∩En) = limn ν(En).Orismì
 5.2 'Estw ν proshmasmèno mètro ston (X,S). 'Ena sÔnolo E ∈ S lègetai

• jetikì gia to ν an F ∈ S, F ⊆ E ⇒ ν(F ) ≥ 0

• arnhtikì gia to ν an F ∈ S, F ⊆ E ⇒ ν(F ) ≤ 0

• mhdenikì gia to ν an F ∈ S, F ⊆ E ⇒ ν(F ) = 0.An to ν e�nai jetikì mètro, tìte èna E ∈ S e�nai mhdenikì gia to ν an kai mìnon an ν(E) = 0.Par�deigma 5.6 An to ν or�zetai apì th sqèsh ν(E) =
∫

E
fdµ ìpou µ jetikì mètrokai f ∈ L1(X, µ), tìte èna E e�nai ν-jetikì an kai mìnon an f(x) ≥ 0 µ-sqedìn gia k�je

x ∈ E.L mma 5.7 (a) An to E e�nai jetikì gia to ν kai F ∈ S e�nai uposÔnolo tou E tìte to Fe�nai jetikì gia to ν kai ν(F ) ≤ ν(E).(b) An ta En e�nai jetik� gia to ν tìte to ∪nEn e�nai jetikì gia to ν.Apìdeixh (a) An G ∈ S kai G ⊆ F tìte G ⊆ E �ra ν(G) ≥ 0. Dhlad  to F e�nai
ν-jetikì. Ep�sh
 ν(E \ F ) ≥ 0 �ra ν(E) = ν(F ) + ν(E \ F ) ≥ ν(F ).(b) An Fn = En \ ∪k<nEk tìte ta Fn e�nai ν-jetik� apì to (a). 'Epetai ìti an F ∈ S e�naiuposÔnolo tou ∪nEn tìte ν(F ) =

∑

n ν(F ∩ Fn) ≥ 0.Je¸rhma 5.8 (An�lush Hahn) 'Estw ν proshmasmèno mètro ston (X,S). Tìteup�rqei metr simh diamèrish
X = P ∪ N, P ∩ N = ∅ ìpou P jetikì gia to ν, N arnhtikì gia to ν.An X = P ′ ∪N ′ e�nai mia �llh tètoia diamèrish, tìte to P △ P ′ = N △N ′ e�nai mhdenikìgia to ν.Apìdeixh Ex orismoÔ to ν den mpore� na pa�rnei kai ti
 dÔo timè
 +∞,−∞. Upojètoumeìti gia k�je E ∈ S, isqÔei ν(E) < +∞(alli¸
, jewroÔme to −ν).

(i) A
 onom�soume P ⊆ S thn oikogèneia twn ν-jetik¸n metr simwn sunìlwn.ParathroÔme ìti h P perièqei to ∅, �ra e�nai mh ken  . 'Estw m = sup{ν(E) : E ∈ P} ∈
[0, +∞]. Up�rqei akolouj�a {En} sthn P ¸ste ν(En) → m. Epeid  h P e�nai kleist  w
pro
 arijm sime
 en¸sei
 (L mma 5.7), mporoÔme na upojèsoume ìti h {En} e�nai aÔxousa.An loipìn jèsoume P = ∪nEn, apì to L mma 5.7 èpetai ìti P ∈ P kai apì to L mma 5.5ìti ν(P ) = lim ν(En) = m, opìte èqoume m < ∞.3



(ii) Jètoume N = P c.Parat rhsh (a). To N den mpore� na perièqei sÔnola E ∈ P me ν(E) > 0.Pr�gmati, an perie�qe èna tètoio E, tìte P ∪ E ∈ P kai
ν(P ∪ E) = ν(P ) + ν(E) = m + ν(E) > m,en¸ to m ikanopie� ex orismoÔ m ≥ ν(A) gia k�je A ∈ P.Parat rhsh (b). An A ∈ S, A ⊆ N kai ν(A) > 0 tìte up�rqei B ∈ S, B ⊆ A me

ν(B) > ν(A).Pr�gmati, apì to (a) èqoume A /∈ P, �ra up�rqei C ∈ S, C ⊆ A ¸ste ν(C) < 0. Jètonta

B = A \ C èqoume ν(B) + ν(C) = ν(A) �ra ν(B) > ν(A).
(iii) Ja de�xoume ìti to N e�nai ν-arnhtikì.Upojètoume ìti den e�nai. Ja broÔme epagwgik� mia fj�nousa akolouj�a {An} metr simwnuposunìlwn tou N me ìlo kai megalÔtero jetikì mètro. Autì ja ma
 odhg sei se �topo,ìpw
 ja doÔme.AfoÔ upojèsame ìti to N den e�nai ν-arnhtikì, ja perièqei A ∈ S me ν(A) > 0.Epomènw
 up�rqei n ∈ N gia ton opo�o to sÔnolo {A ∈ S, A ⊆ N, ν(A) > 1

n
} den e�naikenì. 'Estw n1 o mikrìtero
 tètoio
 n.Epilègoume A1 ∈ S, A1 ⊆ N me ν(A1) > 1

n1

.Apì thn Parat rhsh (b) up�rqei B ∈ S, B ⊆ A1 me ν(B) > ν(A1).'Estw n2 o mikrìtero
 n ∈ N gia ton opo�o up�rqei B ∈ S, B ⊆ A1 me ν(B) > ν(A1) + 1
n
.Epilègoume A2 ∈ S, A2 ⊆ A1 me ν(A2) > ν(A1) + 1

n2

.Suneq�zoume epagwgik�: An èqoume epilèxei
N ⊇ A1 ⊇ A2 ⊇ · · · ⊇ Aj−1metr sima kai ant�stoiqa n1, . . . , nj−1, apì thn Parat rhsh (b) up�rqei C ∈ S, C ⊆ Aj−1me ν(C) > ν(Aj−1), opìte an nj e�nai o mikrìtero
 n ∈ N gia ton opo�o up�rqei C ∈ S,

C ⊆ Aj−1 me ν(C) > ν(Aj−1) + 1
n
, epilègoume

Aj ⊆ Aj−1 ¸ste ν(Aj) > ν(Aj−1) + 1
nj
.An A = ∩jAj tìte 0 < sup ν(Aj) = limj ν(Aj) = ν(A) < +∞. Epomènw


ν(Aj) − ν(Aj−1) → 0 kai afoÔ ν(Aj) − ν(Aj−1) > 1
nj

èpetai ìti 1
nj

→ 0, dhl. nj → ∞.'Omw
 A ⊆ N kai ν(A) > 0, opìte up�rqei D ⊆ A metr simo me ν(D) > ν(A). An o n ∈ Nikanopoie� ν(D) > ν(A) + 1
n
, tìte gia k�je j èqoume ν(D) > ν(A) + 1

n
≥ ν(Aj−1) + 1

n
.'Omw
 o nj e�nai ex orismoÔ o mikrìtero
 pou mpore� na ikanopoie� thn anisìthta ν(D) >

ν(Aj−1) + 1
n
, opìte nj ≤ n. Dhlad  to n e�nai �nw fr�gma th
 (nj), se ant�jesh me togegonì
 ìti nj → ∞.H ant�fash pro lje apì thn upìjesh ìti to N perièqei metr sima sÔnola jetikoÔ mètrou.Kat� sunèpeia autì den isqÔei, �ra k�je E ∈ S me E ⊆ N ikanopoie� ν(E) ≤ 0, dhlad  to

N e�nai ν-arnhtikì.
(iv) An X = P ′ ∪ N ′ e�nai mia �llh diamèrish se ν-jetikì kai ν-arnhtikì sÔnolo, tìteèqoume P \ P ′ = P ∩ (P ′)c = P ∩ N ′ �ra to P \ P ′ e�nai ν-arnhtikì giat� perièqetai sto4



N ′, all� kai ν-jetikì giat� perièqetai sto P . 'Ara to P \ P ′ e�nai ν-mhdenikì. Omo�w
 to
P ′\P = P ′∩N e�nai ν-mhdenikì, �ra to P△P ′ e�nai ν-mhdenikì. H isìthta P△P ′ = N△N ′e�nai �mesh. 2Parathr sei
 5.9 (i) En gènei h an�lushX = P∪N den e�nai monadik : an Ω ⊆ P e�naièna ν-mhdenikì sÔnolo, jètonta
 P1 = P \ Ω kai N1 = N ∪ Ω èqoume mia (endeqomènw
)diaforetik  diamèrish. To (iv) sthn apìdeixh de�qnei ìti autì e�nai to {qeirìtero} poumpore� na sumbe�.
(ii) An onom�soume Po thn ènwsh ìlwn twn ν-jetik¸n (metr simwn) sunìlwn, to Po mpore�na mhn e�nai metr simo. Gi autì or�same to sÔnolo P mèsw mi�
 akolouj�a
 ν-jetik¸nsunìlwn.To sÔnolo P {ν-sqedìn perièqei} ìla ta ν-jetik� sÔnola, me thn ènnoia ìti an A ∈ P,tìte to A ∩ P c e�nai ν-mhdenikì: pr�gmati, k�je E ∈ S me E ⊆ A ∩ P c an kei sthn P kaiperièqetai sto N , �ra anagkastik� ikanopoie� ν(E) = 0.Orismì
 5.3 An µ, ν e�nai dÔo proshmasmèna mètra ston (X,S), to ν lègetai k�jetosto µ   µ-idi�zon (singular) an up�rqei metr simh diamèrish X = A ∪ Ac ¸ste to Ana e�nai ν-mhdenikì kai to Ac na e�nai µ-mhdenikì. Gr�foume µ ⊥ ν.Dhlad  ìqi mìno to Ac, all� k�je metr simo uposÔnolo E tou Ac èqei µ(E) = 0. Lème ìtito µ e�nai sugkentrwmèno (concentrated) sto A. Omo�w
 to ν e�nai sugkentrwmènosto Ac.Gia par�deigma an δ0 e�nai to mètro Dirac sto 0 ∈ R kai m e�nai to mètro Lebesgue, tìte
δ0 ⊥ m giat� to {0} e�nai m-mhdenikì en¸ to {0}c e�nai δ0-mhdenikì.Je¸rhma 5.10 (An�lush Jordan) An ν e�nai proshmasmèno mètro ston (X,S), u-p�rqoun monadik� jetik� mètra ν+ kai ν− ston (X,S), toul�qiston èna apì ta opo�a e�naipeperasmèno, ¸ste

ν = ν+ − ν− kai ν+ ⊥ ν−.Apìdeixh 'Estw X = P ∪ N mia an�lush Hahn gia to ν. Tìte gia k�je E ∈ S,
E = (E ∩ P ) ∪ (E ∩ N)�ra ν(E) = ν(E ∩ P ) + ν(E ∩ N).Or�zoume ta ν+ kai ν− apì ti
 sqèsei


ν+(E) = ν(E ∩ P ) kai ν−(E) = −ν(E ∩ N) (E ∈ S)kai èqoume dÔo jetik� mètra. An to ν den pa�rnei thn tim  +∞, tìte gia k�je E ∈ S isqÔei
ν(E ∩ P ) ∈ R+, dhlad  to ν+ e�nai peperasmèno, en¸ an den pa�rnei thn tim  −∞, tìte to
ν− e�nai peperasmèno. Kai sti
 dÔo peript¸sei
, gia k�je E ∈ S h diafor� ν+(E)− ν−(E)or�zetai kai isoÔtai me ν(E).Ep�sh
 apì thn kataskeu , an èna E ∈ S perièqetai sto N tìte ν+(E) = 0, �ra to N e�nai
ν+-mhdenikì, kai omo�w
 to P e�nai ν−-mhdenikì. Epomènw
 ν+ ⊥ ν−.Monadikìthta 'Estw ν = µ+ − µ− ìpou ta µ+, µ− e�nai k�jeta jetik� mètra. Up�rqeiloipìn mia metr simh diamèrish X = A ∪ Ac ¸ste to Ac na e�nai µ+-mhdenikì kai to A5



na e�nai µ−-mhdenikì. 'Epetai ìti to A e�nai ν-jetikì (giat� an E ∈ S kai E ⊆ A tìte
µ−(E) = 0 afoÔ to A e�nai µ−-mhdenikì, opìte ν(E) = µ+(E)−µ−(E) = µ+(E) ≥ 0) en¸to Ac e�nai ν-arnhtikì. Epomènw
 h diamèrish X = A ∪ Ac e�nai mia an�lush Hahn gia to
ν. Apì to Je¸rhma 5.8, to P △A = Ac △N e�nai ν-mhdenikì. 'Epetai ìti gia k�je E ∈ Sèqoume 3 ν(E ∩ P ) = ν(E ∩ A), �ra

ν+(E) = ν(E ∩ P ) = ν(E ∩ A) = µ+(E ∩ A) − µ−(E ∩ A)

= µ+(E ∩ A) + µ+(E ∩ Ac) − 0 = µ+(E)(giat� µ−(E ∩A) = 0 kai µ+(E ∩Ac) = 0) dhlad  ν+(E) = µ+(E) kai epomènw
 ν−(E) =
µ−(E). 2Parat rhsh 5.11 MporoÔme na upolog�soume ta ν+ kai ν− apì ti
 sqèsei


ν+(E) = sup{ν(F ) : F ∈ S, F ⊆ E}

ν−(E) = sup{−ν(F ) : F ∈ S, F ⊆ E} (E ∈ S).Gia par�deigma h deÔterh isìthta apodeiknÔetai w
 ex 
: Epeid  E ∩ N ⊆ E èqoume
ν−(E) = −ν(E ∩ N) ≤ sup{−ν(F ) : F ∈ S, F ⊆ E}en¸ gia k�je F ∈ S me F ⊆ E èqoume

−ν(F ) = ν−(F ) − ν+(F ) ≤ ν−(F ) ≤ ν−(E)(diìti ta ν+ kai ν− e�nai jetik� mètra) epomènw
 sup{−ν(F ) : F ∈ S, F ⊆ E} ≤ ν−(E)�ra isqÔei isìthta.Autì apotele� mia deÔterh apìdeixh ìti oi kum�nsei
 tou ν e�nai anex�rthte
 apì thn an�-lush Hahn pou qrhsimopoi jhke gia ton orismì tou
.Orismì
 5.4 An ν e�nai èna proshmasmèno mètro ston (X,S), ta jetik� mètra ν+, ν−pou or�same lègontai h jetik  kai h arnhtik  kÔmansh tou ν kai to jetikì mètro
|ν| pou or�zetai apì th sqèsh

|ν| = ν+ + ν−lègetai h olik  kÔmansh tou ν.Parat rhsh 5.12 An f = χP − χN kai µ = |ν| tìte ν(E) =
∫

E
fdµ.'Askhsh 5.13 An (X,S, µ) e�nai q¸ro
 mètrou, f ∈ L1(X, µ) kai ν(E) =

∫

E
fdµ, tìte

ν+(E) =
∫

E
f+dµ kai ν−(E) =

∫

E
f−dµ (epomènw
 |ν|(E) =

∫

E
|f |dµ).'Askhsh 5.14 An ν e�nai proshmasmèno mètro ston (X,S) kai E ∈ S, tìte

|ν|(E) = sup{
n

∑

k=1

|ν(Ek)| : Ek ∈ S xèna, n
⋃

k=1

Ek = E}kai to |ν| e�nai to mikrìtero jetikì mètro µ ston (X,S) me thn idiìthta µ(E) ≥ |ν(E)| giak�je E ∈ S.'Askhsh 5.15 An ν, µ e�nai proshmasmèna mètra ston (X,S), tìte(a) 'Ena sÔnolo E ∈ S e�nai ν-mhdenikì an kai mìnon an |ν|(E) = 0.(b) ν ⊥ µ ⇔ |ν| ⊥ µ ⇔ (ν+ ⊥ µ kai ν− ⊥ µ).3ν(E ∩ P ) − ν(E ∩ A) = ν(E ∩ (P \ A)) = 0 γιατί E ∩ (P \ A) ⊆ P △ A που είναι ν-μηδενικό σύνολο6



5.2 To Je¸rhma Lebesgue - Radon - NikodymOrismì
 5.5 'Estw µ jetikì mètro kai ν proshmasmèno   migadikì   jetikì mètro stonmetr simo q¸ro (X,S). To ν lègetai apìluta suneqè
 w
 pro
 µ (gr�foume ν ≪ µ)an
E ∈ S, µ(E) = 0 =⇒ ν(E) = 0.DÔo jetik� mètra µ kai ν lègontai isodÔnama an ν ≪ µ kai µ ≪ ν.'Askhsh 5.16 'Estw µ jetikì mètro kai ν proshmasmèno mètro ston metr simo q¸ro

(X,S). De�xte ta akìlouja:
• An ν ≪ µ tìte k�je E ∈ S me µ(E) = 0 e�nai ν-mhdenikì (Orismì
 5.2).
• An k�je E ∈ S me µ(E) = 0 e�nai ν-mhdenikì tìte ν+ ≪ µ kai ν− ≪ µ.
• An ν+ ≪ µ kai ν− ≪ µ tìte |ν| ≪ µ.
• An |ν| ≪ µ tìte ν ≪ µ.Epomènw
 ìle
 oi sunj ke
 e�nai isodÔname
.Parat rhsh 5.17 An ν ≪ µ kai ν ⊥ µ tìte ν = 0.Pr�gmati, an ν ⊥ µ tìte up�rqei metr simh diamèrish X = E ∪ F me to E µ-mhdenikì kaito F ν-mhdenikì (opìte |ν|(F ) = 0 apì thn 'Askhsh 5.15) kai èqoume

|ν|(X) = |ν|(E) + |ν|(F ) = |ν|(E) = 0diìti |ν| ≪ µ, epomènw
 |ν| = 0, �ra ν = 0.Prìtash 5.18 'Estw ν èna proshmasmèno peperasmèno mètro (dhlad  ν(S) ⊆ R). To
ν e�nai µ-apìluta suneqè
 an kai mìnon angia k�je ǫ > 0 up�rqei δ > 0 ¸ste an E ∈ S kai µ(E) < δ tìte |ν(E)| < ǫ. (3)Apìdeixh Upojètoume ìti isqÔei h sunj kh (3). An µ(E) = 0, tìte gia k�je ǫ > 0èpetai apì thn (3) ìti |ν(E)| < ǫ, �ra ν(E) = 0. De�xame ìti ν ≪ µ.Upojètoume t¸ra ìti h sunj kh (3) den alhjeÔei. Up�rqei tìte ǫ > 0 ¸ste gia k�je δ > 0na up�rqei Eδ ∈ S ¸ste µ(Eδ) < δ kai |ν(Eδ)| ≥ ǫ.Efarmìzonta
 th sqèsh aut  gia δ = 1

2n , br�skoume gia k�je n ∈ N èna En ∈ S me
µ(En) < 1

2n kai |ν(En)| ≥ ǫ.Jètoume t¸ra F = lim sup En =
⋂

n≥1

Fn ìpou Fn =
⋃

k≥n

Ek kai èqoume
µ(Fn) ≤

∞
∑

k=n

1

2k
→ 0 �ra µ(F ) = lim µ(Fn) = 0 (afoÔ µ(F1) ≤ 1 < ∞)en¸ |ν|(Fn) ≥ |ν|(En) ≥ ǫ �ra |ν|(F ) = lim |ν|(Fn) ≥ ǫ (afoÔ |ν|(F1) < ∞ giat� to

ν, �ra kai to |ν|, e�nai peperasmèno).Br kame loipìn F ∈ S me µ(F ) = 0 kai |ν|(F ) > 0, opìte to |ν| den e�nai µ-apìlutasuneqè
, �ra oÔte kai to ν ('Askhsh 5.16). 27



Pìrisma 5.19 An (X,S, µ) e�nai q¸ro
 mètrou kai f ∈ L1(X, µ) tìtegia k�je ǫ > 0 up�rqei δ > 0 ¸ste an E ∈ S kai µ(E) < δ tìte ∣

∣

∣

∣

∫

E

fdµ

∣

∣

∣

∣

< ǫ.To epìmeno L mma ja qreiasje� sthn apìdeixh tou Jewr mato
 Lebesgue - Radon - Ni-
kodym.L mma 5.20 An ν, µ e�nai peperasmèna jetik� mètra ston (X,S), tìte:  ν ⊥ µ   alli¸
 (dhlad  an ν 6⊥ µ) up�rqoun ǫ > 0 kai E ∈ S me µ(E) > 0 ¸ste
ν(F ) ≥ ǫµ(F ) gia k�je F ∈ S, F ⊆ E (dhl. to E e�nai jetikì sÔnolo gia to proshmasmènomètro ν − ǫµ).Apìdeixh (a) ParathroÔme pr¸ta ìti den mpore� na sumba�noun kai ta dÔo: Pr�gmati,an ν ⊥ µ, opìte up�rqei A ∈ S ¸ste ν(A) = 0 kai µ(Ac) = 0, tìte gia k�je E ∈ S me
µ(E) > 0 èqoume ν(A ∩ E) = 0, opìte, gia k�je ǫ > 0,

ν(A ∩ E) − ǫµ(A ∩ E) < 0diìti µ(A ∩ E) = µ(E) > 0, dhlad  to E den e�nai jetikì gia to mètro ν − ǫµ.(b) An n ∈ N, jewroÔme to proshmasmèno mètro νn = ν − 1
n
µ kai mia an�lush Hahn

X = Pn ∪ Nn se νn-jetikì kai νn-arnhtikì sÔnolo.Or�zoume P =
⋃

n Pn kai N = P c =
⋂

Nn. Gia k�je n, efìson N ⊆ Nn èqoume νn(N) ≤ 0,dhlad  ν(N) ≤ 1
n
µ(N). Efìson ν(N) ≥ 0 kai µ(N) < ∞, èpetai ìti ν(N) = 0.Up�rqoun t¸ra dÔo peript¸sei
: µ(P ) = 0   µ(P ) > 0.An µ(P ) = 0, èpetai ìti µ ⊥ ν.An µ(P ) > 0, tìte up�rqei n ∈ N ¸ste µ(Pn) > 0. Jètoume tìte ǫ = 1

n
, opìte to

E ≡ Pn ikanopoie� µ(E) > 0 kai ex upojèsew
 e�nai jetikì gia to proshmasmèno mètro
νn = ν − ǫµ. 2Je¸rhma 5.21 (Lebesgue - Radon - Nikodym) 'Estw (X,S, µ) q¸ro
 σ-pepera-smènou mètrou. An ν e�nai èna proshmasmèno mètro ston (X,S) me |ν| σ-peperasmèno,tìte(a) An�lush Lebesgue: up�rqoun monadik� proshmasmèna mètra λ, ρ ¸ste

ν = λ + ρ, ìpou λ ⊥ µ kai ρ ≪ µ(b) Radon - Nikodym: up�rqei µ-sqedìn monadik  oloklhr¸simh f : X → R ¸ste
ρ(E) =

∫

E

fdµ gia k�je E ∈ S.An to ν e�nai jetikì mètro, tìte ta λ, ρ e�nai jetik� mètra kai h f mh arnhtik .An to |ν| e�nai peperasmèno mètro, tìte f ∈ L1(X, |ν|).Apìdeixh. Monadikìthta: An ν = λ + ρ = λ′ + ρ′ tìte, epeid  λ ⊥ µ kai λ′ ⊥ µ,up�rqoun N, N ′ ∈ S me µ(N) = µ(N ′) = 0 ¸ste to N c na e�nai λ-mhdenikì kai to N ′c

λ′-mhdenikì. Jètonta
 M = N ∪ N ′ èqoume µ(M) = 0 kai to M c e�nai λ-mhdenikì kai8



λ′-mhdenikì. Ep�sh
 ρ ≪ µ kai ρ′ ≪ µ �ra to M e�nai ρ-mhdenikì kai ρ′-mhdenikì. 'Epetailoipìn ìti gia k�je E ∈ S,
λ(E) = λ(E ∩ M) = λ(E ∩ M) + ρ(E ∩ M) = ν(E ∩ M)

= λ′(E ∩ M) + ρ′(E ∩ M) = λ′(E ∩ M) = λ(E),dhlad  λ = λ′ kai omo�w
 ρ(E) = ρ(E ∩ M c) = ρ′(E ∩ M c) = ρ′(E). 'Eqoume epomènw

∫

E

fdµ = ρ(E) = ρ′(E) =

∫

E

f ′dµ gia k�je E ∈ Sto opo�o de�qnei ìti f = f ′ µ-sqedìn pantoÔ.'Uparxh: Per�ptwsh I Upojètoume ìti ta ν, µ e�nai jetik� kai peperasmèna mètra.Kataskeu  th
 parag¸gou Radon-Nikodym f. JewroÔme thn oikogèneia
H = {h : X → [0, +∞] metr simh :

∫

A

hdµ ≤ ν(A) gia k�je A ∈ S}.Ja de�xoume ìti up�rqei f ∈ H ¸ste ∫

fdµ = sup{
∫

hdµ : h ∈ H} kai ìti aut  e�nai hzhtoÔmenh sun�rthsh. ParathroÔme ìti1. H 6= ∅, afoÔ 0 ∈ H.2. An h, g ∈ H tìte 4 h ∨ g ∈ H.3. An (hn) e�nai aÔxousa akolouj�a me hn ∈ H gia k�je n tìte limn hn ∈ H.Apìdeixh tou (2): Jètonta
 B = {x : h(x) ≥ g(x)}, èqoume B ∈ S kai, gia k�je A ∈ S,
∫

A

(h ∨ g)dµ =

∫

A∩B

(h ∨ g)dµ +

∫

A\B

(h ∨ g)dµ

=

∫

A∩B

hdµ +

∫

A\B

gdµ ≤ ν(A ∩ B) + ν(A \ B) = ν(A).Apìdeixh tou (3): Apì monìtonh sÔgklish
∫

A

lim
n

hndµ =

∫

lim
n

hnχAdµ = lim
n

∫

hnχAdµ ≤ ν(A).]K�je h ∈ H ikanopoie� ∫

hdµ ≤ ν(X) < +∞, opìte jètonta

a = sup{

∫

hdµ : h ∈ H}èqoume 0 ≤ a ≤ ν(X).Isqurismì
 Up�rqei f ∈ H ¸ste ∫

fdµ = a.Apìdeixh Gia k�je n ∈ N up�rkei hn ∈ H ¸ste ∫

hndµ > a − 1
n
. 'Estw gn = h1 ∨

h2 ∨ . . . ∨ hn. Tìte gn ∈ H, ∫

gndµ ≥
∫

hndµ > a − 1
n
kai h (gn) e�nai aÔxousa. 'Ara an4h ∨ g = max{f, g} 9



f = supn gn = limn gn èqoume f ∈ H kai a ≥
∫

fdµ ≥
∫

gndµ > a − 1
n
gia k�je n, opìte

a =
∫

fdµ. 2Orismì
 tou mètrou λ : S → R+ : λ(A) = ν(A) −
∫

A
fdµ (A ∈ S).ParathroÔme ìti λ(A) ≥ 0 efìson f ∈ H. Ep�sh
 to λ e�nai mètro, w
 diafor� dÔo mètrwn.Mènei na apodeiqje� oIsqurismì
 λ ⊥ µ.Apìdeixh An ìqi, apì to L mma 5.20 up�rqei ǫ > 0 kai E ∈ S me µ(E) > 0 kai

λ(F ) ≥ ǫµ(F ) gia k�je F ∈ S me F ⊆ E. 'Epetai ìti
ν(F ) = λ(F ) +

∫

F

fdµ ≥ ǫµ(F ) +

∫

F

fdµ.Jètonta
 loipìn g = f + ǫχE , h opo�a e�nai metr simh, èqoume gia k�je F ∈ S

∫

F

gdµ =

∫

F

fdµ +

∫

F

ǫχEdµ =

∫

F

fdµ + ǫµ(F ∩ E)

≤

∫

F

fdµ + λ(F ∩ E) ≤

∫

F

fdµ + λ(F ) = ν(F ).Autì de�qnei ìti g ∈ H, opìte ∫

gdµ ≤ a. 'Omw

∫

X

gdµ =

∫

X

fdµ + ǫµ(E) = a + ǫµ(E) > a�topo. H apìdeixh th
 Per�ptwsh
 I oloklhr¸jhke.Parat rhsh Efìson to mètro ν e�nai peperasmèno, h (mh arnhtik ) sun�rthsh f ika-nopoie� ∫

fdµ ≤ ν(X) < +∞, dhlad  f ∈ L1(X, µ).Per�ptwsh II Upojètoume ìti ta ν, µ e�nai jetik� kai σ-peperasmèna mètra.Tìte up�rqei mia arijm simh oikogèneia {Xn} ⊆ X apì xèna an� dÔo sÔnola me X = ∪nXn¸ste gia k�je n ∈ N na isqÔei µ(Xn) < +∞ kai ν(Xn) < +∞ (giat�?)Gia k�je n ∈ N, or�zoume ta mètra µn kai νn ston (X,S) apì ti
 sqèsei

µn(E) = µ(E ∩ Xn) νn(E) = ν(E ∩ Xn) (E ∈ S).Ta mètra aut� e�nai peperasmèna. ParathroÔme m�lista ìti gia k�je metr simh sun�rthsh

g èqoume ∫

gdµn =
∫

gχXn
dµ =

∫

Xn
gdµ kai ìti µn ≪ µ.Efarmìzonta
 to apotèlesma th
 Per�ptwsh
 I sta νn kai µn br�skoume mh arnhtik  su-n�rthsh fn ∈ L1(X, µn) kai jetikì peperasmèno mètro λn k�jeto sto µn ¸ste

νn(E) = λn(E) +

∫

E

fndµn (E ∈ S).ParathroÔme ìti efìson λn ⊥ µn kai µn ≪ µ, èqoume λn ⊥ µ. Ex�llou efìson µn(Xc
n) =

0, mporoÔme na upojèsoume ìti h fn mhden�zetai pantoÔ sto Xc
n, opìte h prohgoÔmenhsqèsh gr�fetai

νn(E) = λn(E) +

∫

E

fndµ (E ∈ S). (4)10



A
 parathr soume ìti fn ∈ L1(X, µ), �ra mporoÔme na upojèsoume ìti 0 ≤ fn(x) < +∞gia k�je x kai k�je n. Or�zoume mia sun�rthsh f : X → R w
 ex 
: k�je x ∈ X an keise èna akrib¸
 Xn; or�zoume f(x) = fn(x), dhlad  f =
∑

n fn. H f e�nai metr simh kaiikanopoie� 0 ≤ f(x) < +∞ gia k�je x.Prosjètonta
 t¸ra ti
 isìthte
 (4) kat� mèlh (ìloi oi ìroi e�nai mh arnhtiko�) èqoume
ν(E) =

∑

n

ν(E ∩ Xn) =
∑

n

νn(E) =
∑

n

λn(E) +
∑

n

∫

E

fndµ

=
∑

n

λn(E) +

∫

E

∑

n

fndµ =
∑

n

λn(E) +

∫

E

fdµ.Jètoume loipìn
λ(E) =

∑

n

λn(E) (E ∈ S)opìte to λ e�nai jetikì mètro (kai e�nai σ-peperasmèno giat� λ(Xn) = λn(X) < +∞ giak�je n). Mènei na de�xoume ìti λ ⊥ µ.Pr�gmati, afoÔ gia k�je n isqÔei ìti λn ⊥ µ up�rqei Nn ∈ S me µ(Nn) = 0 ¸ste
λn(N c

n) = 0. Jètonta
 t¸ra N = ∪nNn èqoume 0 ≤ µ(N) ≤
∑

n µ(Nn) = 0 kai
0 ≤ λn(N c) ≤ λn(N c

n) = 0, �ra λn(N c) = 0. Epomènw
 0 ≤ λ(N c) ≤
∑

n λn(N c) = 0, �ra
λ ⊥ µ.Parat rhsh An sumbe� to ν na e�nai peperasmèno, tìte to λ e�nai peperasmèno kai
f ∈ L1(X, µ). Pr�gmati

λ(X) +

∫

fdµ = ν(X) < +∞ �ra λ(X) < +∞ kai ∫

fdµ < +∞afoÔ ∫

fdµ ≥ 0 kai λ(X) ≥ 0.Per�ptwsh III (genik ) To ν e�nai t¸ra èna proshmasmèno mètro kai ta µ, |ν| e�nai
σ-peperasmèna. An ν = ν+ − ν− e�nai h an�lush Jordan tou ν, tìte ta ν+, ν− e�nai σ-peperasmèna. Epiplèon, afoÔ to ν den mpore� na p�rei kai ti
 dÔo timè
 +∞,−∞, ènaapì ta dÔo mètra ja e�nai peperasmèno. Upojètoume ìti to ν+ e�nai peperasmèno (alli¸
,jewroÔme to −ν).Apì thn Per�ptwsh II loipìn up�rqoun jetik� mètra λi (i = 1, 2) k�jeta pro
 to µ kaimetr sime
 sunart sei
 fi : X → [0, +∞) ¸ste

ν+(E) = λ1(E) +

∫

E

f1dµ kai ν−(E) = λ2(E) +

∫

E

f2dµ (E ∈ S).Efìson to ν+ èqei upoteje� peperasmèno, èqoume 0 ≤ λ1(E) < +∞ kai 0 ≤
∫

E
f1dµ <

+∞. Epomènw
, an or�soume λ(E) = λ1(E)−λ2(E) kai f = f1−f2, to λ e�nai kal� orismènoproshmasmèno mètro, h f : X → R e�nai oloklhr¸simh sun�rthsh kai ∫
E

f1dµ−
∫

E
f2dµ =

∫

E
fdµ. Ep�sh
, afoÔ ta λi e�nai k�jeta sto µ, eÔkola fa�netai ìti λ ⊥ µ. Afair¸nta
 ti
prohgoÔmene
 isìthte
 kat� mèlh, èqoume

ν(E) = ν+(E)−ν−(E) = λ1(E)−λ2(E)+

∫

E

f1dµ−

∫

E

f2dµ = λ(E)+

∫

E

fdµ (E ∈ S).

2 11



Parat rhsh 5.22 (SÔndesh me thn Sunarthsiak  An�lush) An µ e�nai je-tikì kanonikì mètro Borel se ènan sumpag  metrikì q¸ro (  genikìtera topologikì sum-pag  q¸ro Hausdorff) X tìte Cc(X) ⊆ L1(X, µ) (pr�gmati gia k�je f ∈ Cc(X) èqoume
∫

|f |dµ ≤ ‖f‖∞ µ(supp f) < ∞) 5. Epomènw
 an ν e�nai èna proshmasmèno peperasmè-no mètro Borel ¸ste to |ν| na e�nai kanonikì, k�je f ∈ Cc(X) an kei ston L1(|ν|) �ra
f ∈ L1(ν+) kai f ∈ L1(ν−). Or�zonta
 loipìn φν(f) =

∫

fdν+ −
∫

fdν− èqoume miagrammik  morf  ston Cc(X) h opo�a e�nai suneq 
 giat�
|φν(f)| =

∣

∣

∣

∣

∫

fdν+ −

∫

fdν−

∣

∣

∣

∣

≤

∣

∣

∣

∣

∫

fdν+

∣

∣

∣

∣

+

∣

∣

∣

∣

∫

fdν−

∣

∣

∣

∣

≤ ‖f‖∞ (ν+(X) + ν−(X)) = ‖f‖∞ |ν|(X).To Je¸rhma Anapar�stash
 tou Riesz lèei ìti ìle
 oi suneqe�
 grammikè
 morfè
 ston
(Cc(X), ‖·‖∞) e�nai th
 morf 
 φν gia kat�llhla peperasmèna proshmasmèna mètra ν.Ask sei
 5.23 (1) Ston metr simo q¸ro ([0, 1],Mm) ìpou Mm ta Lebesgue metr simasÔnola, jewroÔme ta ex 
 dÔo mètra: m, to mètro Lebesgue kai ν, to mètro apar�jmhsh
.To mètro ν den dèqetai an�lush Lebesgue w
 pro
 to mètro m. Ep�sh
, en¸ to mètro
m e�nai profan¸
 apolÔtw
 suneqè
 w
 pro
 to ν, den up�rqei f ∈ L1([0, 1], ν) ¸ste
m(E) =

∫

E
fdν gia k�je E ∈ Mm.(2) Ston (R,M), ìpou M = {E ⊆ R : E arijm simo   Ec arijm simo} onom�zoume µ tomètro apar�jmhsh
 kai ν to mètro pou or�zetai apì ti
 sqèsei
 ν(E) = 0 an E arijm simokai ν(E) = 1 an E uperarijm simo. Tìte profan¸
 ν ≪ µ all� den up�rqei metr simh f¸ste ν(E) =

∫

E
fdµ gia k�je E ∈ M.Orismì
 5.6 An (X,S, µ) e�nai σ-peperasmèno
 q¸ro
 mètrou kai ν proshmasmèno mè-tro me |ν| σ-peperasmèno ¸ste ν ≪ µ, h µ-sqedìn monadik  f pou ikanopoie� th sqèsh

ν(E) =
∫

E
fdµ gia k�je E ∈ S onom�zetai par�gwgo
 Radon-Nikodym tou ν w
pro
 µ kai sumbol�zetai dν

dµ
.Orismì
 5.7 'Estw ν proshmasmèno mètro ston (X,S) me an�lush Jordan ν = ν+−ν−.Gia k�je g ∈ L1(X, |ν|) or�zoume
∫

gdν =

∫

gdν+ −

∫

gdµ−.Prìtash 5.24 An ν ≪ µ kai µ ≪ λ ìpou ta µ kai λ e�nai jetik� mètra kai to ν e�naiproshmasmèno mètro (ìpou ta |ν|, µ kai λ e�nai σ-peperasmèna), tìte(a) gia k�je g ∈ L1(X, |ν|) èqoume g
dν

dµ
∈ L1(X, µ) kai ∫

gdν =

∫

g
dν

dµ
dµ.(b) IsqÔei h isìthta dν

dλ
=

(

dν

dµ

) (

dµ

dλ

)

λ-sqedìn pantoÔ.
5Το σύνολο supp f , ο φορέας της f , είναι η κλειστή θήκη του {x ∈ X : f(x) 6= 0}. Είναι συμπαγές αφού

f ∈ Cc(X), οπότε έχει πεπερασμένο μέτρο. 12


