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Prìblhma 1: UpologÐste thn n× n orÐzousa

det


1 1 · · · 1

x1 + y1 x2 + y1 · · · xn + y1

(x1 + y1)(x1 + y2) (x2 + y1)(x2 + y2) · · · (xn + y1)(xn + y2)
...

...
...

...
(x1 + y1) · · · (x1 + yn−1) (x2 + y1) · · · (x2 + yn−1) · · · (xn + y1) · · · (xn + yn−1)


gia pragmatikoÔc arijmoÔc x1, . . . , xn, y1, . . . , yn−1.

Prìblhma 2: DÐnetai diaforÐsimh sun�rthsh f : (0, +∞) → (0, +∞) kai tètoia ¸ste∫ x

1

f(t)dt = f(x) +
1

2

(
f(x)

)2 − 3/2

gia k�je x > 0.

(a) DeÐxte ìti h sun�rthsh f eÐnai kurt  sto (0, +∞).

(b) UpologÐste to ìrio limx→+∞ f(x)/x.

Prìblhma 3: Gia jetikoÔc akeraÐouc n jètoume f(n) =
∑

d |n(−1)
d−1
2 , ìpou sto �jroisma to

d diatrèqei ìlouc touc perittoÔc jetikoÔc diairètec tou n. ProsdiorÐste ìlouc touc jetikoÔc
akeraÐouc n gia touc opoÐouc f(n) = 0.

Prìblhma 4: Gia p > 0 h sun�rthsh G�mma orÐzetai wc

Γ(p) =

∫ ∞

0

xp−1e−xdx.

Jewr ste gnwstì ìti Γ(p + 1) = pΓ(p) gia k�je p > 0 kai ìti Γ(1
2
) =

√
π.

(a) DeÐxte ìti Γ(p + 1
2
) < Γ(p)

√
p gia k�je p > 0.

(b) DeÐxte ìti gia k�je n ∈ N

1√
π(n + 1

2
)

<

(
2n

n

)
1

22n
<

1√
πn

.

Prìblhma 5: DÐnontai sÔnolo S me n stoiqeÐa kai mh ken� uposÔnola A1, A2, . . . , An+1 tou S.
DeÐxte ìti up�rqoun mh ken�, xèna metaxÔ touc sÔnola deikt¸n I, J ⊆ {1, 2, . . . , n + 1} tètoia
¸ste ∪i∈IAi = ∪j∈JAj.

H di�rkeia thc exètashc eÐnai 3 ¸rec. KALH EPITUQIA!



LÔseic

Prìblhma 1: JewroÔme th dosmènh orÐzousa wc polu¸numo stic metablhtèc x1, x2, . . . , xn.
Afou h orÐzousa èqei dÔo st lec Ðsec an xi = xj gia dÔo diaforetikoÔc deÐktec i kai j, to
polu¸numo autì diaireÐtai me to xj − xi gia 1 ≤ i < j ≤ n kai sunep¸c me to ginìmeno∏

1≤i<j≤n(xj − xi). EÔkola upologÐzoume ìti o suntelest c tou monwnÔmou xn−1
n xn−2

n−1 · · ·x2

sto polu¸numo autì eÐnai Ðsoc me 1 kai sumperaÐnoume ìti h dosmènh orÐzousa eÐnai Ðsh me∏
1≤i<j≤n(xj − xi), �ra anex�rthth twn y1, . . . , yn−1.

Prìblhma 2: (a) Epeid  h f eÐnai diaforÐsimh, me parag¸gish twn dÔo mel¸n thc dedomènhc
isìthtac lamb�noume

f(x) = f ′(x) + f(x)f ′(x)

gia k�je x > 0. Epomènwc, èqoume

f ′(x) =
f(x)

1 + f(x)
> 0 (1)

gia k�je x > 0, opìte h f eÐnai gnhsÐwc aÔxousa sto (0, +∞). Epeid  h f eÐnai diaforÐsimh,
mèsw thc (1) orÐzetai kai h deÔterh par�gwgoc thc f kai isqÔei

f ′′(x) =
f ′(x)

(1 + f(x))2
> 0 (2)

gia k�je x > 0, opìte h sun�rthsh f eÐnai kurt  sto (0, +∞).
(b) Epeid  h sun�rthsh f eÐnai gnhsÐwc aÔxousa kai kurt  sto (0, +∞), èqoume limx→+∞ f(x) =

+∞ kai sunep¸c

lim
x→+∞

f(x)/x = lim
x→+∞

f ′(x) = lim
x→+∞

f(x)

1 + f(x)
= lim

x→+∞

(
1− 1

1 + f(x)

)
= 1.

Prìblhma 3: ParathroÔme ìti f(mn) = f(m)f(n) an oi m kai n eÐnai sqetik¸c pr¸toi kai
upologÐzoume ìti f(2r) = 1, ìti f(pr) = r + 1 gia k�je pr¸to arijmì p thc morf c p = 4k + 1
kai ìti gia k�je pr¸to arijmì q thc morf c q = 4k + 3 èqoume f(qr) = 1 an o r eÐnai �rtioc kai
f(qr) = 0 an o r eÐnai perittìc. Apì aut� sumperaÐnoume ìti f(n) = 0 kai mìno an o n diaireÐtai
apì ton qr all� ìqi apì ton qr+1 gia k�poio pr¸to thc morf c q = 4k + 3 kai k�poion perittì
jetikì akèraio r.

Prìblhma 4: (a) Me th bo jeia thc anisìthtac Cauchy-Schwarz brÐskoume ìti

Γ(p +
1

2
) =

∫ ∞

0

√
x · xp−1e−x dx ≤

(∫ ∞

0

xpe−x dx ·
∫ ∞

0

xp−1e−x dx

)1/2

= (Γ(p + 1) Γ(p))1/2 =
√

p Γ(p).

(b) ParathroÔme ìti



(
2n

n

)
1

22n
=

(2n)!

(n!)2 22n
=

1 · 3 · 5 · · · (2n− 1)

n!2n
× 2 · 4 · 6 · · · 2n

n!2n

=
1

n!

1

2
· 3

2
· 5

2
· · · (n− 1

2
) =

1√
πn!

Γ(
1

2
)
1

2
· 3

2
· 5

2
· · · (n− 1

2
).

Efarmozontac diadoqik� thn tautìthta Γ(p + 1) = pΓ(p) gia p = 1
2
, 3

2
, . . . , n − 1

2
brÐskoume

ìti (
2n

n

)
1

22n
=

Γ(n + 1
2
)

√
πn!

.

Efìson Γ(1) = 1, apì thn Γ(p + 1) = pΓ(p) èqoume epagwgik� ìti Γ(n + 1) = n!. Efarmì-
zontac to apotèlesma tou erwt matoc (a) gia p = n + 1

2
paÐrnoume(

2n

n

)
1

22n
=

Γ(n + 1
2
)

√
πΓ(n + 1)

>
1√

π(n + 1
2
)
.

Efarmìzontac to apotèlesma tou erwt matoc (a) gia p = n paÐrnoume(
2n

n

)
1

22n
=

Γ(n + 1
2
)

√
πnΓ(n)

<
1√
πn

. 2

Prìblhma 5: 'Estw S = {a1, a2, . . . , an}. JewroÔme to omogenèc sÔsthma twn n grammik¸n
exis¸sewn ∑

r∈{1,...,n+1}: ak∈Ar

xr = 0, 1 ≤ k ≤ n

se n + 1 agn¸stouc x1, x2, . . . , xn+1 ∈ R. Wc gnwstìn, èna tètoio sÔsthma èqei toul�qiston
mÐa mh mhdenik  lÔsh (x1, x2, . . . , xn+1). 'Estw I = {i : xi > 0} kai J = {j : xj < 0} kai èstw
yj = −xj gia j ∈ J . Profan¸c ta I kai J eÐnai mh ken�, xèna metaxÔ touc uposÔnola tou
sunìlou {1, 2, . . . , n + 1} kai gia k�je k ∈ {1, 2, . . . , n} isqÔei∑

i∈I: ak∈Ai

xi =
∑

j∈J : ak∈Aj

yj.

Apì thn isìthta aut  èpetai ìti ak ∈ ∪i∈IAi an kai mìno an ak ∈ ∪j∈JAj gia k�je k, opìte
∪i∈IAi = ∪j∈JAj.


