Y nuetwoelg Tov Madruatog

M101 Oepeiia Twv MoadnuaTixwy

Xenotoc Kovpouvvimtng
TMHMA MAOHMATIKQN

ITANEIIIXTHMIO KPHTHX.
2008



Eiwcaywyn

Apytlovtag tn perétn Ty ponuotixey oto Iavemothuo, a¢ tpootadicoue vor avaho-
yioToUUE TS dnuovpyolvTal tar Yardnuated. Ta podnuotind eivor dpaoTnetdTNTL TOU Oov-
Ypwmvou puuakol. Evag umohoyiotrhc otov omolo Va etyaue xataypddet 6houg TOUg XAVOVES
™™g hoyixrig, Yo umopoloe va BNutoupYNoEL, UE TUY Lo TPOTO, TEOTAGELS XL Vo EAEYEEL EQV
autég etvan anieic 1) oyt. To avdpdmvo uuakd ouwe, av xou umopet va ehéyZet évo-Eva Ta
hoywxd Bruoata, doulelel xuplwe Ye dAlo tpémo. Emdiwxet tio cuvolxy exova, omd Tnv
ormola umopel vau xatavorioel 6ho To emtycionua, cuVIETOVTUC TIC IOEEC OE ULoL YEVIXWTERT
doun} xar GUVOEOVTAG AUTEG UE dAAeg t3€ec. O cuvduaopog tng hoyixhg avdhuong xou Tng
GLYVONXNG TEOGEYYIONG OLDEL Ta XAV TEQU AMOTEAEGUATAL.

Kadwg évag dvipmnog amoxtd ponuatixés tAnpogopleg, tig ocuviétel o pa pordn-
potixy €vvora. Apyotepa UTOREl Vol EUPAVIOTONY VEEC TANPOYORIES, TOU Vo UMV Toupld-
Couv pe T yadnuatixr évvola mou €yel onmovpynlel oto wuard tou. Otav ouyPel autd,
xat aol ereyy el n opUoTNTA TV VEWY GTOLYElWY, uTopel Vo ypelaoTel vo TportomolnUel 1
QYT GUYOALXY| EXOVA, AVOLOPPWYOYTOC 1) DNULOURYWYTOC ULl VEX, TLO EXAETTUOUEVY) Uadn-
potxy| évvola. Oco cuyfaivel autd, mpoxaleiton olyyvor. o va tpoywercet 1 dadtxaocta
0 o) NUATIXOS TRETEL VoL UNV YAOEL TNV EUTLOTOOUVY WOTE Vo CEMEQUOEL 1 GUYYUOT.

H Swduxacta ye v onola dnuioupyodvTon yadnuatixés €vvoleg dev etvon Aoyuxr xar eudi-
Yeouun. O podnuatixde Py ver 0TI YVOOELS xou TIC EUTELRIEC TOU, Yol VoL TLAOTEL XdTou. Y€
xdmota @doT, ot BtdpopeS WEEC umopel var apyloouy va tanpldlouy. Y10 Téhog, umopel Oheg
ol Bactxéc WOEEC VAL GUYOUAGTOLUY GE ULl GUVTOUT], CTEWTY| %o AOYIXY| ATOOEET).

Yav aroégottor Auxeiou, yYvwplleTe R0N TOAES podnuaTixéc EVVOIES. 1L TOY0C TWY OTOUBKY
oac oto IavemotAwo elvar va xtioete o8 aUTEC TIC EVVOLEC XAl VoL TIC EXAETTUVETE OE €val
AVWTERO ETUTEDO ardnuatinic wpydtnTag. e vo o metdyoule autd TEENEL Vo CEXIVAGOUUE
and mopadetypata mou Pacilovial o€ YVWOTEG €VVOLES, XaL OTY BACT AUTOY Vol XATAOXEUY-
GOUUE VEEC EVVOLEC.

Auth 1 Swduacio dev €yet xouio oyéor e wia alWPATIXT) XATAOKEVT) OAWY TV HodT)-
HOTIX®Y amtd To XEVO, 1) omola ebvar e@uTr xou uTopel var el PLLoGoQIXd EVOLAPEROV, AAAY
OEV €yel WOLUTERT OLOAXTIXY YENOOTN T,

Meydho uépog tng yadnoloxrc dradactog cUVICTATAL OTNY AVUXATAOKEUT| TEOTEPWY ot
UNUOTIXWY EVVOLWY, YO VO TPOCUPUOCTOUY Of VEeg 10€ec.  Auty| 1 Sadixaoctio elvon mou
mpoxalel olyyvor. Ilpénel vo mepévete ott Yo oUVAVTHOETE TEPLOOOUS GUYYUOTC GTIC
omoudég cag. Otav autég 0ev ogeilovton o€ eEMELTY| EEAYNOY EX UEPOUS TV DIBAGHOVTLY
1 amh¢ TapepUnVeia, TEENEL var Tic Vewpelte ypriotues ot eutpdodextes. Eivar évoeln ot
ouvteheital TPOOB0E OTIS YVWOELS TG,

Eva xal6d mapdderyya etvar 1) 60y yLUoT TOU TEOXIAEGE GTOUS o) NuaTIX0UE, Yo AEXETOUC
AUWVES, 1) EVVola TwV Uryadixy aptiuwy. Htav yvwotd ot 1o tetpdywvo evog aptduol ot-
aPoeTIX0L and To Undéy, eite Yetixol eite apvnTinoU, etvor ndvtote Yetnd. Apa 1 TETRAY-
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ovixy plla tou —1 dev ymopoloe va ebvar oUTte Yetnde 00TE apYNTIXOS apLiude, xou dev
urheye Véon mdvew otny eudela Twy apriumy yia pa Tétola toootnTo. o va Eemepaotel 1)
cUyyvon ftay ancpaitnTo va Tporotomnlel 1 évvola Twv apiuwy, Tou GUVOEGTAY UE OTUEld
wog evdetag. H tetpaywvind ofa tou —1 €yel tn Véom tng Oyt oty eudeio ahAd oo entinedo.

Ye autd 1o PdUnua Yo tpooTatioouUE, CEXVOVTAC ATO TIC YVWOTES YodnuoTixée €v-
VOLES, VO YVWPICOUNE OTAOWNE VEES IBEEC, VO AVAUOPPWOOVUE TIC ONUAVTIXES YVWOELS TOU
HOT) EYETE OTA PAUNUATIXG, UE TEOTO WOTE VoL TROETOWACTELTE YIA TNV TEOYWETUEVT UEAETT
TV yodnuatxoy. Hpv dhoouue optopolc VEwy evvoldy Va eletdlouue, oTic DahéEels xou
ot EpYAOTHELX TEOPBANUATWY, dpxeTd Tapadelyuata oTa onola va Bacicouye Tig VEES EVVoLeg.

O onuewwoelc autéc etvar Pactoyéves, oto peyahltepo uépog toug, 6to BiBAlo Founda-
tions of Mathematics twv I.Stewart xou D.Tall, Oxford University Press.
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>OVOAX

H évvoia tou cuvohou Vewpeitar VeUehddng oToL GUYY POV UoInUaTiXd — TEQIGOOTEROD
oxoun xan amd TNV €vvola tou apuuol. Evag and toug Adyoug elvor 0Tt 1) YAOGCA TwWY
GUVOAWY UG ETUTPETEL VAL OLATUTOVOUUE UAUMUAUTIXES WOLOTNTEG UE PEYEAT YEVIXOTNTA: TO
[Tudaydeeio Ocmpnua etvor onuavtixd yiatl wyler oe xdie opdoymvio Tplywvo, oNAudY
eXQEACEL Lot LOLOTNTA TOU GLUVOROU TV 0pVOYWVIKY TELYOVWY.

H évvola Tou cuvohou etvar oyl Tne Ocwplog Yuvohwy, cuvenwg dev opileton otr Bdon
AATOLWY ATAOUCTEPWY EVVOLKY, axEBOC OTwe 1) Evvola Tou aptiuol otny Aptduntixy| 1 Tou
onuetou otn 'ewpetpio. Autd dev Yo Yag EUTOBIGEL VO ATOXTHACOUUE ULl IOXETA GOPT| ELXOVAL
vt To Tt ebvan Eva olvoro. Xovolo ebvar pia onotadrrote culhoyr and avtixeiueva. Mropel
VO TEPLEYEL TEMEQUOUEVO 1) dmElpo TARYOC AvTIXEWEV®Y, 1| oxxoua xavéva avTixeluevo. Ta
avTixeipeva dev ebvar amapaitnto va efvon opoetdr. Mrogolue va Yewpriooupe €va oOvoho
amo Teeic aprduoie, 500 Tplywvo xal Uit UVAETNOT.

['a var yehethooupe dha o oOvora mou eugavilovton ota Madnuatixd, etvar yerowo va
EEXWVHOOLUE UE TIC YEVIXEC OLOTNTES TOU Eivon X0vEG O Ohal Tol GUVOAAL. LTO TEMTO UEPOS
ToL Pt uaTog Yo eTACOUNE BLdPopOUE TROTOUS VoL GUVUETOUUE 1) VO TPOTIOTIOLOUUE XATOLX
oUVORA YLoL VoL OTULoURY|OOUUE VEA GUYOAAL.

Z'coz.xeioc. Ioé*c*q‘coc CLUVOAWY

To avtixeipyeva amd to onola amotereiton Eva ohvoho ovoudlovial GToLyelat Tou GUVOAOU.
Aéue ot ta oTouyeia evHg cuVOIOL avhxovy ¢’ autd. [a va cuuBolicouue ot To oToyelo
T avixel 0To cUvoho S ypdpouue

r € S.

Edv to x dev avixel 6o S ypdg@ouue
x&S.

[Ma vo yvopiCoupe mowd cUvolo eetdlouue, TEEREL Vo YVwpiloude axptBee motd elvor
Ta ototyeta Tou. Kou avtiotpoga, edv yvwpilovue axpBa¢ ta ototyelo evHC cuvOrou, YV-
wpiCouye o olvoro. To {Atnua ebvon ot unopolue va meptypdoupe to (B0 cOvoho ue
OLapopeTinoUg TeoToug. [ mapdderyua, edv A etvar 10 clvoho Twv pley Trg egiowong

22 —6x+8=0

xou B 1o cOvolo twv dptiwy aptiucdy petafl tou 1 xar tou 5, t61e 10 A xou 10 B €youy
2 ’ 7 /7 7. 7 aNy ’
axpBae 8Vo ototyela, Toug apriuoie 2 xat 4. Yuvenwe o A ot 1o B elvar 10 (8o olvoho.
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Abo civola eivon oo edy €youv ta (Bl oTotyela. LuuBohiouue TNV IGOHTNTU TV GUVOAWY
S xou T ye
S=T,

eve otay Oev elvan (oo ypdgpouue

SAT.

O amholoTepog TEOTOC Vo TEOGOLOPIGOUUE EVa GUVOAO Elvarl VoL xotary pdpoupe Ohat Ta
otoyela Tou (edv autd eivon duvats). O cuviing cuuBoliouds eivon vor o xhelvouue oe
ayxUiec { }. Otav ypdgpouue

S=11,23,4,5, 6}

€VvooUUE T0 6Ovoho Tou omolou Ta oTotyela eivan ot apwluot 1, 2, 3, 4, 5, 6, xau poévov autol.
[Tpéner va Tovicoupe 800 onueior oyeTxd Ue AUTOV TO GUUPBOMOUS, GUVERELES xou Tal dUO
NS €VVolag TNg LooTNTaC Yo oUvolo. Tlpdtov, 1 oglpd e TNy onola Yed@ouue To oToLyEld
ebvon adLdpop:
{5,4,3,2,6 1} ={1,2, 3,4, 5, 6.

Aeltepoy, enavalfdels Twv oTotyelwy oTny xataypagr 0ev aAAdlouv T0 GUVOAO:
{1,2,3,4,6, 1,3, 5} ={1,2,3,4, 5, 6}.

[ var tpocdiopicouye xdmolo chvolo, uropel vo uny etvar TpaxTixd, 1) 00T xav duVATO,
va xataypddouue oha ta oTotyela Tou. To alvolo Twv TpdTY apriudy Teptypdpetar TOAD
xh0OTEPAL Amd AUTAY TN QedoT TaEd Ye TNV anapidunon UepX®Y TEmTwY

{2,3,5, 7,11, 13, 17, 19, .. .}.
Oa urnopoLoaUe Vo YRAPOUUE
P = {6)ot ot tpdtot aptiyoi}.
Mia yprown mapahhayt etvan
P = {p|p etvou npcdtoc apriuidc}.
I'evixdtepa, o cuyBoliopog

Q = {z| ‘%t oyeTnd ye 1o 2’}
oroBaleton Q) etvan T0 6UVORO OAWY TWV T Yl Ta omolol Iy VEL TO ‘XATL OYETING YE TO X .
o var Tpoodlopicouye, Yio Topdderypa, To 6Uvolo Twy Aiotwy Tne eéioworng z2 —52+6 = 0
Vo unopoloope va Aoouge v e&iowon xon vor ypdhouue S = {2, 3}, 1 Yo unopoloaue vo
yeddouue
S ={z|z* -5z +6=0}

O deltepog TpoTOC TEOGOEILEL To GUVOAD Yweic Vo pag Bl pNTd Ta oTotyEld TOU, aAAd
xa yoplc va ypewdletar vou Aboouue v eélowon.
Me autéd t0 cuuPohioud undpyel xdnowa acdgela. Edv avagepduacte otoug Quetxoig

aprduolg, To oUVOho
{z]1 <z <5}
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amoteheiton and toug apwuolc 1, 2, 3, 4, 5, dAAL €AV OVAPECOUAGTE GTOUC TEAUYUATIXO0S
apriuols, ToTe TEpLAUBAVEL Xou Ghoug Toug LTOAOLTOUS aprluolg ueTad Tou 1 xat Tou 5. O
%xANOTEPOG TEPOTOG VAL XAVOULUE AUTAHY T1) BtdxpLon elvon Vo Tpocdlopicouye To cOvoho Y and
70 0Tof0 EMAEYOUUE TA T TOU IXAVOTOLOLY TO ‘*dTt oyetxd e 10 2”. O ouuBolioude

X ={z €Y |%dtu oyeuxd pe 10 x'}

ornuotvel 0Tt X efvon T0 6Ovoro TV oTotyElwy T Tou cUVOOL Y i Tal omola Loy UEL TO ‘X dTL
OYETXO UE TO T

r 4 4 xX 4 7 4 4 4

Evag mo coPapdc Aéyog Y va dieuxpwviCouue to oOvolo Y and To omolo emhéyouue
To ototyeto Tou X elvan yia var e€ao@alGouuE 0Tt TO “%dTL OYETIXG UE TO T EYEL VONUA Yid
4 7z N 4 NI 4 7z 4 4 ’ 7 4 e
Oho T € Y, efvan OnAadr| Wi WOLOTHTAL TOU Efval cageg eqv Loy Vel 1) BEV toyVEL Yl xde
otoyeio Tou Y, xau tote X ebvon 10 o0volo Twv cTolyeiwy Tou Y yio T omola oy el auth
1 WOLOTHTA

‘Aoxnor 1.1 Iloéc and Tig mapaxdte mpoTtdoelg eivon ahndels xar motég Qeudels; EEnyrote
oOVTOUA TNV ATAVTNGT| GOC.

o. 1e{l,2} B. 3€{l1,52,3}

v, 3¢ {1,5,2) 5. {1,3) €{1.3,52)

. {5} € {1,352} v 2c{reR|s?—30+2=0}

U.o{1,4,2,3} ={2,3,1,4,3,2} n. {a,d,b,d}={a, b, d}

V. {a, b,d, d} ={a, b, a, d} Vo {z€eQ|2?—22 =0} ={z € R|2? -2z =0}
YT rocVvVoAa

Eva cOvoho B elvar urocOvolo tou A edv xdie ototyelo Tou B eivon xau ototyeto tou A.
Aéue enionc ot to B mepLéyetan oto A xou Ypdgouue

B CA.

Ilgbétaon 1.1 Edv A ka1 B efvar otvoda, téte A = B edv ka1 pévov edv A C B ka1
B C A.

Anodely. Edv A = B tote, epocov A C A, éncton ott A C B xar B C A. Avuiotpégwe,
unovétouue ott A C B xan B C A. Téte xdde otoyelo tou A etvor otoryeio 10 B xou xdie
ototyelo Tou B eivan otoyeio tou A. Apa ta A xou B €youv Ta (Blor ototyelo, xat GUVETOS
A=B.

O

Ilpotaon 1.2 Edv A, B, C efvar otvoda, ka1 A C B ka1 B C C, téte A C C.

Arnodely. Kdde otoryeio tou A elvar ototyelo tou B xar xdde otoryeio tou B ebvor
ototyelo Tou C. Apa xdle otoryeio Tou A eivon ototyeio tou C, xar cuvende A C C.
O
Efvar mold onuovtind va doxpivouye unoaivoha xot otowyeio. Ta otoyeio tou {1, 2} ebvan
o 1 xan 2. Ta unoolvoha tou {1, 2} elvon T {1, 2}, {1}, {2}, xou axdun éva uvnocivolo,
10U TPoc To Topby Vo To oupPoricoupe { }.
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H npétoom 1.2 dev woylel edv avtixataothcoupe C ye €. Ta ototyela evdc ototyeiov Tou
ouvéhou X Bev elvon omapaitnto otoyeio tou X. o napdderypa, edv A = 1, B = {1, 2}
xou C' = {{1, 2}, {3, 4}}, t61¢ A € B xou B € C, adh& ta otowyeia Tou C eivar ta ovvoda
{1, 2} xou {3, 4}, dpa A =1 dev eivon otoryeio Tou C.

To clvoho nou cuuPBolicaue { } eivan éva ohvoro oto onoio dev aviixer xavéva otouyeio.
Eva této0 alvolo to AMue xevo. T'a topddetyya, 10 6Uvolo

{reZlx=2+1}

etvan xev0, agol 1 e€iowon x = x + 1 dev €yel Aoeig oTo Z. Eva xevo ahvolo €yel xdnoteg
allomEOoEXTES WOLOTNTES. Edv E eivon éva xevd olvoho xon X elvar omoodhnote aivolo,
tote B C X. Tatl; [Mpérel va detiloupe o1t xdie otoyelo tou E ebvon otovyeio tou X. T
VoL uny oy VeL auto, Yo TeEmEL Vo UdEyEL xdmolo oTotyelo Tou B mou vo uny avixel 6to X.
Agol o E etvar xevd, dev undpyel xavéva TEToo GToLyElo.

Edv E xou F' efvon 600 xevd cOvola, and T0 Tponyoluevo anotéheoud €yovye ot B C F
xaw F' C E. Apo E = F. Oha ta xevd oOvoha eivon ica. Apa umtdpyetl €va ovadixd xevod
obvoho. Afvouue o autd 10 GUVOLO €val WX cUUBolo:

%]
ouuPollel To povadikd xevd chvolo.

‘Aoxnor 1.2 Iloéc and Ti¢ mapaxdte mpoTtdoelg eivon ahndels xan motég Qeudels; E<nyrote
oOVTOUA TNV ATAVTNGT| GOC.

o« 1C{1,2) 5. {3,1} C {1,5,2,3}
v {3} C (15,2} 5 {13} € {1,3.5.2)
e. {b} €{1,3,5,2} . 2C{reR|2?-3x+2=0}

Co{1,4,2,3)C{2,3,1,4,3,2} 1. {a b d d} C{a, b, a,d}

V. {beN|b>2} ={aeN|a>2} V. {beN|b>2}C{aeN|a>2}
o {21 C {1, {21 {2 e {1, {2}

. {beN|b>2}C{aeN|a>2} W {reQ|2?*-2=0}=90

>20VOAO TWV TAVIWV;

Omnwg undpyel 10 xevd 6OVOLO, TOU BEV TEPLEYEL XAVEVA OTOLYE(D, UTOPOUUE VoL avapmTrdolue
edv undpyel Eva 6UVoLo Tou TEPLEYEL TaL TAVTAL. Oa doUUE 0Tl auTH 1) W€ efvan TapateaSNY-
UEVT).

Ag Yewpriooupe T culhoyY| (2 Ghwy TwY cuvorwy. Edv (2 eivar éva ahvolo, tdTe To (Bto To
2 etvan oToryeio Tou eautol Tou, 2 € . Ta cuvnhiouéva GOVOha TOU €YOUUE GUVAVTHOEL,
6mwe T0 oOvoho N Twv guoxwy aptduwy, oev efvon ototyeio Tou eautod Toug. Mmropgeite
VoL APLEPWOETE AlyT wpat TpooTaddVTag Vo gavTacTeite €val oOvoho mou elvan oTtotyelo Tou
EQUTOU TOU.

Topa propolue va Jewpricouue to utocivoro S tou ) mou anoteheiton amd T GUVOIA
mou 0ev efvon ototyeio Tou eauToV TOUC,

S={AcQ|AgA}.

Aol § C (), 1o S elvan eniong olvolo, xou umopolue va avapntriolue edv o S eivan
otowyeio Tou eautol Tou. Thpa duwe €youue 1o &g Tapddolo.
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e Egv S €5, to1e S € 2 odhd 10 S dev ixavomotel Tnv WLOTNTA Tou YopaxTneilel o
otowyeio Tou S, xan cuvenwe S &€ S.

o Edv S¢S, 161 S € Q xan 10 S avonotel v 1816t TOU YapaxTNEilel To oTolyEl
Tou S, ouvenwe S € S.

Onowadrrote and Tic 8Uo unodéoeic yia To S, odnyel o avtigaom.

Auté 1o mapddolo, Yvwotd Ue To dvopa Tapddolo tou Russell, tpoéxule enedr Yewper-
oaue 0Tt oLUAAOYES Omwe 1 S N 1 £ elvon olvoha. H gy pag meptypapt| evog cuvohou
¢ ula omoladnmote GUAOYY Bev elvor emapxc. XE o TEOoywENUEVY uadriuate Ocwplag
Yuvohwy, Yo dolue Tog EEMEEVIOUYTOL TA TORAO0EA, UE XATIAANAO TEQLOPIOUS TN EVvolag
Tou ouvélou. Ilpog 1o TMaEdy, Vo Tpocéyouue T Ghvoha mou e&eTdlouUE Va Elval GaQLS
TEOGOLOPLOUEVA, X0l VoL YVWEIlOUUE axpLBWE TOLd GToLyEld avXOUY GTO GUVORO Xal TOLd Oyt

H un Omapln evog cuvohou twv mévtwy etvor axdurn €vag Aoyog Yo Tov omoio o cuyfolo-
woe

{zeY[P(x)},
6mou Y ebvon éva Yvwoto alvoho, xar P(z) eivon ‘%xdtt oyetnd ye 1o &', elvon mpoTiudTEROS

amd 10 GLUBOAIGUO
{z|P(z)}.

Eyovtoc mpocdiopioer 1o Y, unopolue va e€etdooupe v wiomta P(xr) xon va BeBou-
wVoUUE OTL €yel VoMU Yo Oha o oTotyela Tou Y, mpty emthé€oupe autd Yo T omolo efvan
oAnUC.

ANowg etvan cay va Yewpolye to {x € Q| P(x)}, to onolo eldope ot pnopel va 0dnyrioet
oe napddola. Iapatnpelote ot edv YewpiooUUE xdmol0 GUYXEXEIUEVO GUVORO TOU ATOTEAEL-
Tou an6 oUvoha, N WoTHTa X ¢ X Oev mopouctdler xavéva medfinua. o mopdderyua, dv
T={N,Z,Q, R, C}, t6t¢

{XeT|X¢X}={N,Z,Q, R, C},
xou mpogavee T ¢ T

Evwon xo toun

Ao onuavtixéc uédodol Yo va OnuloupYoouUe VEo oUVOAA efvan 1) évwor xou 1) Tour. H
Evwon 600 ouvorwv A xou B elvar 10 6Ovoho Tou onolou Ta oTolyela elvat o oTotyEld TOU
A xon o ototyela tou B xou povov autd. Edv

A=1{1,2,3}  B=1{34,5)
T67€ 1) évwon ebvon {1,2,3,4,5}. XLupBoriloupe Ty évwon twv cuvéhev A xu B ue AU B,
AUB={z|z € A%z € B (xou ta dVo)}.

H topn 6o cuvérwv A xa B eivan To 6hvoho Tou omolou ta ototyela ebvon GAa To xotvd
ototyela twv A xan B. T ta oOvora A xou B tou mponyoluevou mapadelylatog 1 Tout
elvon 0 oUvoho {3}, yiotl pévov to 3 avrixel xou ota dUo chvola. LupBohiloupe Ty Touy
TwY oLVohwv A xat B ye AN B,

ANB={xz|x € A xu z € B}.

‘Aocxnor 1.3 Ilpocdopiote to mopaxdtew cOVOA.



6 Ocuéiia twv Modnuatixdy

o. {1,2,4}U{2,3,6}
g. {1,2,4} n{2,3,6}
Y. AUB, érov A={zx €Z|x >3} xu B={yeZ|y < -3}
8. CND,bérovC={re€Z|lx>-3yxuD={yecZ|y<3}.

Ilgbétaon 1.3 Edv A, B,C efvai otvoda, tdte
1. Aug=A
2. AUA=A
3. AUB=BUA
4. (AUB)UC =AU (BUC).

ATéderdn. Mobvov 1o (4) napouctdlet xdnota duoxohia. YTrovétoupe otz € (AUB)UC.
Téoter € AUBeirex e C. Edva € C,tote v € BUC, dpax € AU(BUC). Edv z & C,
16t & € Acite x € B. Ye xde nepintwon éyovpe v € AU(BUC). Eyouye Seilet ot edv
re(AUB)UC t6te z € AU(BUC), dnhady

(AUB)UC C AU (BUCQO).
Me éva napduoto emiyelpnua detyvouue ot
AU(BUC)C (AUB)UC.
Xpnowonowlue tny mpotaon 1.1 yio va 6et&ouue o {ntoluevo.
Hopopora amotehéoyata Loy DOUY Yiol TG TOUECS.
Ilgbtaon 1.4 Edv A, B,C eivar oUvoda, tote
1. Ano =g
2. ANA=A

3. ANB=BnNA
4 (ANB)NC=AN(BNCQ).

Ov amodeteig etvor avdroyeg e avtés tne Hpdtaone 1.3.
‘Aoxnor 1.4 Yuvuminpwote ¢ anodetlec v Hpotdoewy 1.3 xou 1.4.

Téhog undpEyouy BVO TAVTOTNTEC TOU GUVOEOUY EVAOELS XAl TOUES.

Ilgbétaon 1.5 Edv A, B,C efvair otvoda, tdte
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1. AU(BNC)=(AUB)N(AUC)
2. AN(BUC)=(ANB)U(ANC).

AnédeEn. Edvr e AU(BNC), tétex € Acitex € BNC. Edve € Atéex € AUB
xoux € AUC, dpaz € (AUB)N(AUC). Awgopetixd, x € BN C, xdu nou cuvendyeto
r€BxuzrelC. Appre AUBxuz e AUC, ouvendc z € (AUB)N(AUC). Auth

OEly VEL OTL
AU(BNC)C(AUuB)N(AUCQC).

Avtiotpoga, unodétovye oty € (AUB)N(AUC). Téoteye AUBxavy € AUC.
Ou e€etdoouue dVo TepimTwoelg: 6tav ¥ € A xou 6tav y € A, Xty TpdTy nEpinTwo,
y € AU(BNC). Xtn debtepn nepintwon, epocov y € AU B, npéret vo oyver y € B,
xou mopdpoa y € C. 'Enetan ot y € BN O, xou GUVERDE, %ot OE AUTHY TNV TERITTWON
ye AU(BNC). Apa

(AUB)N(AUC) CAU(BNCO).

Ta 800 arnoteréopota didouy T {nrovuevn tawtétrta. H amddeln tou 2 elvon avdioy.
O
‘Acoxnor 1.5 Yuvuninpwote tny anodeiln tng [pdtaorng 1.5.

H Ilpbtaon 1.5 8idet 500 ENMLUERLOTIRNONG XAVOVES, AVIAOYOUC UE TOV ETUEQLGTIXO
AAVOVOL Y10 TOV TOAATAACIAOUS WG TEOG TNV TEocVEoT):

a-(b+c)=(a-b)+(a-c).

[Ipocélte ot oTNY TEPIMTWON TV apLiUNTIXWY TEAZEWY DEV oY VEL 1) EMUEPLOTIXY WOLOTHTA
edv avtioTpédouue Ti¢ TEdLels: 1) TpdoVEoT) BEV ElVOL EMUEQLOTIXY WS TEOS TOV TOAAATAAG!-
aoud.

To Aeyopeva drorypdppata Venn mpoc@éoouy €va TpOTO Vo TUPAOTHCOUUE QUTEC TIC
GLYOROVEWENTIXES TAUTOTNTEC.

Syfuo 1.1 Adrypopuo Venn

Térowa oo oLy Ve Bondoldy 6Tny xaTavomoT TwY GYECENY UETUL) TWY DlAPOpwY GUVOA-
VY, 0AAG TEETEL VoL GYEBLAGTOVY TPOCEXTIXS VLol VO TOPLOTAVOUY T1) YEVXOTERT XAUE Qopd
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nepintwon. Edv €youue éva oUvolo, oto didypauuo Venn eugaviloviar 800 meptoyéc: To
onueia ToL aVAXoLY 6To GUVORO Xat QUTE TOU BEV avixouy oe autd (Lyfua 1.2).

Yyfua 1.2: Adrypauua Venn evog cuvorou

Me 600 clvola €youue T€ooERELC TEPLOYES, EVG UE Tpla cUvoha oxT® mepoyéc. Eivau
€0%0A0 Vo OYEDIOOUUE TEEIC XUXAOUC WOTE Vo BLaxpivovTaL Ol 0XTG TEQLOYES TOU TUPIGTA-
VoLV T Yevxt| mepintwon yia tplor ohvola (Eyrhua 1.3).

V%V

Yo 1.3: Avdypappo Venn toiv cuvorwy

o téooepa oOvoha, To avdhoyo oyrua 0ev umopel va yivel ye xUxhous. Mrnogeite va to
AATUPERETE UE TEELS xUXAOUG XL Eva eEAEVVEpO Oy YU

To Srorypduuata anotehody onuavTtind BoRinua oty xatavonor tng xotdotacng. ‘Ouwg
OE QUTO TO OTADIO TWV GTOUBWY oog, dTav cag {nTeiton va anodellete o oyéorn petalld
OLVOAWY, UTORE(TE VO YPTOWOTOIRCETE EMLXOUPLXS TO OLdypouud, oahhd elvon amopaitnTo va
YeddeTe TNV AMOBEEY) YENOWOTOIWYTAS UE TEOCOY T TO 0woTo UadnuaTxd cuUBoloud xa
oxpBelc pordNUoTIXES BLATUTOCELC.

‘Aoxnor 1.6 Xyeddote ta Slaypdupato Venn oTic axdlovied TEQITTOOEL:
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o. ‘Eyoupe 800 odvola A xau B tétoto dote (AU B) C B xaw B € A.

B". "Eyouye tpla abvora A, B xou C tétowa wote ANBNC =3, ANB # 3, ANC # @
xuw BNC # 2.

Ilgbétaon 1.6 Edv A ka1 B eifvar ovvola, o1 €ndueves 1016tntes eivai 1006Uvapies

1. ACB
2. AnNB=A
3. AUB = DB.

H npbtoaor onuaiver ot xde par and ti¢ Teelc WLOTNTES oy Vel EAY Xt UOVOY EQY 1oy DOLY
%0 oL GAAEC 8V0. YuuBoAixd

(ACB)& (ANB =A) < (AUB = B)

Anodely. Trnodétoupe ot A C B xou ¥éhoupe va deloupe ott AN B = A. I'vowpilouye
ot ANB C A. Edv € A, t6te, agol AC B, v € B,dpaxz € ANB, xu A C AN B.
Apa ANB = A.

Avtiotpoga, utodétouye ott ANB = A xau ¥éhouye va dei€oupe ot A C B. Edv x € A,
e r € ANB, dpax € Bxoaw AC B.

Acilope ottt 1 %o 2 ebvan Loodivopa.

[o v wooduvaio Twv 1 xan 3, mopatneolue ot To 3 Aéel 0Tt €dv Bdhouue To oTotyEla
Tou A pall ye ta oTovyeio Tou B, nalpyouue 10 oUvolo B. LuumAne®oTe o avoluTid TNy
amOBELLT), OTWS GTO TEONYOUUEVO.

O

DVUTANPOUATA

Edv A xar B etvar 6Ovola, 1 cuvololempntixy| Stapopd A\ B opiletar wg 10 6Uvoho GAwYV
TwY oTolyelwy Tou A Tou Bev avixouv 6To B,

A\B={zcA|z ¢ B}.

‘Aoxnon 1.7 Edv A= {1, 2, 3} xa B ={1, 5, 6, 7}, Beeite to olvora AU B, AN B,
A\ B, B\ Axa (AUB)\ (AN B).

Edv B eivor untocivoho tou A ovoudlouue 10 A \ B CLUTAYPWRA TOV B wg Tpog
To A.

Aev unopotue va Eeydoouue 10 A xou Vo 0plcoUUE To GUUTA-EWU Tou B w¢ 0 6hvolo
OAwV 6o OeV avhxouy 6To B, yuutl 16te 1 évwor tou B xot Tou unoTidéuevou cuunAnpm-
wotog Yo Aoy 10 6UVORO () TV TAVTWY, TOU OTWE EBAUE DEV UTOREL VoL UTIQYEL.

Y€ OUYAEXPWEVES TEQITTWOELC UTOREL VoL UTARYEL €VaL GUVOLO TOU TERLEYEL OAAL Tl AVTIXEL-
ueva mou e€etdloupe. Tote ovopdloupe autd 10 oUVOho Ywpeo. Otay AVAPEPOUICTE OF
axepaioug aprduols, o yweog uropel va eivon 10 6UVOAO Z Twv axcpainy. Otav €youue oTo
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Syfua 1.4: H ouvohodewpnuixy| Swgopd A\ B.

Yyfua 1.5: To cuunifpwua tou B wg tpog to A.

Vou pog xdmoto cuyxexpwévo yweo U, opilouue 0 cupnAfewpa B¢ xdlde untocuvdrou
B wouv U va givan
B°=U\ B,

onAadY| va etvor To ouumhipwua tou B wg mpog to yweo U.  Opiouéveg wdTNTES TOU
ouUTANEWUATOC dldouue otny enduevy HpdTao.

Ilpétaom 1.7 Edv A ka1 B efvar vrooUvoda tov ywpov U, 1w0ydovr ta akédovla:
1. o¢=U
2.U°=g
3. (A=A

4. Edv A C B tdte B¢ C A°.
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[Swiitepo evdtagépov €youy ol xavoveg De Morgan yia T oy£0T TOU GUUTATIEWUATOC
UE EVWOELC Xl TOUEC:
Ilpbtaom 1.8 Edv A ka1 B efvar vrooUvoda tov ywpov U, 1wydovr ta akédovla:
1. (AUB)¢ = A°N B¢
2. (AN B)* = A°U B°.

Ano6deln. Edvz e (AUDB) t6te x ¢ AU B. Auté onuaiver ot © € A xan « & B, dpa
r € A° xan x € B¢, xou ouvenwe v € A°N B¢ Enoyévac

(AUB)° C A°N B°.

[Ma vo amodetouye tov avtileto eyxleloud, avTioTEEPOUUE To BAUAT TNC TEONYOUUEVTS
amodene. Etot anodewcvietan 1 1.

[ va amodelouye v 2 umopolue va axohoudrcouue avdroya BrAuata. Evag dihog
TEOTOC efvan var avTixatacThcouue To A ue 16 A xan 1o B ye 1o B¢ oty 1, mou didet

(AU B =A“NB“=ANB.
Katémy malpvoude cuUTANo@UOT, Xl €)OUUE
(AN B)* = (A°U B = A°U B¢

mou elvon 1) 2.

‘Aoxnomn 1.8 Amhonomote Tic axdrouleg expdoeLg

o«. (DCUF)*U(DNF)

F. (XUuY)n(Xeuye))”
‘Aoxnon 1.9 Acifte on yn omodrinote vnoctvora A xou B tou ydpou U, wylel 1
wotnta A \ B=AnN B, xu YPNOWOTOGTE TNV Yia var OelleTe oTL

o«. (A\B)\C=A\(BUC)

9. (A\B)\C = (A\ )\ (B\C).

Optloupe ) ovppetewxr dropopd A A B 8Uo cuvolwy A xau B va eivar 10 6Ovolo
ToL TEPIEYEL Ta oToLyEl TOL avixouy 1 6To A 1| oTo B, ahhd oyt xou otal 5V0:

AAB=(A\B)U(B\A).

‘Acoxnorm 1.10 Acigte ot

ANB=(AUB)\(ANDB).
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Yyfuo 1.6: H oupuetowxr Srapopd.

‘Aoxnomn 1.11 Trnoloyilote ta oOvoha A A Axaw A A @. Ael€re ot AA B =B A A

Mrnogel va TpocéZate 0Tl 0L XaVOVES NG Ocwplag Xuvohwy rapouctdlovton oe CEVYN: yia
x30e xovova, edv aAAGEOUUE OAEC TIC EVIOELC O TOUEC XU TIC TOUEC OE EVAWOELS, TOPVOUUE
évay dhho xavova. Oa ovoudoouue authy Ty Tapathenon Apy Auvixotntag tou De
Morgan.

Edv o€ pna aAnin ovrolobewpnuikn tavtétnta otny omoia epgavidovrar udvov or mpdées
U ka1 N, avukataotioovue kdde U pue N ka1 kde N pe U, mpokirrer pa véa aAnins
TavtdTnTa.

H yevixr| anddeln autod tou anoteléouatog Baotleton ot o xdnws nepimioxy enaywy),
Tou xpEUBel TNV amAhoTNTA Tou Bactxol emyElpiuaToc. A YEwpRCOUUE Wd YoQoXTNEIOTIXN
TepinTwon.

AUu(BNC)=(AUB)N(AUC) (1.1)

[TdpeTe Tt CUUTATNEWUATO XAl EPAPUOCTE BUO PORES ToLg xavoves De Morgan yio va xotahé-
ETE OTNV

A° N (BSUCS) = (A°N BY) U (A° N C°).

Avth 1 TautdTnTa oy lel Y onowadhrote chvora A, B, C, dpa woylet xou yio tor A¢, B¢, C°,
xat OideL TNV TAVTOTNHTA oL TEOXOTTEL amd TNV 1.1 Ye epapuoyy| Tng duixdtntag De Morgan.

YOVoAx amd cLVOAX

Mepuéc popéc e€etdlouue UVOAA Ta oTolyElo TV omtolwy etvon enione clvola. o mapddelyua,
S ={A, B}, 6nouv A = {1, 2}, B = {2, 3, 4}. Eva yevixétepo napdderypa elvon 10 olvo-
A0 OAWV TWV UTOCUVOLWY EVOC GUVOLou X, Tou ovoudletal SuVARLocOVOAo Tou X xau
oupPohriletar P(X):

Y € P(X) edv xou pévov edv Y C X

Bév X = {0, 1}, w6t B(X) = {2, {0}, {1}, {0,1}}.
Ye T€T0lEC MEQITTWOOELS OTou xdle oTotyelo Tou S efvar €va olvolo, Umopolue va Teo-
YweNoouue Eva Briua Topamépa xou Vo VEwpoouue T ototyela Twv oTotyeiwy Tou S. Etol
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UTOPOUUE Vo YEVIXEUOOUUE TIC EVVOLEC TNE EVMOTC XAl TN TOURC:
US = {z|x € A yw xdnow A € S},

xou edv S # @, 1
ﬂS:{$|$€AYLaxdﬁ€A€S}.

U S ebvou n évewon tou S, xou (S eivar ) TopR Tou S. H évwon tou S anoteheitan and
Oha Tor oTotyEl GhwY TWY oTotyelwy Tou S, eve 1 Tour| Tou S amoteheiton amd ToL XOWd
oToyeio GAwV TwV oTtotyelwy Tou S. T'a Topdderyua

J{{n, 2}, {234} = {1,2,3,4}
m{{L 2}’ {27374}} = {2}

[ xde olvoro X oy et

U =x
(BX) =2

Autéc o ouuBolou6S ATOTEAEL TREAYUATL YEVIXEUOY) TNE EVWOTS X0 TNS TOUAS U0 GUVORGY.
Edv S = {A1, Ay, ..., Ay}, évac evalhoxtixde ouuPBoloude eivo

US:OAT
r=1

ﬂszﬁAW
r=1

‘Aoxnorn 1.12 Bpeite 10 duvopgooivolo tou cuvorou X, 6tou X = {a, v, w}, xou 10
Suvaoolvolo tou ouvéhou A, étou A = {a, {a, b}}.

‘Aoxnor 1.13 Edv S eivar 10 60voro 6hwV TV UTOGUYOAWY ToU Z GTo oTold aviXEL TO

0, Beelte Ta
U S xou ﬂ S.

TEdv S = @, n touh (S dev oplleton. Edv 10 S ebvon xevé, té1e omidrimote avixel oe kdde ototyelo tou
S, xou Vo elyoe 10 GUVOAO TWV TEAVTWY.
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Aoxnoelg
TrevdupiCouye 10 cuyPolioud

N : ot guotxol agriyot Z : ov axépotol aptuot
Q : o pnrol apriuot R : ot mparypatixol aprduof

Ye autég Ti¢ aox|oelg VEAOUUE Vo TpOGECOUUE T1) BLdxplon UETAUED
€: avixet, elvar oTotyeto Tou ...
C: mepiéyetan, elvor UTOGUVOAD TOU ...

‘Aoxnon 1.14 Iloic and Tic mopaxdte mpotdoewg etvan ahnieic xar toée deudeic; En-
yelote obvToua TNy amdvtnoy| cug.

o. 1C {1,352} 3. {1,2} C {1,3,5,2}

Y. {reR|2?-32+2=0}C{1,3,5} & {zeR|2*-3x+2=0}€N
¢ V2e{reQla®-2=0} . —3€{aeN|a>2}

. {1} € {1,2,3} n. {1} € {1,2,3}

V. 1C{1,2,3} Vo {1,2) € {1,{2}}

o {{2}} € {1, {21} . {21 C (L2

. 9Co Ww. ey

. @e{o} . @ C{o}

‘Aocxnor 1.15 IlpocdopicTe ta Topoxdtew cOVOIA.
o. {1,2,{4}} U {2,3,6}
g. {1,{2},4} n{2,3,6}
Y. AUB,émov A={zx € Z||z| >3} v« B={y e Z|y < —3}.
8. CND,érovC={xeZl||x]| >3} xu D{y € Z|y < 3}.
e. AU{A}, 6mov A ={1,2,3}.
. suU{o}

. on{o}

‘Aoxnor 1.16 4. llowd and ta mapaxdte cbvola eivon (oo;
o {—1,1,2}
g. {-1,2,1,2}
Y. {n €Z||n| <2xun #0}

5. {—2,2}U{1,~1}
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Aoxnon 1.17 EdvV ={a, f, X} xae W = {1, f, @, {a}}, Peeite o V\W xau W\ V.

‘Aoxnon 1.18 Edv A = {a, b, {a, c}, &}, Peeite ta clvola
o A\ {a}
3. A\ @
Y. A\{a, ¢}
0" A\ {{a, c}}
e. ANl {a,c}
7. {a}\ A

‘Aoxnon 1.19 Acilte ot 1 ouppeTexr] Sla@opd £yEL TV TEOCETUELOTIXY WOIOTHTA

(AAB)AC=AA(BArC).

‘Aoxnorm 1.20 Amnodeilte ot
o«. ANB)ANA=DB
. (AaB)NC=(ANC)A(BNCO)
‘Aoxnomn 1.21 XpnowonolioTe To TEoTNYoUUEVo anoTéAeoua Yia va dellete ot edv A, B

xou C elvon (omotadrnote) oivoha xauw A A B = A A C t6te B = C. Anodellte ot 1
ellowon A A X = B éyel povaduxry Moo,

‘Aoxnorm 1.22 Edv X = X; U Xy, detlte ot

Jx = (UX1> U (UXQ) .

‘Aoxnorn 1.23 Edv A = {0, {@}} xa B = {a, {a}, b}, npocdiopicte yio xdde wa and
TIC TAPAXdTw TPOTACELS Qv elvon aAndric ¥ heudric:

o. @€ P(A)

3. 2 CP(A)

v. {2} € B(A)
5. {{a}} € B(B)
¢. {{a}} CP(B)
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7. {{a}, 0} S P(B)
¢ {{a}, {{a}}} € B(B)

‘Aoxnorn 1.24 Aideton éva ovoho X, évaunootvoro A C X xaw Z = XUP(X). Aeilte
ot AC Zxuu A€ Z.

‘Aoxnor 1.25 Edv 1o clvoro A éyer n otoyeio, téco ctoyeio €yel 10 BUVAULOCGUVORO
PB(A); (Mnopeite va e€etdoete wxpd n Yo vor JavtéPete v andvnom, xou oTr GUVEYELD
va yenowonotioete ) uédodo tne enaywyhc yiot Ty an6deln).)

‘Acxnomn 1.26 1lpoBhnua yia yepolg AITES.

AeiZte ot dev undpyel olvoho X tétowo wote P(X) C X. (EZetdote 1o utooivora Y tou
X mou €youv Ty wWiOTNTaL Y € Y, v va odnynieite o avtigacy avdloyn Ue To Topddolo
tou Russell.)



Kegpdharo 2
DIYECELS

H évvola tne oy €omng etvar o and i Bacixdtepeg 61 Vewpla GUVOLGY, %ot YETCLUOTOLETAL
0€ OAOUC TOUG XAABOUC TWV YAINUATIX®Y, X o TOMES dhhec Tepintwoets. Iopadelyuota
oyéocwv UeTall apiuwy ebvar ‘ueyahltepog and’, ‘wxpdtepog and’, ‘elvon dlanpétng Tou’,

‘etvan {oog mpoao’, ‘Oev etvan foog mpoa’, ... Toapadelyuota and 0 Vewpio cuVOLY elvor
‘etvar umoolvoho’, ‘avhxel, . ... Ioapadelypata and dhheg neployég elvan ‘elvon adeApdc tno’,
‘etvan untépa Tou’, . ... Oleg auTéQ oL EXPEAOELS avapEépovTaL GE 000 TEAYHUUTA, XAl TO TEMTO

elte €yel T oY€on TOU AVUPERETAL TIPOS TO OEVUTEPO, elte dev Ty €yet. T'a mopddetyya, 1
éxppaon a > b, 6mou a xa b eivan axéponor aprduol, eite etvar akndrc eite dev ebvon (2 > 1
etvon odnOnic, 1 > 2 Sev elvor ahninc).

ITpéner vau daxpivouue 10 TEMOTO and 10 BEUTEPO amd Ta dUO TEdyYUUTa ToU oyeTiloVToL:
a > b etvan dagopeTind and b > a. Etol 1o mpwto mpdypo mou Yo xdvouue eivon v
Teplypddoupe SrateTayéva Lelyy. Ye ToMEC TEPITTWOELS To avTIXElpEVA oTa omoia
AVAUPERETAL 1) OYEDT] AVAXOUV OE OLUPORETXY GUVOADL.

Oa meprypddoude TNV Evvola TG OYECTC YETOWOTOWVTAS TIC EVVOLES TNE Vewpiog GUVOA-
Y, %ot xotoTY Vo EETACOVUE O AVohUTIXG 50V0 TOAD ONUAVTIXY EI0T) OYECEWY: TIC OYETELS
toodLvapiag xaL Ti oyéoelg ddTagng.

Avatetayueva Levyn

Ye éva oOvolo, 1) Bidtaln (n oepd) pe Ty onolo ypdpouue o oTotyeio eV xdver dropopd,
étor wote {a, b} = {b, a}. Xe oployévec nepntdoEls Guwe auTh 1 Sdtaln Eyel onuacio.
[o mopdderypa, oty avahuTixny| YEWUETEIA, Ol CUVTETAYUEVES EVOS omueiou Tou emimEdoU
noptotdvovton and Lebyn mpaypatixwy opduwy (z,y). H ddtaln €yer onuaoia, agol 1o
onueio pe ouvtetayuéves (1,2) etvon Swupopetind and to onueio pe ouvtetayuévee (2,1),
Dyfuo 2.1

YuuBohilouvue 1o Swtetayuévo Lebyoc (z,y), ue napeviéoelc avti yior oy xOReS, Yiol Vo To
Staxpivoupe and to abvoho {z,y}. H Baowx wibtnra mou anoutolyue and 10 VEO avTIXEUEVO
elvow

(z,y) = (u,v) €qv xou ubvov €8y & = u xu y = v .

Edv A xau B eivaw o0vola, 10 xapTecLavd ywvouevo A x B eivar 10 alvolo OV Twv
drateTaypévwy (euy®Y UE TpwTo atotyelo and To A xou deltepo otoyeio and to B:

Ax B={(z,y)|r € A, xuy € B}.

17
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L(1,2)

+ (2.4)

-

-

Yo 2.1: Yuvtetayuéveg onueiowy 61o eninedo.

LNV TeornYoUUEVY] Tapdyeapo Tpoadiopicaue toHTe Yo Aéue oTt 800 drateTarypéva (el
etvan (oo, aAAd OEV €youue DOOEL axdua €vay oploud Yia €va Satetayuévo (elyog, yernot-
uomotwvTag Tig Evvoleg tng Yewplag ouvolwy. T'a v odnyndolue oe évay optopo, ag oxe-
pUolue TS Talpvoude €val SlaTeTayUEVo (elyoc: SLIAEYOUNE TpWTA €val oTolyelo & amd To
olvoho A, xou petd éva otoyelo y ond 1o clvolo B. Eyoviag diokéel to otovyeio x é-
youpe 1o povoolvoho {z}. Katémy Swhéyouue 1o ototyeio y xou €youue 10 oUvolo e 500
otoyela {z,y}. Luvorodewpntxd, auth n drodixacia teprypdpeton and to chvola {} %o
{z,y}, dnhad) oand to olvoho {{z}, {z,y}}. O Mohwvédc padnuatixdc Kuratowski édwoe
Tov axohovdo oplouo.

Opiopog. To dratetayuévo Lebyog (x,y) 800 otoyelwv T xan y opileton va efvan to

oUvolo
(z,y) = {{z}, {z, y}} -

[Tpénet var eh€yEoude 0Tl AUTOC O OPIGUOC GUUPWVEL UE TOV TPOTO Tou VEAOUUE Vo TpOO-
otopiooule TNV 16OTNTA 500 SLATETAYUEVWY (EUYWY.

ITpotaom 2.1 Me wov opioud tov Kuratowski woyder ott
(z,y) = (u,v) edv ka1 pévov edv v =u kary =v .

Anédedn. Eivor npogavéc ot edv = u xou y = v, 16t€ (2,y) = (u,v).

Yy avtidetn xatevduvon, urodétovye ot (,y) = (u,v). Edv x # y, t6te {{z}, {z,y}}
€yel Bvo daopeTixd ototyeio, o {r} xa to {z,y}, dpo xu 10 (u,v) = {{u}, {u,v}}
TEETEL VoL €EL BVO DLapopeTixd ototyeio. Autd onuoivel oTt u # v, YTl €dv u = v ToTE
{u,v} = {u}. Suunepaivoupe ot {z} = {u} | {2} = {u,v}. Edv {z} = {u, v} Ya eiyoue
u € {z} xou v € {x}, dpo u = = = v, TOL AVUYIOXEL TPOS TO TPONYOUUEVO GUUTEPUOUAL.
Yuvenwg €yovpe {z} = {u} xu z = u.

Me avdhoyo envyelpnua éyouue ot {z,y} = {u, v}, xou agod x = u, x # yxou y € {u,v},
GUUTEQPAUVOUUE OTL i = V.

Edv x = y, 161€ 0 ouvolodewpntinds opiouog tou Ledyoug yiveTto

(z,y) = (v,2) = {a}, {2, 2}} = o}, {1} = {{a}),
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doa t0 (2,y) €xer uévov éva ototyelo, to {z}. Edv (z,y) = (u,v), t61€ 10 (U, V) €YEL ETiONC
uévov éva atowyelo, dpa {u} = {u, v}, xa ovvende v = v, (u,v) = {{u}}. Apa 1 w0oéTN@
(z,y) = (u,v) yiveton {{x}} = {{u}} xou ev ovveyeio {z} = {u} xou = u. e avthv v
TEPITTWOTN EYOVUE T = Y = u = v, Xt 1] ATOJELET OhOXATEOUTXE.
O

Eidaye ot éyouue éva cuvololewpntind oploud Tou datetayuévou (eOYOUS, TOU XAVEL
oxpBéc To TL EVVOOUUE UE Tp®OTO xou BelTEPO oTotyeio Tou (elyoug. Xty medly, OTav
OXEPTOUACTE EVAL DLUTETAYPEVO (EUYOC €Y OUUE T1) SLoucUNTIXT EIXOVA TOU ‘TPWTOU’ Xou ‘OEUTER-
ou’ ototyelou, 1 Wa THEaAAALY Y| TN ELXOVOS TWV CUVTETAYUEVWY EVOC oTuEiou 0To eTinEdo.
Eivou yprioto ouwe va yvepiloude ot €dv xdmoTe TN YPEWOTOVUUE, UTARYEL 1) auoTNEY| EVvold,
Bactopévn wévo oTic €vvoleg Tng Vewplag cuvorwY.

H exéva twv ouvietaypévwy oto eninedo umopel vo ypnotdomolnVel yio Vo TopaoTh-
ooupe dhha olvoha. T mapdderyua, edv A = {a, b, c} xaw B = {u, v}, napiotdvouye 10
x0pTEGLOVO Yvouevo A X B ue to Yyfua 2.2

([ b
aJ ‘(&.'”) .(b;u) '[ ¢, 1))

@ L i“’;“"") ib,u) '(C,%)

Cm ‘b .c)

Eyfuo 2.2: To xaptectavd yivouevo A X B.

[pooéEte ot A x B # B x A. T napdderypa, €dv A = {a,b, c} xou B = {u,v}, té1e

A x B ={(a,u), (a,v), (byu), (b,v), (c,u), (c,v)}

B x A ={(u,a), (u,b), (u,c), (v,a), (v,b), (v,c)} .

‘Aoxnorn 2.1 Aidovton o oGvora X = {1, 2, 3} xa Y = {1, 4, B}. Bpeite ta xapteotavd
ywopeva X X Y xou Y x X.

ITpbtaom 2.2 Ia orowadnmote ovvoka A, B, C woydovr o1 tavtdtnteg:
1. (AUB)xC=(AxC)U (B xC)
2 (ANB)xC=(AxC)N(BxC()
3. Ax(BUC)=(AxB)U(AxC(C)
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4. Ax(BNC)=(AxB)N(Ax ()

An6deln. Oo anodeilovye pévo 1o (1), xon Vo a@ricouue o UTOAOLTA WS UOXNAGEL.

Oewpolye (u,v) € (AUB) x C. Téteu € AUBxmv € C. Apou € AhueB.
Edv u € A t6te (u,v) € Ax C. Edv u € B t61e (u,v) € B x C. Xe xdde nepintwon
(u,v) € (Ax C)U (B xC). Apa

(AUB)x CC(AxC)Uu(BxC(C).
Topo Yewpolue v = (y,2) € (Ax C)U(BxC). Etex e AxChHhaee BxC. Ty
Tew TN Tepintwon, ¥y € A xou z € C. X1 deltepn nepintwon y € B xaw 2 € C. Apa og xdie

nepintwon y € AU B xow z € C, ouvene z = (y,2) € (AU B) x C. Apa

(AxCYU(Bx(C)C(AUB) x C.

To anotéheoua yrogel va topactodel oto axdlovdo didypauuo Tou My fuatog 2.3.

(A\J 8)xC
AxC
C BxC
|
A 3
i AUE -

Yyfuo 2.3: Kapteotavd Yvouevo Evwong 600 Guvormy.

‘Omwe xou pe to drorypduuato Venn, t€tota Slory ouloTol XUOTECLUVMY YIVOUEVWY ATOTEAODY
BornfuoTa yia Ty anddell ), ahhd GE AUTO TO OTADIO TWV CTOUDWY GOG UTULTELTOL VOl YRUPETE
TNV AmOOET] AVAAUTIXG, YPNOHIOTOIWYTIS TO GWOTO HonuaTixd cupfoloud xar axpi3eic
Lo NUATIXES OLUTUTIOELS.

‘Acoxnom 2.2 Arnodeilte ta 2, 3, xan 4 ¢ [pdraong 2.2

Ilgoétaon 2.3 Ia omowadnmote otvoda A, B, C, D wyva

(Ax B)N(C'x D) =(ANC) x (BND) .
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o

(AnC)x(2aD)
D \ CxD
BaD
(B AxB
A C

AnC

Lo 2.4: KapTteotavd YIVOUEVO TOU®Y.

O

‘Aocxnomn 2.3 Axohovdovtoc T uédodo g mponyoluevng arnodelng, xou ue 1 Bordeia
Tou Yy fuatog 2.4, ovunipwote TNy anoodeln g [pdtaorg 2.3.

To avtiotoyo anotéhecpa 0V oY VEL Yio EVWOELS GTY VECT, TWV TOPWY!

‘Acxnom 2.4 YyedidoTe T0 avTioTOLY0 Gy UL Yl TO XAPTECLAVO YIVOUEVO TWV EVWOEMY
GLVOAWY, %Al ATOOEIETE OTL

(Ax B)U(C x D) C (AUC) x (BUD).

Bpelte €va mapdderypa yior v Oeilete 0Tl dev oyLel mhvta o avtidetog eyxheioudc.

Eivar ebxoho t@pa Vo 0plcoupe SLUTETAYUEVES TEIAOES, TETPAOES X.0.X.
(a,b,c) = ((a,b), ¢
(a,b,¢,d) = (((a,b), c), d)
Autd ta oOvola eivon oTotyela eTavaAaUBavoUEVWY XAPTECLAVMY YIVOUEVWY

AxBx(C=(AxB)xC

AxXxBxCxD=(AxB)x(C)xD.

Y10 Kegdhono 3 Yo dolue Evav dAho TOTO Vo 0piGOUUE TN YEVIXT| €VVOLA TNG OLUTETAYUEVNS
n-4dac
(ala ag, 3, ..., an)

yioe xde puowod apriud n.
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Y yEoelg

ArouoUnTxd, pa oy€on UETAEY BV0 PadNUATIXWDY AVTIXEWEVKDY a xou b elvon xdmota cuvdrxn
ToL avaEpETAL 0T a xa b xou 1) omola efte elvon aAnUHC Yl CUYXEXPUIEVES TWES TWV a XL
b ette ebvan Yeudric. T mapdderyua, a > b elvar ot oyéon UETAED QUKWDY JPLIUOV:

2 > 1 ebvor oaAnivig

1> 2 ebvan Peudng
15 > 23 etvan Yeudric

x.0x. H oyéon elvon xdmoto wrotnta twv (euydy twv otolyeiwy a xou b. Ilpocélte ot
Tpénel va ypnowdonotfioouye dtotetayuéva Levyn (a,b), agov, yio mopdderypo 2 > 1 efvou
oAndrc eved 1 > 2 ebvon Peudrc.

Edv yvwpilouye yio mowd dratetaypéva Lebyn (a, b) odndeder ot a > b, tdte ovoaoTtind
Yvweilouye T oyéon ‘ueyaritepo and’. Auty 1 napathienon odnyel oTov opiloud Tng oyéong
UEOW EVOC GUVOLOL BLateTayUévwy (EUYQV.

Opwopbc. Edv A xou B eivon oOvoha, uio BULEANS OYEON UETAZY T®V CTOLYEILWY
TwV cLVOAWY A xou B eivar éva untocivolo Tou xapTtectavol yivouévou A x B.
Edv A = B, hye ot £youue wo ox€orn oto A, dnlady| éva utochvoro tou A X A.

[ mopdderypa, 1 oyéon ‘UeyollTERo and’ 6T0 oUVOho N Twv QuoxeYy aprluny elvor To
olvoho 6AwV TV dotetayuévev (euydv (a,b), étouv a, b € N xou a > b, ue ) cuviin
oruaocto.

Edv p eivon o oyéon petoall twv cuvohwy A xou B, Mue ot to a € A xou 10 b € B
oyetilovia péow tne p edv (a,b) € p C Ax B. Xpnowonowlye enione to cugBohoué a pb
gvvoovtag ot (a,b) € p. Autéc o cuuPoliopog ebvon o xovtd oto cuvidn cuuPBolioud Yo
TOMEG amd TIC To xotvéC oyéoelc: a =b, a > b, a > b, alb (a eivon Stoupétng tou b).

MnogoUue Vo TapAGTHGOUUE ULol GYECT YRAPXY, GAY UTOGUVOAO TOU XUPTECLAVOU YIVOUE-
VOu:

H oyéon > oto N nopiotdvetar oto Yy fua 2.5:

H oyéon = oto N eivar 10 unoctvoro {(z,z)|z € N}, xar napiotdveton and ‘to onueio
oTN Sy wVIo’, OTwg oTo Ly fua 2.6.

Edv X = {1,2,3,4,5,6} xou | oupPoriler ) oyéon ‘eivon Sranpétne tou’ 610 X, we 6Uvolo
OLUTETAYUEVWY (EVYQY €Y OUUE

= {1, (1,2), (1,3), (1,4), (1,5), (1,6), (2,2), (2,4), (2,6),
(3,3), (3,6), (4,4), (5,5), (6,6)}.

Abo oyéoeic o xou p YeTath TwV oTolyElwy U0 cuvohwy A xar B, eivon 0o unocUvola
TOL XPTEGLAVOD Yvopévou A X B. Yuvenwe Unopolye Vo EQUpUOCOUUE GUVOROVEWENTIXES
TpdEelc oe auTéS, xou Vo thpoude olvoha 6twe pU o, pNo, p\ o, o\ p. Kdde éva and
auTd tor oUvoha opilet enlong pio oyéomn Yetalld twv oTolyeiny twv A xou B.

‘Aoxnomn 2.5 Aidoviar ol oyéoeic p xa 0 0T0 GUVOAO TV QUOXWY apluwy, N =
{1, 2, 3, ...}, mou opilovton ané:

(a,b) e pedvalb
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i 2 3 4 5

Yyfuo 2.5: H oyéon = oto clvoro tTwv guotxey aptiumy.

1 2 3 4 5
Yyfuo 2.6: H oyéon 1o6tntag 610 6UVOAO TwV QUOIXKOY JELIUMY.

xou
(a, b) € o v a’®|b.

[eprypddte Ye WOLOTNTES BLUEETOTNTAS TIC GYETELS

pUo, pno, p\o, o\p.

Edv avtiotpédouye 1 ddtaln Twy ototyelwy o xdle diatetayuévo (elyog o wa oyéon,
nalpvouue Ty aviiotpopn oyxéomn. Edv p eivon wa oyéon yetall 1wy otoryeinv tou A
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1

xou Tou B, 1 avtiotpogn oyéon p~ elvon 1 oyéon UETAE) TwV oTolyEiwy Tou B xa tou A,

1 omoia opileTon wg

p ' ={(ba)eBxA|(a,b) € p}.

Edv €youpe wa oyéon p uetold 1wV OTOYEIWY TV GUVOAWY A xar B, xow utocivola
UC AxuV C B, opillouye tov tepLoplod o g oyéong p oto U xa oto V

oc={(a,b)eplacU beV}=pn({UxV).

Ocov agopd otoyeio tou U xaw tou V', 1 o xou 1 p Aéve ta (B mpdryporta. H udvr duapopd
ebvan 0Tt 1 o Bev Aéel TimoTa Yo ta oTovyelo Tou dev avixouv oto U xaw oto V.

Y2IYEoELC LloodLVAULAG

Yo gardnuatind, 1660 6o GTOLYEWWDN OGO XAl GTA TREOYWENUEVA, 1) SLdxEIoT) UETAED dPTIWV
X0 TEPLTTOV oxepaiwy eivan ouyvé onuoavtixd. (Ot neptttol axéponot etvor autol Tov ypdpovta
otn popyn 2n + 1 v n axépono, dnhadh ov ..., —5,—3,—1,1,3,5,..., ev® ot doTiot lvan
autol Tou YedpovToL TN Hop®T 2n yio n oaxépato, dnhadh ot ..., —4,-2,0,2,4,.... To
oOVOhO Z 6hwv Twv axepalwy yweiletar ot dVo, Zéva Yetald Toug UTOGHVOIX

Zy = 70 0UVONO TWYV TEQITTOV UXEEAULWY

Zy = 70 GLUYOAO TWV APTIWY AXECUWY ,

¢tol Wote

ZlﬂZOIQ,ZlLJZO:Z.

Mropotue va ywpicouye 10 Z 6 autd To UTOGUVOAL YPTCLOTOLOVTIS Ula OYECT), Tou Va
oudPoloouye Tpog 1o Tapdy e ~. Tam, n € Z optlouvye

m ~ n eqv xot YOVov qv m — n elvon ToAaridolo tou 2.
Toéte
® Jor ov mepitTol axépatot oyetiCovtan YEow TG ~,
® dAor ot dpTiol axépatol oyeTilovton Péow NG ~,
o kavévag dpTIog axépanog OeV oY ETICETOL UE XATOLO TEPLTTO AXEQULO,
o kavévag TepLTTOC oxpalog OeY oYETICEToL UE XATOLO JOTIO AXEQUO.

Auth 1 BuvaTOTNTA OQEIAETAL OE XATOIES YEVIXEC WLOTNTES NS Oyéong ~ Ti¢ omoleg Va
e£ETACOUUE.

[evixdtepa, umo¥éoTe 0Tl Eval GUVOAO VAL YWELOUEVO GE XATOL XOUUATIO ToU efvon EEval
avd 00o.

MmnogoUue va opicoupe wa oyéon ~

T~y €dvxon uovoy edv  x xan y Peloxoviar 6To (B0 xouudTt

OTwe afvetow 6To Lyhua 2.8.
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Eyfor 2.7: XOVoho YwELoUEVO GE xouudTIa, CEVaL avd 500.

6% atisovtm
pE6w TN v

Sav extTitoviaL
pEew TG e

Yyfuo 2.8: H oyéon ‘aviixouv oo {610 xouudty.

AvtioTpoga, umopoUUe Vo TAQOUUE ToL XOUUATIO A T1) GYECT) ~: TO XOUUATL GTO OTolo

avixeL 1o oTotyelo T elvon TO

E,={yeX|z~y}.
Edv xataoxeudoouye unocivola Ue avdAoYo TEOTO and UL GAAT GYECT), To TEAYUATO UTOREL
va efvon dtapopeTixd. Mo mopdderypua, unopel Ta xoupdtior v uny etvon Eéva uetall toug. Edv
Yenotwono|coude T oyéon ‘eivor droupétng Tou’, |, oto alvoro {1,2,3,4,5,6}, éyouue

Ey
Ey
E;
E,
Es
Eg

{1,2,3,4,5,6}
{2,4,6}

{3,6}

{4}

{5}

{6} -
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Edv yenotwonolicouue tn oyéon > otouc puotxolc aptduolc, To T eV avixel xav oto E,,
10 oTmolo TpogavKg Oev elvar ‘“To xopudTt 6To omolo avixel To T

Ye Tl Supépel N oyéon ~ and TG JAAES, WOTE GE EElVY TNV TERINTWON Vol TalpVouUE TO
ywetopa ota Ly Tlopatnpolue Teelc EVIEADS OTOLYELWOELS WOLOTNTES:

T0 & avfixel 670 (B0 xouudTL ue Tov Eautéd Tou, dnhadt to Ledyoc (z, x) avixel o
oyéon,
€dv 0 T avixel 6To (BL0 XOUUATL UE TO ¥, TOTE TO Y avAxeL 6To (Blo XOUUATL UE TO Z,

€dv TO T avixeL 0To (D10 XOUUATL UE TO ¥, X0 TO Y AVAXEL GTO (0L XOUUATL YE TO 2,
TOTE TO T AVAXEL GTO {OL0 XOUUdTL UE TO 2.

Ipogavag, uio GYEGT ~ UE TNV WOLOTATA OTL T ~ ¥ €4V XAl UOVOV EAV TO T XL TO Y AVAXOUY
070 (010 xoupdTL, TEETEL VoL £YEL TIC TPELS AVAAOYES LOLOTNTES, TIC OTOIEG OLATUTOVOUUE TUTLXL
oToV axéhoudo opLouo.

Opwopbée. M oyéon ~ 610 olvolo X ovopdletan oy€on wooduvapiag oto X edv
€yEl TIC axOhOVVES WBIOTNTES Yl Ohat T , ¥, 2 € X.
(XI1) & ~x (n oyéon ~ eivor AVAXAACTLXHR).

(XI2) Edv o ~ y, 161 y ~ 2 (1 oyéon ~ eivoar CURUETELXY).

(XI3) Edv o ~y xaw y ~ 2, 101€ & ~ 2 (n oyéon ~ eivar petoBotixs).

Oa dolue ot xdde oyéor wooduvauiog o€ Eva oUvolo X TEOXUTTEL A TO YWEIGUA TOU
ouvohou X o€ xoupdtio. [Tpwta dume Yo oploouue axpBode Tt EVVOOUUE UE YWEtoua o€ EEval
UETAC) TOUS XOPUATIAL

Oplopog. M Sropépion tou cuvohou X elvon éva oOvoro D tou onofou ta ototyela
elvow un kevd vnoclvoha tou X, €10l OOTE

(A1) Kde x € X avixet oe xdmowo A € D,

(A2) Eédv A, Be Dxuw A# B, t61c ANB =@.

To ‘xoppdtia’ eivon tat ototyeia tou D. H dtétnta (Al) Aéet ott 1o X ebvan 1) évworn GAwy
v xoppotiev. H (A2) Met ot ta xoppdtia Sev téuvovta petall Touc.

Edv ~ eivar ot oyéon wooduvapiog, opiloupe v xAdon wooduvapios (we mpog
oyéon ~) tou ototyelou & € X va elvar 10 alvoho

E,={ye X[z ~y}.

Ocedpnua 2.4 Eotw ~ ia oyéon wodvrauiag oe éva otvoro X. Téte D = {E,|x € X}
etvar drauépion tov X. H oyéon ‘avnke oto o0 otoryeio tng D’ efvar n) i pe ) ~.

Avtiotpoga, edv D efvar oapiépion tov X, Jewpole tn oxéon ~ mov opiletar wg x ~ y
edv ka1 pdvov edv x ka1 y Ppioxortar oo o0 ovoryeio tngD. Tote ~ eivar oyéon wwodvrvapiag,
ka1 n avtiotoiyn Owauépion o€ kAdoeig wodvvapiag eivar n D.
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Anédedn. Egooov x € E, nidtdmnta (Al) yia ) dpéplon ixavoroteiton. Oa ehéyEouye
™ (A2). Trodétouvue ot B, N E, # @. Téte undpyer 2z € E, N Ey, yio 10 onoio oy lel
T~z xon Yy~ 2z ATO T GUUUETEIXT WOLOTNTO, 2 ~ Y XoL OO UETOBATIXOTNTA T ~ Y.
Oa deiCoupe ot autéd ouvendyeton B, = E,. Edv u € E,, t61c © ~ u xou y ~ x, dpa
Yy ~u. Yuvenoe u € By xau B, C E,. Hapéuowa B, C E,. Auté Selyvel ot B, = E,,.
Eyouye dei€et ot f E, N Ey = @ 1y B, = E,. Auté ebvar hoyxd toodvopo pe to (A2).
Topa opiCouye = & y va onuaiver ‘x xou y avixouy otny dia xAdon wwoduvaplac’. Tote

4 4 z 4
TRy €&y xou uévov €dv x, y € E, yio xdmoto 2
€4y xou UOVOY EAV 2 ~ T XU 2 ~ Y Yo XATOW0 2

€4V xou Uovoy €dv T ~ y .

Apa =~ xan ~ ebvon 1) (Bt oyéon.
To avtioTpopo anotéleoua amodetxvOETL UE TAROUOL0 TEOTO, ahhd eivan euxoldtepo. To
QUPHYOUPE Lol doxNOT).
O
O w6tnTeg oL onoieg yopaxtneilouv pia oyéon Iooduvaplag etvon apxeTd GTUAVTIXEG WOTE
VoL TIC €EETAGOUPE Xol UEUOVOUEVAL.

Opiwopbc. M oyéon p oto civoho A Aéyeton
1. Avaxiaotixy, edv yo xdle x € A, (z, z) € p.
2. JuppeTeixh, v yo xdde x, y € A, edv (z, y) € p t61€ (y, ) € p.
3. Metafatixy, €dv v xdlde z,y, 2 € A, edv (z,y) € p xu (y, 2) € p, T61€

(x, 2) € p.

‘Aoxnomn 2.6 Ocwpolye Tic oyéoec p xar o oto X, onhadh p, 0 € X x X. Edv o p
xaL o ebvon avaxhaoTinég, deléte ot pU o xou 1 p N o elvon exiong avocdhaotixéc. Eivou 7
oyéon p \ o avoxAacTIXN;

‘Aoxnor 2.7 Aidouue dudgopec oyéoec oto R. Tloc and autéc elvan avaxhooTixée,
CUUUETEIXES, UETABATIXES;

o o<y
B.x>y
Y. lz—yl <1
8. lx—y| <0

’

e. x —y elvou pnToC

. & — y elvon dppntoc
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[Tapddelypa oyeonc wooduvoulac:
Aptduntixr; modulo 3.

O YENOWOTONCOUUE TNV EVVOLXL TNG OYECTC LGODLYAUING YId VoL YEVIXEOGOUUE T1) DLAXELO
UETUC) CPTIWY XOU TEQLTTWY UXEEALWY, XAl VO ELOAYdYOUUE Touc axepaioug modulo n,
e n > 3.

Hpota e€etdloupe v nepintwon n = 3. OpiCouye ) oyéon wootipiag modulo 3,
=3, 010 Z

m=zmn €AV xou HOVOV EAV M — n elvat TOAATAAGIO TOU 3.
ITpotaom 2.5 =3 efvar oxéon 1w0odvvauiag.
Anodeln.
(X11) m—m=0=3-0.
(X12) Edv m —n = 3k t6te n —m = 3(—k).
)

(X13) Edv m —n =3k xov n —p =3I, téte m —p = 3(k +1).

O

I'vwpiloupe o1t o1 xhdoelg 1woduvaplag, Tou o8 aUTHY TNV TEPITTWOT ovoudlovTon -

Adoelc unoholnwy mod3, anoteholy Slapéplon Tou GUVOLOL TwV axepaiwy. Ag dolUUE
uepWd mapadelyuaTaL.

Ey = {y|0=3y}
{y|y — 0 eivou ToMamhdolo tou 3}
= {y|ly = 3k v xdnow k € Z} .

Ey = {y| =3 y}
= {yly — 1 elvar torhanidoro tou 3}
= {yly=3k+1 vy xdnow k € Z} .

Ey, = {y|2=3y}
= {yly =3k +2 vy xdrowo k € Z} .

E; = {y|ly=3k+3 ywxdnow k € Z} .

OH(:)Q, 3k +3 = 3(k + 1), d(pO( E3 = Eo. HOLP(’)HOLO(, E4 = El, E5 = EQ, E_1 = EQ,
E_y = Ey, x.0.x. Kdde axéparog eivar tng popyrc 3k, 3k + 1 A 3k + 2, dpa €youue axpBog
Teelc xAdoEC UTOAOITWY:

Ey = {..,—9,-6,-3,0,3,6,9,...}
B, = {...,—-8-5,-2,1,4,7,10,...}
By = {...,—-7,-4,-1,2,5,8,12,...}
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Ac¢ e€eTdoouue TOPA €4V UTOROUUE VO XAVOUUE dpLUUNTIXES TPACELC UE AUTEC TIC XAAOELS
teoduvouiog.

[ var amocagnvicouue to cuuBohioud, Yo cugBollcouue Ty xAdoT LTOAOITWY TOL N UE
ng avti v E,. ‘Etou ot tpewc xhdoewc ouuforilovta 03, 13, 23, xou Vétoupe Zg = {03, 13,23}
OpiCoupe mpdelg mpooveong xouw TohhamAactacuod 6To oOvoho Zg we eCHC:

ms+ng = (m—i—n)g (21)

msng = (mn)3

[o mopddetypa, 13 + 23 = 33 = 03, 2323 = 43 = 13.

A@RivovTag Tpog To TUEOY TO EpWTNUN TNE YPNOHLOTNTAS EVOS TETOWU 0pLoUo0, ag e€ETd-
COUPE EQY To TpdyUaTa efvar 1660 amhd 660 @alvovtat. Oo BOUUE OTL Uld O TEOCEXTIXY
UENETY UTOREL VOL G XAVEL VoL AVOUY NOOLUE, AAAS Alyo TeplocdTeRT Tpocoy i Yo pog neloet
OTL 0V UTdEYEL TEOPBANUA, TOUALYIGTOV GE AUTAY TNV TERITTWOT).

[500 xdtt mou mpénet va pag tpoPBinuatioet: 1 O xAdor Eyel TOAASE DLUpOEETINS OVOUATAL.
I3 =43 =73 = ..., 23 =053 =8 = .... O opopog umopel va d{del dlaopeTind
amoteAéouaTa, avdAoYd UE TO To Ovoud yenotponotolue! Edoue ot 13 + 23 = 03. AAAd
13 = 73 xau 23 = 83, dpa Vé€Nouye 13 + 23 = T3 + 83 = 153. llpdyuat, 153 = 03, doo u€ypot
Twpa tdue xohd. Tv cuuPaiver otn yeviny| tepintwon;

Edv i3 = j3 t61€ © — j = 3k v xdnowo k, xou €dv ms = ng 161€¢ m — n = 3l ya xdnoto
l. And tov xavova (2.1) éyoupe 00 BuvaTtéc anavTAoEL:

iz +mg = (i +m)s, gz +nz = (j+n)s.

‘Opwe
i+m=j+3k+n+3l=(j+n)+3k+1),

Ol GUVETC
(i +m)3 = (j+n)s.

‘Apa €youue To (B0 anoTéheoua oTIC BU0 TEQITTWOELS, X0t 0 xavovacs (2.1) optlel mporyuotind
TNV TEOGVECT] XAAOEWY UTOAOITWY.

Hapbuola meéner vor eEETACOUYE EQV €YOUUE TRAYUOTIXS OPIGEL TOV TOAAATAAGIACUS X-
Adoewy pe tov xavova (2.2). T ta 4, j,m, n dnee Topandve, €youpe

ismgz = (im)s, Janz = (jn)s.
im = (j + 3k)(n + 3l) = jn + 3(jl + nk + 3kl),

(im)s = (jn)s,
Tou onuaiver ott o (2.2) opilet Tov ToAhamhooLaGUd.

Auto o TEOBAnua dnwovpyel apxeTh oY yvor. EugaviCetu xdlde gopd nou npoortaolue
VoL 0ploouUe TRAEES avAUESH GE GUVORL UE EVOL XAVOVAL TN Hopghc ‘Oidiee oTotyela and
Tot 00VOAL, XAVE xdmoLa TEIEY UETAEY TOUG, Xt TdPE TO GUVOLO GTO OTolo AViXEL TO ATOTE-
Aeopd’. Y€ TEQITTWOELS OTWE 1) TUPATAV®, ToU 0 GLUBOMGUOS xE0BEL Ui TéTota dradtxacta,
TEETEL Vo EfpacTE TOA) TPOGEXTXOL, VoL ELETACOUUE Tl OTUAVEL O GUUBONGUOSC %ot VoL UNY
TopacUEVOUUE OE TUPAO YEIPIOUO TwV ouUBOAwY. TIpénel va eEAéyEoupe 0Tl Ol BLAPORETIXES
emAoYEg didouv To {00 anoTéleopal.
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OUte elvor ao@ahéc va TIOTEVOUUE 0TL xdmoLo¢ 0M0YOS 0plonos Yo Souelel owotd. T
TOEAOELY UYL, a¢ TEOOTOUGOUNE Vo 0picouue duvduels 6To Zs. Evag guotoloyixdg tpdrog
v To x@voupe ebvon var pundolue g (2.1) xou (2.2), xou vo opioouye

[o mapdideryua, 2,2 = (2%)3 = 43 = 13. Ou UTOPOUCUUE oxXOUa Vo amodeliouue ot
IXUYOTIOLOUYTOL Ol XAVOVES TWV OUVAUEWY

mg" P = (m"P)g = (m"mP)s = (m")s(mP)s = ms" ms*. (*)
Av buwe eQupuOCOLUE AUTOV TOV ‘0pIoUO’, EQOCOY 23 = b3, £y0UNE
13 = 23% = 237 = (2°); = (32)3 = 2s.

ANNG 13 # 23, xon mpénet v topadeyYoUue 0Tl 0 0ploUoS xat 0 xavovas (*) mou cuunepdvaye
elvon uLor EVAOYOQaVHS, xou Yot emxivouvy, avonota. Ou yodnuotixol Aéve ott TEEREL Vo
eCeTAOOLUE TG 1) TEAEN efvan ‘X ahd oplopévr’.

Ac emotpédouye oty aptiuntixr Tou Zs. Mropolue vo xaTao*eUdcoUVUE TiiVaxeS TpOo-
Veong xou TOANATAACLAGUO0

+ ‘ 03 13 23 X ‘ 03 13 23
0303 13 23 03|03 03 O3
I3 |13 23 03 13103 13 23
23023 03 13 2303 23 13

Mmnogoilue va enainledooupe ToANOUS XaVOVES TNG aEtduNTIXY | AVIAOYOUS UE AUTOUS TWY
oxepaieY, OTWC:
r+y=y+ax x(y+2) = xy + zz.

Edv avtl yia 3 ypnowonoticoupe xdrowov dhho axépouo n > 4, unopolue pe avdhoyo
TPOTO VAl XATAGKEVAGOLUE Toug axepaioug modulo n. OpiCouye 11 oyéon wotiplag modulo
n, =p:

T =y Y €4V XU UOVOV €AV T — Y €lvol TOAATALGIO TOU N.

‘Eyoupe n dwgopetinéc xhdoeic vnohoinwy modn, 0y, 1, 2,, ..., (0 — 1), evod n, =
On, (n+1), =1, x.0x. H xhdon T, anoTeEAE(TOL AT TOUG UXEEALOUC TOU APHVOUY UTONOLTO
x 6Ty OSnpeoly Ue T n. 110 6UVOAO Zy TwV xhdoEwV utohoinwy mod n umopolue va
oploouye apriuntixéc Tedlel 6Twe 6To Zs.

‘Aoxnor 2.8 Bpeite 6ha to Swtetoypéva (edyn ototyeinv tou Zys, (a, b) yio ta onola
toyVet: a- b= 0.

dIxEoelgc ddTaEng

Or oyéoeig dtdtadng Tou cUYAVTOUUE OTAY AGYOMOUUAGTE PE dpliuole, Otwe 4 < 5, 7 > 2,
22>0,1— 22 <1y xdde TEUYUOTIXO aptduo T, cuvdEovTAL OAEC YETAL) TOUC:

x <y onuolvel To (Bl ue ¥y > ,
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x <y onuolvel To Blo ue ¥y > x,
x <y onuolvel To o ue x <y f T =y,
xr <y onuolvel To Blo e & <y xou T F Y .

O7av yenowonotolue cuyxexpluévous aptiuoig, utopel va elvar TpOTYOTERO VAL Y EYCLLOTOLN-
OOUUE TIG YVHoLEG avtootnTeg < X >. Aev Yo ypdgaue 2+2 > 4, (mop’oho Tou elvar 6wOTO)
ool YVweiloupe xdTt To ouyxexpyévo, ot 2 + 2 = 4. Tapbuota, Yo ypdpaue 2 + 2 > 3,
yrott auTé BidEL o cUYXEXPWEVT TANPOoYopia antd T0 2+2 > 3. Xe YEVIXOTEQEC XATACTAOELS
elvar ouyvé npotipdtepo To avtideto. T mopddetyya, otav (a,) xar (by) etvor axohoudieg
Tou cuyxhivouy ota dpta a xau b avticTtorya, €4V a, > b, Y xdde n, Té6TE UTOPOUUE Vo
cuunepdvoupe ot a > b. Ouwg 1 unddeon ot woylet 1 YVAcLL oot a, > by, Oev
ouvendyetar 0Tt a > b. Oa Lextviicoupe Ye TN PEAETY) TV AoUEVHY GYEoEWY DIdTadng.

Opwopbc. M oyéon p 010 alvoro A ovoudletor acVevhc oyEom Sidtagrng edv Eyel
TIc axdAovdEC WBLOTNTES Ylol Okt TaL T, Y, 2 € A.

(AA1) Edv xpz xuypz t61€ T p 2,
(AA2) T xdle 0o otoryeia & xaw y tou A, wylbel éva and tax py f y px, 1 xou ta do,

(AA3) Edv x # y xau woyler x py, t61€ dev toylel y px (N p eVl AVTICURUETELXY).

O totntee (AA2) xou (AA3) onuaivouv ott €8y = # y, 1oy Vel akpiBds éva and 1 T py
f Y PT. YUVETKS EQY oY VOUY XaL T 000 T PY XU Y PT, TOTE T = Y.

Autéc ot IBOTNTEC TPOYPAVAE Loy LoV Yia TIC OYEoElc > xou <. AuTd Bev TEETEL VoL UoC
exmhitTel. ['vowpiCoupe ot yio xdde oyéon p unopolue va opicouue v avtiotpogr oyéon
o =p ! ubow g

Toy €dv xou uévov edv Yy pT.

‘Aoxnom 2.9 Edv p etvor oyéon acVevoic dtdtaing, T6te 1 avtiotpogn oyéor etvan eniong
acVeviic SLdTal.

Magddewypo 2.1 Edv A = {a,b, c}, bmou 1o a, b, ¢ eivoan dha Srapopetind, wrat aoVevic
owdtaln opiCeton and apb, apc, bpc, apa, bpb, cpc. Mropolue vo avamagaoTHGOUUE
auTr TN dtdtaln edv Yewprioouue ta a, b, ¢ wg tpla onueia ot Wi Yeauuy), UE T Py €AV TO T
Beloxeton ota aplotepd Tou ¥ 1 edv x = y. H avtictpogn oyéon Balet ta ototyeia 611 oelpd
¢, b, a.

IMopdderypo 2.2 Opflouue oto eninedo 1 oyéon p Ue:

(1,91) p(T2,92) €dv  eite y1 <y
elte Y1 = yo xot 11 < 9

Y10 Yyhua 2.9 BAénouye ot (21, Y1) p (@2, Y2) onuaiver ot gite 10 (21, Y1) Pploxeta o€
o optlévTia ypauur, yvhola xdtw ond 1o (x2,%y2), 1 o o onueio Bpioxovtar oty B
opllovTia ypoupr xon 1o (21, Y1) ebvon {oo 1 Beloxetar ota aptotepd Tou (T2, Y2).

Magddevypa 2.3 Xto ovvoro A = {{0}, {0,1}, {0,1,2}, {0,1,2,3}}, opilovue z py
va onuaivet ¢ C y vz, y € A.
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, (%2 42)
R i
(X;:*JJ {(x2,42) {xe,4)

Lyfua 2.9: Yyéon dudtadng oTo eninedo.

‘Aoxnon 2.10 EléyZte ot ixavonotolvton ot wrotnteg (AAL), (AA2) xau (AA3) yux o
TPV TAUPUdELY AT
‘Aoxnon 2.11 Acite ot xdie oyéorn aodevois didtalng etvar avoxhaoTixt.

H oyéon ‘eivar unocivoko tou’ (610 6UVOLO TV UTOGUVORWY eVOC yweou U) xavonotel
(XCYxuY CZ) ouverdyetw X C Z

(XCYxuY C X) ovvendyetn X =Y

aM\d ev yéver umopel va €youue olvola X, Y ye X € Y xu Y € X. Autéd onpaivet
0Tl 0 €YXAEIOUOC oLUVOAWY txavorolel Yevixd Tic (AAL) xon (AA3), odAd oyt v (AA2).
Mo oyéon oe éva olvoro A mou wxavorotel tic wWidtnTee (AAL) o AA(3) ovoudleta
pepwxy] dudtaln. Edv A eivon onowodrnote clvolo tou onolou ta otolyela etvor cUvola,
0 eYxhewoudg opiler wa yepixr ddtaln oto A.

Edv p eivon wa aceviic ddtaln oto olvolo A, t6te 1) avtiotoryn yvRAoLa didtagn T
optleTon pe

TT Y €AV XL UOVOY EAV T PY XU T F Y .

[ mapdderypa, edv p ebvar 1 <, téte 7 ebvan 1) <.
Ilgbétaon 2.6 Mia yvrjoa 6idraén T oto olvolo A 1kavoroie:
(I'A1) aTb ka1 bT ¢ ovvendyovtai a T ¢
(I'A2) edv a, b € A, téte akpifds pa and tg akélovdes oyéoes wyve (kar o1 dAAes 600 dyr)
aTth, bTa, a=D>.
ATn6delly. Ocwpolye TN YVHowr didtaln T Tou avTioTolyel oty aclevy ddtaln p. Y-

oVétoupe ott loyYouy oL aTb xou bTc. Tote wybouy apb xou bpec, xou and v (AAL)
ouunepatvouue ot a p c. Aev umopel vatoy Vet a = ¢, yioti €dv {oyue, ue avTIXATAGTACT, OTNY



Kegdioo 2 Yyéoewc 33

bpc naipvouye bpa xo pali ye t apb xou v (AA3), éyouue a = b, mou eivar adHVATOV
agol aTb. Eyouye enodndevoer ) (IAL).

Ané v (AA2) éyoupe, v xdle a, b € A, piaand tic apb i bpa. Apa woyler wio omd
ncarTbha=>brbTa Ha=>bavtgdoxel ue tic dAAec 600, dpa deV UTOROUY VoL Loy oLV
Tautoyeova. H aTb xoaw 1 b7 a dev propoly va toylouy Tautoyeova, ot Tote Yo elyaue
apbxobpa, xou and v (AA3), a = b, nou ndht didet avtigaon. Eyouue enraindedoet
(TA2).

O

H Wi6tnta (TA2) ovoudletor xavovag teiyotopiog.
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Aoxnoelg

‘Acxnomn 2.12 Eléylate €dv woylouy ot 16dTnTES
o«. (A\B)xC=(AxC)\(BxC(C)
. (AAB)xC=(AxC)a(BxC).

‘Aoxnor 2.13 Y10 A =N x N opilouye ™ oyéon o, dnhadr o C (N x N) x (N x N),
wg e

(m,n)o (r,s) ev m+s=r+n.
Aei€te ot 1 o eivan oyéon woduvapiag. Ou xhdoewg woduvoplag authc TG oYEong ov-
TIOTOLYOUY UE QUOIONOYIXO TEOTO GTA OTotyEld EVOS YVwoTolu cuvohou. Ilowd elvon autd;

‘Aoxnomn 2.14 Ocwpolye Tic oyéoelc p xou o oto X, onhady p, 0 € X x X. Edv ou p
xou O glvon CUUNETEIXEC, e€eTdoTE Edv Ny pUO 1 pN o X 1 p \ o eivau eniong cupeTEIXEC.

‘Aoxnomn 2.15 Trdpyet xdrow Addog oTny Topaxdte anddeiln ot edv wia oyéon ~ eivor
OLUUETEWT xou peTaBatixt|, TOTe ebvon avaxhaotixr); E&nyfote Ty andvinot| cug.
‘Anéoeln’ Eotw a ~ b. Agol 1 ~ etvan ouppetpn, b ~ a. Agol 1 ~ eivar yetaforix,
amo To a ~ b xan b ~ a cuprmepaivouue a ~ a. Apa 1 ~ etvar avoxhaoTix.

‘Aoxnon 2.16 Oewpolye 10 obvoro A = {1, 2, 3} xou g oyéoec mou opiloviar o10
Lyfuo 2.10.

o. Tloo unocivoho tou A x A anotekel tn oyéon x > y oto A;

B e oupPorilovpe cuvidwe tn oyéon mou opiletal and to unocivoro T Tou A x A;

3 ?rL
2 ’ 2
1 L I 3 1L
{ 2 3 1 2 3 1 2 &

Yyfua 2.10: Yyéoec oo olvoro A = {1, 2, 3}.

Y. T xdde wa and g oyéoeic p xon o oto A, €€eTdoTE €AV Elval AVAXAACTIXY, OUY-

UETEIXY), HETABorTin.
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0. Edv xdmolo and Tic oyéoec p, o elvar oyéon tooduvoplac, Towd ebvar 1 avtioTouym
otopéptor Tou A;

‘Aoxnor 2.17 Ilow oyéon oto R opiler 0 xOxhoc C' C R x R; (EyhAua 2.11)

Yyfuo 2.11: O xbxhog wg oyéon,.

‘Aoxnor 2.18 e xdle pio and g axdroudec tepintwoelc Bpeite T eAdylota 6ToV aptiud
oTotyela Ue To omola TEETEL VoL cUUTATPWVEL To GUVOho X KOTE Vo opilel pla oyéon (EX'/]HO(
2.12)

o, avax oo Ty,

B’ ouyueTpny,

Y. ueToBaTixd).

Yyfua 2.12: Yyéon oto obvoro A = {1, 2, 3}.
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‘Acoxnor 2.19 Y10 Z Yewpolue T oyéoelc =¢ xou =4. [lowd eivon 1 oyéon =¢ N =4;
‘Aoxnon 2.20 Ocewpolye ta olvoha A = {1, 2, 3}, B = {a, b} xou C = A x B.
o. T'pdihte dha o oToryela Tou C.
B’ Xyeddote 10 xapteciavd yivouevo A x C.
Y'. OpiCouue 11 oyéon p petald Twv ouvolwy A xa C, ue
z p(u,v) edvy T >u.

Ynuewwote 6o oyédio tou A X C' 1o unocUvoho mou opilel T oyéon p.

‘Aoxnor 2.21 Y10 olvoho {1, 2, 3, 4, 5, 6} opilouue 11 oyéon
rpy €avv Yy elvol TOAMATALGLO TOU X .

Eetdote €dv 1 oyéon p avomolel T UETOBaTiXT xou TNV AVTIOUUUETEIXY) IBLOTATA, XL €AV
TIc txavoTotel, eCetdote TL eldoug ddtadn etvau.
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2IVVUETNOELS

H évvoia tng ouvdptnong €yet tepdotio onuacio ota obyypova Madnuotind. Apywxd 1 év-
vola Tng ouvdptnomg xatéhafe xevipinr| Véon otov Anelpootind Aoyioud. H onuepvi| Evvola
eZehlyUnxe otadlaxd and ¢ TpOTEC TpooTdleles Vo oplolel 1) €vvola TS cuVAETNOYE, TOU
ATV XATWG CUYXEYUPEVES. LhAuepa 1) Ocwplo Yuvohwy, OOeL Evay TOAD YEVIXO xaL AThO
optopd. H peydhn yevixdtnta tou oplopol xdvel ancpaitntn TNy emBolY| EmTAL0V TEPLOp-
IOUWY OE OLdPopous XAddouS: oTov ATER0cTIXG AOYIoUO, Yid TORAOELY U, EVOLUPEPOUIOTE
o€ GUVOPTACELS oL Efval BLaPopioUES 1 OAOXANPWOYIES.

Ye aut6 to Kegdhono Vot avamtiEouye, W€ amd Topadelyuota, TNV £VVOoLd TG CUVIETNoNG
%0 VoL DOUYE XITOLES OO TS YEVIXECS LOLOTNTES oLVOETHOEWY. To ypdpnua woag cuvdetnorng
GUVOEETAL TOCO UE TOV TUTIXO OPLOUO OGO XL TNV TUPADOGCLAXT| ELXOVAL.

/4 ’
H napadoociaxy stxdva

Hapadoowaxd, ewodyouvpe wa ‘YetaBANTH @, mou cuvidwe elvon mEorydoTindg apriudg, xou
wAdye v ) ‘ouvdptnon f(x) tou 2. To Baowé eivar ott uropolyue vo utoloyicouue Ty
) f(x) vy xdde dedopévn tuh tne = (mdoavév Ye xdmooug neploptopols, 6mwe & # 0
h x> 0, mou eCoptdvton and T ouvdptnon). Etol 1 tetpaywvint cuvdptnorn malpvel Tyt
z? o xdde x, n exdetind; cuvdptnon nadpvel TR TR € v x&de mpaypaTixd oprdud w,
n ouvdptnon tan malpver Ty T tan(x) v xdde x extdc and To MEPLTTA TOMNATAGGLOL
Tou /2, 1 hoyoprduxy cuvdptnon taipver Ty T log(x) v xdde mporypatikd x > 0, to
Tapayovtixd x! opileton pdvo yia Yetixols axepaioue.

Ye xdie mepintwon umopolue, Vewpntixd, vo UToAOYICOUUE TNV Ty NG GUVAETNONG
mou avTiotolyel oTic oyetxéc Twég tou x. H ouvdgtnon ovoyetilel oe xdie xatdAinio
TEUYUOTIXO aptdud T pial THun f(z) mou eivan eniong xdmolog mpaypaTixde aptduog.

Aev TEéneL Vo GUYYEOUE TIC TWES TNS oLVAETNOTS YE TNV Bl T ouvdptnon. H hoyopl-
Vuxry ouvdptnon dev eivan 1 tuh log(z), odAd o xavévac ‘Tépe to hoydpriuo’ mou yac Aéel
¢ va Ppodue v Twwr. Mropolue va molue ot etvor 1o clufforo log. XxeptouacTte uia
cLVAETNOT Gav Eval ‘xavova’, Tou yia xdie mpayuatixd aptiud x, mavdy ue xdmoloug tept-
oplopote, opilet évay dAho mpaypatid aptdud f(z). Ou emyeivouye va eivan n f(x) povadixd
TPOCOLOPLOUEVT: €VOC XAVOVAC TOU BIBEL BVO BLAPOPETINES ATAVTNOELS OE EVAl EQWTNUA DEV
etvon tadtepal yeriowoc. Autd onualvel oTL TEEREL VoL E(UUGTE TEOCEXTIXOL UE GUVAPTHCELS
omwg ‘TeTpaywvixh pila’, xou vo tpoadtoptlouye edv evvoolue T Vet 1 Ty apvnTixt pila.

‘Aoxnor 3.1 H neplyetpog, oe yétpa, VoS TETPAYWOVOU UE TAELEd s uétpa elvon P = 4s.

37
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o . Teddte authyv 1 oyéomn oe popyr GLYVAETNONC, OTOU g EiVOL TO GVOUN TNG CUVALTNOTG.
. YTrohoyiote g(s +4) xou ypddte T onyaiver.
Y. Trohoyiote g(s) + 4 xau ypddte T onuaiver.

§". Troloyiote g(4s) xou ypdte T onuaiver.

H yevixn €vvola tng cuvdetnong

H mo yevixy) évvola tng cuvdptnong €pyetar and TNy Tapadoctaxt, EQV aQutp€GOUUE TOV
neptoptopd va etvon ta z xon f(x) mpaypatixol apruol. To anholotepo elvon vor un Véoouue
xovévay eploptopd oo L etvor to @ xat f(x). Tote npénel vor xAvoupE o GoPES TL EVVOOUUE
UE ‘XovOVaL.

Ocwpolue 600 clvola, A xou B. Apyxd, ovoudlovye ovvdptnon ané to A oto B évay
xavovo Tou avTioTolyel o xdie otoyeio Tou A éva povadiké ctovyeio Tou B.

Autoc o oplopdg Oidet pla Tohd eugela évvola.  TlepthaufBdver dha ta mporyolueva mo-
cadelypata: Vewpolye wg A éva xatdhinho vrnocivolo tou R, xou wg B to R. T v
extetixr; ouvdptnon A = R, B = R xou o xavévae eivar f(z) = e*. T 1o hoydprdyo
A={x e Rlz > 0}, B =R xau o xavévac f(x) = log(z). I'a to napayovuxd A = N,
B =N xo f(z) = x!

Hapadetypata dhhou eidouc CUVAPTACEWY:

A = {6hot o1 xOxhot 6710 eninedo}, B =R, f(x) = n axtiva tou .

A = {6ha o un xevd umooivoha tou {0, 2, 4}}, B = N, f(x) = o uxpdtepoc apt-
Yuoc oto .

A=17Z,B=1{0,1,2}, f(z) = o utdhono tou T bTay T0 SLAUEECOUYE PE TO 3.

H ouviine oporoyia eivan va ovoudloupe o A nedio opiopot ¢ f xou to B nedlo
TLOV NS f, %ot Vol Ypdpouue
f:A—B

vt vo cupgPolicouye tn ouvdptnon f ue medio oplopol A xon nedio Tuwy B.

AUt TOU ATOUEVEL VA ATOGUPTVICOUUE YIa VoL £YOUUE TOV TUTIXO OPLOUO TNS GUVIRTNONG
elvon 0 ‘xavovas’. Oa xata@lyoLUE 6TV (Bl LOEX TOU YENCULOTOLCAUE Yid Ti¢ GYECELS: Val
EXPEUCOVUE TN cLCYETION UETALY Tou oTotyelou o € A xou Tou GToLyElou f(z)e B Balovtdc
o o€ éva dratetaryuévo Levyoc (z, f(x)). O ‘xavovao’ tdhpa yivetar €vac ‘xatdhoyoo’, 1o
olvoho Ghwv Twv dtotetaypévey Leuyay (z, f(z)) yw 6ha o 610 A, xou autd dev eiva
tirote dAo and €va utoclvoho Tou xapTetavol Yivouévou A X B. H araltnon va optleton
10 f(x) ywo xdde x € A onpoiver ot yio xdle x € A mpéner va undpyer kdnolo otoyeio (x,y)
oto obvoro. H povodwdtnta tou f(x) onuaiver ot to y mpéner va eivan povadikd. Tdpa
Brémouye TS To 6UVORO TwV SaTteTayUEVLY (euymy exppdlel Tov xavova. [ va Bpolue
0 f(x) avalnrodue oo chvoho éva (ebyog ue mpnTo otoyeio x. Eva tétoio {ebyog (x,y)
untdpyet xat ebvor yovadixd. Oétouue f(x) = y.

Opwopobc. Edv A xau B eivon oOvola, wa ouvdptnom f: A — B eivon éva utocivolo
f tou A X B, tétol0 woTte:
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Y1 Edv z € A, t61e undpyel y € B této0 tote (z,y) € f.

Y2 Auté 1o y ebvan povadixo. Anhadr edv v € A xou undpyouy ¥, z € B tétowa wote
(x,y) € fxou (z,2) € f, t61€ Yy = 2.

M cuvdptnomn ovoudleTon eniong AMELXOVLOT), 1) UETACY NUATLOWUOS.

BAénoupe ott uio ouvdptnon elvon wa oyéon, mou xavorotel Tig WwotnTEG X1 2o X2,
YOugeve ue autéy 1oV 0plopd, N TETpaywVIXA cuvdetnon ¥ = 22 oto R ebvon o unoclvolo
ouR xR

{(z,2?)|x € R} .

o v enavéldoupe oto cuvhdn opopd étouue f(x) to povadixd otoyelo y € By 10
onolo (z,y) € f. Eyoupe y = f(x) €dv xou uévov €dv (z, y) € f.

H rapadootaxt| €vvoia Tng ouvdptnong didel TEPLOCOTERT EUQPACT, OTOY TEOTO UE TOV 0Tol0
nodpvouye to f(x) and to x. Nta abyypove Madnuotixd npotiuolue, yio TV TUTXO 0ploUd
NG YEVIXC EVVOLIC TN GUVERTNOTNS, Vo UnY avagepolue o€ autd, aAAd Vo VEwpRcOLUE OTL
1 8w 1 ouvdpTnon didel v avtioTolynor, péow twv Leuydv (z, f(x)). Xy xadnuepw
YPTON YPNOLOTOLOUUE EXPEUGELS TLO XOVTE OTNY TARADOGLAXT| EVVOLYL, OTWS:

‘Opilouvye wa ouvdptnon f: A — B yéow e f(z) = ... yia xdde v € A’.

Ye xdde mepintwon ot teleleg CL..]

Beloxoupe 1o f(x) and 1o .
Auto mou mpénel va tpocéyoude o xdle mepintwor elvon Vo eEAéyEoupe oTL 1) Sladtxaota
“...7 opiler o f(x) pe povadixd tpémo, xar ot 1 wun f(x) avixet oto B yia xdde = € A.
Ag dolye Uepind Tapadelypota 6TOU QUTEC Ot GUVITXES D€V 1KavomoUyTal.

avTiadictavtar and T dadwacta péow Tng onolag

24172+ 93
‘Opilovpe f: R—Rye f(z) = %.’
Auté Bev opiler suvdptnon yioti 6tav & = —1, 1o xAdopo dev opiletan, dpa n s f(—1) dev

€yl TPocdLoPLOTEL W¢ TRy UATIXOC apliuos. Edv ahhd&ouue tov oplopd ot f : R\{-1} =R
16TE elvan evtdiet.

‘Opilovpe f: {z €Q|z >0} — Que f(z) =V,

omou /o etvan 1) Vet TeTpaywvixt| ol Xe authv TNy TepITTWoT Yiol XATOoLES TWES ToU T
oto {x € Q| z > 0} v nph tne /z dev ebvan pntoc aprdude.

“ Opioupe f: R — Z pe f(r) = o mhnoiéotepog axéponog mpog to & .
Ye authy TNV mepintwon 1 TN f(%) oev op{leTon pe povadixd tpdmo.

’ 4 4 Z 7 4 7 7 4
Aoxnomn 3.2 O nopoxdtw ouvapThoels €youy Tedio Tuwy 1o R, xa nedio opopol xdmoto
urocUvolo tou R. Beelte oe xdie nepintwon mo elvon to peyakltepo duvatd tedio oplouo.

o«. h(x)=logz
g. alv)=—v
Y. J(8) =
0" g(u)

0. g(u) = log log cosu
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['evixég BLOTNTEC CLVIETHOEWY

Edv f: A — B elvon cuvdptnor, 1 ewxdva g f eivou to unocivoro tou B:

f(A) ={f(z)|x e A} .

H ewéva e f oupPorileta eniong im (f)

H ewéva tne f ebvar o ovoho twv tpdv f() tou nafpvouye yio 6ha ta z omd to medio
optopol. Aev eivar amapaftnTo va elvor 6ho To medio Tipav. [ mapddetypa, edv f: R — R
etvan 1) cuVapTNON e Tée f(x) = 2? téTE N exdva elvar To GOVORO TwY VETIXWY TEOYUATIXMY
apriucdy poli ue to undév (to oUVOLO TWV 1N aPYNTIKGY TEOYUATIXWY optIUMY), Xou Oyt GAO
70 Tedio Tuwy R.

H éhewdn ovpuetplog otov oploud g ouvdpetnong uropet va gavel tapdevr. Anotolue
va opileton 1o f(2) yro xdde z € A, ahhd dev anoutolue xde b € B va eivan tne popghc f(x)
v xémowo x. O héyog yu' autd elvon TpaxTiXog: OTAY YPENOLLOTOLOVUE UL GUVAPTNOT) TEETEL
va E€poupe edv opiCeton. H axpi3ric yvwor tou nediou oplopol etvan howndy avayxala. Eivou
My oTEQo onuavTixd va yvwelloude axpBoe mou Peloxovtar ot Tiuég f(z), xou UTOPOVUE Vo
Stohé€ouye To TEdio TV avdhoya Ue TNV TEp(nTwon (Und Tov G0 OTL 1) EXGVOL TERIEYETAL
670 Tedio Twdv). Tia nopdderyua, edv f: N — R eivor 1 ouvdptnon ue tée f(n) = V/nl,
1 exova g f elvar 10 6OVORo TV xUPBIXGY POV TV TAQXYOVTIXWY

{1, V2, V6, V24, V120,...}.

Eivar amholotepo va oplcouye Pl cuvdpTtnomn yenouLoTolOVTaS XATOW EUPL TEDIO TWWY, X
VoL APCOUUE TO EPWTNUA TTOLO aXEY3MS XOUUATL TOL TEDOU TWWY ATOTEAEL 1) ExdVAL YL TNV
TEPITTWOT TOU TO YPELACTOVYE.

ITpénel va TapatneY|COVUE OTL, WAGMVTUS AUGTNEE, OEV UTOPOUUE VO UVAPEPOUUGTE ‘GTO’
TEd{0 TV Wag ouVdETNoNG. OcwpeloTe Yio TUPdOELYUA TIC CUVIRTYOELS

FiROR f(n)=a?,
g: R—R" g(x) =22 (3:1)

6mov Rt = {z € R|z > 0}. H npdtr éyer nedio Ty R, 1 devtepn RT. Opwe o tumxde
OPIOUOC IS GUVERTNOTG S GUVOLD SLaTETAYUEVWY (EUY MY BIDEL Xt Yiar TIC BU0 TEQITTMOOELS
70 B0 olvoro Leuyov {(z,2?)|z € R}. Ou cuvopthoeic f xou g eivor {oec.

To medio TV pag cuvdptnomg dev elvar capwg Tpocdloptouévo. Onoldrtote civoro
TEPLEYEL TNV EWOVAL TNE oLVAETNOTS Unopel va Yewpnlel we medio Tuwy. To wedio opiouoy,
avTéTee, etvar Lovadixd TpocdlopLoUEVO.

Mrnogolue va Eenepdoouye authy TNV aodgelo opllovTtag tiot GUYAETNOT) Vou efvol Lot SLoTe-
Toryuévn tewdda (f, A, B) xou byt anhade to ovvoho twv Leuydy f. Xe optoyévouc xhddouc
TV PadUaTIX®Y auTo elvon anapaitnTo, ahhd €06 Yo tpoTuicouye va deyYolue TNV acdpela
Tou amholoTtepou optopol. O cuyfolioude f 1 A — B mpocdiopilel o ot medio TV
AVAPEROUAGTE OE xAe TERITTWOT).

[a va mapacticoupe cuvapthoeg f: R — R ouyvd yenowonoolye to ypdgnua. [a
oLVORTAGELS UETAEY GAAWY CUVOLLY Elval CUVATWS TEOTWOTERY) WA TURAOTACT, TNG HORPTS
Tou YUy fuatog 3.1.

[Na xdde x € A n f(z) Beloxeton o7to dxpo Tou avtioTtoryou Béloug. Ov cuvifxeg
TOU 0pLOUOU TNG OUVARTNONG GE AUTAY TN YRUPIXY| TapdoTacT efval:
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Yyfuo 3.1: Tlapdotaor cuvdptnong ue BEAT.

Y17 AxpiBac éva Béhog Cexavder and xdide otoyeio Tou A,
22" Oha ta BéAN xatahiyouy oe otovyela Tou B.

Avuth 1 Yo TapdoTaoT), 6Tmg xou o Storypduuato Venn, eivon yorouur o€ anAd Topadely-
HorTaL.
Ye authv TNy TapdoTaon 1 exova g f anoteAeitan and Ta oTolyeio Tou B ota onola

xatoAfyouy BéAn, Lyruo 3.2.

l\(fl.‘ﬂ . ‘{l&s;u
f -cuc.uiv ™ ;f

09!6?.60 Ths

EivOvR Tas f.

Yyfuo 3.2: H eixdva tng ouvdptnong f.

H ewxdva Yo elvon 6ho 1o olvoro B edv xdie otoryeto tou B Poloxetar 610 t€hog xdmotou
Béhoug.

‘Acxnom 3.3 Ilpocdopiote TNy ewdva Yo Tig axdrovldeg ouvapthoeg f: R — R.

o. f(z)=2?
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g. flx)=o0—-4
Y. flr)=e"+3

5 f(x):{l/x gdv x # 0

0 vz =20

Optowds. Aéue ot wa ouvdptnon f @ A — B eivar erewxovixy (f enl Ttov B, A ot
etvou pio emelxovion) edv xdde ototyeio Tou B eivar g wopyhc f(x) yw xdnow x € A.

Auté ouyPaiver axptBoe dtav oyler f(A) = B. Edv wa ouvdptnon eivar 1 6yt enecovixy
eCoptdTon amd TNV €MAOYT Tou TED{OU TWWAY, 1) omolo TEEREL va eivon caphg and To GUU-
ppaloueva, 6nwe ot gpdon ‘f 1 A — B eivon enexovixry ()  f etvor eni tou B’), émou 1o
nedio Ty evar 1o obvoho B. Etot, and ti¢ ouvapthoeic f xou g oty (3.1) 1 f dev ebvan
ETEXOVIXT, EV® 1) g EIVOL.

Edv xavéva ototyelo Tou B dev Bploxeton 010 T€A0¢ 600 SLapopeTixmy PEAWY, €Y0UUE €V
dAho onuavTixd eldog cuvdETNoTG:

Optowde. Aéue ot wa ouvdptnon f 1 A — B eivar evelwxovixy (1) éva mpog éva
oTL glvan Ul EVELXOVLIOT) EQV, Yo xdle x, y € A, 6tav f(z) = f(y), 161 v = y.

Ye authv TNV meplnTwon 1 emAoYY| Tou TEdioU TWWY OeV Onutoupyel xavéva TEOBANuUL
€dv UL cLVAETNOT Elvol EVELXOVIXT| UE Wia ETAOY T TEBiOL TYWWVY EyEL TNV (DLor OLOTNT XAk UE
xde & emhoyt). Ag Bolue xdmowa TopadetyuoTa:

1. f: R—R,énou f(z) =2? Auth dev efvor everxovixt), agol f(1) =1 = f(—1) ohr&
14 1.

2. h: Rt = R, 6nou h(x) = 2®. Auth elvar evetxovixh: €dv @ xou y efvon un apvntixol
Tporypatixot aprdyol xaw 2? = y? t6te 0 =2? —y? = (v —y) (v +y), dpacle v —y =0
onote * =y, elte z+y = 0 mou Yoo T %o Yy un apvnTixoug cuvendyetan v = 0 = y.
Ye xdie neplntwon r = y.

3. f: R\ {0} — R, 6nov f(z) = 1/z. Avuth eivon eveovxi: edv 1/x = 1/y t61¢
r=y.

Or ‘xahiTepea’ ouvapTHOELS Elvon AUTEC TTOL €Y0UY XaL TIS BUO LOLOTNTES:

Optowds.  Aéue ot wo ouvdptnon f : A — B ebva appiprovochuavty (1 op-
(PELXOVLXY]) EAV EIVOL EVELXOVIXT| X0 ETELXOVIXT).

Auth n WoTta e€aptdton omd Ty enthoyn tou nediou Ty, Ilpogavae n f: A — B
efvon aUPLIOVOGHUAVTY €GY Xou U6vov €8y xdle b € B eivon tne woppric b = f(x) yio éva
uovodixo = € A.

‘O)ot ol duvatol cUVBUAOUOL TV WOLOTHTWY EVEIXOVIONG X0 ETELXOVIOTS UTOROVY Vo -
paviotoly, OTws delyvel To Uy rua 3.3.

Mt moh) omhfy xou TOAD onuavTxr cuvdpeTtnon, Tou oplleton o xdde chvolo, eivar 1
TALTOTLXN cuVdptnon ix : A — A 1 onola opilleton wg ia(a) = a yiou xdde a € A. H iy
Vol TEOPUVMS AUPLUOVOTHUAVTY).

‘Acxnon 3.4 T xde plo and Tig cuvaptioeg g Aoxnong 3.3, Beeite edv elvan

o, EVELXOVIXT)
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ouTH

Yyhuor 3.3: Tlopoadelypota cUVAPTACEWY.

7 / ’
ﬁ. ETEXOVIXT] ETL TOU R

Y. AUQLUOVOSHUAVTY).

‘Acxnon 3.5 Adote napadelypata ouvapthcewy [ Z — Z mou va eival:

’

o. 00TE EVEIXOVIXY|, OUTE ETMELXOVIXT),

’

’ /7 4 7 14

B, eveuovint|, ahhd Oyt emEOVIXY),

/7 4 7 14

Y'. emeovixy|, ahAd Oyt EVEIXOVIXY),
0'. EVELXOVIXT XU ERELXOVIXT.

[IpocéEte ot 1) emdva e f mpénel vo tepléyeton 610 Z.

To yvedopnua plag cuvdeTnong

Eyouye 500 810popeTn00¢ TPOTOUC VoL TUQUCTACOVUE Ypopixd cuvapThoelc and o R oto R.
To yedonua tng cuvdpetnong xaw tnv napdotact ye BEAN. Eivou evdtagépov va cuyxpivouue
Tic dVo mopaoctdosc. [o ) ouvdptnon f(x) = a2, (x € R), n napdotaon pe PENN éxer
wopyt Tou Xyfuatog 3.4.

MnopoUue va oyedidoouue Ty napdotact) xahitepa edv Tonodethcouue 10 A opllovTia
®oTe Vo ouuninTel e o B o610 0, 6w oto Lyhua 3.5.

Av meplopioouye ta BEAN va elvan povoy opllovTiar 1) xAToOEUPA EYOUUE TNV TUEdOTAUOT
Tou Yy fuatog 3.6.

Ye autd To oyfjua elvor avepd ot To ornuavtixd elvar To onueio 6To onolo undpyEl N
yowvia o xde Béroc. Kadwg petofdrouue 10 = dheg oL ywvieg Bploxovton o pio xoumiAn,
OTWe 6T0 Ly Ao 3.7, xou AV agop€coude T BEAT), 1 xoauTUAT Tou epgaviCetar oTo Ly rud
3.8 etvou o3¢ To ypdgnuo Tne ouvdpeTtnong f.
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¢

4 4

2 /:2

> 1,

-2 '...2

-t | :‘_4_
1 L

Syhua 3.4: Topdotaon tne ouvdptnorne f(z) = 2% pe Béin, L.

Syhua 3.5: Iopdotacn e ouvdptnone f(z) = z* pe Bén, 1L

Avtiotpoga, oTo Ypdgnua uropolue va mpocVécouue ta BEAn: apyiCouuye oto x € A
AU UVOUUOOTE XATAXORUPA UEYPL VO GUVAVTACOUUE TO YRAQNUA, XATOTY 0ptlovTia Y€yt va
ouvavthcouue 10 B. Auté 1o onpeio Ya eivan to f(z).

T maplotdver To ypdgnua tng ouvdpeTtnong olugwva ue T Yewpela cuvélwy; To exinedo
ebvar 10 R X R, xan 1 ywvio oto Béloc and 10 = oto f(x) Bploxeton oto onuelo (z, f(x)).
Apa 1o ypdonua tne f mapiotdvel To 6hvolo

{(z, f(2))|x € R}.

ANNG autod ebvan axpBodc 0 TUTOS oplolde Tne (Blag Tne cuvdptnong f. Lyedidlovtag o
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r—p-—-—-s-_.

)

'HP

-‘Ij
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e

1

Syhua 3.6: Topdotacy e ouvdptnone f(z) = z* pe Bén, IIL

I SR SR W

Y
-
.

Syfhua 3.7: Topdotaon e ouvdptnone f(z) = z? pe Béln, IV.

R x R cav 1o eninedo, 10 Ypd@nua TeoxITTEL 1S 1] QUOIXY| TUEICTACT TN CUVARETNOTS f.

[Ma o yevixry ouvdptnon f : A — B €youue wa avdroyn ewodva. Tlpénel va oyedidoouue
10 A X B, xon va ypnowonotiooupe autd avti tou emnédou. Edv A = {a, b, ¢} xou B =
{p, q}, xu f(a) =q, f(b) =p, f(c) =q, n [ éyer 10 “Ypdonua' mou eugaviletar oto Lyfua
3.9.

Kot” avaroyia, o ypdgpnuo pag cuvdptnong and 1o R oto R Yo €npene va €yer T wopon
Tou Lyfuatog 3.10, ahhd 1 mapadoctaxy| TApAGTAOY), UE TOUG GEOVES OYEDIACUEVOUC UECA
o7o eninedo, eivar mo cuvniouévn xou mpaxtixy. Ilpénet dume va Yupoduaote ot oL dEoveg
0ev amoTeEAOLY U€pog TOU Ypaphuatog, ahhd yenotuelouy we deixtec Yy T onuela (z, )
TOU ETUTEDOU.
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2

Eyfua 3.8: To ypdonua e ouvdptnone f(x) = x°.

Syfuo 3.9: Tedgnua cuvdptnong.

(8

Eyfuo 3.10: Tedgnua cuvdptnong.
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’ /4
>OvUeoT) CLUVIUETHCEWY

Edv f: A— Bxoug: C— D civau 600 cuvapTAoELS, xat 1) exova ¢ f elvar utocivolo
Tou C, 16T Ynopolue vo cuvi€écovpe Ty f xa T g, epapuoloviag mpwTa TRV f XL
UETE TN g.

Yyfuo 3.11: Xdvdeon cuvapthcEny.

Tumxd, €dv avonotolvton ol Tapandvew utodéoels, opllouue 0 GLUVAETNON
gof: A—D
uE
(90 f) (@) =g(f(z)).

H unédeon on f(A) C C eivan anopaitntn yior va ehéyEoude 0Tt €youue oploeL wa ouvdpTnon
ané 10 A oto D, mpdypa nou dev mapouctdlel Suoxohio.
Mo onuayTied 1BtoTnTa TS GOVIECTC CUVIPTHOEWY EIVAL 1) TEOGETALOIGTIXOTNTA:

Ilgétaon 3.1 Edv f : A — B, g: C — D ket h: E — F efva1 ovvaptijoer, tétoleg
wote n eicéva g f elvar vrootrodo touv C' ka1 1) eikdra Tng g elvar vrooUvodo tov F, téte

optlovtar o1 dVo ovvaptroelg
ho(gof): A= F

(hog)of: A= F

Kai efvai i0e.

Arnodelr. Eidxola eléyyoupe ot ixavomololvTon oL ouvirixeg wote va opiCovton ol 800
ouvapTthoels. Aéyovtag ott oL cuvdptroels elvon (oec evvoolue oTt ta 500 UTOGUVOAA TOU
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A x F nou optlouv Tic ouvapthocelc ebvan (oo Autd onuaivel ot yio xdde x € A ot 8o
cuvapThoelg Talpvouy TNy ot . Tlpdyuatt

(ho(goef))(x)=h((go f)(x)) =hlg(f(z))),
((hog)o f)(x) = (hog)(f(x)) = h(g(f(x))).

O

‘Aoxnom 3.6 Aidovto ot cuvapthioeic f, g xou h and Toug Quoxols aprluols GToUg
puotxoug apriuoie, tou opilovTton ano:

o« f(n)=n+1
B. g(n)=2n

0 edv n ebvou dpTioc
,. h/ n)= , ’ 7
Y- h(n) 1 edv n ebvan mepittog

Koopiote tic ouvapthoec fo f, fog, go f, goh, hogxm (fog)oh.

‘Aoxnorm 3.7 Afdovtu ouvapthoelc [ xou g tétoleg wote va opiletar 1 obvdeon g o f.
Acl&te ot

of. Edv 1 go f etvan emetxovixt), TOTE 1) g ebvan ETEXOVIXT.
B". Edv n go f eivar everxovixy), T6te 1) f elvon everxovixt.

Y'. Bpeite mopadelypota ouvaptioewy f xat g Yo va Oel€eTe 0Tl BEV Loy VoLV Ol AVTIGTEO-
(PEC CLVETAYWYES, ONAAdY oTL €dv 1) g elvon emetxovixt| ) edv 1) f efvan everxovixy|, dev
1oy VEL UTOYPEWTIXG To {Bto Yia T olvieon g o f.

‘Aoxnon 3.8 Edv f : A — Bxa g : B — C eivau auguovooriuavtee, Oelte ot
go f: A— C elvon augiuovooruavtr.

Avtiotpogeg YuvapTroelg

Yuyvd oxeptouacte ot 1) cuvdptnon f 1 A — B naipvel éva oToyelo z € A xou Tou xdvel
%8ty va xatahhiZer ue to f(x) € B. Mepixéc gopéc unopolpe vo Bpolye wior 6uVEeTnon
TOU XAVEL TO AVTIOTEOPO Xou AVapel aUTO Tou Exave 1) f.

Oplopbg.  Ocewpolue wa ouvdptnon f @ A — B. Téte n ouvdptnon g : B — A
ovouydletan avTioTtpopn cuvdetnon e f dv

L. g(f(z)) =z yie x&de x € A xou

2. f(g9(y)) =y vy xdde y € B.

ITpocéZte ott oL 800 cuvinxeg YedpovTa, lodlvVau, we go f =14 xaL fog =ip.
Y10 axdhovdo oyfua 1 [ TaploTdveTon UE amAd BEAT xon 1 g UE OLTAL.
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Yyfua 3.12: Avtiotpogn cuvdptnom.

Ocwpnpa 3.2 Mia ovvdptnon f: A — B éya avtiotpogn ovrdptnon edv kai pévo edv
n f etvar augrpovooiuaven.

Arn6delly. Trodétouue ot 1) f €yel avtiotpoyn cuvdptnon g. [o va armodeiloupe ot

n f ebvar everxovixr, utodétovge ot f(x) = f(y). Téte z = g(f(x)) = 9(f(y)) = v,
doa 1 f ebvon mpdypatt evetxdvion. [o va amodetlouye ot 1 f elvon emeoviny|, Yewpolue
y € B. Totey = f(g(y)), dpa 10 y elvan e popenic f(x), yio z = g(y). Suvende n f eivar
ETELXOVLOT).

AvtioTtpoga, utodétouue otL ) f elvon augruovoshuavtr. Tote, agol 1 f elvon enecovixt,
Y xde y € B undpyer x € A tétoo wote y = f(x). Egbdoov n f elvon everxovixr, auté to
x eivon govodixd. Opiloupe ) ouvdptnon g : B — A ye g(y) = x. H g eivar n avtiotpogn
ouvdptnon e f.

O

H avtiotpogn ocuvdptnon, edv umdpyet, clvar povadixy: urodétouue ot g xou h ebvou
avtioTtpogeg cuvapthoels g f 1 A — B. Tote, v xdde y € B, undpyet yovadixé x € A
tét010 wote y = f(x), xou

Yuvenwe g = h.

Ty avtiotpogn ouvdptnon e f : A — B nouuPorilovue f~1: B — A. Hupatnpeiote
0Tt €dv Vewpriooupe Y [ wg o oyéon uetall Twv otoryeiny Tou A xat Tou B, 161 1
avtiotpogn cuvdpTnom =1 etvon axpBwe 1 aviiotpoyn oyéon uetadd Twy oTolyeiwy Tou B
xoL tou A.

Mopdderypo 3.1 f: R — R, f(z) = 2% Auth ebvou apguovochuavty, xou €yeL

avtiotpogn ouvdptnon g : R — R, g(z) = /.

Mopgdderype 3.2 f: R — R, f(z) = 2% Aev evou o0te evexovixf 0)Te enetxovix),
doa dev €yel avtiotpogn ouvdptnon. Tt ocuuPaiverl ye tic tetpaywvixés pilec; Mnopolue
Vo VEwpNOOUUE TNV AUPLIOVOCTUAVTH ouvdptnoy f ue medio oplopol xou Tedlo TV To
R* = {z e R|z > 0}. Téte n f éyer avtiotpogo g(z) = /z () Yenxh tetpoywvixs| pila).

IMopdderypo 3.3 Trolétoude YVWOTES xdmoleg WIOTNTES NG exdetnfic xou NG hoy-
apruxric ouvdptnone. Oewpolue ) ouvdptnon f @ R — R, f(z) = €*. Avuth eba
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evelovixt), ylatl edv e = e 1ote Y = 1 dpa & — y = 0 xau ovvenwe = Y. ‘Opwe dev
elvon EMEWOVIXY), XAl GUVETWS OEV €YEL avTioTpogn cuvdptnor. Mropolue duws vo Vewpn-
coupe T ouvdptnon f 1 R — R¥ énou R¥ = {z € Rjz > 0} xou f(z) = e*. Tpa n f
etvan apguiovoohuavn, xau n g : R* — R, g(y) = logy etvor n avtiotpown cuvdptnon.

IMopdderypo 3.4 Trodétouue YVOOTEC XATOLES LOIOTNTEC TWV TPLYWVOUETPIXWY GUYVARTH-
oewv. Oewpolue ™y f : R — R, f(z) = sinz. Auth dev eivar olte enewxovixt olte
evewovixr, dpa Oev €yel avtiotpogn ouvdptnor. Ildg Yo opicouue to T6Z0 TMWTOHVOUL,
arcsin; Edv oploouue arcsiny wg to govodd aprduéd x pe —7/2 < o < /2 tétowoy
oote sinx = y, té1e €youye sin(arcsiny) = y, ohAd Sev woyver arcsin(sinz) = z. T
Topddelyya, arcsin(sin 67) = arcsin0 = 0 # 67 .

Mepwég popéc Aéyetar oTL 1) arcsin elvon mAeidtiun, onAadY) OTL oL TWES TNG Oev ebvon
HOVOOLXE OPLOMEVES. LUUQOVA UE TOV OPIGUO TNG CUVIRTNONG TOU DWOUUE, TOTE OEV UTOPE!
va. efvan GuvdpTno.

H xohOtepn Moo etvar va Yewpricouue tny

fi{reR —7/2<ax<7n2} 5 {zxeR| —-1<z<1}, f(zr)=sinz.

Tote 1 f elvon au@yuovosHuavTy, xaL arcsin eivar avticTpogn ouVIETNOT AUTAHS TG CUVAE-
oG-

‘Aoxnon 3.9 ['a ) ouvdptnon e Aoxnorg 3.1, oe Tl Yovddeg exppdletoun N TOGOHTHTA
-1
9 (8);

Ilgétaon 3.3 Edv f: A— Braig: B — C elvai augiprovoonuavtes, tote gof : A — C
efvar apgrovoonuartn kai

(gof)t=flog™".

Anédedn. TDvopilovue ot g o f eivon augiuovoohuavtn, (Aoxnon 3.8). Enakndebouye
ott f~1og ! etvan 1 avtiotpoon ocuvdptnom, (dec Tyfua 3.13). Eyouue

(ftog™ol(gof) = flo(gto(gof))
= [flo(lgtog)ol)
= [flo(igof)
= flof

= 14.

[apbuow detyvoupe ott (go f)o (f~tog™) =ic.

Aelld xal aploTERd AvIloTRopA

Eidaye ot wa ouvdptnon f 1 A — B é€yel avtiotpogn cuvdptnon uovov 6tav eivon augL-
wovoohuavtr. Mepés gpopéc umopolue va Bpolue uio cuVdETNOT TOU VoL AVTIOTEEPEL TNV f
UOVOV amd TN ol TAEUEAL.

Opiwopbc.  Ocewpolue wa ovvdptnon f @ A — B. Toéte n ouvdptnon g : B — A
ovoudletou
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Yo 3.13: Avtiotpogn cuvdptnon olvieonc CUVAPTHCEMY.

1. aplotepd avtiotpogo e f edv g(f(z)) = vy xdde x € A,
2. 8e&16 aviotpogo ¢ fedv f(g(y)) =y vy xéde y € B.

IIpocéte ot autéc oL cuVITXES YpdAYovTaL, LOOBUVIU, MG

1. H g eivon apiotepd avtiotpogo tng f €dv go f =iy,

2. H g eivou 0e€16 avtiotpogo tng f €dv fog =ip,
Ocwpnpa 3.4 Mia ovvdptnon f: A — B éyea

1. apotepd avtiotpogo edv ka1 pdvov edv eivar eveikovikn,

2. 0e616 avtiotpogo edv ka1 uévov edv elvar emeikovikij,

Arnodelly. 1. Trovétouue ot 1 f €xel apiotepd avtiotpogo g. [Moa va amodellouye ot 1)
[ etvor evewcovixy, utodétouvye ot f(x) = f(y). Téte x = g(f(z)) = 9(f(y)) =y, dpan f
elvo TEYUATL EVELXOVLOT).

Avtiotpoga, urnodétoupe ot 1) f elvon evewovixh. Edv y € B xaw y = f(z), opilouye
g(y) = z. Egboov n f elvau everxovixf, autd to x eivar povadixd. Edv to y dev avixel
oty ewdva g f, T6TE dev umdpyel Tétow - Awhéyouue onowdrote a € A xon opiCouye
g(y) = a. Me autdy tov 1p610 10 ¢(Y) Opiletan yio xdde y € B xou g : B — A eivan
ouvdpTnom. AMNG, ané tov optoud, g(f(x)) = x, dpa 1 g ebvar oploTERd avtioTpogo.

2. TroVétouye o 1 f éyer delid avtiotpogo g. Edv y € B t6te y = f(g(y)), dpo 10 y
etvan e poppic f(x), Y o = g(y). Xuvende n f elvon enexdvion.

Avtiotpoga, utodétouue ot 1 f eivon eneixovixt|, xou Yewpolpe y € B. Tote y = f(x)
Yo xdmowo ¢ € A, {owe oyt povadixé. T xdde y € B opilovye g(y) va eivar xdnoto ototyeio
tou A této0 wote f(g(y)) = y. Téte g eivan ouvdptnom xau eivon 8ei6 avtiotpogo e f.

Mopdderypo 3.5 f: R — R, f(z) =2 Aev elvou olte everxovixh 00Te enexovix),
doa dev et avtioTpoo xavevog eldoug. Mropolue va xdvoupe tny f enetxovixy| edv Vewp-
ooupe we Tedio Twwy o RT = {z € R|z > 0}. Topan f éyet delid avtiotpogo g(x) = /&
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(tn Vetnny tetpaywvixn pila). H g Sev eivon duwe aptotepd avtiotpopo apol

Viz2=zedvaer>0xu V= —-x>0edvz<0.

IMopdderypa 3.6 Oewpolye tny amexévior f: C — R mou opileta pe f(z) = 3(2+2).
Avty dev ebvan augruovooruavtn, aAld ebvar eneixxovxr). H ouvdptnon g : R — C nou
opileton pe g(z) =z + 40 € C elvau oproteps avtiotpogo: fog(z) = 1 (z + ) = =

Ilpbtaom 3.5 Edv pua ovvdptnon éxer apiotepd kai 6€£16 avtiotpogo, TéTe éxel avTioTpogn
ovrdptnon, ka1 kde 6e£16 1 apioTepd avtiotpogo eivar oo e avTny.

Anodelyn. Edavn f: A — B éyel apiotepd xou 8e€lé avtiotpogo, t61e 1 f elvon augl-
LovooTjuovtn, xou éyet avtiotpon cuvdptnorn 1. Edv g ebvou éva apiotepd avtiotpogo,
T0TE

g=goip=go(fof)=(gof)of =isof=f".

Mapbuowa, edv h etvon éva 5eZtd avtiotpogo téte h = f~1.

Ewova xow aviioTtpopn sixdva UTOGUVOAWY
Edv f: A — B eivar cuvdptnom,

1. T xdde unochvoro U C A, opiloupe tnyv etxdva tou U péow e f we 1o utochvolo
Tou B mou anotedeitan axpi3ne and Ta oTovyela 6T onola anexoviCovtar o oTouyEld

tou U. Tnyv eéva touv U péow tne f Yo suuPorilope, npoowpewd, pe fH(U) :

UCA ffU)={f(z)|z€U}C B

2. T xdde unocivoro Y C B, opiloupe v awvtioTpopn ewxova tou Y péow g f
¢ 10 uTocUvolo Tou A mou aroteheiton and Gha o oTolyelo Tou A Ta omola amexovi-
Covtan oe otoyelo Tou Y. Ty avtiotpogn exdva tou Y uéow e f Ya ouuBoiloye,
npoowewd, ue f(Y) :

YCB, f(Y)={zcA|f(x)eY}.

H eixdva xon 1y avtiotpogn edva optlovtan yio xdde cuvdptnon xa yia xdve utocivoro
Tou TEdiou oplouol 1) Tou TEdlou Ty, avtioToya. Ewixdtepa, npocédte oti 1 avtioTeorn
ewova opiletar aveldptnTa and to €dv 1 f €yer avtioTpogrn cuvdptno.

Magdderypo 3.7 Ocwpolue 1t ovvoda A = {a, b, ¢, d} xu B = {p, q, r} xou
ouvdptnon f 1 A — B mou 8ideton oto Lyrua 3.14, xodwe xou o utocUvoha U =
{a, b, ¢} T Axu V ={p, ¢} CB.



Kegdioo 3 Yuvaptioeis 53

U+ (v Ve Jc’*(u)

Yyfuo 3.14: Ewdveg xan avtiotpogeg etdvec.

Hapatneriote ot 1oy bouy ot axohoVdeg LIoOTNTES.

fF{a}) = {p} = F{c})
ey = {qg}
fT{a,b}) = {p, ¢} = fH({b, ¢})
f~{p}) = {a ¢}
f~{a}) = {bd}
f~{r}) = @
) = {p,gg=V
(V) = A#U.

EWlwdtepa npocélte ot fT (U N{d}) # fT(U) N fH({d}).

’ 7 + — 7 ’ 4
Mmnogolue va Yewpricovue Ty [T xou TNV [~ 0¢ GUYAPTACEL 0To COVOA TWV UTOGUVOA-
wv tou A %o tou B O(VTiOTOLXO(:

JTB(A) - B(B)
[~ B(B) = P(A)

[ToooéZte oti, mapd TNV ovouacio tne, 1 f~ 0ev elvon ev YEvel 1 avtioToogn ocuvdeTnon Tng
[T PB(A) — P(B), onwc gaiveton and 1o Topdderyuo 3.7:

T {a}) ={p} oné £~ ({p}) = {a, c}.

Ipétaon 3.6 Edv f: A — B elvai owvdptnon, o1 ovvaptijoes f+: P(A) — P(B) ka
[~ PB(B) — P(A) éyour ts axdhovies idtntes: Edv U,V C Akt X, Y C B,

L fHe) =2, [(2@)=2, [ (B)=A
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2. [FUOV) = U)u (V)
3. fHUNV)C fHU)N V)
4 fFXUY)= (XU (X)Uf(Y)
5. (X NnY) = (XU (X)nf(Y)

6. f7(B\Y)=A\[(Y).

Anodelr. Oa anodeilovye ty 2. Edv y € fH(UUV), téte undpyer . € U UV tét010
ooty = f(z). BEd&vz e U, ey € fT(U),evoedv x € V, w6t y € fT(V). Xe xdde
nepintwon y € fHU)U fH(V). Avtiotpoga, edv y € fH(U) U fH(V), téte undpyer z € U
o0 wote y = f(x), eite undpyer x € V tétoo wote y = f(x). e xdde nepintwon,
ye fHUuUv).

Aré To mapdderypa 3.7 BAémouue ot 6T0 3 Bev Wy let eV YEVEL 1) Llo6TNTA. A@rvouue TNV
AMOOEET) TV GAAWY IOTHTOY WS AoXTNOT).

O

Ed6 yenorponotioaye 1o ouuPoloud fT(U) xou f~(Y) v euxpivera, ahhd o ougBolouoc

ToU Yenoulomololy ol yadnuatixol etvan

f(U) vy my exdvo tou U C A péow tre f,

pqels

V) yw ™V avtiotpogn ewdva Tou V C B uéow tne f

Yuvhdwe to vorua Tou oupfBohiopol f 1 1 etvan cagéc and ta oupgpaldpeva, xou deV
umdeyet xivouvog clYyuong PETAEY TG oLuVAETNONG f %o TWY CUVIRTHOEWY ‘EXOVA PECW
e f7, ‘avtiotpogr ewdva péow tne f1. Idwitepn mpoooyr yeewdletar dtav to Vo oebvan
wovoolvoro. ITohd ouyvé ot pardmpartixot avi v f~1 ({p}) yedgouv f~1(p) evvodovtag Ty
avtioTpogn eéva tou povoouvorou {p}. ‘Otav cuvavtdte autd to cugBoloud dev mpénet
va YewproeTe ot 1) f elvon avTioTeédiun cuvdpTnon extog eqv autd yivetar cagés amd Ta

OUUPEACOUEVAL.
‘Aoxnom 3.10 Edv f: A — B civar ouvdptnon, xau U, V C A, X, Y C B, oellte ot

o f(@)=2, [flo)=2, [(B)=A

gL fUnv)Cfu)n f(v)

y. Edv f ebvan evewebwion, téte f(UNV) = f(U) N (V)
5. X UY) = FUX) U FY)

. fUXNY) = fHX)NfHY)

BN X) = AN fTI(X)
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[Tepropioudeg
Edv f: A — B eivon ouvdptnor xa X eivor utocivoro tou A, opiCouye tn cuvdptnon
fly: X—B

Tou ovoudletar TEELOELOUOS e f oto X, ue

flx (@)= f(x)  (zeX).

Avutr Sropépet amd TNV f LOVOY €1¢ TO 0TL AYVOOUUE Tal T Tou eV avijxouy oto X. [lupatnpolue
ot M exdva f(X) tou ouvbhou X elvor 1 Exdvor Tne TEPLOPLOUEVTC ouVdpTNoNE, im ( f|y ).

O meploploudg elvan Uiar UGAhov TETRWIUEVT TEdEn 0TI ouvapThoelc. Eivor yprown xupling
YL Vol ECTIHOOVUE TNV TROGOY T UG OTr cuuneptpopd e f oto unocUvoho X. Mepuxég
popéc autod elvon ypriowo: 6To Tapddetyua 3.4 tapatnefouue ott 1) sin : R — I, omou [ =
{r e R| —1 <2 <1}, dev elvon augipovooripovtn. Edv X = {z e R| —7/2 <z < 7/2},
o meptoplopde sin|y 1 X — I elvon augiuovosidavtn cuvdetnon.

O mepoplopds e TawTtoTxg anewoviong 14 ¢ A — A oe €va utoolvoro X C A 8ide
Y ERPUTEVOT

ialy: X — A

v Ty onofa ialy () = x v x&le x € X. Auth ebvan 1 Bt ouvdptnon pe Ty ix ahAd
UE EUPUTEPO TEDIO TWV.

Axolovdisc xoL n-A0eC

Mropolue vo yeNnoLOTOCOUUE TIC CUVARTYOELC Yol VoL OLEUXPLVICOUUE OPLOUEVES EVVOLES.
Eyoupe opioet dratetayuéva (elyr, SlatetayUéves TEIdeS, xAT. ahhd BeV €YOUUE €Val YEVIXO
oplouo.

Oewpolye 10 alvoro X, = {1,2,3,...,n} = {x € N|[1 <z < n}. Edv S eivou éva
o0OVOLO, o BLATETAYUEVY] N-AdA GOy ElWY TOU S, 1) RENEPATUEVY] axolouVia 6To
S, umopet va 0ploTel w¢ ula cuvdpTNoN

f:X,—S9.

Me autédy tov tpémo Tpocdiopilovue ta otowyeia f(1), f(2), f(3), ..., f(n) tou S. Av ah-

AdZoupe to oupBohoud o (fi1, fa, ..., fn) PAénouye ot 800 drotetarypévee n-adec (fi, fo, - ..
x (g1, g2, - -, Gn) EVOL [OEC €AV X uOVOY €&V f1 = g1, fo = g2, ..., fu = Gn. AuTO ebvar
70U YEAOUUE VoL oY VEL Yia DLATETAYUEVES N-AOEC.
[apodyota, wa axoAovdia ai, as, ... oto S unopel vo oplotel wg wa cuvdpTnom
f:N—=S

6mou Vétovpe f(n) = ay,.

LNV TEPINTOON TWV OLATETAYUEVWY (EUYWY, AUTOS O 0PLOPOS TUTIXE DIDEL BLOPORETIXG
avtixeiyevo and tov optoud tou Kuratowski, adhd éyer ndh v widtna ou (f1, fo) =
(g1, g2) €dv xou pdvov €dv fi = g1 xou fo = go, mou eivor autd mou {nTdye.

7fn)
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Y UVARTNOELS TOANDY UETABANTOV
Y1ov Anepootind Aoyloud cuVAVTAUE ‘CUVIRTAGES DVO UETUBANTOV OTWS
f(z,y) = 2* — 3y> + coszy (x,y € R).

Eivoaw oAl edxolo tdpa va opicouye auotned autés Tig évvoleg. H moapoandve f eivon wia
oLVAETNoT Tou 0pileTal 6TO GUVOAD TWYV BLATETAYUEVWDY (EUYMY (x,y), OnAadN

f:RxR—=R.

[evixdtepa, €dv A xou B etvon cUvola, uia ouvdptnor 0o petaBintdy a € A xou b € B etvor
wae ouvdpTnoT mou opiletan 6t0 A X B 1) o€ éva utocivold tou. llapouola, cuvaptioeg n
UETABANTOV ebvon amhadg cuvapTAELS Tou opllovtar 6€ Eval GUVOAOD DIATETAYUEVKDY N-GOWY.

Awpelelc tpdlelg

M Bupervc meddn oe €va olvoho A eivon anhd wia cuvdptnon f: A X A — A. Eyouye
TOMNGL TORUDELY UTA TETOLWY AV TIXEWUEVWY.

IMTopdderypo 3.8
1. Hpbodeon oo N, a: Nx N =N, a(z,y) =z +y.
2. Holamhoowopdc oo N, p: Nx N —= N, p(z,y) = zy.
3. Agaipeon ot Z, 0 : ZX L — 7, o(z,y) =x —y.

4. ¥to Suvapooivoro P(X) eviéc ouvdrouv X opilovue tn Bipels|) mpdln ‘évwon’, u :
PX) x P(X) = P(X), u(Y1,Y2) =Y1UYa.

5. Edv X elvon éva oOvolo, Yewpolue T0 clvoro M 6hwv Twv cuvapThcewy and 1o X
oto X, étot wote f € M onuaiver f 1 X — X. OpiCouye 1 Swwekr mpdln tng
oOvieone ouvapthioewy, ¢: M x M — M, c(g, f) =go f.

['a Ti¢ meprocdTepeg duchelc mpdlelg mou yenotorowlvTon ota hodnuatixd €yet xadiep-
Vel Evag cLUBOMOUOS TNG HOPYPTC T O Y Yo TO f(z,y). TV autd ouvidws ouuPBolilouye wia
Suwelf) mpdén o+ A x A — A xou tny eéva o(z,y) ye x o y. Luyvd ovoudlouue t0 T oy
Yvouevo 1y oUrleon Twv T xon Y. Y€ UEPXES TEQITTOOELS TO EVOLIUECO GOUB0A0 xuTapyelTaL,
OTWC 0TOV TOAATAACLIOUS Ty, T 0TN GUVIEST) CUVIRTHOEWY, TOU GLY VA YEAWOUUE g f avti
Y go f.

e o yevixt| SWer) mpdln Oev meptuévoule va toylel oy = y o x. [ mapdderyua, 1
agaipeon: 2 —1#1—2.

Edv zoy =yox vy xde x, y € A, hye ot 1 Otuehric mpdln elvor petadeTiny. Lo
mopodelypota 1, 2 xou 4 ot dwekelc mpdlelc ebvon petaeTinée. YNto mapdderyua 5 Sev ebvan
uetadeTinn €dv to X €yel TeplochTERY and Eva GTOLyElL.

Edv dev yvopiCouue ot 1 mpdln eivon uetadetinr, ivon onuavtixd vo dlatnpolue T
OLITOL T TWV GpwY GTO YWOUEVO. MmopoUUe Vo ETEXTEVOUNE TETOW YIVOUEVA GE TREC T
TEPLocTEPOLS Opous. Edv x, y, 2 € A 1o ywouevo x oy € A xou unopolue vo Tdpouye To
YIVOUEVO aUTOU PE TO 2. M€ oUTO TO OTNUElo TEETEL VA ELGUYAYOUUE TOREVUECELS, DOTE Vo
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Stoxpivoupe to (zoy)oz and to zo(yoz). Av xa 6710 delTERO YIVOUEVO oL Gpot eygaviloval
ue NV {Ota SLdTaly), auTd v TO YWVOUEVO TOU T UE TO Y © 2 Xl UTopel EVOEYOUEVWS VoL Elval
SrapopeTind. T mopdderypo (3 —2) —1#3 — (2 —1).

Edv (xoy)oz=xo0(yoz) yia 6kt , ¥, 2 € A, ovopdlouue tnv npdin o npooe-
ToploTixy. Lta mopadetyyata 1, 2, 4, 5 ot mpdlelg elvar TPOCETUEIOTIXES, EVG OTO 3 OEV
elvot. XNV TEQINTWOT TPOCETAUPLOTINAC TEAENS GUY VA YRAPOLUE T oY 02, Ywpelc TapeviEoeLC.

Ly avantudn g évvolag Twv aptiucdy, ot JeTadeTIXéG Xl TEOCETUELOTIXEG TPAEELS
(n mpbodeon xou o mOMATAAGIIOUGS) OMOTENOUY onuovTiXd epyaheio. Ye xAddouc Twv
o0y Ypovey Moadnuatixdy eugavilovtor onuavTiXd TopadelyaTa U UETHVETIXOY 1) U1 TROs-
ETAUQIOTIXWY TPAEEWY.

Owxoyeveleg cLUVOALY

Y10 téhog Tou Kegodalou 1 avagepliixaue oc cOvoha Twv omolwy Ta ototyela etvar olvola,
OTC
S ={851, Sy, ..., Su}

omou xde S, etvar €va olvoro. XpnOoWOTOWVTAS TNV €VVOLN TNG CUVARTNOTS UTOPOUUE
v ETEXTENVOUPE auTOY To oudfBohiopd. Edv X, = {1, 2, ..., n}, éyouue appuovooiuavtn
owvdptnon f: X, — S 6nou f(r) = S,. Aev undpyer A6yYoc Vo TEQLOPIOTOVUE OE TETEPUO-
uéva ohvola, oUTe var utodéoouyue 0Tt Gha o S, etvan BtagopeTixd. Edv A eivon onolodrinote
obvoro xau f 1 A — S ebvan ouvdptnon, f(a) = S,, dmou xdde ototyeio tou S elvon éval
oUVOhO, MEUE OTL €Y OUUE UL OLXOYEVELXL CUVOAWY,

S ={S.|acA}.

Ye authv Ty TepinTtwon 1o A ovopdleton GOVOAO BELXTOV.
H évwon wag tétotag ouxoyevelag,

US ={z|z € S, v xdnow o € A}

ouuPBohiileton eniong

Us.

acA

eV, edv A # I, 1) Toun
ﬂS = {z|z € S, v xdnowo o € A}

ouuPoAileton avdhoya

M S

acA

Otav A = X, ypnotponootue xot 1o oupgBolopd J'_, S, xau (), Sy, evd 6tav A = N
’ 7 o x 7 7 7
yenotoroteiton o oupfohopde | J -, Sy xan ()2 Sr. Aev undpyet Abyoc vo cog avnouyoet
T0 ‘007 0 AUTOUS TOUG CLUPBOALOUOUE, Tou efval xatdAolto NG totopixc eEEMENS Twv Moa-
Unuoatixwy. O obyypovog GUUBOMGUOS TO ATOPEUYEL XAl YONOLOTOLEL UTeN S, xon ﬂTeN S
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Aoxnoelg

‘Acxnom 3.11 llpocdopicte Ty ewdva v Tig axdrovdeg ouvapthoelg f: R — R.
o flx)=a2*+2z+2
B f(z) = [z|
Y. f(z) =2 +x — |z

‘Aoxnon 3.12 T xde pio and Tic cuvapthoeig e Aoxnorng 3.11, Beeite dv etvor
o, EvEOVIXT)

B’ emewovixy ent tou R
Y. AUQUOVOSTHUAVTY).

‘Aocxnor 3.13 O mapaxdte cuvapTthoelg €youv medio Tuwy to R, xa medlo oplouoy
xdmoto urtocivoho tou R. Beelte oe xdle nepintwon mo elvon to ueyahitepo duvatéd medio
0ptopoV.

o. V(t) =log(l—t?)
. y = log(sin®z)

Y. p=/(u—1)(u—2)(u—3)(u—41).

‘Aoxnmor 3.14 Edv A = {1, 2} xa B = {a, b, ¢, }, néoec Sapopetixéc cuVopTHOELS
undpyouv and 10 A oto B; Iléocec and 10 B oto A; Iléoec o xdle mepintworn etvan
EVELXOVIXES; TOOES EIVAL EMEXOVIXES; TOOES EIVAL AUPLUOVOCTUAVTES;

‘Acxnomn 3.15 llpoBinua vy yepoig AOTEC.
Edv A = @ xou B # @, deilte ot undpyel axpBag wa ouvdptnon and to A oto B, xo
xoior cuvdpTtnon and o B oto A. Trdpyel cuvdptnon and 10 & 670 I;

‘Aoxnor 3.16 ['a g axdhoudeg cuvopthioeic eAéyETe edv undpyet Bedid avtioTpoo ¥/ xou
APl TERS avTioTEoMO, Xon edv uTdpyEt Bpeite To.

o« frR—-R, f(r)=4r+2
. g: R->RM  g(z) =22

‘Aoxnor 3.17 T tic suvopthoe f xon g e doxnong 3.16, Peeite ta obvora f([—1, 1]),
F7H0, 2]), g([=3, =2]) xen g71([2, 4]).

‘Aoxnor 3.18 Aidetan v ouvdptnon f : {a, b, ¢} — {1, 2, 3, 4} onwg 610 Uyhua 3.15.
(Trevdupileton ot f~H(U) propet v oupBoriler Ty avtiotpogn exdva mou cupBolicope
f(U), ev, €dv 1 f Bev etvon apguovoohovty, [~ () uropel va ouufoliler Ty avtictpogn
ewobva ou {z}.)

Beelte ta ovoha
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Yyfua 3.15: ‘Aoxnon 3.18

v {1
5. fH({2})
. f7H(3)
{1 2h

‘Aoxnor 3.19 Bpeelte 1o yeyaiitepo urocivoro Tou R xR oto omolo opieton n cuvdptnon
000 UETAPBANTOVY
r? + 3y

f(%y):m‘

‘Aoxnor 3.20 Bpelte vy €vwon xat THY TOUY TOV TUPAXITE OXOYEVEWWY GUVOAWY UE
oOvoho dewxtwv A.

o. A={1,2,3,...,n} Sa = [0, a+1].
g. A=N Sp=(0,2)={zeR|0<z <L}

‘Aoxnor 3.21 Afdovtar 1o oGvoha A = {a, b, ¢} xu B = {p, q, r}, xou n ouvdptnon
f: A— B rou opiletar 610 Lyrua 3.16.

o. AM&Ete To medlo Ty g f, €Tol woTe va unopeite va Peeite 8e€Lo avtioTpogo g
f. Bpeite 800 daupopeTixd dedtd avtiotpoga tne f.
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Yyfuoe 3.16: ‘Aoxnon 3.21

B’ Beeite do dapopetind olvoha Ay xar Ay tétowr wote Ay U Ay = A xau fla, vo ebvan
éva mpog éva. Bpelte o xdle mepintwon 1o aptotepd avtiotpopo tng fla;.

Y. Ebvou 1o aptotepd avtictpogo mou Perxate avtictpogn cuvdpetnor tng fla, : A; — B;

‘Aoxmon 3.22 Aildetou v ouvdptnor f: R — R mov opiletan f(z) = (z + 1)
o. Yyedidote 10 ypdpnua e f.
B’ Tpocdopiote ta clvora B = f(R), f~H([-1, 4]), f~1(-2), f~'([-2, 0)).

Y'. Bpeite 800 dwgopetind decid avtiotooga g f 1 R — B.

§". Bpeite 800 unoclvola tou R, Ay xou Ay, tétoio dote A3 U Ay = R xan fla, v
© =1, 2, va ebvon €va mpog €va. Bpelte oe xdie nepintwon eva apiotepd avtiotpoo
e fla, - Ai — R

‘Aoxnor 3.23 Optlouye Tic dueheic mpdlelc oto Z:

o« roy=x—1y

B woy=lr—y

Y. zoy=a+y+uay

0. zoy=3(x+y+3((-1)"T+1)+1).

Enaindebote ot etvan dipeheic mpdlec oto Z, onhadt cuvapthoeg Z X Z — Z. Y& xdie
TepinTwOon eEAEYETE €4V 1) TEALY efvon HETADETINT X TEOGETAUELOTIXY.

‘Aoxnor 3.24 Mia axohoudio cuUVOALY (Ap)nen, MyeTon @iivouoa av yio xdde n € Ny
Loy Vel
An+1 g An .
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of. Anodei€te ot av (A, )nen, evar pdivouoa, téte yia xdle k € Ny:
o0 o0
(A=A
n=0 n==k

B Anodeilte ot av (Ap)nengs (Bn)nen, eivon @divouoeg, tdte

m(AnUBn) = (m An) U (ﬂ Bn)

‘Aoxnomn 3.25 Eow f : X — Y. 'Eow (A)wer ooyévero unoouvéhwy tou X.
Arodeite ot

o

f (U At> = (J 1,

teT

f <ﬂ At> C () (A,

teT

Y. Av 7 f elvon evetxovixt|, t6te

f (ﬂ At> = () f(A)

teT



Kegpdhawo 4

Moavnuotixn Aoy

H oo wiotnta twv Madnuatixmy, tou to Sloplvel and SAAES LORPES YVMONE XAl EVOTOLE

Oha ToL pardnuoTind amoteAEopata, etvan 1) yeRon LU NUATIXGOY ATOOEIEEWY Yo Vo GUUTERAVOUUE
véa amotehéopata amd dhha NO1 YVwotd. Optouéveg teyvinés podnuatiniic amodeing goi-

vovTol xdmwe mapdleves. lowe 1 mo evdlagépouca and autég elvon 1) ‘€l dTOTOY amay YN’

v var 0et&oupe oL xdT etvan akniéc, umodéTtoupe o elvar Peudé xan amOBELXVUOUPE OTL

auTy| 1 undveoT) odnyel oe avtigaor. 1600 €va anhd mapdderyua:

Ipoétaon 4.1 To pukpdrepo dvo gpdypa tov ovvddov S = {x € R|x < 1} €ivar o apiiuds
1.

An6degy. O 1 eivon oiyoupa dve gedyua tou S. Trodétouue ott uTdpyet éva dAho dvw
pedyua K yio 1o omolo toylet K < 1. And amholg xavoveg tng apudunTixric CUUTERUVOUUE
ot K < (K +1) <1 A& tote 3(K+1) € Sxau K < (K +1) nou avipdoxer pe v
unodeon ot To K etvor dve gpdyua tou S. Apa n unddeon otl undpyel dvew @pdyuo K e
K <1 etvan Qeudric. Xuvenog xdle dvw @pdyua tou S etvar yeyahltepo and 1 (0o mpog To
1.

O

Auth elvon wa yapoxtrnpotixy Tepintworn tétolou eidoug emyepiuatoc. Av P ebvou 1
mpotaon ‘Edv K ebvar dvw gpdyua tou S 161 K > 17, pog evolapépel va amodelEoude oTt
n P adndedel. Trodétouue ot n P elvon eudrc, dnhadr ott umdpyet dvew @edyuo K tou S
ue K < 1, xou, petd and €va anhé emtyclonua, xotoahfyouue oe avtigaor. Av to emtyelpnud
elvar owoto, toTE N P Bev unopet va eivon Jeudrig, dpa elvor akninc.

ot vor umopolye v YeNOILOTOGOUUE AUTHY T1 UEV0DO0, XaL VoL EYOUUE EUTIOTOCUVY] OTd
anoTeAéoUaTd TS, TEENEL va e€aopalilouye dVo mpolnodéoels.

Ipwta, 1 mpdTacy P xon dAeg ol undloineg TROTICES GTO emLyclonua, TEETEL var elvon
caphe alndelc B copne Peudeic, oxdun xar ov xatd TN OIdEXELL TOU EMLYELHUATOS OEV
Yvweilouye motd and ta 6o Loy Vel Autd dev cuuPaivel UE TOAEC TROTACEIC TNG XUUTUECVHS
YAWOGCUC, TOU TEPLEYOUY YEVIXOTNTES Ol oToleC elvan ahnielc OTIC TEQLOCOTEPES TEPITTWOELS,
aAAG {owg byl o Oheg. LTig HodnuaTixég amodellelg OEV EMTEEROVTNL TETOIEG YEVIXOTNTEC:
x3e mpoTaon TEENEL va efvan capwe aAndng 1 heudrc.

H deltepn npolndleon oe pa anddeiln Ye anaywyr| o€ 4Tomo eivor Vo Uny TEpLEYoVTaL
AEVE OTA EMLYELPNUATA TOU Y PNOLLOTOOUVTOL Yol VoL XaToAREOUUE oty avtigaor. Maovo oe
auTHY TNV TEpiTTWoT Unopolue va elpaote BEBarol ot 1) outlar Tng avtigaong etvan 1 apyxt
unodeon, ot 1 P elvon eudric.

62
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ITootdoeig

Onwe eldaye, eivar anapaitnto xdle TEOTAGY) TOU SlATUTGYVOUUE oTor Madnuatixd va etvan
oapws ahndng ¥ deudhc. To va dtaxpivouue petald ahndody xar Yeudwy TEOTAoEWY, AEUE OTL
x&0e mpoTaoy Eyel wa Aoyikn) tipn) ¥ tun aAnleiag, mou tn cuyBoMlouye Ye To YpduuaTo
A = adndéc xou ¥ = deudéc. Xuyvd yenotponotolvtoa ta cOUBora T 7 1 yio ‘ahniég’ xou
F 40y “heudés’.

Edv P eivar wa npbdtact, 1 gpdon ‘oyt P, (n devnon e P), eivau enione wa tpbtaon,
ue tny avtidetn tiun adndeiog and v P. To topdderyya, €dv P etvor 1 Yeudric npdTaon
242=05, 10t Oyt 2+ 2 =5 etvan Wt aAndic mpdTaor. LuuPBoriCouue T gpdorn oyt P’

-P.

Orav avtixaiotolpe ot V€on Tou P pia 6UYXEXEWEVT TEOTAOT), TR0CUPUOLOUUE TOV TPOTO
oL OL3dLOVUE TNY TEOTACT GTOUG XAVOVES TOU GUYTIXTIXOU X0 TNG YROUUUATLIXTS, OEXEL AUTO
VOL UNV GAAOLWVEL TO LAdNUATIXG VONUOL. YTO TEONYOUUEVO ToRADdEYa, avTl Oyt 2 +2 =5
Yo Méyaue Oev toylet ot 2+2=5"1424+2# 5 1 2+ 2 =5 elvan Yevdnc’.

Katnyvopnuota

270 ouvTaXTIXO, ‘XaTNYOENUA’ elvon To PEPOG TNG TEOTACTC TOU ‘PAUVERWYVEL EXELVO oL AEYe-
Tow UECA GTNV TEOTAOTY) YLo TO UTOXEIUEVD’. Lo yordnuatixd, xoTnyoenua | TeoTACL-
ax6g TOTOC elvor ot ExQpaoT Tou TEQLEYEL Eval GUUPBONO, Yia TAUPABELY U TO X, xou 1) OTola
vt capog aAniic 1 capng Yeudric TEdTACT OTAY AVTIXUTACTHCOVUE TO T UE OTOLYE(D EVOC
ouvohou S.

Mopdderypo 4.1 Edv P(z) elvon to xatnyopnua
‘O mpayuatixdg apriude x etvan yeyahitepog amod 27,

t61€ P(3) eivou akndvic npdraom, evey P(1) eivon Qeudric. Edv Bpotue tnv T akndeiag tou
P(a) v xdde a € R, éyovue wa owdptnon ekndelag Tp : R — {A, ¥} v v omnola
Tp(a) = A edv P(a) eivar odndic, xau Tp(a) = ¥ €dv P(a) eivor Peudrc.

Auth 1 évvola tanprdler e Tic éec e Vewplac ouvéhwv. To xatnydenua P(x) yweilet
10 oUvoho R oe 800 Eéva umoclvoha, €va dTou avixouy To ototyela yior Ta onoio P(z) efvou
oAnU7c, xou To dAAO 6Tou avhixouy Ta GTotyEld Yo To omola P(z) eivon devdrc. To mpwto
10 oupPorilovpe {z € R| P(x)}. Yto napdderypa 4.1 auté yiveton {z € Rl z > 2}. To dhho
olvoho 1o oupPorilovpe {x € R|~P(x)}, tou oto napdderypd pag eivar {z € Rz < 2},

Tevixd, yia xdde xatnydenua P(xr) oto abvoho S, éyouye ouvdptnon akndeioc Tp : S —
{A, U} xa

a€{r e S|P(x)}  edvxm uovov edv P(a) eivon ahnivc,
a€{reS|-P(x)} edvxm uovov edv P(a) eivar Yeudiic.

Avti va ypnotwonotolue acugelc exppdoelc 6Twe ‘xatnyopnua etvar éva eidog ExppacTg
mou ... ", Yo UmopoUCUUE VA YPNOOTOAGOUNE TNV WEx TS cuvdptnorg ahndeiog yio va
OWOOLUE EVA GUVOROVEWENTXG OPIGUO TOU XUTNYOEHUATOG.

Edv mepiocbtepeg and pio yetaBAntée eugaviCovton oe wior €x@poot), AEUE OTL €YOUUE
“xotnyopnua 800 PETUBANTGY 1 ‘TEldY UeTaBANTOV x.0.x. T'ta Topddetyya, 1 éxgppaon ‘x >
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Y’ elvon xatnydenua dvo yetoBintov. Edv to ocuyBolicovpe Q(z,y), téte Q(3,2) eivan
anndée, eved Q(15/2,10 +/2) eivan Yeudée. EdG 1 ouvdptnon ahndeiog eiva T : R xR —
{A, U}, énou To(x,y) = A edv Q(x,y) eivon ahndfic xou Ty(z,y) = ¥ edv Q(x,y) elvor
heudrc.

Yy mpdlrn, ot pordnuotixol TOAD oLy VA BEV avaépouy eNTd Totd Elval To GUYOAO GTO
orolo opiletan éva xatnyoprnuo. Do mapdderyua, Yewpeiton Tpopavég ott ‘o > 37 avagéoeTtal
oe mpaypatixolg apripols. Eriong, xatd cuviinn, opiouéva yedupota yenoylomtolo0vTaL Yo
oTouyelo evog cuyxeEXEEVOU cuvolou. Lo mopddetyyo To n yenoiwonoteitar cuvilwe Yo
va. guufolicet éva guotxd apriud. Etot 1o xatnyopnua n > 3 Ya Yewpeito ott avagéoetar
UOVo oE Quotxolg apliuolc.

Auth 1 mpaxTixY| UTOPEl Vo QUIVETOL TOUTATOOUMXT|, OUWS EYEL Wa XUAT| Olxouohoyld.
Oco mo avahutixd yedpouue xdmola Tedyuata oTa Yadnuatixd, 16co mo Tohhd cOuola
ypewloyaote. Xto Téhog 1 oehda yeuiler oluPola, xou eivar 8Uox0lo va avTikngUoUuEe
TO GUVOMXO VoMU, AOYW TV UTEPBoAX®Y Aemtoucpewwy. Tote mpénel va emhéCouue To
ouuPolopo mou Yo exppdoet TiC WEEC PE TN UEYUAUTERT) BUVATY| Caprveld aAAd xon cuvTouia.

Ol o %o xdTolo

Edv éyouue éva xotnyopnua P(z) mou opileton oe xdmoto oUvoro S, umopolUue vo o-
vopwtndolue edv aindelel yia 6ha Tor ototyeior Tou S, K edv ahndelel TouRdyIGTOV Yid
xdmoto ototyelo Tou S. Mnopolue va BlTUTOGOLUE TNV TpdTaoT ‘Y xdde x € S, oy let
P(x)" v npétaon ‘undpyel xdnow = € S, yio o onolo woyler P(x)’. Autéc ot tpotdoeic
umopel va ebvon ahnelc 1) deudelc. Tig ypdgpouue e podnuotind oOUBola, YeNoULOTOWYTAS
Tov xdoAxd nocodeintn V ot Tov unapdlaxd tocodeixty 3.

VeeS: P(x) owpdletn  ‘yu xdde z €S, P(x).

JzeS: P(r) OSwpdletn  ‘undpyer (tovkdytotov éva) x €S tétow dote P(x)’.

Edv to xotnydenua P(x) eivar ohndéc yioo 6hat T € S, t61€ 1) npdtoon Ve €S 1 P(x)’
etvon ek, ahhide ebvan Yeudric. Edv to xatnydenuo P(x) eivon akndéc yia Touldyiotov éva
r €S, t61€ 1 npdtoon ‘Fre S 1 P(x)’ eivon akndric, ahhide ebvar Yeudhc. Otav droBdlouue
auUTd Tot GUPPOAA UTOPOUUE VAL YENOULOTOGOUUE OLUPORETIXES EXPRAGELS GTA EAATVIXE, TTOU
anodidouy To o vomuo: ‘ya xdde x €S, P(x)’ A “yio 6ha o € S, P(x)’ xan avtiotorya,
‘undpyet x €S t€too Gote P(x)’ 1 ‘Y xdmowo €S, P(x)’, x.0.x.

AZiler vo mapatneooupe ot 1) mpdTaon ‘yia xdmoo x € S, P(x) ot podnuatixd dev
unovoel 0Tt LTdpyeL xdmow dhho = € S v o onofo P(x) eivon Peudéc. Ltnv xadnuepw
YAWOG, 1) Gedor ‘xdmotor Toltixol efvon Eviyol’ unopel vor uTovoel 0Tl UTdEY oLV ot XATOLOL
Tou deV efvon. Lta pordnuoTixd OeV UTdEY 0LV TETOLES TPOEXTACELS. ['tar TapddeLya, 1 TedTAOT

‘xdmotog and toug aprupoie 3677, 601, 19, 257, 11119, 12563 etvon mpwtog ’

ebvon ahning, agol edxola BAénovpe ot To 19 ebvar TpwTog apwudc. To yeyovog oTt xo
6lot ot dhhou eivor mpwToL dev aAAdlel autéd To ouumépacya. Etol, v va edéyEouue tnv
arfdeo e mpbtaonc Jx €S 1 P(x) apxel va Bpolye wa Ty Tou x yio v onofa 1 P(x)
etvon oAnU7c.

Mopdderypo 4.2 Ve eR : 2? > 0 onuaiver ‘yia xdde 2 €R, 2% > 0’ 4 ‘10 1eT1pdywvo x&de
TpoyoTixol oprduol ebvar un apvnTixd’ 1| xdmota dhAr ooduvaun dtatirwor. H mpdtaom
etvon oAnU7C.
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7

Mopdderypo 4.3 FzeR: 2? > 0 onyabver ‘ya xdmow z€R, 22 > 07 # ‘undpyer xdmotoc
TR0 aptdudg Tou omolou To TETEdYWVO elvor un apvnTind’. Ko auth etvon adndrc.

Mopdderypo 4.4 VeeR: a? > 0 eivor peudfc, agol 02 # 0.

Mopdderypo 4.5 JreR: 22 > 0 etvar adndic, agod 12 > 0. Se authv v Tepintwon
uTdEyouy ToAAE dAla oTotyela Tou R extog and to 1 mou enaknielouy To xaTHYOENUL.

Mopdderypo 4.6 JreR: 2? < 0 ebvar Peudic. Avudétwg, n tpdtaon JzeR : 2% < 0
etvor oAnU7g.

Edv oe pla mpdtaon pe mocodeixteg aviataothiooupe o olufoho tng WETUPANTAC
x40e popd mou eupavileTal, Ue xdmolo dAho cluolo, Yewpolue ott dev ahdlel 1 TEdTACT).

JdzeS: P(x) onuaivel to (8o ye Jy€S: P(y).

VrxeS: P(x) onuaivel to B0 pe YyeS : P(y).

Mopdderypo 4.7 Jz € R : 22 > 0 ebvar 100d0vapo pe o Iy € R : y? > 0. Ko o
000 exppdoelc AEve 0Tt © uTdpyEel Evag TEaYHATIXOS aptduog Tou omolou To TETEAYWVO Elvau
Yetind’.

Ilepiocdtepol TocOOBEIKTES

Edv €youue éva xatnyoprnuo ue 800 1 TEQLOCOTEPES UETABANTES, UTOPOUUE VoL YETOLLOTOLY-
oouye €vay Tocodelx T yio xdVe petaBAnth. o napdderypa, edv Pz, y) eivan to xatnyodpnuo
‘v +y =0, 161€ 7 TROTAOT

VeeR JyeR: P(x,y)

oraBaleton ‘yia xde x € R undpyet y €R tétoo wote ¥ +y = 0.
Yuvndiletan va ypdpovTon ot ToGOOEIXTES GTNY 0Py TNE TEOTAONC OTNHY OTola avapEpovTaL,
xou va draPalovtar ot oepd. o mapdderyua, 1 tedTooy

JyeRVzeR: P(z,y)

Yo draBalotay ‘undeyet y €ER tétolo wote yia xdle z€R, x +y = 0.
H 8udtagn twv nocodeixtoy xdvel dtapopd. And Tic 800 TpoTIoEI TOU DWCE,

Y
VeeR3IyeR: P(x,y)

etvan oAnOric (yro xdde x €R pmopolye va ndpovue y = —x yia vor €youue  +y = 0), ahAd,

Y
JyeRVzeR: P(z,y)

etvan Peudrc, ywtl utootneilel ot undpyel xdnow y€R mou ixavorowel x +y = 0 yio xde
r €R, mpdyua mou dev umopel va emteuy Vel and wa WY Tou Y.

H tonodétnon twv ToGodeTt®y 0T 66oTY OdTaly o€ wia TedTacT Eivol oLoLWdNG YLa
™ ooy wonuatixr oxédn. Eivon éva apxetd xovd Adog, Tou xdvouy axoun xon EUTELRoL
wordnuotixof. Mo antior Tou mpofBiruatog epgavieton 6tay mpooradolue va yeddouue wia,
TavoV caPOS BATUTWHEYT), AoYixY| TEOTACT) GE OAOOUEYY) nord ot YAwooo. H dudtaln
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TV AECewY Unopel vor ahAEEEL, Yia vou YIVEL TO OTEWTH 1) PpdoT), xot auTo Vo BAAgEL T Gopr-
vew. Edwotepa, ol tocodeixteg unopel va tototetniody 6To ecwTtepind TNg TedTAOTG v Ti
va. Beloxovtar 6hot oty apyh. (To (Avoue auTd To TEVW, oTay yeddaue ot ‘...utooTrpilel
otL undpyet xdnow y €R nou avoroel v 4y = 0 yi xdde v€R’.)

H npdtaon

wde un undevixde pntoc aprdudg yet pnTod avtioTeo)o’

onuaiver ot ‘bovévtoc € Q, ye x # 0, undpyel otoryeio y € Q tétoo wote xy = 1. Xe
Aoyixd cuufohoud 1 TpdTucT) eivol

(VxeQ, z#0)JyeQ: zy=1.

‘Evag yadnuatixég Ya unopovoe va ahhdlel Tn OElpd NG TEOTAONG XL VO TEL ‘UTdpYEL
enTo avtioTpoo yia xd¥e un undevixd entéd apuiud’, ahid auth 1 SlTiTWOoN PToEEl va
Tapepunveutel. Etvor oxdémiuo va tpoctoolue va ebvar 660 Suvatdy mo Gaghc 1 EVVoLd Twy
HOUNUATIXWY EXPOUCEWY TOU YRAPOUE.

To mpoBhnua autd undpyel uovov otav eugavilovial dlapopeTixol TocOBEXTEC o Wl
mpétact. ‘Otav 6hot oL mocodeixteg eivar (Bou TOmOL, dev xdvel dagopd 1 dtdtaln ue
v onota epgaviovron. T mopdderypa, edv Pz, y) ebvor to xotnybpnua ‘(z + y)? =
z? + 2zy + y¥, 161 o1 TpoTdoELC

VeeRVyeR: Pz, y)

X0l
VyeRVzeR: P(z, y)

ornuatvouy xar ot 800 To (B0 TEdyuw
‘“yio x&e 7, yeR, (z +y)? = 2% + 2y + y?,

10 omoio eivon BeBaing pio ahnivic mtpdtaon. Edv ot yetaBintéc mou epgaviCovtar tpoépyovton
amd To (B0 6UVoAo, cuvilwe arthomololue Tov GUUBoAoUS, YEdPOVTAS

Ve, yeR: P(z, y).

To (S0 yivetou pe tov unapéioxd nocodeixtn. [ mopdderyua, edv Q(z, y) eivon ‘z, y elvan
dopntol xaL T + y elvon eNToC’, TOTE OL TPOTACEL

Jze(R\Q)Iye(R\Q): Q(z, y)

Fe®R\Q)Ize(R\Q): Qz, y)

ornuatvouy to {dlo:
‘untdipyouv dVo dpernTol aptiuol T xo ¥ TV omoiwy To dlpotouw efvar pNTHC.

(Auth) n npotaon elvon aknific, agol ot opriuol V2 xon —v/2 eivon dopntot, ahhd V2 +
(—v/2) = 0 eivor pntéc). Auté umopolye emiong va 1o yedoupe, i cuviouia,

Jz, ye(R\Q) : Q(z, y).
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Trdpyer axdun o wxer| moyldo ota yearntd podnuotixd. O xadohxdc TocodéxTne dev
avapEpETAL TAVTOTE PNTY, GUY VA EVVoEiTon and Ta cuUppalopeva. Ag SOUUE TOV 0pIOUS TG
obyxhong uiog axorovdiog: Mia axodovdia mpaypatikdy aprdudy ovykdiver oto dpio  edv,

yia kde € > 0, vrdpyer uoikés apiipés N térows dote |a, — ) < € ya kdde n > N.
Yty mpoondielo Vo GUVTOUENGOUY TOV 0plop0, ToAlol padnuatixol Yo Eypagay,

do0évtog € > 0, AN térowo dote n > N owvendyetar |a, — ] < €.

Oa cLVAVTACETE TOAES TaPUAAAYES AUTOU TOU 0PLOUOY, OAAL GTNV oucio GAoL GTuatvouy
70 {010 mpdypa. Edv to xatavorioste autd EyeTE xdveL PEYAAT TEOODO GTNY TEOCTAVEL Vo
xaToAdBeTe TO €(00¢ TV TEOPANUATWY Tou ugavilovTal 6TaY VENOUUE VOl ETIXOWOV COUUE
wordnuated e tov xatdhinio Badud axpiBelog.

H dpvnon wiag npdtacng

Ytn oehioa 63 eldaue Vv dpvnon —F wag mpotacng P. H wuy akndeiog tng =P unopgel va
rapacTtadel oTov axdloudo mivaxa, o onofog ovoudleton mivaxag aAndeiog:

P -P
Al v
Ui A

AwBalovtoag xatd uRxog Twy Yeauuwy, o mivoxag Aéet ot 6tay 1 P elvan adndng , n =P
etvon Yeudric, xar otav 1 P etvar Yeudnc, n =P elvon adndric. Me tov {80 tpémo unopolue va
EQUPUOCOUYE TNV dpvnor oe éva xatnyopnue. Edv P(x) eivar to xotnydpnua ‘o > 5, t61e
—P(x) SwPdleton ‘civan Peudéc ot & > 5, 1 160d0vaya ‘x F 5.

H dpvnom piag mpdtacng mou teptéyel TocodeixTeg 00nYEl ot pla eVOLapEpouca XATIGTAGT).
Elxola avuhopBavépaote ot 1) tpbdtaon ‘eivon Peudéc ot Vo € S @ P(x)’, elvon to (dio ye
‘Jr e S : ~P(x). (Edv eivar Peudéc ott P(z) odndeler yioo xde x € S, t61e npénel va
undpyel xdnow x € S Yy 10 onoio P(x) eivar Qeudéc, ondte —P(x) eivan adniéc). Autod
YedpeTon cuuBolnd:

—VaxeS: P(x) ornuaivet 1o do pe  JzreS:-P(x) (4.1)

[apoduota
—JxeS: P(x) ornuaiver 1o do pe  VreS:-P(x) (4.2)

H Seltepn npdtaon Mel ot 1) éxgpaot ‘Dev undpyet = yia 10 onoio P(x) elvon odndéc’
onuodver to (o pe ‘yio xdle €S, P(x) etvon Peudéc’.

IMTopdderypo 4.8
—JzeR:2° <0 onpaiver  dev vndpyer z €R ya o omoio ¥ < 0.
VzeR: =(2* <0) onuaver  ya kdde z€R 1w0yve 22 £ 0.

Avutol ot 800 amhol xavéovee, ol omofot ovopdloviar xavoveg touv De Morgan yu
TOCO00EIXTES, EYOUV UEYIAT onuacta oto padnuatixd emtyeeruata. O 4.1 onuaiver oti:
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Ta va detéovyie ot éva katnydpnua P(z) dev elvar aAniés yia dra ta x €S, apkei va fpolue
éva x €S ya to omoio P(x) elvar hevdés.

O 4.2 Met ot
INa va deiéovpe ont Bev vndpyer x € S ya to onolo akndevear to katnydpnua P(x), eivar
arapaitnto va deiéovpe ort P(x) elvar hevdés ya kdle x € S.
‘Aocxnom 4.1 Tpddte v dpvnon tne npdTaoTc
Ve>030>0Ve e RVyeR: [(|lz —y| <0) = (|f(z) — f(y)| <e)]

%0l DITUTWOTE TNY GE OTEWTY EAATVLXAL.

{d¢ amhol xavoveS Yo TNV dpVNoT TEOTACEWY TOU TERLAAUBAVOUY TOGOOEIXTES, Ol XUVOVES
Tou De Morgan eivou diadtepa yeriowuor 6tay epgaviCovtor tohhof tocodeixeg oe ula tpdTao.
"Eva yopoxtnptotind mapddelypa efvar o oplouds tng oUyxorng wiag axohoudiog, o€ hoyixd
ouuBolMouo:

Ve>03dINeNVn>N: (Ja, — (| <e).

[ va Bef&ouue ot 1) axohoudio (a,,) dev Tebvel o710 6pt0 £, amodEVOOUUE TNV dEVNoT) AUTHC
TN¢ TEOTACNC, ONAAdT
- [Ve>03INeNVn>N: (|a, —{] <e)].
Egapuolovtag tou xavoveg 4.1 xan 4.2 auty| yiveton, Stadoytxd,
de >0 -[ANeN;,Vn>N: (Ja, — ] <e)],
XOUTOTTLY
Je>0VNeN-[Vn>N: (Ja, — ] <e)],

Xl
Je>0VNeN In>N: —(la, — ] <e),

T0 0Tol0 TEAXA GTUOLVEL
Je>0VNeNIn>N: (la,— (] £e).

o va emakndedooupe ot 1) oxoloudia (a,) dev ouyxhivel oto £, mpénet vo deifouye autd
T0 TeEheuTlO, ONAADY| 0Tt UTEEYEL XdTOL0 GLUYXEXEWEVO € > 0 TE€ToW WOTE Yo xdUE QUOIKD
apwud NV undpyer Tévta xdrotog PeYahlTeQOS Puotxdg aptiudg n > N yia Tov onolo oy eL
lan, — €] £ €. Meydho yépoc NG dLOXOMAS NG podNUaTiXG avdAUGTS ogEiAeTOL GTOV
YEIPLoUo TETolwY TpoTdoewy. Me tny melpa xou Ty e€doxnom yiveton ToAL o UXONO, AAAY
TAVTA OVAUTEEYOUUE GTOUS XUVOVES YLOL TNV GEVTOT) TOGOBELXTOV.

Aoywol cbvoecuol

J L

Yta Madnuatixd yenotuonoovye toug cuvnhouévoug GUVOESUOUS OTwe © xat’, A, XAT.
Ue TOAU ouyxexptuévo vonua. T mapdderyua, o olvdeouog ‘R’ yenowonoteiton ye Ty
‘eyaheloTixr €vvola, Smhadr edv P xat @ ebvor npotdoelc, tote ‘P | Q' ( mou ouuPolileta
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PV Q) eivon mpdroon mou Vewpeitar ahnidfic €dv Touldytotov pla and g P, @, eivar adndc.
Auté napotdveton otov axdrovdo mivaxo akndeiag:

PVQ

SIS v
s = O
S

AwBaloupe xatd urixoc v oplloviiwy yeouuwy. I'a mapdderyua, 1 dedtepn yoouur Aéel
ot gdv P etvon ahnivic xan @ ebvon Peudric, téte PV Q) ebvor akndric.

AN\oL GUVBEGUOL IO YENOLOTOLOUVTOL GLY VA O Ta o) NUaTXd efvon oL ‘xan’, ‘cuvendyeton’
xa ‘gdv xon povoy edv’, mou oudBolilovtar avtioTtorya, A, =, <. Eyouv toug axdrouvdoug
mivooceg ahndeiog:

PlQ| PANQ
AlA A
AU 1
A v
v v 1
PlQ| P=Q
AlA A
AU 1
A A
v v A
P|Q|P&sQ
AlA A
AU 1
A 1
v v A

Avtol ot mivaxeg draPdlovton e tov B0 tpomo. O mpkdTog xou 0 TEAeuTAlog Elvon dpxETd
mpogaveic. ‘P xou Q)7 Yewpeltar ahnifc uévo étav 1 P xon 1 Q eivon andeic.'P edv xou
uévov edv Q" Yewpeltan ahndfc uévov 6tay ot P xon @ €youv Tic Bieg Twwée aindeioc.

ITepioobtepo evdtagépov mapouctdler o mivaxag oinlelag tng ouveraywyrs. Edv n P
ebvon aAndnic, TOTE amd TV TEWOTN xaL TN OEVTERT YPUUUT| TOQUTNEOVUUE OTL 1) CUVETY WY
P = Q civon adndvic dtav 1 Q elvan akniic xan Peudric 6tav 1 @ eivon Yeudrc. Autd delyver
oTt 6tay oAnlever P = @, €dv 1 P elvar akninc t61e 1 @ mp€nel va ebvan ahndnc. Auth
VAL 1) XAVOVIXT, EpUNVELD TNG CUVETAYWYHS =>, Xou YU'auTtod To AdYyo 1) mpdtach P = @
oLy va epunvedetan ‘€dv P, tote Q'. AN mpocédte Tt ouuPalvel otav 1 P etvon deudrc. H
Teltn o 1 TETARTY Yeouuy| Oelyvouy ott 1) ouvenaywyr) P = Q) Yewpeltan ahndric, elte etvan
oaAndnig ) Q elte oyt Luyvd axoler xavelc Tohhég avonoieg YUauthy TNy TEpinTwon: ‘Tedg
etvan Suvatov 1o Yeldog tng P va cuvendyetan Ty adfea Tng Q5

MnogoUue va xatavo|GOUUE XUADTEQO AUTAY TNV TEPITTWGT EQY YENOULOTOLAGOUUE TOUG
ouvdéopouc ue xotnyopriuata avti Y tpotdoelc. Edv P(z) xa Q(z) elvon xotnyophiuata
mou opiloviar 610 Glvolo S, TOTE UTOPOUUE VA YETOULOTOLAGOUIUE TOUC GUVOEGUOUS YLoL VoL
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ndpouye ta xatnyophuata P(z)VQ(z), P(z)AQ(z), xhn. Edixdtepa éyouue to xotnydenua
P(x) = Q(x). Trndpyouv mepintwoeic 6mou 10 xatnyoenua P(z) = Q(x) eivor akndés v
xde €S, Auty elvan 1 TepinTwon mou dtacagnvier T onuacio Tou mivaxa aindeiog. T
nopdderypa, edv P(x) eivar ‘x> 5" xaw Q(z) ebvon ‘x> 27, xdie yadnuatinde Yo ouppwvoloe
ot 10 xonybenua P(xz) = Q(x) eivar ahndéc yio xdde R tou € R. Tlohhol Yo to0
SdPolay ‘€dv & > 5 toTE T > 27 xan dev Va €dwvay onuacia oto Tt cupPaiver 6tav T # 5. Ac
AVTIXATACTACOUNE OLAPORES TWES TOU T, Vo DOUUE Tt cuuPaiveL:

Nox =4, P(4) elvon Yeudrc xar Q(4) eivon odndrc.
Nox =2, P(2) eivar Yeudrc xaw Q(2) eivan Peudric.

Avtéc ebvon axpiBog 1 tpitn xon 1 tétaptn Yeouuy| Tou mivoa ahndeiog Tng ouveraywyg =,
xat Bonddve Vo xaTayocoulE TNV axohoudn epunvela Tou Thvona:

‘P = Q etvan ahndnc’

OTUolVEL OTL
o) edv P eivou akniic, tdHte Q mpéner va eivon ok
INN]
B') edv P eivar Peudiic, tote QQ unopel va eivan eite ahndric eite Peudic.

‘Aoxnom 4.2 Eotww ot P ocuyPolriel tnyv mpdtaon ‘H Oy ebvar evdagépouca’, (Q ouy-
Bohiler tny mpdtaot ‘O aoxfoelg etvan dUoxoles” xou R cuyfoliler tny npdtaot ‘To pdinua
etvan evydptoto’. I'pddte Tic mapaxdtw npotdoeic ot cuuBohixy uop@n.

of. H OAn ebvon evdlagépouca xar oL aoxfoelg eivon DUOXOAES.

B". Edv 1 OAn Oev elvan evdLapépouoa xat ot aoxfoelg Oev efvan 0UOX0AES, TOTE TO Udinua
0V elvon guydpLoTo.

Y. To ot n OAn elvon evBLapEpOLCA OTUALVEL OTL OL AOXY|OELC Efval DUOXOAES, %L TO V-
tioTpogo.

0. Elre n UAn ebvon evdragépouca elte ot aoxfoelg dev efvon 0UOXOAES, OAAL Oyt %ot To
0v0.

Mmnogoiue va VewpRooude ot GANOUS GUVOECUOUS, OTWS YId TURADELY O TNV ATOKACIOTIKT
o1dlevén, mou ) cupPolilovue ¥, ue mivaxa aindetog

Pl Q|PYQ
AlA v
AW A
VA A
| v Y

H PYQ elvar ohndric otav wa omd g P, @ etvar ahndic, odhd oyt xan ot 500, dnhadt 6tay
alndeler axpBac ulo and tic P, Q.

Oa uropoloaue va oploouue mivaxeg adnVelag xar yia dAloug cuvdEououg, oAAd auTol
umopoly va xotacxevacoly cuviétovtag Toug Baowols. o topdderyya, 1 amoxAeloTixy
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d1dlevin uropel va exgppoaotel we (P V Q) A =(P A Q). ©a dolye mo avahutixd autéd 10
Veua o€ eEndUEVY) TapdYEAPO.

‘Otav pla gadnuatixdg yedgper Madnuotind, dev meplopileton 6TOUS GUVOEGUOUS TOU avapép-
ope. Xpnowomolel xar GAAOUS GUVOECUOUS TNG YAWOGCUS, OTwS ‘ahAd, ‘emedn’, ‘cpbdoov’,
‘Do, ahm. Autég ot exgpdoelc €youv wla, ouvidwe Ttpogavy), epunveio. o Topddetyya, o
mivorcag adnvetag e TedTaong ‘P oahhd Q7 lvon o {Btog ye autov T tpdtaone ‘P xo Q. H
TEOTAOT V2 etvon dppnTog aAAd (\/5)2 elvon pN1o¢’ onuaiver To (Blo ue V2 elvon dppntog %o
(v/2)? eivau ontoc’. Toapduowa, ‘P enedr Q' xou ‘Q dpa P’ éyouv tov Blo mivonca adndeiog
ue v ‘Q = P

H oyéon pue tn Yewpla cuVO LYV
Av €QoupuOGOLUE TOUC GUVBECUOUS XU TNY GOV O xaTnYophuata ulog WeTaSANTAS, EYOouuE
utor amhfy oyéon e 10 ouvoholewpntixd cuuPolioud. Trovétoupe ot P(x) xu Q(z) elvou

xatnyopruata mou opillovion oto {Blo chvoho S, xan e€eTdloUPE To UTOGUVOAX Yol To OTold
odpopeg ouvieTeg exppdoelg elvar ahndeic. I To olvOeoUO ‘Yo’ €youpE:

{reS|P(x) AQ(2)} = {zeS| P(z)} N{reS|Qx)},

Snhod” TV TouR Twv cuVeAwY ota ontoio oAndedouy ta xatnyopuata P(x) xo Q(z).

P wdndis Q) ddndis

e\ /
B

To) A Q)

Yyfuo 4.1: Yuvohovewpntixh epunveia Tou cOVOEGUOL ‘xan’.

[Tapduota, yio 10 oOVOEGUO N’ €YOUE:
{zeS|P(x) vV Q(z)} = {zeS|P(x)} U{reS|Q(x)},

dnhodn Vv évwon Twv cuvOhwy oTa omola akndebouv T xatnyophdata P(x) xou Q(x).
Autég etvar évag AGYog Yl TOV 0Tol0 TREOTHIOVUE VAL YPNOWOTOWUUE TNV ‘EYXAEIGTIXN
0ldlevin’, V, xau Oyt TNV ‘amoxAelotixt| 01dlevn’, Y, 1 onola aviioTolyel o1 CUUHETEIXY
otapopd ot Yewpla GUVOAWY.
H dpvnon — egapuolépevn oto xotnydenua P(z) avtiotoryel oto cuvololewpntixd
GUUTARPOUAL.
{reS|-P(z)} = S\ {zeS| P(x)}
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P wanbes By dAndes

PV B®

Yo 4.2: YuvohoVewpntixt epunveia Tou cuvdéouou ‘.

P60 adwibes Qo0 avdes

-y

Px) Q)

Yo 4.3: YuvohoVewpntinh epunveia Tng amoxheloTixrc dtdlevng.

Ty ofandis

<Py ddndes
\ A

Yyfuo 4.4: YuvohoVewpntixt| epunveta tng hoyixrig dpvnong.

Eidaye o1t P(z) = Q(x) eivar odndric dtav 1 Q(x) eivar odndic % dtav 1 P(x) ebvan



Kegdlaio 4 Modnuatier; Aoyuxr 73

heudic,
{zeS|P(z) = Qz)} = (S\{zeS[P(x)}) U{zeS|Q(x)}.

P whwDes Qo aﬁa%és

Py =» Qix)
Lyfuo 4.5: YuvoholewpnTixt| EpUNVEid TNG CUVETAYWYTS.

Hepioobtepo evbiapépov moapouctdler 1 nepintwon 6mov P(x) = Q(z) elvor odndfic yia
bha ta . Ye auth Ty mepintwon, €dv P(x) eivor ahnifc, to Blo mpéner vo woylel Y
0 Q(x), dnhadh €dv a € {x € S| P(z)} t6te a € {x€S5|Q(z)}, 10 onoio onuaiver ot
{x e S|P(z)} C {zeS|Q(x)}. H aridewn tne éxgpaone P(z) = Q(x) yw xdde z € S
AVTLOTOLYEL GTO GUVOROVEWENTXO EYXAELCUO.

(¢ )

QP

sanBég & AnPeg

i,

Yyfuo 4.6: Aoywr) cuveraywyr| xou EYXAEIGUOC.

Hopoépowa, P(z) < Q(x) Y xdde x € S avtiotoryel oty 1odtnta

{zeS|P(r)} ={zeS[Q(x)}.

>Ovieteg expdoelg

XpnoWomoiwyTog CUVOECUOUS UTOPOUUE YO XUTACXEVIOOUUE o OUVIETEC TEOTAOEIS XAl
xonyopfuata and xdmowa dedouéva, 6nws (PAQ)V R. Auth v éxgpoon nepthaufdver Tpec
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TpoTaciakés petaPANTES, xon o mivoxac akndeioc tne éyel 23 = 8 ypopuuéct.

Evoiduecoc Trohoyiouode
Pl Q|R PAQ (PANQ)VR
AlA A A A
AlA T A A
AU A \\J A
AU | U \J \J
viAlA ] A
iAWY \J 1\
v wv|A \\J A
IRV \\J \J

Hogatnpriote ot 1 éxppoon ‘(P A Q) V R’ eivoar oty mparypatixdtnta wior ouvtayy yua va
AATUOXEVACOVUE Ui VEX TRdTACT 1| EVal VEO xaTnYOpnud, ard teia dovévta. Try ovoudlouue
oUvleto TUMO TOU TEOTACLAXOL AOYLOUOU, xau VewpoLue ta P, @, R w¢ uetaintéc mou
AVTITPOGWTEVOLY ATPOCOLOPIOTES TPOTACELC 1) xaTnyopruata. ‘OToy ovTIXATACTACOUYE TIC
vetahntéc P, QQ, R e cuYXeEXPIUIEVES TPOTAOELS, YL TAPADELY AL

(2>3AN2>6)V2>1,

Tadpvouye pla ovvletn mpdtaon. Edv Tic avTIXATUGTACOVUE UE GUYXEXQUIEVO XATHYORTUITA,
ovopdlouye 1o anotéhecyo olvleto katnydpnua. o Topdderyya,

(>3 ANzx>6)V2>1

ebvon €val oOVUETO xaTNYOENUL.

‘Eva yeydho yépog xdie podnuatinfc anodelng €yel va xavel Ue To YEIpIohd cOVIETLY
TEOTAGEWY X XATNYORNUATOY. ‘OTay Tor xaTaoxeUdloUUE, Eival GUY VA ATaEaiTnTO VoL YeNot-
vomotoVUE TopeVIEGES Yo vau advetar 1 dopr) Toug. T'a mapdderyua o clvietog toTOg
P A (QV R) eivau Sragopetinde and tov (P A Q) V R. Av xortdZoupe otny €BSoun yeouuy
Tou mivaxa, Brénoupe ot otav P ebvan Qeudric, @ eivan deudrc xon R ebvon akndnc, tote
(P ANQ)V R eivr akndfc. ‘Ouwc unopolue va eAEYEOUUE OTL GE QUTAY TNV TEPITTWON
P A (QV R) eivon deudhc. Avdloya toybouy xau yio xarnyopripota. Ilpéner howmdv va
Tonovetolpe TI¢ TapeVIESELS 0T GWOTY VEGT), VLot VO UNV ONULOLEYOUVTAL ACAPELES. (e
OPIOUEVEC TEQITTWOELS UTOPOVUE VoL TopaAeltoupe mapeviéoels. o napdderyua, o (PAQ)AR
€yet Tov {Blo mivoxor akndeiag e tov PA(Q A R), dpa dev mpoxaheiton obyyuon av yYeddouue
PAQAR.)

Kad g xataoxeudlouvye oivieToug TOTOUS YeNOHLOTOWYTAS GUVOECUOUS, UToREL VoL Tpox (-
0UV TUTOL TOU €0V OLUPORETIXY| EUPAVIOT) OALS ToV {BLo Tivaxa akndeiag. T'o Topdderypa,

P=Qxu (-Q)= (-P):

PlQ|P=Q
AlA A
AU L
v A A
v | v A

MlpooéZte i ypdpouue ouotnuatind Tic Twée ohndelag v petaAnTdy otov nivaxa, eZacpahilovtag
ot €€avTAOUUE GhOLC TOUC BUVATOUE GLYBLACUOUC.
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PlQ|-P|-Q|(=Q) = (=P)
AJA| v | ¢ A
AT | ¥ | A \J
U A| A | T A
v v A | A A
1 TapahelmovTag TOUG EVOIGUEGOUC UTOMOYIOUOUC,
PlQ| (=Q) = (=P)
AlA A
Al v
| A A
v | v A

Y aut) TNV TepinTwor AéUe oTt oL BVo clvieTol TOTOL elvol AOYIXA LGOBVVAULOL.
Edv oupPohilouue dVo cividetoug TOmoug ue Sy xar Sa Yedpouue

Sl = SQ
vt v ougBohicouue ot eivon Aoyixd ioodivapol. To tponyoluevo anotéheoua cuuBohileTo
P=Q = (-Q)=(=P).

Mia evdiagépovoa WwLoTNTA TwY oOVIETHY TUTKY elvar 0Tt uepixés Qopéc B0 TUTOL UTopEl
vo. efvol 160d0vVopoL Top’6Ao Tou BeV TERLEY oLV ToV (Blo apriud ueTaBAnTeY. Autd ouuPBaivel
otav 1 ohhayh) e THung andeiog ploc yetaBAnTtic dev emnpedlel To TEAXO AMOTEAEGUOL.
['o mopdderypa, P A (—P) eivon mdvtote geudric. Troloyilouvye tov mivaxoa oindeiag tou

(PA(=P))V(=Q)

PlQ| (PAEP)V(=Q)
ATA 7
Alw A
WA v
VAR A

xou BAénovye ot (PA(—P))V (—=Q) éyer névto Ty (Broe Ty odndeiog pe o —Q), aveldptntor
and v Ty Tou P. Mropolue va Yewprioouye tumixd o =@ wg cuvdptnor tou P xou tou
Q, onote o mivaxag odnVelag yivetan

& e |y
e e O
SRR

Me autév Tov tpéTO €YOUNE OTL
~Q = (PA(P)V(-Q).
‘Evag clvietog tinog ovoudletan Tautohoyio edv eivon adnidric yio omolecdrmote TYég
adnetag v petainTtoyv tou. Xapaxtnelotixd tapadelypota etvou
PV (=P)
P=(PVQ)
(PANQ)= P

(P = Q)< (-Q) = (=P))
(P Q)& (P=Q)N(Q=P)).
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[Tpénet va ehéyete ott ot mivaxeg aknieiog auT®Y TwV TOTWY Bidouy TdvToTte TNV Tty A.

Edv évag oivietog tinog etvar Yeudrc yia omoleadrmote Tiuég ahnielag Twv YeTaBAnToY
ToU, ovopdletar avtiaoT. T tapdderypo, P A (—P) eivon avtigaon.

Kdlde 800 tautohoyleg eltvon hoywd tcoduvaues, ot xdde 800 avTipdoels elvor hoyixd
16odUvoues. Enlong, évac olvidetog timog S etvan tawtohoyia edv xon uévov edy S ebvan
avtigaon.

YuuPoiiloupe pio Tautoroyio e T, xou pio avtigaon pye C. ‘Eyouue 161e xdnowa evol-
agpépovta anoteléopora. [a mopdderyua, (—P) = C eivar hoyd woodlvayo pe o P. O
nivoxec etvou:

P| (-P)=C PP
A A AfA
v v v

(TrohoyiCovtag tov mpwto nivoxa, tpocélte ot C' éyet ndvto tur akndeioc U.)
‘Eyouye 10 (80 amotéheoya €4V avTixataoTHooUUE T0 C' UE OTOWONTOTE GUYXEXQUIEVT
avtigaon:

PlQ| (=P) = (QAN(=Q)) rplQ|P
ATA A ATA|A
Alw A Alw|A
v A v UA|T
v | v AR

[Toénet va ehéyZete GAOUC TOUG EVOLIUEGOUS UTOAOYLIOUOUS GTOV TOWTO TEVOXAL, VLol VO XU TG
Bete T axpBade ouuPBaivet.

Avti va ouyxpivouye Toug mivaxeg adneiog 600 ohvietwy TiTwy St xou Sy Yo vor ehEYE-
oupE €4y ebvar Aoyixd todlvopoL, Utopolue va e€eTdoouue Uovo Tov mivaxa Tou S & Ss.
Edv o 57 etvan hoywd toodlvopog ue tov S 101e 0 Sy & S5 efvan tautohoyia, xaw avtioTpo-
ga, €dv Sy & Sy elvon Tavtoloyia, 10t ST = Sy T mopddetyua, 1 Aoyixy| tooduvoula Twy
P = Q xo (—Q) = (—P) avuotoyel o0 o 0 tinog [P = Q] & [(-Q) = (—P)] ebva
ToauToloyia.

Aoyixd CLUTERACUATA

H yevur) otpatnyixs wog anddelng ouyvd €yxettar 6To vo amodelyVel, avtl yia tnv oy
¢ doveloag mpdTacTC, 1) Loy US HaC TEOTAOTE Tou elvol AoYxd toodlvoun Ye tn doveloo.
Ynuavtixd té€tola mopadelyuata efvar To axdrouta

1. Avuletoavtiotpogn.
(P=Q)=(-Q) = (=P))
[ vo amodeiloupe P = @, enakndedoupe tny npotaot (—Q) = (—P).
2. Anaywyn oe dromo.

P=((-P)=C)

6mou C eivon pla avtigaon. T'a va arodei€ouue to P, enahnidedouue tny mpdtoon
(=P)=C.
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3. ‘Edv ka1 povov edv’.
(PeQ)=((P=QA@=P).
4. ‘Edv ka1 puovov edv’, d6eUtepn exdoxn).
(PeQ)=(P=Q)AN((=P)=(—Q)).
[Mao var amodeiloupe v mpdtacn P < Q, enodndedouue Tic mpotdoeic P = @ xou
(=P) = (=Q).

[Na va eradndetoouye pla oOvietn TedTaoY), eEETALOUYE TWE XATACKEVALETAL 1) TEOTAOT
ATO YYWOTEC TPOTACELS, X YeNotponotoue mivoxeg ainlelag. Ag unodéoouue ott yvwel-
Loupe mwe N P eivan ohndic, xar moc 1 (—Q) = (—P) etvor ahndric. And autd o Sedopéva
UTOROUUE Vo GUUTERAVOUUE OTL 1) () etvar adning. Ta dovévta urnopel va eivon olvieTeg Tpo-
tdoeic, 6mwe 1 (—Q) = (—P), xon unopel va yvwpilouye ot 1 oGvietn tpbdtacy wknielet,
Ywelc var €youue TAnpogopies Yo TNV akrfjela Twv cuvicTwowy tNe. ‘Etol unopel va yvwel-
Zoupe ott (—Q) = (—P) elvon odniic, ywelc va yvwpilovue tic Twwée andeiog twv P xou Q.
Axopa xar oe quTHY TNV TERITTWOT UTOPOUUE VoL BYGAOUUE XATO0 CUUTEQUOU, OTWS, VLo
TOEABELY A, OTL 1] AOYLXd t1oodUVauT Tpotacy P = @ eivar adndric. Xtov axolovdo mivoxa,
€dv YvwpiloUUE OTL 0L TPOTICELS OTNY TEWTY OTAAT AANUEVOUY, UTOPOVUUE VO GUUTEREVOUUE
oTt akndelel n TpdTACY) GTY) OEUTERPY GTAAY.

Edv aAnOetovr avtés o1 mpotdoei. .. ...tote aAnlevar kar avtn

P, (=Q) = (=P) Q

—P = C, 6mov C avtigouon P

P, P=Q Q

P=qQ, Q=R P=R

PvQ, -P Q

PAQ PVvQ

P=0Q, Q=P PsQ

P, P, .. 6 P, PANP,AN...NP,

P,....,P,(PAN...ANP,) = Q Q

Autoc o mivaxog pmopel va ouveytotel en’ dmeipov. o va mhpouue uio oxdurn yeo-

U}, yedpouue évayv aprdud and chvidetoug Tpotactaxols TOmoug Sy, ..., S, oTNY apIeTERT
othhn. Lnv avtiotoryn Véor ot 0edid othAn Bdlouue xdmoto cUVIETO TEOTACLING TUTO
D, Tou omolou 1 alfdeta eivar e€acgahiouévny dtav odndevouy ou Sy, ..., S,. T'a va o
ehéyoupe autod eetdlouue Toug mivaxeg aanlelag twv Si, ..., S, xaw D. Mrogolue ouwg

va 10 eréyZouye eetdlovtac Tov Tivoxa adnlelag Tng meoTAoTS

(Sl/\SQ/\.../\Sn)ﬁD.
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Edv auty| elvon tautoroyia, toHTE €dv adndedouy ot Sy, ..., S, akndedel xou 1 D.

M towtohoyia tne popehc (S1 A Sz A ... AS,) = D ovoudletor xavovag eZoy-
WYNS CUUNERACUATOV 1 XAVOVAS AnaywyNs. Edv oc éva tétolo xavova, otay
AVTIXATACTACOUUE CUYXEXPIIEVEC TPOTACELS YL TIC UETABANTES oToug ouVdETOUC TPOTAG!-
oxoU¢ TOTOUC, OL TEOTACES S, ..., Sy elvan aAnUelc, TOTE UTOPOUUE VO GUUTEPAVOUUE OTL
xa 1) tpdTacy D etvar ahnidvc.

Otav ot tpotdoelc mou epgaviCovtar Tepthaudvouy TocodeixTeg, TEENEL Vo €EETACOUUE
TWS GLVOEOVTAL Ylal VoL BOUUE €4V 1) Loy U¢ ulag TedTAONS eVl PUOLXT) CUVETELA TWY DEDOUEVWY.
Ye yio anhf nepintwon, edv yvwpillovpe ot Vo € S @ P(x) eivon odndfc, unopolue vo
oupnepdvouue ot Jx €S 1 P(x) eivon enfong akndic. Edv yvwpilovye ot adndedouvy ot
VeeS : Plx) xaw Ve €S : Q(z), umopolue va ouumepdvoule ot akndebouv molhéc
npotdoele, 6nwe VoS : (P(x) ANQ(x)), VxeS: Plx)|V[VzeS: Qx)], Pla) AQ(b),
omou a, b€ S, xhr. Mropolue mdh va Ypdouue Eva Tivaxa xavOVwY GUUTEQACUITWY TOU
umopoUUe vo BYdhouUE amd TEOTACELS UE TOCODEIXTES.

Edv aAnOetovr avtés o1 mpotdoei. .. ...Tote aAnlevar kar avtn
VeeS: P(z), VzeS: Qx) VzeS: [Plx) AQ(x)]
VzeS: P(x) (6mou S # ) JxeS: P(x)

VzesS: Px) P(a) yw onowdirote a € S
P(a) (6mou a€S) JxeS: P(x)

-(VxeS: P(x)) JdzeS: (-P(x))
—(JzxeS: P(x)) VzesS: (-P(x))

Autog o mivaxag pmopel vou ouveyloTel ue TARUOC GAAWY XAVOVWY CUUTEQUOUATODY. LTNY
oo TERY) OTHAT YPAPOUUE TPOTACELC ST, - . ., Sy, Ol 0TOlEC UTOPEL VoL TEPLEYOUY TOCODBEIXTEL,
xou 071 0edid oTAAY yedgouyue ula medtact D, 1 omola eivon utoypewTixd aAndng, €dv dAeg
ot 51, ..., Sy ebvon akndeic. Autd umopolue va To eAéyEoude eCeTAlOVTUC TNV TEOTAOT

(St ASeA...NS,) = D. Ouwg o oOVIETES EXPRACEIC TOU TEPIEYOUY XATNYOPHUATA
ue mooodeixteg efvar TOAD mo TOAOTAOXES amd TIC TEOTAOELS, %ot BEV Vol BIATUTWOCOUYE plal
yevixy) u€dodo eAéyyou Ge aUTAY TNV TERITTWOT), AvaAoYT TV TVdxwY ohndeioc yio Ti¢
cUVUeTEC TPOTAOELC.

Anoodeln

[a 0 hoyw|) mopouctaon piag anddellng Cexvdue Ue xAmMOIEC TPOTACELS, TIC UTOVECELS
Hy, Hy, ..., Hy, xou 9€houpe vo cuunepdvoupe Ty oyl ulag npdtaone D, tou ouunepdo-
wotog. H draduacio urnogel va efvan apxetd moAdTAoxXY), UE TNV ElCaywYT| AV BoninTixwy
mpotdoewy. Kataypdpouue tn dwadixacio oe Bruata, ypdpovtag €va menepacuévo thrdog
YouuU®y, pe exgpdoeg Ly, Lo, ..., L, t€toiec wote L, = D, xou 67ou Yy xdde m =
1, ..., n, n yeouur, L, elte elvon xdmow and Tic vnovéoeg Hy, Hy, ..., H,, elte elvau
Aoyu) CUVETEW TWY TponyoUuevwy ypaupuey Ly, Ly, ..., Ly,_1. Me autdy Ttov tp6T0
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eCacgarilovue ot 1 teheutala ypouur, D eivou oknifc €dv ol vnodécec Hy, Ho, ..., H,
etvon adnelc. Edv 1 L, 0ev elvon xdmota and Tig unovécelg, eAEyyouue oTL elvon hoyixy)
ovvénel Twv Ly, Lo, ..., Ly e€etdlovtag v Tiph akndelag g olvietng mpdTtacng
LiNLyN...NLpy_1= L,,.

‘Otav 10 A6 cuurépaoua D elvon tng wopgric P = Q, 10t ouyvd ol uadnuatixof
alAGlouv T dradixaota TG AmOOEENS, YPAPOVTAS YEUUUES UE EXPEAoEC Ly, ..., L, Oomou
P civon 1) mpdtn €xgpaon Ly xan Q 1 tedeutaio L,. Kde evoidueon ypauur, eite etvon pia
amo TIg UTOVEGELS, €lTE elvol GUVETELX TWV TPOTYOUUEV®Y YRUUUMY.

IMopdderypo 4.9 Me tic unodéoeig
Hy :5>2
Hy :1Vz,y,zeR: ((x>y) AN (y>2) = (x> 2))

unopoUue va ypddoupe Ty anddeln e mpdtaorne (z > 5) = (z > 2) wc edic
Ly :x>5

Ly :5>2
Ly Vo, y,zeR: ((x>y)AN(y>2)= (x> 2))
Ly:x>2

Av xou 10 GUYXEXPWEVO GUUTERAOUA DEV EIVOL EVTUTWOLOXO, DELYVEL TN YEVIXT) LOp®T TNG
AmOOEENS, TNV OTOLo AMOXPUOTAAAWYVOUPE OTOV axdAouDo 0ptoUd.

Optopbg.  Mio anddely) e npotaone P = @, (6mou P xa @ eivon mpbdtaon ¥
xomwépnpoc), ue Oedopévec Tic unovéoec Hy, ..., H, anoteleiton and €va TETEQACUEVO
TARdocC youuuoy

Ll - P
Lo
L, : Q

omov xde Ypouuuy| L, yia 2 < m < n, eite ebvon plo and tig vnodeoeig Hy, 1 < s < r, elte
ula TedTAOT 1) EVaL XUTNYOETUA, TETOLO WOTE

(Ll/\Lg/\/\Lm_l) = L,
elvon aAnUYig TpdTUOT).

Tré avtéc Tic ouvirxeg, edv 1 P elvon ahndvic, Tote xdle embduevn ypopur elvon eniong oh-
NG, o ewdwxotepa 1 Q elvan odning. Amd tov mivaxa adndeiog Tng ouveraywyrc BAEnouue
oTt autéd e€acariCel TRy adfleta g P = Q.

AZiel va dolpe T ouuPBaiver 6tav 1) P etvar Yeudric. Autod umopel va ouufet, yia topdderypa
otav 1 P elvon xatnydpnua, 0TOTE 1) AVTLXATACTACT CUYXEXQIIEVWY TV didel Yeudy| mpo-
taon. 'Etot, oto mponyoluevo mapddetyua, x > 5 dev etvan akndéc otav x = 1, xou 1) ypouun
Ly yivetan 1 > 2, 1o orolo elvon enlong Peudéc. Amd tny dhhn, edv x = 3, tote 1 Ly cbvan
beudrc, 3 > 5, oAAd 1 Ly eivon 3 > 2, akndrc. Me Abya Aoy, €dv 1 P eivon {eudric dev
UToEOUUE VoL BYJAOUUE XATOL0 GUUTEPAGUN WS TEOE TNV aAfUEeLd 1} TO YelBOC TWV ENOUEVLY
Yoouuwy. I'vwptlovue duwe ot 1 obvdetn npotacn P = () eivor aknirc.

Efdoue tov tumixd oploud hoyixwy Prudtwy oe ula anddeln. Tu duws ypdgpouue otny
TEAET, OTay Topouctdlouyue uio amddelln; Autd Yo eCETACOUYUE OTO ETOUEVO XEQANNLO.
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Aoxnoelg

‘Acxnon 4.3 T'oddte wa ohvietn tpdtaocy 1 onola va etvon akndrc 6tay oxeBog Vo and
TI¢ Tpelg mpotdoelg P, @ xou R eivon andeic.

[eddte wa oOvietn npdtaoy 1 omola va ebvon aknifc, 6tay xopio, # pa, 1 500 ard TIC TEELS
mpotdoelc P, Q xon R elvon odnvelc.

‘Aoxnor 4.4 Kotaoxeudote mivoxeg ahndeiog yior Ti¢ mapaxdte meoTdoelg
«. (P=-P)=(P=P)
. (P=RNQ=R)e (PNQ)=R)
Y. (P=Q) N(Q=R)=(P=R)

‘Aoxnon 4.5 Pudlte évay (xowvo) mivoxo ANoYIXMY TWOY Yio TIC TPOTACELS

o (P=QNQ=P) , P&sQ

‘Eyouv autéc ot mpotdoeic mavta Tic (Blec AoYixéc TWIES;
Kdvete 1o {810 xon ye o Ledyn mpotdoewy

G (P=Q)=R , P=(Q@=R)
7. (P=Q)N(Q=R) , P=R
J. P=Q , -PVQ

‘Aoxnon 4.6 T'pddte Tic Topaxdte TEoTdoeg Ye hoyixd oOuBola, xat eEETd0TE GV €lvan
aAnvelc.

of. T %80 mporypatind aprdud =, umdpyet Tpaypatixoe aprdpdc y, tétolog wote y* = x.

B’ Trdpyer mpoyuatinds apududs ¥, TEToog Wote, yia xdde mpaypoatixd apudud w, To
dpotopa = + y etvon Yetixd.

Y. T xde dppnro aprdud o, undpyet axépoog n T€towg wote T < n < x + 1.
0. To tetpdywvo xde axepatou agrvet utoroimo 0 A 1 otay dronpedel e to 4.
e’. To dipolopa Twv TETEAYWVKY BLO TEMOTOY APIUOY BLAPORETIXWY antd To 2 elvart dETIOC
aprdude.
‘Aoxnorn 4.7 ATUTOOTE TIC TUPAXITE TEOTICELS GTAL EAANVIXAL.
o. VeeR IycR : 22 — 32y + 2y =0
p. yeRVreR:2? — 3zy +2y*> =0
Y. ANeNVeeR: (e >0)A(n>N)) = (+ <¢)

0. VeNVyeNdzeN:x+2=y
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e. VeelZVyeZ Ize€Z x4+ 2=y

Extoc and v xatd oOuBoho PeTtdppaoT), SWOTE Xal uLot BATOTWOT OE TO OTEWTYH YAWOOW,
ToL Vo unv ahhotwvel T onpacta. TToég and tic mpotdoelc elvon aAnvels;

‘Aocxnon 4.8 T'oddte v dpvnon xdde wag and Tig axdhovideg TEOTAGELS
o«. Vo : (P(x) A Q(x))
8. 3 (Plr) = Q(a)
Y. VxeR JyeR : (z > vy)
0. VeeR VyeR 3z€eQ : (x+y > 2)

‘Acxnon 4.9 Yynuatiote Toug mivoxeg aindeiog TwV TapuxXdTw TEOTAGEWY, xaL ELETAOTE
TOLEC oo AUTEC Elval TOUTOAOYILES.

o. P= (—-P)

. (P=RNQ=R)e (PNQ)=R)
Y. (PAQ)= (PVQ)

0. (P=Q)V(Q=P)V(-Q)

’ 7 7. 7 / 7 /
Aoxnor 4.10 Eynuoatiote Toug mivaxeg ahndeioc Twv topaxdtw (euyOY TEOTACEWY, Xou
eZe1doTe €dv ot 500 TPOTdoELC Eivan AoYIXd LoOBUVOES.

o 2(PAQ)  (2P)V(=Q)
g.o(PVQ) , (2P)A (=)

Y. 2(PA(=P) . PV(=P)

. P=R , (-P)AR

. P=R , (WR)AP

. (P=Q) AR , P=(QAR)
CA(PAQ)) = (RA(-R) , P=Q



Kegpdhawo 5
Moaodnuotixn Anooelln

Y10 mponyoluevo xe@dloto eCetdoaue TN hoyixt| yeron Tne YAwooog ota Moadnuotixd, xou
TOV TPOTO UE Tov omolo 1 alfilela plag TpdTacng tpoxiTTel and dhkeg dedouéves. Eidaue ot
utopolue v Yewprooupe pio amodelln wg pio axohovdior AoYIXOY CUUTERUCUATOY. LTNV
TEAEY OEV Elvor IXAVOTOTIXG VoL YRAPOUUE ATOBEEEC UE AUTOV TOV TEOTO: €4V GUUTER-
théBoupe xdde Briuo 1o anotéheoua eivar ECAPETIXG HOXPOOXEAES. YE aUTO TO XEQPINUO EE-
€T4COUPE TN YEVIXT EXOVA JaS UadnuaTxhc amodeling, xot BAETOUUE Twe Yedpouy amodellels
ot podnuaTxol 6Ty Tpdln. Extog and o Aoywd oxeheto, to ypdduo ulag anddeilng amontel
%ploT Yol TNV TOCGOTNTA TWV AETTOUEREWDY TTOU apOlouY Ot GUYXEXEWEVY Tepintwon. Tt
TpEneL Vo ouunepthnpiel xan Tu unopel va tapaingUel. TTohd Atya ortovyela propet va agpricouv
€€o onuavTxd PEPOS TOU ETLYELHUATOS, EVG TP TOANG oTotyelo umopel va cuoxoticouy
TNV GUYORLXY] EXOVOL.

Zexwdpe tolpvovTog pla xovovixy| anodellr), Yeouuévr o cuvnhouévo uadnuatixd GTul,
NV omola GUYXEIVOUUE UE TNV TUTIIXT| DOUT| TNG ATOOEENS OTO TEONYOUUEVO XEQPIAANO.

Oedpnua 5.1 Edv (a,) xai (b,) elvar akodovllies, tétoes dote a, — a kai b, — b kalog
n — 0o, tdte (a, + b,) — a +b.

An6dely. Eotww ¢ > 0. Agol a, — a, undpyet N; €100 OOTE

1
n>N1:>|an—a|<§5

Agol b, — b, undpyer Ny této0 WoTe

1
TL>NQ:|bn—b|<§€

©étouge N = max{Ny, No}. Edv n > N, t61¢

1
n—al <= b, —bl < =¢,
la, — al 25 x| | 25

doat, amO TNV TELYWVIXT aVlooTN T

l(an +b,) — (a+b)| < |a, —a|+ |b, — b
1

554‘56

£.

IA

82
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‘Eneton ot (ay, + b,) — a + b.
O
[t vor avohOGoupe 1) Bour TNe amodeEng, TNy Savaryed@ouUe, YRUUUY — Yeouun, TeocUé-
TOVTOG PEPIXd oy OMa Tou arocapnvilouy To emLyeipnua.
Ov unodéoeic Tou Yewprpatog etvor:
Hy: (ay) ebvon axohoudio mporypotinddy aptdumy, xon a, — a xadohg n — 0o.
Hy: (by) etvon axohoudio nporypatixddy aptiuody, xou b, — b xadde n — oo.
xaL To cuuTépacua efvor
D: vy v axohoutio mparypatixdy aprduay (a, + b,) éyouue ot a, + b, — a + b xadode
n — oo.

H an6deln etvon:

1. 'BEotwe >0

2. Agob (a,) — a, utdpyet Ny tétowo wote n > Ny = |a, —a| < 3¢

3. Agol (b,) — b, undpyer Ny tétoo Gote n > Ny = |b, —b| < 3¢

4. 'BEotww N = max{N;, No}

5. Edvn > N 167 |a, —a| < e xau |b, —b] < e

6. |(an +bn) — (a+0b)| < |a, —al + |by, — b and ™y TErYOVIXH oviobT T

7. lan —a|+ b, — b < 3e+ 3¢

8. tetie=c¢

9. (Trdpyer N = max{Ny, N2} tétoi0 dote) n> N = |[(a, +b,) — (a+b)| <e.
10. (an + b,) — a+ b, 0.€..

H ypauun 1 eivon 1o xatnydenuo: P(e) € > 0, xon xotdvTog mo x4te BAETOUUE 0Tt o1
Yeopur 9 xotodyoude otny Unapén evéc N tétoov bdote n > N = |(a,+b,) —(a+Db)| < e.
Edv Q(¢e) eivor 1o xatnydprnua

(AN eN):((n>N)= ([(a, +b,) — (a+b)| <¢)),

ot ypouuéc 1 — 9 anoteholv anddeln e ouvenaywyhc P(e) = Q(e). Xt ypouus 10 autd
EQUNVEVETAUL WS TO ouunépoaoud, ot (a, + b,) — (a + b).

Y1 yeauués 2 xou 3 ot unovéoe Hy, Hy, dtatum@vovTon avahuTixd, YenoulomolmyTog
TOV 0PIOUO TNG OUYXAIONG: Uy — @ XOWWE 1 — 00 OTULVEL

Mo xdde € > 0 undpyer N tétowo wote n > N = |a, —a| <e.

[Tpooélte ot mapaheineton T0 emmAcoy Brua, oL edv € > 0 toTE %5 > 0. Yty npdln, tétola
wuxed Bruota, Tou anoteholV UE€pog TNG TEYVIXYS, TapaheitovTal.

X1 yeouur 4 ewodyetar évag véog optopdc: opiloupe to alpforo N cuvapthcel Twv Ny
xat Ny, Oa unopolooue Vo Tapahelouue auTd TOV 0pLOUG, XAl VAL AVTIXATACTHOOUUE XAV
@opd. oty anodellr 1o obuforo N ue to max{ Ny, Na}, YWelg xoutd oUCLaGTLXT BlapOopdL.
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Yuvniiletan ouwe va ypnowomowolvto véa cUufoha yio GUVIETES EVVOLEC TOU XATUOXEVS-
Covtar amod dhheg, Yo va Satrnpeiton o amhog 0 GUUPOMOUOE ot VoL AVAOELXVIOVTOL OOV~
T oTotyela TG anddEEnC.

H yoouu#, 5 elvon ovvénewor v 2, 3, 4+ n > N = n > Ny = |a, —a|] < %5 o
n>N=mn>Ny,= |b, —bl < %6. ITpocélte oTL oL mpoYavelc CUVETAYWYES, OTL EAQY
n > N =max{Ny, No} t61e n > Ny xou n > Ny nopaheinovton and tny anddetln.

Yt ypouuy 6 mopodeinetar 0 otowyetddne ahyeBpxds yewpiouos |(a, + by) — (a +b)| =
[(an — @) + (by — b)], xou xatémy epopuéleton 1 TEYOVIXH OVIGOTNTOL VLol Vo TIPOUUE TO
TeEMx6 anotéheopa. Av xou 1) mpdTacT wotdlel va elvan xatrydenua 6To n, Yewpolye oTL 1)
ueToBAnty Seopetetar and tov (unovooluevo) mocodeixtn V(n > N) ot ypouus 5.

H yeouun 7 elvon ouvéneto twv 5 xon 6, epopuélovtoc (otwnned) widtntee npdoieong
AVICOTAHTOV.

Y yeouur 8 exterotvton aniég apriunTixés mpdlels.

Téhog 1 yeauu?| 9 elvor cuvéEnew Twv 2 — 8.

T nopatneolue amd Ty avdiuor avtAc g oYeTxd anhig amodeing; O podnuotixot
0eV Ypdpouy amodellels axp3m¢ Ue Tov TEOTO Tou TEplypddoue TV Tumxr anéoelr. Ot
AVPLOTEPES OLoPOpES Elvat OTL

1. TTopareinovton unodéoeic.
2. TMopakeirovton Bripata oty e€aywYr CUUTEQAGUITODV.
3. Ewodyovtar oplouol VEmY EVVOLOY.

To anotéheoya eivon va mapouctdleton 1 anddelln o ula To PELUGTY YpuPY an’ OTL )
ocohovdior TPOTACEWY TNG TUTLXAG ATODEIE TG,

Y1oy0¢ TNg ambdelng vl Vo xAveL xatavonTh Ty oAAnlouyla Twy cuprepaoudtwy. H
ToPIAEUYT) AeTTOUEQEWWY TOU YEWPOUVTOL TEQLTTES, X0l 1) ELCAYWYY) VEWY GUUBOAWY, ETITEETEL
var Yiver 1 amodeiln o GUVTOUT Xo EVAVEYVOOTH.

O avipemmivog voic xataoxeudlet Yewpieg avary vwpiloviag YVWoTES Yapax THRIoTIXES Uop-
péc ot emyElphuaTta, Topaucpilovtag Aemtouépeteg Tou elvon xaAd xatavontés. O Baowodg
TEPLOPIOTIXOC TORAYWY EIVAL 1) TOGHTNTA VEWY TANROQORLOY TOU UTOREl Vo oY xpatel xdie
OTWYUT] OTNV TEOGOYY 0 VOUS, X0l 1) ‘CUUTUXVWOT TOU TROEPYETAUL OmO TOV TUQUUEQLOUO
AETTOUEQRELWY XU TNV EVOTOINGT, EVVOLGY, elvar amapaitntn yio T cOMANN TN cuvolur-
¢ ewovag. ‘Etotl, PAuata tng Aoywhg anddeilng, to onola anoteholy pépog Tng Baocixig
TEYVIXNS, CUVTOUEVOVTAL, Yol Vo avadelyUel 1 ouvolxt| Etxova.

‘Otav pla pordnupotixdg avortvooet wia véa Yewpla, Telvel vo Slonplvel UETAED TV YVWOoTWY
OTOTEAEOUATWY, TOU ATOTEAOUV PEPOC TNG TEYVIXNC, X0l TOU VEOU LAXOU TOU oVOTTUCGCEL.
To yvwotd otoryeia propoly va cuvtoyeutolv ot ueydho Badud, xodwg Yo propolcay
vor avahudoly xar va cupmhnewioly edv etidevto und aupoPrtnorn. Néo otowyela, tou
ATOTEAOVY TOV TURHYVA TNG AVATTUGGOUEVNC Vewpiag, avTiueTwni{ovTon Ye UEYAITERT TEOGO-
Y1 Avagépovtal prtd we unodeon dtav ypeetdlovTa.

Ye Tt Badud mpoywpedet auTh 1) dtadxacio TapdAndng xou cuvtéuevorg, etvan {ritnua bgoug
xou e€apTdTan and 10 xotvé 6To onolo aneuiveTan 1 amOdEEN: dtagopeTixd Vo YpapTEL wia
anooeln oe €va eyyelpidto, oe pia epeuvnTixy| povoypagia, 1 oe €va dedpo oe EMOTNUOVIXG
TEPLOOWXO.

H anédeln oto mapdderyua, aneudivetar oe @ortntés padnuatixwy tou lou 7 tou 20u
étouc. Etol, otn uehétn tng podnuotinnic avdAuomg, ot xavoveg tne aptiuntixfc YewpolvTo
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EVTEANC OtxeloL, xat 0ev avapépovtal. Ot VEEC €VVOLES, OTWS ToL OELL AXOAOUILDY, AVUPEQOVTOL
entd.  H tprywvin) avicdtnta Yewpeitar yvwoth, adrd oyt tdéoo ouxela, xon yiveton pla
aVaPopd GE AUTH.

/ 4
ASLOUATINA CUCTHUATA

H Swodixacto tng anodelng, onwe eldaye, eCAYeL XMoo CUUTERAOUATA ATd XATOIEG UTOVE-
OElg, Ol oToleg UmopEel va eivon oNTd BLATUTWUEVES 1) VoL TPoadlopIlovToL amd TO AVTIXEUEVO
e pehétng. [o va €yel auty| 1) dradicacio otépeeg BAoele, TEEREL VoL £YOUUE XATOIES AR YLXES
UTOVETELS, TIC OTOIEC DEYOUUOTE (G AELOUATA, XAl ATO AUTEC GUUTEPAVOUUE OAAL ToL GAAYL
amoteréouato Tne Yewplog.

Autd ta anoteréoyara ta ovopdlovue Jewpnuata, tpotdoes, Afjjupata 1y topiopata. Autd
T OLapoEETIXE ovouaTa Bonolv va Tapouctdcoude o avdyhuga T dour Tng Yewplag xat
NV AAANAEEdPTNOT TWY ATOTEAECUATWY. LuvAlng Vewpruota 0VoudCoUUE To TLO ONUAVTIXG
ATOTEAEOUATOL, EVE TEOTATELS To ALy 0TERO onpavTixd. T'io var dieuxohuviel 1 topoucioo wlag
HoXOOXENOUS ATOBELETC, UTOPOUUE VoL BLAXEIVOUUE ATOTEAECUAUTO TTOU ATOTEAOUY GUOTUTLXO
NG anddedng, xar va mpotdlouue T anddeln tne. Tétown anotehéopata ta ovoudlouue
Mppora. Avtidétng, népioua etvon €va anoTéAECUA TOU ENETAL EVOS GAAOU AMOTEAEOUATOC
amd 1o 0Tolo ATOOEXVUETAL JUETAL.

‘Eyouue apxetéc yvwoelg yia Toug guotxols aprduolc. o va toug yeletroouue olt-
wuoTixd Yo Teénel Vo eMAEEOUUE XATOLES WIOTNTEC NS apliunTXhc w¢ Baowxd adlouata,
xoL TAVR O aUTd Vo 0000UHCoLUE O TN Vewpla, YENOULOTOIOVTIS TI UTOOELXTIXEC Ot-
adwxaciec. BeBaiwg yropolue va yernowonotooude T dtaucdntixny| yvomon g aprduntixic
TOU €YOUUE Yt VoL hag xadodnynoeL oTr allwuatiny) UEAETH,

Y10 eNOPEVO xEPIAO Vo ECETACOUUE UE AUTOY TOV TEOTO TOUS Puotxoug aprduols. Ye
GAhor pordfpota, Vewp®VTag OEBOUEVA TA ATOTEAEGUATA YId TOUC Quaxols optduols, Vo
eCeTdoouUE GAAa aprdunTIXd CUCTAUATA.



86 Ocuéiia twv Modnuatixdy

Aoxnoelg

‘Acxnomn 5.1 Oa anodeilouye, Ue €1g dTomo anaywyr), ot 1 elvar o yeyaliTepog axépatog.
Beeite to Advoc!

Arn6delly. Trovétouye ott o 1 dev eivon yeyalitepog axépatoc. Eotw n o peyahitepoc
wpaog. Tote n > 1. Tote n? etvow eniong oxépatog, xou n=n-n>n-1=n. Apa
n? > n, Tou AVTLPAOXEL UE TNV UTOVEST OTL N EtValL 0 UEYUAUTEPOC oxépatoc. Apa 1 etvar o
UEYAUAITEROC axEPALOC.

‘Aocxnomn 5.2 Arnodeilte ye €ic dTomo anaywyy ot

Edvz,ye Rxawy <x+¢ yaxdde e > 0,e € R, t6te y < 2.

o. Teddhte Ty anddeln oe otpwtd pordnuaTixd eAAnVixd.

B’ AwrtuneoTe TV TpdTaoY) 68 TUTIXT YAWOOW, Xt arnodeilTE 0Tt 1 dEvNoT TNE TEOTACTS
cuvendyeton pio avtipao.
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Puoxol Aprdpol xouw Enoaywy

Anodellr pe EnAYWYN

H an6deiln ye emaywyr| dev gaivetar va tToupldlet 6To oyfua Tou teptypddoye 6To TeEheuTaio
xEQPAAU0. Ac DOUUE Eval TUPAOELYUAL.

ITebtaom 6.1 To dipowpa twy guoikdr apridudy ané to 1 éwg to n efval %n(n +1).

Arnédeln. Tan =1, 1o ddpotoya eivar amhwe 1, o etvar mpdyuatt (60 Ue %1(1 +1).
Edv ahndeder yia to k, dnhadr edv

1
L4243+ +h=k(k+1),

T67T€E, TpoovéTovtag b + 1 xou oTic 500 Theupég €youue

1
1+24+3+--+k+(k+1) = E/<:(/<:+1)+(k:+1)

= %(kz + 3k +2)
= Sk +2)

Apa o tOmog akndelel yia k + 1. Enaywyxd, o tinog aindeler yia xde guoixd oprdud.
O
Ye toAhoU¢ avlpwmoug autd To emtyelpnua poldlet va Boaciletar ot €va ‘xon 00Tw xod eEhC’:
ool e€aopakicovue Ty aAfUeld TNg TeOTAoNS Yot n = 1, xou To YeVxd BhAuc and to k oo
k+1, egoapuélouvye autod to Briua ye b = 1, yio va ndue and 1 670 2, xatomy 1o e@apuélouyue
Eavd yior v TdPE amd To 2 070 3, ka1 oUtw kal’eéng, 6oec popés Véhouye. a mopdderyua,
UETd amod 592 eqgapuoyéc Tou Yevixol Bruatog Yo pidvaue to 593. Beflatwe yio vo @ddcouue
UEYIAES TIWES Tou N amoutolvTaL TOMAES emavalfier Tou yevixol Bruatoc. To mpoBinua
elvol OTL UE AUTOV TOV TPOTO OEV EVOL BLUVATOV VoL xUALDOUPE TOTE GAOUC TOUC PUOIXOUS
aprluoUg Ue Uar anddOEIlr) TETEQUOUEVOU UHXOUG

Li, Lo, ..., L.

H Moo og autd to mpoPinua eivon v Bydiouye o ‘ot 00Tw xad’e€hc’ and Ty andoeln
%0l Vo T0 TOTOVETAOOUUE OTOV (D10 TOV 0QPIoPO TWV YuUoXY apWuwy. Tote 1 anddeln ue
emaywYr Vo Toupldlel UE To oy fua Tou TEPLY pdae 0TO TEOTYOUUEVO XEQANLO.

87
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O guowxol agripol

Aev etvan duvatov va TEpYpdhoupe To GOVOLO TV PUOKY APLIUWY XATAYEAPOVTAS EVo-EVa
6o o oTotyela Tou. Xpetdletan yLor SlapopeTixt| Tpocéyyior. Eutuyme, n Swncdntixy évvola
¢ amapidunomng evxola unopel va ex@pacTel Ye ouvolodewpentixd tpdmo. Apyilouue ye o
1, yetd eivon t0 2, uetd T0 3, %o cuveYI{oVUE UE AUTOV TOV TPOTO, ovoudlovtac xdle popd
TOV ETMOUEVO QUOXO aplluo, 660 Véhouye. Ta av cUAREBouue OAT auTHY T dladixacta TS
amapldunong oe wa €vvola, Yewpolue Tov ETOUEVO apulud oY ULo GLYAETNOT, GTO GUVORO
N,
e: N—N

ue xatdhhnhec Widtntee, wote €(n) va eivon o enduevoc Quowde, (1) = 2, €(2) = 3, xhn.
Abo mpogaveic 1BLOTNTES Elvan

e ¢ dev eivan enexovion et tou N, agol e(n) # 1 vy xdde n € N.
o ¢ eivan everxdvion, dSnhodh m # n ouvendyetan e(m) # e(n).
Trdoyer wa Tpltn onuovTixy| WLOTNTA, TOU ETTEENEL TIC ATOOE(EES YE ERAY WY

e Trodétouue o1t S C N ebvan tétoo wote 1 € S, xau ywa xdde n € N, edv n € S to1¢e
e(n) € S. Téte S =N.

Anhadn, edv éva olvolo meptéyet to 1, xou mepiéyel 1o €(n) xdVe @opd mou mepéyel To N,
TOTE TO GUYOAO XUAUTTEL GAOUS TOUG PUOLXOUS apLiuolg.

Eivou evtunwotaxd ot autég ot TpELS WOTNTES ApXoLY YLol VoL TERLYPAPOUNE TOUG (PUGLXOUSG
apriuots. o o alwpatiny tpocéyyion tne Aprduntixc dpxel va anuthicouye TV UTopdn
€VOC GLUVOAOL UE TG TEELS aUTEC WLOTNTES. [Nl mpaTixoUg Adyoug elvar oLy vd TpoTHTEROD
va apyloouue ye 1o 0 avti to 1. Otav yenowomowlue toug Quoxols apiuols Yia Vo
EXPEACOVUE OLATALT), Yiol TAUPAdELY A w¢ Oeixteg o wia axoloudia, elvar mo xatdAANAO TO
N, yopic t0 0. Av duwg Yélouue ot guoxol apriuol va expedlouy 1o TAhog oTtoryeiwy
TWV TEMEQUOUEVODY CUVOLWY, TOTE To Pohxd ebvar va €youue xou 0 0 wg Quotxd apriuo,
xodidg auTo exppdler To TARYog oToyElwy Tou @. LNy aprluntxy exiong eivar ypriouo va
éyoupe 1o otoyefo 0. I'Vautolg xou dhhoug Adyoug Va apytoouue ue t0 0 oTo allwpaTind
woc obotnua, xou Yo yenotonotiooude to oluBoro Ny yia va Snhdcouue 0 6UVOAO TV
puotxwy apriuwy Tou Tepteyel To 0.

Eyouvue ta adidpara Peano yia toug guowog apriuois, and tov Itodd gadnuotind mou
AVETTUEE AUTAY TNV TEOCEYYLON TV QUGIXWY aptdu®y oTo Té€Aog Tou 190U aubva.

Ocewpovue €va cuvoro Ny xar ua suvdptnon € @ Ny — Ny tétota wote:

(®1) H ouvdptnon € dev eivor emewxdvion ent tou Ny : undpyet otoryeio 0 € Ny tétoo Gote,
v xde n € Ny, e(n) # 0.

(®2) H ouvdptnom € eivan everxovixt: dv e(m) = e(n) tote m = n.
(®3) Edv S C Ny elvar tétoto dote 0 € Ny xon yia xdde n € Ny -
(ne S=¢e(n)ebs)

16t S = Ny
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Aev mpoxinTeL ot UTdEYEeL £va T€Tolo alvoho Ny, ot mpénet v Jewpricouue Ty Uoed)
TOU WG EvaL antd T Baotxd aIOUATH TWV LOUNUATIXDVY LS.

Agiwpa Oroegng Ty Puoxoy Aptiudy
Trdpyet éva ahvoro Ny xou o cuvdptnorn e : Ny — Ny mou ixavorooty ta aliouata (®1),
(®2), (®3).

Aré autd ta adidyata Unopolue va anodeilouue dha Ta amoTEAEoUITA TG aptdUnTIXAC,
VO XATUOAEVACOUUE TOUG aXEEALOUS, TOUS PNTOUG, TOUG TEAYHATIXOUE XoL TOUG UyadLXoUg
apripovc. Oo dovue enione ott to a&ivya ($3), mou Aéyeton Apy ) Enaywynhg, eunepiéyet
TN BUYATOTNTA OMOBELETC UE ETAYWYT), OTWS GTO UXOAOLVO TAUPADELY UL

IMgétaon 6.2 Edv n € Ny, n # 0, tére vndpyer povadixé otoryeio m € Ny térowo dote
n =e(m).

Arno6delly. Oétouue
S={neNy|n=01n"n=ec(m) yo xdroro m € Ny} .

O deifoupe ot S = Ny. Hpogavae 0 € S. Edv n € S, eite n =0, ondte e(n) = ¢(0) € S,
elte n = e(m) yw xdnowo m € Ny, ondte e(n) = e(e(m)) xa egp’ooov e(m) € Ny, e(n) € S.
Yuvende, and 1o aliwpa (83), S = Ny. Apa, ya xdde n € N\ {0}, uvndpyer m € Ny tétowo
wote e(m) = n. H povadixdtnra ebvar ouvéneia tou adibuatos ($2).

0

H TIpotaon 6.2 debyver ot to 0 elvon To Yovadixd otolyeio mou OV elvon €mdpero xdmotou
dAlou, wiar WLOTNTA OV To dtaxpivel amd oha ta dAa otoyela Tou Ny. Opilouue to clvolo
v guotkdy apiudr, N = Ny \ {0}. XuuBorilouye 1o £(0) pe 1. Autéd 1o otoyeio avixel
oto N.

H onodeln tne Hpotaong 6.2 €yet tnv axdroudn doury: optlouvye €va cUvoro S, xot

(o) Sefyvouue ot 0 € S,
(B) Beiyvouue ot n € S =¢(n) €5,
(v) emxoholyacte to aliwya (P3) v va cupnepdvouue ot S = Nj.
M amodelln pe emarywyn €yet mévta authy Tn dour. XNy mpdln to olvoho S eivon Tng

poppric
S ={neNy|P(n)}

6mou P(n) elvon éva xatnydpnua mou opileta (Snhad tou eivon ahniéc 7 Peudéc) yio xdie
n € Ng. Ta Bhuata (o), (B), (y) yivovtou

(oar) Bebyvouue ot 1 npdtaon P(0) eivan ohndric,
(BB) Oeiyvouue ot edv P(n) eivar aknirc téte P(e(n)) eivan odndrc,

(vy) emxaholupoote to aimpa (P3) yio vo ovunepdvoupe ot P(n) odndeldet yio xdde n €
Np.
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H yeron tou a€iduatoc (P3) ohoxhnewver tny anddelln ywelc vo ypetdletar xavéva ‘xau
o0tw xad’elhc’. H Baowr dour| authic tng anddelng yenorwonoidnxe otny llpdtacn otny
apyh Tou Kegahaiou, ye 1 diagopd ott apylooue and to 1 avtl and 1o 0 xou ypddoue n + 1
avtie(n). Apyotepa Yo deiloupe ot 1) (i u€Vodog e@oapuoleTon EEXVOVTIS UTO OTOLOOHTOTE
k € Ny, ewdixdtepa and k = 1, xaw ouvenwg 1 pdtaorn oty apyr Tou Kegpohaiou etvar €va
amA6 TopddeLyUa amdOEEnS Ue enaywYT, Puctopévn oto alinua ($3).

Yy npdln to afiwua (P3) dev avagépeton prtd. H anddelln datundveton ot oyéon Ue
éva xotnyoenua P(n), xau 6tav anodeydoly ta Pruata (o) xon (BB), Mue ot ‘ue emorywy,
10 P(n) aknieder ya 6ho toe n’. Auth 1 Swrthnwon ebvan o avopopd oto a&ioua ($3), tou
ovopdletat, YUauTtov T0 AoY0, adiwua enaywyns. Kotd tn didpxeta tng anodeing, n undveon
ot P(n) akndeler ovoudleton enaywyikry vndleon xon n onddeln on P(n) = P(e(n))
ovopdletal emaywyrkd Prpa. XNy dpyr, 6toy YeAeTdUe TiC Poaoctxéc wiotnteg Tou Ny Yo
AVAPEPOUAOTE PNTE 0TO GUVORO S.

Avadpopixol oglopol

Oéhouye va opicouue TNV TEb6oUETT) YUOIXMY APLIUWY CEXVOVYTAS AT TNV EVVOLYL TOU ETOUE-
vou. T xdde m € Ny Uétouue
m+0=m

xou xatémy 0pilloude m + £(n) YpNOWoTOWVTIS To M + N ot VETovTag
m+e(n) =ce(m+n).

To aliwya enaywyrc gaiveton va tarptdlel oe Wi Tétota dradixaota. Ilpdyuatt, To enduevo
Vempnua e€acgarilel 0Tl UTOPOUUE VO 0pIGOUUE GUVIPTAOELC UE Wil TETOLO oVadPOUIXT| Ot-
adLxaoia.

Ocedpnua 6.3 (Oedpnua Avadpouhs) Edv X evar éva otvodo, f: X — X jua

ovvdptnon, ka1 ¢ € X, tére vndpyer povaoikr) ovvdptnon ¢ : Ng — X térowa dote
a’. ¢(0) =c,
B w(e(n)) = f(e(n)) ya kdde n € N.

Treviuuilouye oti and T oxomd g Yewplag cuvorwy wa cuvdptnon ¢ @ Ng — X etvan
éva utoclvoro ¢ C Ny x X ue Tic 1810t teg

i. T xdde n € Ny, undpyer v € X této0 dote (n,z) € ¢,
ii. Edv (n,x) xu (n,y) € ¢, 161e © = ¥.

Apa vt vo oploouye T 6uVAETNOT ¢ aexel Vol Tpocdlopicoupe 10 xatdAAn o utocivoho. Ot
WOOTNTES NG © OTY DLTUTWCT TOU OEWENUAUTOS ONUAVOUY OTL AUTO To UTOGOVOAO TEETEL
VOU LXOVOTIOLEL

A’ (0,¢) € ¢,

B". Edv (n,z) € ¢ t61€ xu (e(n), f(x)) € .
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Trdpyouy TOAAG LUTOGUYOAY UE QUTEC TIC IBLOTNTES, OTIWC Yiol Tapddelyua 6ho to Ny x X.
To {nroluevo etvar 1 Tour OA®Y AUTGOY TWY UTOGLUVOLGY, Yot HOVoY auTh Yo xavoTotel Tig
wiotnree (i) xou (ii).

H anédeiln tou Oewpruatog Avadpouric didetan oto Ilupdotrua, oto téhog tou Ke-
padatou.

Yav egapuoyt Tou Oewpruatoc Avadpouric didouue Toug axdhouvlous optouole:

1. Ilpéoteon
Opilouye tn ouvdpon ¢, : Ng — Ny, ¢m(n) = m + n avadpopixd ue

gOm(O) = m
pm(e(n)) = elpm(n)).
Ye authy TNV mepinTwon, c =m, f =¢.

2. HoAarmAaoaouds
Opilouye tn ouvdptnon pim : No — Ny, pm(n) = mn avadpopixd ue

tm(0) = 0
tm(e(n)) = pm(n) +m.
Ed8w c=0, f(r) =71+ m.

3. Awvdueg
Opilovye 7y, : Ng — Ny, 7 (n) = m™ ye
™Tm(0) = 1
Tm(e(n)) = mmn(n).

Edw c =1, f(r) =rm.

4. Eravaiapfavopevn odvieon
wag ouvdptnong f @ X — X, opiletoun e

folz) =
F(@) = F(f*(2)) yio bha e @ € X.

O xavovee tng AptdunTtixng

Eyovtag opicet tny npdcieon xou Tov molhamhactacud, eivon Topa oyeTixd amAd va anodelEouue
Toug cuvnhopévoug xavoveg g aprdunuixric. Ot amodellelg dev elvan EVIEANMS TETPUIUEVEC:
1 x0plar duoxoMa Peloxetar otny €0pecn TG XATAAANAOTERPNC OELRAS UE TNV ool Vo Yivouy
ot amodeilelc. Ye xdle mepintwon 1o xUplo epyaheio etvar 1 exaywy.

Treviuuilouye Touc optopolc:

(rpl) m+0=0, (np2) m+e(n)=cec(m+n),
(th1) m0 =0, (mA\2) me(n) =mn+m.

Ané ta (np2) xan (mpl) BAénovpe ot m +£(0) = e(m + 0) = e(m). LupBohiloupe to
£(0) pe 1, dpo éyouvye e(m) =m+ 1.
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Aqppa 6.4 T'a kdde m € Ny,
1. 0O+ m =m,
2. 1+m=c¢e(m),
3. Om =0,

4. Im = m.

ATnodelly. Ye xdie nepintworn yenowwonoolye enaywyr oto m. AlBouUe Lo Topdderyua
v anédedn tou (1). Oétouue

S={meNy|0+m=m}.

[oogavee, and 1o (npl), 0 € S. Edv m € S, t6te 0 + m = m, dpa and v (np2),
0+¢e(m) =¢e(04+m) =e(m). Svvenoe e(m) € S, xou and to (P3), S = No.
[

Oedpnua 6.5 (Kavoveg tne aprduntixic) I da ta m, n, p € Ny,
1. Hpooetaipiotixi 1016tnTa tns npdéodeong:

(m+n)+p=m+(n+p)),

2. MeraOetikn) 1016tnta tng tpéoteons:

m+n=n-+m,
3. Ilpooetaipionikn 1016tnta tov ToAAarAaoiaojiov:

(mn)p = m(np)
4. MeraOenikn 1016tnTa tov moAdarAaoiaopov:

mn =nm,

5. Empepionikn 1016tnta tov moAkamAaoiaopotl ws mpos tny mpéodeon:
m(n +p) =mn+ mp.
H an6deln twv xavévwy tne apuduntixrg oideton oto Iagdptnua.
Aot éyouye anodellet autd To YeUEMWOT ATOTEAEGUATA, UTOPOUUE Vo EQUPUOLOVUE EAED-

Vepa Toug xavoves e aptiuntixhc omd edw xou mépa. ITpdta, avtixahotolue to £(n) ue 10
n+ 1. Etot 1o aiwya entaywyhc ($3) naipver v mo cuvnhopévn uopet

Edv SCNyp,0eSxu (neS=n+1e€S), t6te S =Ny,

eve 10 ofimua (P2) yiveto
m+l=n+1l=m=n,

xaL auTO umopel va emextadel enaywyixd, 6nwe oty axdroudr Ipdtaot.
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ITeotaom 6.6 I'a kde m, n, g € Ny,
I. m+qg=n+q = m=n
2. q#0, mqg=nq = m=n.
Ano6deidn. I'o va anodeifoupe to (1) ypnowonoolue enaywyy oTo q. OETouUE
S={qeNg|m+qg=n+qg=m=n}.
Ipogavie 0 € S. Edv ¢ € S, unodétouye ot
m+(g+1)=n+(¢g+1)
XL TOTE, and 10 Owpenua 6.5,
(m+q)+1=(Mn+q) +1

xot a6 1o ($2)

m+qg=n-+gq
xaL €@’ocov q € 9,

m=n.
Yuvenwe ¢+ 1 € .5, xou enaywyxd S = Ny.
[N 1o (2) Yétouye
S={meNy|qg#0, mg=ng=m=n}.

[ va Bef€oupe ot 0 € S, urmodétouye ot g # 0, xou

ng=0g=0.

Téte g = p+1 v xdnow p. Edv n # 0 téte n = r+1 vy xdrow r, xar ng = (pr+p+r)+1
doa dev ebvar 0. Xuverwe n =0, xou 0 € S.
Topa utodétouue ot m € S, xaw ¢ # 0, eved

(m+1)g =ngq.
Onwg mponyouuévwe, n # 0, dpon = r+1 yia xdnow r € Ny. Tote mg+q =rq+q. Ano
10 (1) éyoule ott mq = rq, xou and TV enaywY vrdédeon m = r. Anhadi m+ 1 = n,
TIOU ONOXATIOWVEL TNV ATOOELLT).
O
Topa uropolue va avagepdolue otny agpaipeon. Trmovétouuye ot p = 7+ q. And TV
IpbTacm 6.6, To r mpocdiopiletal e Lovadixd TPOTO ATO TOL P XA ¢, XL CUVETWS UTOPOVUUE
va 1o cuuPBoiiCouye p — q. ' omowdrmote m, n € Ny opillouye 1 oyéon > ue
m > n onuoiver Ir € No (m =r+n).

[ dedoyéva m, n € Ny, 1 dwagpopd m — n opiletan povov 6tay m > n. Mropolue €0xola
VoL ETOANVEVGOUUE BLAPOPOUS XAVOVES TNG APAUPEOTS, OTWE
m—(n—r)=(m-n)+r braovm >n >,
m+n—r)=(m+n)—r btav n >,

m(n —r) =mn—mr otav n > 1.
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[ Tov TeheuTaio, yior TORADELYUA, EQOCOV 1 > T, YPAPOUUE N = S + T, 0L €)Y OUUE
mn =m(s+r)=ms+mr.

And tov oploud,
mn —mr =ms=m(n—r)

€Q’000V S =1 —T.

Mnopotye exniong va egetdoovye tn dadpeon, xau oty epinTtwon tov m = rn, (n # 0)
va ougBolicouye o 1 pe m/n.

H dudtaln twv guoxdy aptduoy
Eyouue #o7 oploet tn oyéon > oto Ny. Ou dhheg oyéoeigc didtalng opiCovtar wg e€ng:

m>n < m>nxim#n,
m<n & n>m,

m<n < n>m

Oéhouye va detoude 0Tl auTéS ebvan Tpdypatt oyEotlg dtdtadng, ue tny Evvoia Tou Kegohalou
2. Aceiyvoupe mpwta ott 1 oyéon > eivor yetoPatxy, (AAT), xa avuovyuetp, (AA3).

Ilgbtaom 6.7 m >n, n>p=m > p yd kdde m, n, p € No.

Anédegn. Yndpyouv r xu s 010 Ny tétor dote m = r+n xu n = s+ p. Apa
m=r+(s+p)=(r+s)+p, xou GUVERLS M > p.
O

IIgbtaom 6.8 Edv m, n € Ny katm > n, n > m, tére m = n.

Arno6delr. Trndpyouv r, t € Ny tétola dote m =r+n, n=t+m, dpam =r +t + m.
Anéb w Ipbdtaon 6.6 (1), 7+t =0. Edv ¢t # 0, t61€ t = ¢ + 1 v xdnowo ¢ € Ny and v
[pbtaom 6.2, xan t61e 0 = (r + q) + 1, t0 onolo avtipdoxel tpoc 10 Aiwua ®1. Apat =0
Ol CUVETWC 1 = M.
O
H anédeln ot n oyéorn > wovonotel v 6Tt (AA2) piag acdevoic owdTang ebvon
TO TOAOTAOXT), XU TNV aPHYOUNE Yo apyoTepa. Eivar mdvtwe ebxolo va ehéylouue oti 1
oy€on > GUUTEPLPERETAL XOAY WS TEOG TIC apriunTixés mpdelc oto Np.

Ilgbtaom 6.9 ['a da ta m, n, p, ¢ € N,
1. Edvm >n,p>gq, tote m+p > n-+gq.
2. Edv m > n, p > q, tote mp > nqg.

Ano6deln. [ 1o (1), mopatnpolye ot urdpyouy 7, s € Ny, tétow bote m = 7 + n,
p = s+ q. Apa, yetd and anlonoinon, Beloxouvye o m+p = (r+s) + (n+¢q). T'o 10 (2),
Topbuota, mp = ng + (rs + ns +rq).
O
To 0 eivon 10 wxpodTepo ototyelo tou Ny, ye v axdrouin Evvola:
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AQppa 6.10 Edv m € Ny, tére m > 0.

Anoédeln. m=m+ 0.

O
To 1 etvon T0 emOUEVO UXEOTERO:
Adqppa 6.11 Edv m € Ny katm > 0, tére m > 1.
Anodely. Edv m # 0, tote m = ¢+ 1 yw xdnowo q € Ng. Apam > 1.
O

[evixdtepa, woylel to axdhouo:
IIpbtaom 6.12 Edv m, n € Ny kai m > n, tére m > n + 1.

Anodely. Eyovue m = r +n yw xdrow r € Ny, xau v # 0, epboov m # n. Apa
r=q+ 1y xdnow q € Ng, xau m = g+ (n+ 1), dnhadry m > n + 1.
O
Tpa unopolUe Vo OMOXANEWGOUUE TNV amOBEEY) 0Tl > eivon Wia oyéor didTagng:

Ilpbtaom 6.13 H oyéon > etvar oyéon aolevoils didtaéng oto Ny.

ATno6delgy. Ao Tov opioud tng aclevolg didtalng, Teénet vo anodeiloupe ot Yo GAa Ta
m, n, p € Ny

(AA1) m > n xo n > p ouvendyoviar m > p,

(AA2) T xdde dvo otowyelo m xaw n tou Ny, woylet éva and Tam > n fn > m, 1) xa T
000,

(AA3) m > n xo n > m cuverdyovior m = n.

Eyoupe 401 anodelln ot toybouv 1o (AAT) xar (AA3), otic Hpotdoeig 6.7 xou 6.8. Tt var
anodeilouue o (AA2). Jewpolye t0 chvoho

Sim)={neNy|m>n%Hn>m}.

Ytoyeboupe va def€oupe ot S(m) = Ny yio xdde m € Ny. T onowdrinote Sodév m,
éyoupe 0 € S(m), epboov m > 0. Tnodétouue ot n € S(m). Téte elte m > n eite
n>m. Edvn>mtéten+1>m. Edvm > n to6te elte m =n xuw n+ 1 > m, &ite
m > n ondte m > n+ 1 and v Hpdtaon 6.12. Xe xdde nepintwon, n+1 € S(m) xou ond
enaywyn S(m) = No.
O
Aré ta anoteréoyata tou Kegohalou 2, éneton ot > eivon oyéon yviowg oidtadng:
teavorotel T ueToBoTin WLHTN T

m>nxun>p=m>p
X0l TNV TELYoTOopld
Alneter axpiBee éva amd T m > n, m=m, n >m.

H oxx6houidn Ipdtaon elvon oyeddv 1o aviiotpogo tne Ipdtaong 6.6.
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ITebtaom 6.14 I'a dAa ta m, n, g € Ny,
I. m+g>n+qg=m>n

2. q#0, mqg>ng=m>n.

Anodely. Edv m # n, tote and my tpiyotouio m < n. AME m < n ouvendyeton ot
m~+q < n+qanéd my lpdtaon 6.9. Autd avtipdoxer mpog Ty UTOVEST), X ATOOELXVUEL
70 TpwTo U€poc. To deltepo Yépog amodetxvieTal Ue ToPOUOLO TEOTO.
O
Edv oty Ilpbdtaon 6.14 avTixataoTACOVUE TN OYéon > UE TN 2>, €YOUUE axPBKS TO
avtiotpogo tng Ipbdtaorg 6.6, To omolo ahndelet.

AANNEC LOPYES ETAYWYNG

Ye pepLnés TEPITTWOELS, 1) udUeoT, 0Tl aAnlelel 7 P(n) dev apxel Yo vor amodeilouue Ty
P(n +1). Mnopel va ypetdletar n uvnddeon ot dhec ov npotdoec P(1), P(2), ..., P(n)
alndedouy. Ye authy TNV tepinTtwon avateéyouue ot Aeyouevn Toyuet wopen tne Apyric
Enoywyhc’.

e Edv 1 unddeon ot adndedouy or P(m) yw xdde m < n, ouvendyeton o 1 P(n)
aAnelet,

o Téte n P(n) odndever yio xde n € N.

Apywd gaivetar 0Tl autd amotehel tia oucLAGTIXT YEVIXEuon Tng Apyric e Eraywyrc,
OAAG EQY VEWPNOOUUE TO XUTNYORTUA

Q(n) : yw xdde m € Ny, tétow0 dote m < n, akndede n P(m)

BAénoupe ot 1 ‘Toyver| wopyt e Apyhc Enaywyhc’ yivetan

Q(0) akndede

Edv odndeter n Q(n) téte ahndeder n Q(n + 1).
Apa 1 Ioyupth popgt, e Apyfic Ernaywytc elvan amhag enaywyr yia to xatnydenua (), xou
VewpnTixd Oev €lvar MO YEVIXT amd TNV ETAYWYN. LTV Tedln cuyvd Bonddel va arhonour-
ooupe amodeie. Tn yenowonotoue yio vo amodelloupe par AT onuayTX? WBIOTNTA TWY
puotx@y aplluwy, Ttou uropet va yenotuwonotndel evodhoxtixd npog Ty Apy g Enaywyrc.

Ocedpnua 6.15 (Apyr) Etayiotov). KdOe un kevé vrootvodo tov Ny éyar éva ekdyioro
otoiyeio, dnAadn éva otoryelo mov avrkel 0To VTOOUYoAo auTé Kai €ival puikpdtepo 1) oo amd
kdOe dAdo oToryelo Tov vToourdodov.

Arno6delr. llpénel va detlouue ot edv S C Ny, S # &, 161€ undpyel a € S TéT010 WOTE
v xdde s € S, woydet a < s.

Trovétouye oTL Oev uRdpyel TETOW a XAl XAUTUAYOUPE GE avtipacT. Ocwpolue To
xonyoenua P(n) :n & S. Tote P(0) eivar odndéc: edv 0 € S tote 0 0 eivon 10 eNdytoto
otoyelo Tou S, ahkd utodéoaue 0Tl Bev UTdEYEL EAGYLOTO oTotyelo Tou S, dpa 0 € S.
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Troétoupe ott P(m) akndelel yio xdde m < n, dSnhodf edv m < n té6te m € S. Edv
s€Stoties>n,dpoas>n+1 Edvn+1€ 5 tote n+ 1 elvor 10 eNdyioto ototyeio
tou S. An6 v unédeon éyoupe ot n+ 1 € S, xan cuvende P(n + 1) odndeter. And v
Ioyuet| wopgt, Tng Apyfic Enaywyrc, P(n) ainevet yio xde n € Ny, doa S = @. Auto
avTipdoxel Tpog Tic utodéoelc Tou Oewpruatog. Apa utdpyel eEAdytoTo oTolyelo 6To S,

O
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Aoxnoelg

‘Aoxnor 6.1 Opiote m", yio m,n € Ny, avadpouixd. ue

m® =1, m" =m"m.

OewpWVTAC YYWOTES T WWOTNTEG TN Tpdoeong xat Tou Tohhamhactoouol, Oeilte, ue
AATIAATAOL ETOY YIS ETLYELOAUATA, OTL

o m"tT=m"m"

g. (mn)" =m"n'

‘Aoxnor 6.2 Acilte ye enaywyr ot yio xde n € N:

o. 3|(n® —n)

B 14284t = O (o )2

Y. 1-11+2- 204+ .. +n-nl=Mn+1)!-1

‘Aoxnor 6.3 Arnodeilte ot Yo xdde n € N:
o, 133[(117FE + 12271,

B.1-2+2-3+...+n-(n+1)=3in(n+1)(n+2),

1_ n
Y’.q+q2+...+q”=q1_qq , omou g €ER, g #1
3. 1+ p+...+ 5 <2

‘Aoxnor 6.4 Do mooic puotxolg aptdpoic Loy ouy oL AVICOTNTES
o. n< 2", B’ n!>n,
Y. 2" >nd+1, . 2n% < 377

g.nl < (”TH)n
‘Aoxnorm 6.5 Eow acR, € R ye a+ 3> 0. Anodeite ot yio xdde n € Ny:
2 - 2

‘Aoxnomn 6.6 Opiloupe avadpouxd 1o n! ue 0! =1 xau (n+ 1) =n!(n+1).

of. Aci€te ye emaywynh ot (n —r)!r! Swupel to n! yo dha torr pe 0 < < n.
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B". OpiCouue tOV drwrupiké ovrtereotn

()=

Aciéte ot

0 (;)-

o (7)o

o ()-(,")

Y. Aceiéte ot
(n) . n _(n+ 1
r r—1, r ’

n

0. Acite ye enaywyr ot

(a+b)" = (g)a"—l—<1)a”’1b—|—«--+<:>a””"br+--~

99
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[TapdpTnuo

Ocedpnua (Oswdpnua Avadpourg) Edrv X evai éva otvodo, f : X — X pua ovvdptnon,

ka1 ¢ € X, tote vndpyer povadikn ovvdptnon ¢ : Ng — X térowa wote
a’. ¢(0)=c,
B w(e(n)) = fe(n)) ya kdde n € N.

Anodelly. Ané ) oxomd g Vewplag cuvorwy wa cuvdptnon ¢ @ Ng — X eivor éva
unoctvoho ¢ C Ny x X ye ti¢ ddtnteg

i. T xdde n € Ny, undpyer © € X tétowo dote (n,x) € ¢,
ii. Edv (n,x) xu (n,y) € ¢, 161e © = y.

Apa yia v oplooupe 1 cuvdptnoT ¢ aexel va Tpocdlopicoupe 10 xatdAAnio utocivoho. Ot
WOOTNTES TNG © OTY DLATUTWOT TOU OEWENUAUTOS ONUAVOLY OTL AUTO TO UTOGOVOAO TEETEL
VOU LXOVOTIOLEL

A’ (0,¢) € o,
B. Edv (n,z) € ¢ t61e xou ((n), f(x)) € .

Trdpyouv TOAAG LTOGUVOAY UE QUTEC TS WOLOTNTES, 0TI Yia Tapdderyua 6ho to Ny x X.
To {ntoluevo etvor 1) Tour OAWY AUTWY TWY UTOCUYOLLY, YiaTl Wovoy auth Yo txavomolel Tig
wiotnteg (i) xou (ii). Oewpolye 10 clvoro V dAwv twv utocuvérwy U C Ny x X yio to
orola 1oy bouy

(0,¢) € U,

(n,x) e U = (e(n), f(z)) €eU.

‘Eyouue V # @, agol Ny x X € V. ©¢rouue ¢ = [ V. Téte ¢ xavoroei tic (A') xou (B),
elvon udhioto To WxEdTERO 6UVOLO Tou TiC cavorotel. Amopével va detlouye 0Tl ¢ avoToLel
Tic (i) %o (ii).
©¢Toupe
S={neNy|(n,x) € yaxdrow r € X}.

Anb 1o (A), 0 € S xou and 1o (B') n§ = e(n) € S. Me enaywyy| éyouvue S = Ny, xou 1 (i)
IXAVOTOLELTAL.
[ va Sef€oupe v (ii), Vétouye

T ={neNy|(n,z) e ¢y povadixé z € X}.

Ivwpiloupe ot (0,¢) € ¢. Edv (0,d) € ¢ xou ¢ # d, opilouvue ¢~ = p\{(0,d)}. Tore
@~ woavornoel v (A'). Edv (n,x) € ¢, t61¢ (¢(n), f(x)) € ¢ xou dev eivon (oo pe (0, d)
ep’ooov e(n) # 0. Apa (e(n), f(x)) € ¢~ xou ¢~ xavonoel Ty (B’). AMNG 10 ¢ eivan t0
utxpoTeEpo olvoho ou xavoroel Tic (A”) xou (B'). Apa dev undpyer tétowo d, xar 0 € T
o o enaywyd Phuc: €dv n € T tdte undpyet povadixd x € X tétoo Bote (n, ) € ¢,
oo, yioo vor Oet€ouue ot e(n) € T mpéner va deioupe o dev undpyer y # f(x) téow
wote (e(n),y) € . Edv unfpye tétoo Lebyog, Yewpriote 10 ¢* = ¢\{(e(n),y)}. Onwuc
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TPONYOUPEVLS, E@’oo0v 0 # £(n), ¢* xavorotel Ty (A”). T va det€oupe ot xavorotel Ty
(B') ehéyyouye ot

(m,z) € p* = (e(m), f(2)) € " yia x&d9e m € Ny .

[ m = n autd woylet, apol undpyel wévov éva x € X tétoo GoTe (n,T) € @, xou Y1duTto
w0 z, (e(n), f(z)) € ¢ and 1o (B'), xou dev eivan (e(n),y), agod y # f(z). T m # n,
yove (2(m), f(2)) € ¢, am6 7o (B), xon £(m) # £(m). Apat (<(m), f(x)) # (<(n), ), xan
ovvendc (e(m), f(z)) € ¢*. Ka otic 8o nepintwoete, ¢* wavonowel tn (B'), xau éyouye
avtigact, xadwg ¢ eivar eErdyioto. Enaywywd, T = Ny, tou ohoxinpwver Ty anodelln.

O

Ocdpnua (Kavovee tng aprduntixhc) e dda tam, n, p € Ny, w0oyvovr ta akdlov-
Oa:

1. Hpooetaipiotixi 1016tnTa tng npdodeong:

(m+n)+p=m+(n+p),

2. MeraOetikn) 1016tnta tng mpéoteons:

m+n=n-+m,
3. Ilpooetaipronikn 1016tnta tov ToAAarAaoiaojiov:

(mn)p = m(np),
4. MeraOentikn 1616tnta tov ToAdarAaoiaojov:

mn = nm,

5. Empuepronikn 1016tnta tov moAdamdaoiaopot ws npos tny mpéodeon:

m(n +p) =mn+ mp.

An6deln. To (1) anmodevieton Ue enaywyy 61O P, YENOWOTOIOVTIC TO GUVORO
S={peNo|(m+n)+p=m+(n+p)}.
[TowTov

(m+n)+0 = m+noand my (npl)
= m+ (n+0)anéd v (npl),

doa 0 € S.

Katémy, edv p € S, t61e

(m4+n)+p=m+ (n+p), (6.1)
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(m+n)+e(p) = e((m+n)+p)ond my (1p2)
= e(m+ (n+p)) and my 6.1
= m+e(n+p) and my (np2)
= m+ (n+e(p) and my (np2)

Tou ovverdyetor ot £(p) € S. Erayoywd, S = No.
To (2) armodevieton e enaywyh 610 N, YEPNOWOTOLDVTIC TO

S={neNy|m+n=n+m}.
To Afupa 6.4 (1) delyver o 0 € S. Edv n € S, t61¢
m+4+n=n+m (6.2)
X0l

m+¢e(n) = e(m+n)anéd my (np2)
= ¢(n+m) and my 6.2

n+e(m) ond v (np2)

n+ (1 +m) and to AMfupo 6.4(2)

= (n+1)+m and 1o Ocwpnua 6.5(1)
= ¢e(n)+m,

xar ouverwg £(n) € S. Erayoywd S = Np.
Efvar mpotipétepo va anodeloupe xatémy 1o (5), yenotponotdvioag enaywyr oto p. O¢-
TOUUE
S ={peNy|m(n+p)=mn+mp}.

m(n+0) = mn ond my (npl)

mn + 0 ané v (rpl)

= mn+m0 and v (tAl),

xoll ouvenwe 0 € S.
Edv p € S, t61e
m(n+p) =mn+mp (6.3)

Ol GUVETC

m(n+¢e(p)) = me(n+p) and my (np2)
= m(n+p)+moand my (Th2)
= (mn+mp)+m ané my 6.3
= mn+ (mp+m) ané my (1)
= mn+me(p) and v (1A2),
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doa e(p) € S xaw emaywywd, S = Ny.
H anédeiln tou (3) etva TWEA OYETWY EOXOAN X0 OO UE TIC TPOTYOUUEVES. ATOUEVEL
va anodei&ouye to (4), mou eivor xdnwe o tohlTAoxo. Oétouue

S ={neNy|mn=nm}.
Amo 1o AMupa 6.4(3), 0 € S. Edv n € S, tote
mn = nm (6.4)
xaL €Y OUUE

me(n) = mn+m ond my (TA2)

nm +m and v 6.4.

Edv yvwpilage ot autd eivar (oo pe e(n)m Va elyoue tehewdoel, ohhd duotuyts autd dev
10 Yvwpilouye axdun. Mropolue dung va to anodelloule, Ue pa OEUTERT ERAYWYT, OTO M.
O¢touue

T={meNy|nm+m=ce(n)m}.

Tote 0 € T, xar edv m € T t61e
nm+m = e(n)m (6.5)
Ol GUVETC

ne(m) +¢e(m) = n(m+1)+ (m+1)
= (nm+n)+ (m+1) anéd v (5)
= nm+ (n+ (m+1)) and v (1)
= nm+((n+m)+1)o¢n01nv()
= nm+ ((m+n)+1) anéd v (2)
= nm+ (m+ (n+1)) anéd v (1)
= (nm+m)+ (n+1) anéd v (1)
= g(n)m+¢e(n) oand v 6.5
= e(n)e(m) and v (1A2),
doae(m) € T xou T = Ny. Emotpépovtog otny npornyoluevn enoywyh, éyoupe ot e(n) € S

xou S = Ny. Etor ohoxhnpdvetar n oanddeiln tou (4).
0



Kegpdhawo 7

2IVUVOLACTIXN

Anopldunor oc tengpacUEVA GUVOA

[o va anaprduricovye ta ototyela evog cuvOLou, ONAAdY Vo PETPHOOUYE TOGa elfvar, Ta
oLY%EIVOLUE UE CUYXEXPUEVA UTOGUVOAX TwY QuoxaY aptiuwy. TTpdhta opilouue autd ta
uUTooUVOAY, Yia xdde k € Ny:

N() = @

N(k) = {neN|n <k}, yiaxdde k € N.

Ajppa 7.1 Trdpyer augipovooripaven ovvdptnon f : N(k) — N(m) edv ka1 pévov edv
k=m.
Ano6deln. To anotéheopa eivor mpogoavie odndéc edv m = 0: t6te N(m) = &, xau 7
HOVOOLXY| AUPLLIOVOCAUAYTY CLYAETNOT| A0 TO XEVO GUVOAO elvan 1) xevH cuvdptnon & — .
Trovétouye 0Tl To anoTéAeopa Loy el Yo xdnolo m € Ny xo Vewpolue Wi au@LuovocT-
HOVTY) CLUVAETNON
Y :N(m+1) — N(k).
Edv k = 0, t6te N(k) = @, xou ouvenme m+1 = 0, tou avuigdoxet npog 1o P1. Apa k # 0,
xa k= n+ 1y xdnowo n € No. Todpa xataoxeudlovue uLor au@LUoVoSHUAVTY CUVIETNOT
¥ :N(m + 1) — N(n + 1) yio mv onola toydet 9*(m + 1) =n + 1.
Edv v ™ ¥ woyder ot ¥(m + 1) = n + 1, ¥étoupe ¥* = 1.
Edv 6y, t61e undpyet xdnowo ¢ < n yw 1o onoio ¥(q) = n + 1, xa opillovye ™ ¥* o
e€hc:
¥(q) = I (m+1)
P(m+1) = n+1
9 (r) = d(r)yar#qr#m+1.
Topa mepropilloupe v ¥ otn cuvdptnon
ﬁ*’N(m) . N(m) — N(n)

Aut| ebvon TpOYAVHS AUPILOVOSTHUAVTY), XL aTO TNV ETaywyLxr unddeon, m = n. Apa
m+1=mn+1, xu ye emaywyn €youue o {nToluevo.
O

Opwopbg. Afue ot éva olvoho A éya k orowela, yio k € Ny, edv undpyet uio oupt-
uovoohuavtn ouvdpetnon f : N(k) — A. Eva olvolo eivar nenepacuévo edv éyel k

104
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otowyeio yia xdmoto k € Ny. Tov aprdud twv otoryeiwy evoc nengpacuévou cuvérou A Tov
oupPohrilouue |A| 1 card (A).

To Afppo 7.1 e€acgariler o1t 0 aprludc TV OTOLYEIWY EVOC TETEPUAGUEVOU GUVOLOU
ebvot %xohd 0pLOPEVOS: €QV UTHPYOUY UUPILOVOCHUAVTEG CUVIPTACE [ : N(k) — A xo
g : N(m) — A, t6tengtof : N(k) — N(m) eivon oapguovoohpavtn, xou dpo k = m.

IMopdderypo 7.1 To @ éyer 0 otowyeia, |@] = 0. To {@} éyer éva otoryeio: undpyet
apQuovooipovtn anexovion ond o {J} oto {1}, dpa [{T}] = 1.

O opriude TwV oTOLYEIWY TETEPUCUEVDY GUVOAWY EYEL OPLOUEVES ATAES LOLOTNTEC.

|AU B|
|AN B

Al +[B]

<
< min{[A], |B]}.

H oxeBric oyéon avdueoa otoug t€coepels aptdpoie dideton otny axdoloudn ToautdTnToL:

Ilgbétaon 7.2 Edv A ka1 B €fvar ovvola, téte

|AUB| = |A|+|B| - |AN BJ.

Aev Yo 0)OOVUE aUCTNET ATOOEET NS Tapardve Toawtotntac. Ilopanéunoupe oto dud-
Yeopua Venn, xou Ty mapathpnor ot Ta oToyela otny Tour, AN B anogrduodvta ya gopd
oto |[AU B, eve o0 |A| + | B| anapriygotvtor dYo gopéc.

INégwopa 7.3 Edv AN B = @ tére |AU B| = |A| + |B|.

Me Alyn oxédn enexteivouye Tov TOTO Lol THY EVWOT) TELOY GUVOAWY.

|A1UA2UA3| - ‘A1‘+‘A2‘+‘A3|
—|A;1 N As| — |A1 N As| — |Ax N Asl
+]A1 N Ay N Az

IMopdderypo 7.2 Ilbcol apriyol and 1o 1 €wg to 100 dronpoliviar ue to 2, t0 3 1| 10 5;
50 apriuol dranpolvton Ye to 2, 33 dtarpolvton Ye to 3 xou 20 dronpolvtar ue to 5. O apriyot
TOL BlonEoLYTAL UE TO 2 xou To 3 efvan autol Tou droupovvton Ye to 6 xou efvon 16. O aprduol
TOU dLonpoUVTAL UE TO 2 ot To S efvan awtol mou dronpoLvton Ue To 10 xou etvor 10. O aprduol
TOU OLouEOLYTAL UE TO 3 %ot To 5 elvon autol mou dlonpolvTon Ye To 15 xou eivon 6. Téhog
ot aptdpol mou drarpolvton Ue To 2, To 3 xar To S ebvan Ta ToAhamAdota Tou 30 xou etvon 3.
AvtxohotdvTog 6Tov TUTO €)Y 0UE:

0+33+20-16—-10-6+3 =74

Apa undpyouv T4 agriyol and 1o 1 €wg to 100 mou dupolvton ye 10 2 10 3 1 T0 5.

To enduevo Oewpnua didel To YEVIXS TOTO Yia ToV apLiud oToLyElWwY OTNY EVWoT I GUVOA-
wv. H dwtinwor tou anotekel doxnon otn yefior tou cugfoliouol tou adpolopatoq.
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Ocedpnua 7.4 (Apyri Eykiaopot kat AnokAciopov). Edv Ay, Ao, ..., A, elvai nenepao-

Héva odvola, téTe

|A1UA2UUAT|:

r r—1 r
= Z|A11’_Z Z ‘AilmAi2|+"'

i1=1 11=1142=i1+1
r—k+1 r—k+2 r—k+j r

+(_1)k+1z Z Z Z |A; N N A |+

i1=1 t9=01+1 ijZij,1+1 tp=1p—1+1

(=) A N Ay N A,

To Oewpnua amodexvieton ue yeron tne loyuenc woppnc tne Apyrc Enaywyhc oto r,
Eexvavtag and r = 2. T va amo@iyoupe Tov ToAUTAoX0 cuuBohioud, dev Yo arnodeilouue
T0 yevixd emaywywod Bhuc, aAdd Yo unovécoupe ot o TOTog toyleL Yo 2 xon 3, xou Yo
amodeilouue ott oy Vel Yo 4.

’A1UA2UA3UA4’ -
|(A; U Ay U As) U Ay
|A1 U Ay U Ag| + |Ay] — |(A1 U Ay U As) N Ay (7.1)

AN

(A1 U Ay U A3) N Ayl =
= [(A1NAY) U (AN Ay U (A3N Ay
= |A; N Ay + A2 N Ay + | Az N Ay
—(A1 M A) N (A N Ay — [(A; N Ay) N (AN Ay)|
—|(Aa N Ag) N (A3 N A+ (AL N Ag) N (AN Ay) N (A3 N Ay
= JAI N A+ |As N Ag| + | A3 N Ayl
—|A1 N Ay N Ay — |[A1 N A3 N Ay — |Ay N Ag N Ay
+]A; N Ay N A3 N Ay

Avuxootovtag otny 7.1 €youpe to {nToduevo.

Ocdpnua 7.5 (Apyry Alpoilopatos). Edv Ay, As, ..., A, eivar olvoda, ava 6o &éva
pewadd tous, donkaon A;NA; = & edv i # j, tote

|Ai U AU UA, | = AL + A+ + |4,
Oewpnua 7.6 Edv A ka1 B elvair nerepaouéva ovvoda, tote A X B elval temepaoiiévo, kai
|A x B|=1|A||B].

Anédeln. Eow |A| =k, |B| =r. Edv A = {ai, as, ..., ay}, ¥étovpe A; = {a;}, v
i=1,2,..., k. Tote A = AJUAU- - -UAg, xou AxB = (A1 x B)U(A2x B)U- - -U(Ag X B).
To olvoha A; X B xon A; x B eivon E€vor petall Toug €dv @ # j, apol (A; x B)N(A; x B) =
(AiNA)xB=0xB=g. Apa |Ax B| =|A; X Bl + |Ay x B| +--- + | A x B|. AM\&
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o ototyeia tov A; x B etvan Ledyn (a;, b), b € B, xon undpyel au@uIovosHUayTy cUVAeTNon
A; x B — B, dpa |A; x Bl = |B| = r. Kaddc undpyouv |A| = k 6pot 610 dbpotoua,

k
|Ax B|=> r=k-r=|A[|B]|.
=1

O
Ocdpnua 7.7 (Apxr I'vouévov) Edv Ay, As, ..., A, elvar tenepacpéva ovvoa, tdte
‘Al XA2 Xoeee XAT| = |A1’A2| |Ar’

Arnodelly. Me enaywyr oto 1, Lexwvoviag and 7 = 2. Ocwpolue 1 + 1 menepaouéva
unocUvoha Ai, Ag, ..., Arp1. Oétouue A = Ay X Ay X -+ x Ay xou B = A4y, Tote
|A; x Ay x -+ x A, = |A x B| = |A||B], xou ané v enayoyxf unédeon autd eivan {60

pe ([Ar] [Asf -+ [Ar)[Arpa].

0
Ocewpnpa 7.8 Edv A eivar terepaopéro odvolo,
[B(A)] =21,
Anédeidn. Me enoywyh oto r = |Al. Otav r =0, A =@ xa |P(2)| = {o} =1=2"
Edv A = {a1, as, ..., ar41}, Yewpolye ta chvoha

Si={XCAla ¢ X}

nou
SQZ{XQAMIT_HGX}.

Tote P(A) = 51U Sy xou S1 NSy = . Oétoupe B = A\ {a,41}. Tote S; = P(B). And
10 Sy opilovue apgovooruavtn ocuvdptnon f @ Sy — Sy pe f(X) = X\ {a,41}. Apa
|S1] = |Sa]. Ané tny enaywyxh unddeor, |Si| = 27, dpa

[B(A)| = [Si] + ]S =2|S] =227 =27+

Zuv&)occ-cm‘r’]

Opiopog. Ileipapa otn cuvduaotixy ovoudlouue wla @uotxr dadixaotia Tou €yet €va
TEMEQUOUEVO GUVORO OO BUVATE TAUPATNEHOLIN ATOTENECUATA.

[apadeiypato TéTotwy dadixact®y etvan
1. Emkéyouue k and ta n ototyelo evog cuvorou.

2. ToroVetolue k xépuota o€ n xouTId.
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3. Kartavéuouye ypogela otoug puetamtuytoxols gottntée tou TuRuatoc.
4. Piyvoupe 600 (dplar xon xatorypdoulE TO anoTEAEOUA.

5. ‘YtplBouue’ éva vouroua 20 Qopég xou xaTaYPAPOLUE Tal ATOTEAECUATL.
6. Mowdlouye uio TpdmovAa oe T€ocEPELS TAUlXTES.

Y1oyoc g owdvaotikis eivon var amaptdUicouUE O Tal SUVTA ATOTEAECUATA EVOC
TELRAUATOC, 1) QUTA OO TOL ATOTEAEGUATA TTOU €Y OUV XUTOLO CUYXEXPUEVOL YoQUXTNPIGTLXAL.

Oa BLITUTWCOLUE TIG B0 Pacixég apyés amaptiunong yia Ty TepinTwor 600 TEWAUATODY.

Apy" T'wouévou: Edv éva nelpaya €yel k duvatd anoteléopata xou €va dALo Telpoya
€yEl T OUVATA AmOTEAEOUATA, TOTE UTAEYOLY AT BuVTA amoTEAEcUTA OTay YivovTal xou To
000 AUTE TELPAUATOL.

Apy" AVpolopatog: Edv éva teipaya €yel k duvatd arotehéoyata xat Eva dhho Tei-
popoL €YEL T BUVATY amoTEAEGUATA, TOTE UTdEYOLY k + 1 duvaTd amoTeAécuaTa GTay YiveTo
oxeBwe Eva amd oL 000 TELRUTAL.

[ mapdderypa, €dv undpyouy 7 yadfuata Tou SdoxovToL To TEei xou 5 pouaTa ToU
OWdoxovTL To andyeuua, Yo undpyouv 35 = 7 -5 emhoyéc v gortnTéS Tou YENOLY va
Yeaptoly o €va udinuo Tou OdoxrETHL To TEwl Xor Ot €va udinuo Tou BLOAGKETUL TO
amoyevpa. Eve Yo urdpyouy 12 = 7+ 5 emdoyéc yia gottntég mou Yéhouy va Ypaptoly oe
éva udinua, elte To mpwl elte To andyeuua.

H avdluon tohh@dv Slapope Ty TeElpaudtov eivon, and podnuatix drodr, n o o
Topdderyua, To va pl€ouue dVo (dpa etvar amd podnuoatiey drodn to do ue to vo TtonodeTh-
coupe dVo xépuata ot 6 xouTid, apriunuéva and to 1 €ng to 6. Na otpldouue éva xépua 20
popég elvan ovolaoTxd 1o {80 Ue To va Yotpdoouue 20 avtixelpeva o 5V0 xouTIdL.

O UEAETACOUUE AVOAUTIXG OPLOUEVES TUPUAAAYES TOU TRMTOU TEOPAAUATOC, TOU Telpd)i-
atog emAoyng: Emhéyouue k and 1o n otoryela evog cuvolou.

Avdtalrn xow emavaingmn

1o melpopo EMAOYNC K avTXEWEVDY amO To 1 AVTIXEUEVA EVOS GUVOLOU, UTIEEYOLY VO
Baouxol mapdyovieg mou xadopilouv Tig duvatéc mapahhayEc.

o Edv xataypdgouue tn oelpd pe TNy omolo EMAEYOUUE T oToLyEld 1 Oyt
4 Z Z AN 7 4 Z 7 4
o Edv emtpéneton va emAé€ouye 10 (810 oToLyEl0 TEPIGCOTERES PORES 1) OYL.

To Baocwd melpopa tow Yo extehovue elvon 1o axolovdo: Mia coxovha nepiéyel n umdheg,
oplunuéves 1, 2, 3, ..., n. Ano autég emAéyouue k UTAAES, UE TOV TPOTO TOU TEPLYPAPETAL
oe xde mepintwon.

. Y1nv meplntwon mou Yag evOLapEREL 1 OERd Ue TNV ormola yiveton 1 emthoyY| Twv k o-
ToLyElwV and ToL 1 oToLyEld TOU GUVOAOU, Xt EMTRENETAL Vo EMAECOLUE TO (Blo oTolyElo
TEQPLOCOTERES POPES, AEUE OTL amuptduolue SLTAEELS TwV N oTolyelwy avd k
we emavaindmn.
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IT. Yty nepintwon mou pog evilagépet 1 oetpd Ue tnv omofo yivetor 1 emAoyrh twv k
oToyElwy and To N oToLyEl TOU GUVOLOU, xaL DEV EMITEERETOL Vo EMAECOUUE TO (Bto
OTOLYElD0 TEPIOOOTERES POPES, AEUE OTL amoptlUOUUE BLATAEELS TwV N GTolyElwY
avd k (ywelc eravdindmn). e autrhv v nepintwon €yovue k < n.

III. Y1nyv nepintwon mou dev Yog eEVOLUPEREL 1) OEWRd PE TNV omola YivETUL 1 ETAOYY| TV
k otowyeinv and ta n otoyelor Tou cuvOhoU, xal OEV ETITEETETAUL VoL EMLAECOUUE TO
B0 oToyelo TEpLOGHTEPES POPES, AEUE 0T amuptlUOUUE CUVBLACKOUE TWY N C-
touyeilnv avd k (ywplc enavdindn). Xe avthv v nepintwon éyovue k < n.

IV. Yty nepintwon nou 0ev pag evolapépet 1) oetpd Ue TNy omola yivetor 1 emhoyr Twv k o-
Totyelwy and to n oTolyeld ToU GUVOAOU, xaL ETITEENETAL Vo ETLAECOUUE TO (Blo oTolyElo
TEPLOCOTERES YOPES, AEUE OTL amapliuoUue CLVBVACOVS TWVY N GTolyElwY Avd
k ue emavaindmn.

Autéc ebvar o1 téooepelg Pacixés mapallayés Tou TEWRAUATOC ETMAOYHG TOU Vo YEAETH-
coupe. Ewidtepec naparlayéc Yo dovue 6 ouYXEXPWEVA TapAOElyoTaL.

I. Awatdéelg n octoysiowv avd k pe emavdindn.

And tn caxolla Tou TEPLEYEL N APLIUNUEVES UTAAES, ETAEYOUUE BLadoyLxd b UTdAeS, XaTo-
Yedpovtag Yid xdie emhoyy| Tov aptdud TG UndAag XaL ETAVATOTOVETOVTG T UTdAX 01T
caxo0ha TEv TNV ETOUEVY emthoyT. Etol xatahfyouue oe pio dwotetorypévr k-dda apiumy
ané 1o 1 éwg 10 n. Ano v Apy I'vopévou, o apriudg v BuVATOY ATOTEAEGUITOY Ei-
YOI TO YIVOUEVO TV aptiu®y duvatwy anoteAeopdtwy Yo xdle emhoyn. o xdlde emhoyn
éyoupe n duvatd amoteréouata, dpo cuvolxd éxouue nF SapopeTind duvatd anoteléopata.

Meoétaon 7.9 O apiduds wwv datdéewy n ovotyeiwy avd k efvai n*.

IMTopadeiypoata

Edv pi€oupe éva (dpL 5 gopéc, €youpe 6° OLUPOPETIXY DLVATE amoTEAEGUATA, EQV AduBdve-
Ton v oy 1) oelEd Ye TNV omola EpyovTan oL apiuof.

Edv otpidouye éva vopiopa 20 popéc, éyouue 220 dragpopetind duvatd anotehéopata, €&y
howPBdveton ut’odty 1 oeLRd ue TNV onola epgavilovton xopwva 1| YeduUaT.

II. Awatd&eic n otoyelwyv avd k ywelc emavdindn, k < n.

Emhéyouye xde undha and T caxollo 6wg otny nepintwon I, ahhd petd tny xotaypopy
OEV EMOTPEPOVUE TN UTAAX 0T coxoLAa. Y€ autrhy Ty nepintworn neénel va oy Vel bk < n.
[ vo emAélovpe Ty mp@Tn undio €youue n duvatdtnteg. Metd Ty emhoyy| TS TEOTNG
umdhog, amouévouyv n — 1 undheg ot coxovha. Ilotég elvon autée eCoptdtan and TNV TEWTN
emAoYh, ahhd o aprludg Toug elvon o xdle mepinTtwon n — 1. Apa yio TNV emAoYT NG
OEUTERNC UndAag €youue n—1 duvatdtnteg. Metd tny emhoyy| Tng deltepng undhag undpyouy
n—2 UndAeg o1 cuxolAa, doa Yo TNY ETAOYT TG TelTNg umdhag £youpe 1 — 2 SUVATOTNTES.
And v Apyr T'vopévou, yior Ty emAoYY TV TEIOYV UTAAGY UTHRY 0LV

n(n—1)(n — 2)
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OLOLPOPETIXES BUVATOTNTES. BLVEY(COVTUC UE AUTOV TOV TEOTO, EYOUUE N — 3 BUVITOTNTES YLd
TNV EMAOYT NG TETARTNG UTAAAG, %x.0.X. uTahNyovTag Ue n — k + 1 duvatdtnteg yio TV
emAoY" TG tehevtaiag k-oothg undiag. Egopudélovtag ndit tnv Apyn I'vopévou, €youue
OUVOALXSL

nn—1)n-2)---(n—k+1)=

nn—1)mn-2)---(n—k+1)(n—Fk)---1
n—k)(n—k—-1)---1

n!

(n—k)!

OLVATOTNTES VoL EMAEEOUUE k oo TIC N UTAAES 0Tr) coxoUAa. Autdc o apiudc cupforileTto
P(n, k).

ITeotaom 7.10 O apiduds twr datdéewr n otoryelwy avd k ywpls etavdAngn efvar

P(n, k) = IR

Iopdderypo 7.3 Me ndéc0oug 1pdTOUC UToEoLY Vo xAnewloly 5 Sla@opeTind dwea Ot
100 Aoyvoic;

Egboov ta dwpa etvar dlapopetind petol Toug Umopolue vou YEWPCOUUE OTL €YOUUE UL
owdtaln, lo dwpo, 20 BwEO, %.0.x. Apa To TEOBANUN APOEd TOUS TEOTOUS UE TOUS OTOloUS
umopoluE va emAECouPE Wi SateTayévy 5-ada, amd To olvolo twv 100 Aayvodv, yweic
eTAVIAN)N apol UTOVETOLUE OTL EVag Aoty YOG TOU XANEMVETOL OEV CAVUUTIAVEL OTNY XANEWTi-
da. Apa o Unrotpevog apriude eiver P(100, 5) = 12 = 9034 502 400.

95!
Mia ewduxr) unonepintwon g nepintwong II etvon 6tay b = n. Tédte Aue ot €youue pia
KETAUVECT) TWV N AVTIXEWUEVWY.

II.oe. MeTta€oelc N BLAPOPETIXDV AVTIIXELLEVLV.

Emhéyouue dtadoyixd Oheg Tig undieg, ywelc exavatonodétnon. To duvatd anoteréopata
etvan OAeg ot yetadéoec Tou ouvohou {1, 2, 3, ..., n}.

ITpotaom 7.11 O apiduds twr petatéoewr n avtikauévor efvar n!.

ITI. Yuvdvacpol n otowyeiov avd k, ywelc emavdindmn.

Y quTHY TNV TEPITTWoT eV £TavatonoVeTO0UE TIC URAAES 0TY) G0V, 00TE XATAYPAPOUUE
TN ogpd pe TNy ool Tig emhéyouue. Mnopolue va unovécouue ot talpvouue k and Tic n
undhec oe pio emhoyt, xan ot e€etdlouye Ta utoclvora Yeyédoug k evdg cuvorou yeyédoug
n. o va anaprduioovye autd 10 6OVORO TO GUYXEIVOUUE UE TO OUVORO TV DITACEWY N
ototyelwy avd k. Ano éva unocivolo k otolyelwy pnopolue va ndpouue k! dlapopetinég
oltdéelc twv b otoyeiwv. Apa, edv cuyolicouue (Z) TOV dELIUO TV BLAPOPETIXWY UTO-
ouvorwv pe k ototyela, xou P(n, k) tov aprdud twy Swtdewv n otoyeiwy avd k, €youye:

k! (Z) — P(n, k).
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Avtixahotovrtag P(n, k) = (n+'k), €Y OUUE

n n!
(k)zm

IIpotaom 7.12 O apiduds twr ovvdvaoudy n otoyelwy avd k, ywpls eravdAnyn, eiva

n n!
(k;)zm

/7 n /. ’ ’ I 7
O apriude (k) OVOUALETOL BLOVUULXOG GUVIEAECTNG, ENEWDY| eUavileETon 1S 0 GUV-
TeAeoThC Tou bpou @™ FbF oto avdmTuypa Tou Blwvipou (a + b)™.
7 3 ’ 7 n 7. 7 n n 7
Ané tov tpéT0 TOL UToloYicaue TOV apLIUd (k) elvon Qovepd oTL Y ) (k) TRETEL VA
elvat (60 Ue TOV 0ptdud OAWY TWY UTOGUVOA®Y EVOC GUVOLOU UE N oToLyElo:

> ()=

Eyoupe det oty ‘Aoxnon 6.6 dAAeg WOLOTNTES TWY DLOVUILXGOY CUVTEAEGTOV:

n n n n n+1
() = (n—k:) ’ <k>+(k:—1) _< k ) ‘
Ta emyetpAuata mou yenowonotioaue otny nepintworn I emitpénouy va yevixeboouue
T0 anotéheoya [La.

III.oe. Metadéoeic n AVTIXEWWEVLY, TOU JtaxplivovTol »xaTd
OUADES.

Trovétouye 0Tt €Y0UPE N UTIAES, YPWUAUTIOUEVEG UE T OLUPOPETING YPOUUTA: 71 UTAAES
YEWUATOS 1, My UTAAES YWUATOS 2, ..., My UTHAES YPWOUATOC T, ETOL OCTE

n=n+ng+---+n,.

II60ec SopopeTinés SLITALES TV N UTAAGDY UTEEYOUY €4V UTOROUUE VoL OLoxXeiVOUUE Ta
OLUPOPETIXG YPWUAUTA AAAG OYL TIC DLAPOPETIXES UTHAES TOU LOIOU YPWUITOS;

IMopdderypo 7.4 Edv €youue UndAeg 6U0 DLUPORETIXDY YPWUATWY, UE N1 = 2, Ny = 2,
TOTE 0L DLPOPETIXES DLaTdlelS efvan oL axdhoudeg 6:

[t vae umohoyioouye Tov apulud oT1 YeEVIXT| TERITTWOT), UTOVETOVUE OTL Ol UTAAES Elvon
OLES OLapopETIXES: ApLIUOUUE TIg UTdAES Tou Ypmpatog 1 and 1 €wg ny, Tig UndAeg Tou Ypw-
wotog 2 and 1 éwg ng x.0.x. Tote 0 apriude TwV SLUPORETIXGOY BLaTdEewy €tval 0 aprludg
TwY UeTaEcEWY N oTotyelwy n!. Oéhouue va utohoyicouue ToceC and autéc Tic n! Blapope-
TiXéC Dlatdgelg Oev draxplvovTton av oy vorioouue TNy aptduncT TV UTUAGY XGUE Y pOUITOS.
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Ov ny yndhec tou ypoduatog 1, umopotv vo avadlataydolv oe ng! dlapopetixolc TpodTOUC,
Tou Yo 0ldouy To (B0 anotérecua 6tay ayvoricoupe TNy dpiduncr. Ilupduola, ot ny pmdheg
YPowUaTog 2, umopoly va avadtatayVoly o ny! dlagopetixolc tpéToUS, *.0.%. Edv cuy-

Bohicouue M(nq, ng, ..., n,.) T0v ot TV YETAIECE®Y N aVTIXEWEVWY TTou dtaxpivovTal
o€ 1 ouddeg peyédoug ni, ng, ..., Np, M= N+ Ny + ...+ Ny, TOTE AT TAL TEONYOVUEVY
€y ouuE

nilng! .. .n M(ng, ng, ..., n.) =n!

ITpbtaom 7.13 O apiduds twv petadéoewv n avtikepuévov mov diakpivortar o€ r opuddeg
peyEdous ni, na, ..., Npy, N="n1 +Ng + ...+ n,, €lvar

n!
M(na, ma, ..., k) = nilng! ... n,!
IMopdderypo 7.5 Me 1660UC SLaPopeTI00E TPOTOUS UToEoUY va Slartary Doy To Y eduuoTa
e AEENC

MIXYIEYIINIIHY?
‘Eyouue 5 dwagpopetind yeduuota, M, I, ¥, II, H. Ta M, H epgaviCovto ulo gopd, o II
eupavileton 2 gopéc, to I tpelc @opéc xou 1o X mévie gopéc. Apan = 12, ny = ny =
1, ng =2, ny =3, n5g = 5. Eyouvpe M(1, 1, 2, 3, 5) Srwpopetinéc dratdierc,
|

12!

IV. Yuvbvaocpol n otoyelwy avd k, ue eravdindn.

Trovétoue ot €youpe plo coaxovia Ye n undAeg, aprlunuéves and to 1 €ng to n, xaL €va
mivonca e n oTAAES:
12 ... |n
| |

Emhéyouye plo undio and tn coxc00Aa oL ONUELWVOUUE €VO GTAVPO GTN GTAAY TOU AVTLO-
Totyel otov aptiud tne. Katémy emotpégouye ) undia otn caxodha. EmavokauBdvouue
™) Sadixacio k popéc (6mou k unopel va eivor peyolitepo and to n). To anotéleoua pnopet
va elvot €vog Tivaxag oav tov axéhouvdo, 6mou n =4 xou k = 5:

1 [2] 3 |4
xx [ [ xx|x

Ye auth TNV nepintworn emAECaue 2 gopéc TN umdha 1, 2 gopéc T undia 3, xau uio popd
Tn umdha 4, eve dev emhéCope tn undio 2. Mropolue va ouuntiZouue Tov Tvoxa, ywelc va
Y3o0UUE TNY TANPOYOpRia TOU TEPIEYEL, oV Ypdpouue uio oelpd and oTowpolc X xat Yeouués |:

X X || x x|x
BAénoupe 0Tt untdpyel plo aUQLUOVOGHUAVTY) GUVAETNOY) OO TOUG CUVOLACUOUE N GTOLYElWY
avd k e exavdindn, otic dratdéelc k otavpdy xar n— 1 ypouuov. And v nepintwon HLa.
YVweilouvde 0Tl 0 dELIUOS AUTWY TV JLATIZEWY Elvar

k-1 [(n+k-1
M(k’n_l):(k!(n—l)!):< k >
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IMeotaom 7.14 O apiduds wwy ovvdvaoudy n otoiyelwr avd k e enavdAnpn didetar and

Ve / k_l
TO OIWVUUIKG OUVTEAETTT) ("+k )

ITelpopa Katavoung

E&etdlouye to melpaua torodétnong k xepudtwy oc n xoutid. Aev elvon 5UoX0A0 VoL avTLA-
nevolue ot umdpyet pio avtioTtoryio avdueca oe auTO To TElpaua xaL To TElpapa ETAOYYS.
Trovétoupe 0Tt €youne 1 xouTid, apuiunuéva and to 1 g to n, xou k xéppota, apriun-
uéva am6d 1o 1 €wc to k. Tomodetolye o b xépuata ota n xoutid. Ot maparlayéc Tou
oyetiCovtan e TN Otdtadn xou Ty enavdAndn oo melpapa emAoYHE, 0TO TElPUUA XATAVOUNS
€)0UV VO XAVOUY UE TO EQV OTUEIWYOLUE TOUG aptiuols TwY XEQUATWY, XoL €4V ETLTRERETOL
va ToT0VETACOVUE TEPLOCOTERX amd Eva xEpuata oe xdie xouTl.
H yetdgpaon avduesa ota 600 netpduata eivon oamhn:

EINIAOTH KATANOMH
umdho xoutl
oprduoe emhoyhc aprlUOC (EPUATOS
J emhoyn elvan umdho i | x€pua j tonodeteiton 6To x0UTL

Or téooepeig Baocinég Tapahhayeg TOU TELRGUUTOS ETLAOY TS AVTIOTOL 00V GTa axOhoLYa TELpd-
HOUTOL XAUTAVOUTG.

I. Kde xouti unopel va mepiéyel aneptopioto aptdud XEpUATmY, X0l OTUEWWVOUUE TOUS
oprduolg 6T XEQUATAL.

II. Kavéva xoutt dev unopel v neptéy et TeplocdTepa and Eval XEQUL, XUl GTUELWVOUUE TOUG
aerduo0g oo XEQUATAL.

I Kavéva xouti 0ev unopel va TEQIEYEL TEPLOCOTERN ATO €VOL XEQPUA, XL OEV CNUELOVOUUE
Toug aptiuolc oTa XEPUATAL.

IV Kde xoutl umopel vo tepiéyel ameptoploto dpldud xeQUdT®Y, X0t OEV GNUELOYVOUUE TOUS
oprduolg 6oL XEQUATAL.

Y€ 0PLOUEVES TEQITTWOELS, oL eTLTAEOY UV xeg Tou VELoLUE va emBdhouye oe Eva Telpoya,
exEALoVToL TO QUCLONOYIXY YId TO TElPAUal XATAVOUNS Topd Yia TO Telpoua ETAOYTG.

IMopdderypa 7.6 Me n6c0uc TpOTOUC UTOEOUUE Vo ywploouue 4 dtoua oe dYo (ebyT);

To npbBinua avtiototyel oto nelpaya xatavours 4 xepudtmy 6e 5LO XOUTLY, ETOL WOTE v
Tonoetnloly axpBng dVo xépuata oe xdde xouti, xar hauBdvovtag ur’ ol Toug apriuoic
ot xépuota. Bploxouue 3 duvatdtnies:

Aut eivon owotd edv Sev evotagépet 1 B1dTaln v 800 Leuydv. Edv duwc evdagéper (yi-
o mopddetyua, to mpdto Lelyog éyel To oepfic o aydva Tévic) ToTE éyoupe dhhe Tpelc
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OUVATOTNTES, TOU TEOXUTTOUY omd UETUVECELS TwV (EVYOV:

Ievixdtepa, eetdloupe to TEOPANUL xatavouhic k aprdunuévwy xepudtwy, oe n apriun-
uéva xouTid, €tot wote va Totovetnloly k; xépuata oto xoutt j, ki + ke + ...+ K, = k.

‘Eyouue (,i) TeoTOUC Vo emthéCoupe Ta ki xéppata mou Yo tomodetndolv oto xoutt 1.

Katomy €youue (k;;“) Teo6TOUG Vo emAECouue To Ky xépuata Tou xoutio) 2, x.0.x. O

4 4 7 Z 7.
Otplﬁqu TWY TPOTWY VA XAUTAVELLOVUE TA UEQUATA ELVAL:

DE -

B k! (k—ky)! (k — ky — k)
Tl (k — k1)l Kol(k — ki — ko)l Ksl(k — ky — ks — k3!
(k—hy—hy— .. — kp_y)!
‘ ! 0]
k!
Tl kol - Jen]

= M(kl, kz, 7kn)
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Aoxnoelg

Yrodeilelg yia Aoxroelg LuvVBLAcTIXYS

o. Edv dev Bhénete mwg va mpooeyyioete éva mpofBinua, doxiudote xdmola tepinTwon
Ue oyeTd wxpolg aprluols. Autd da coc Pordroel vo emonudvete T TEETEL VA
uetenUel, xowe xar Tuydy exavahibelc 1 mapakeidelc.

B’ Yrdote 10 mpoSAnua o€ WxEOTER, EAV AUTY Vol ATAOUGTERA GTO YEWRIGUO. LUy Vd
Bondd va otadeponorioeTe pla ‘UETABANTA’ xou XATOTLY VoL UETPHOETE TIG OUOIEG TEQLT-
TWOELC.

Y. Aev elvou mdvta oxdmo va emyeleroeTe wa BAua Tpog Brua tpocéyyion. Ot tepimhoxég
umopel vor auEAVoLY ambTOUaL.

‘Aoxnorn 7.1 Oékete va ayopdoete yia dwpo éva toxduioo 1/ xou pla ypoPdta. Yrdpyouy
Telo SlapopeTind ToXdUIon o 500 DLAPOPETIXES YPUPUTES.

o. II6oeg duvatdtnTeg EYETE VoL AYORACETE Eva TOXdUGO 1) Ulo YeaBdTa;.

. Iéoec BuVATOTNTES EYETE VO AYOPACETE VAL TOXGULOO Yo ULoL YEAUBATA;

‘Aoxnomn 7.2 lléca diapopetind apyxd umopelte va ypddete ue 2 1 3 ypduuato TOU
eMNVIX00 ahpaf3|Tou;

‘Aoxnor 7.3 Me nd6coug dlapopeTinols TeOTOUS UTopElTe Vo EmAECETE pla emiTpony| 3
atouwy omd 20 dtou;
Me néooug tpdmouc unopeite va emhélete Tpdedpo, yoaupatéo xon Toulo and 20 droud;

‘Aoxnor 7.4 Edv éyete 2 xéppota Tou 1 €up®, 2 eocdiento xou 3 TEVIUAETTA, TOOU
OLLPOPETIXG TOOU UTORELTE VoL TANPWOETE, YwpEiC Vo YpetaoTelTe péoTay

‘Aoxnomn 7.5 Me nécoug Tpdmoug unopeite va Slodéiete 4 manolTow and 5 OLPOLETIXG
Ceuydpla;
Ye mOooug and auTolg EYeTE ToLAdYtoTOV Eva Ceuydpl;

‘Acoxnorm 7.6 Me nocoug Tpomoug unopgelte va potpdoete 10 Biiio oe 6o otofec, ét-
ot wote xdde otoiBa va €yel Touhdytotov 1 Bikio; Eletdote Ti¢ téooepelc dlapopeTinég

7

TEPITTWOELS, avdhoyo ue To av ta BiSAla xou ot 6Toifeg Yewpolvtar dlagopeTixd ¥ Oyt.

‘Aoxnor 7.7 Me n6coug BlagopeTinols TpOTOUE UTopoly Vo ‘avaxatmdoly’ ta 52 yupTid
TNC TEATOVAAC;

Ye moooug and autolg Peloxovia ol T€coEpelg docol e dLadoyxEs VETELS;

e m6o0UC Ta D TEMTA YaeTId €Youy To {Blo “ypwud’;

(Xtnv tpdmovka undpyouy 4 BlopopeTixd ‘ypwuota.)

‘Acoxnor 7.8 Me nécoUC TPOTOUC UTOPOUUE VO TOTOVETACOUUE N UTAAES OE N XOUTLY,
€toL WoTe va Uetverl axp3mg €va xouti ddeto. Eetdote 0o mepintoeig: €dv ol umdheg elvan
OMeg (DL 1) OAEC OLUPOPETIXES.
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To drewpo

I[TAnYuxol aprdpol

‘T etvon 0 dmerpo;” Mia mdavy andvinom nou Yo dwoeL £vag un EWndS GE AUTO TO EPOTNUNL
ebvor ‘gL ueyahltepo and xdle puowxd apriud’. Me pla auotner évvola, autd elvan 6woTo.
‘Evag and toug dptduPBoug tng Yewplog cuvorwy elvon ott 1 Evvola Tou anelpou unopel va
AdBer cagéc vonua. Bploxoupe ott dev umdpyet uovo éva, ahhd TOAAG, wia TepdoTio tepagyio
amo dmetpa.  Mmopolue va amavtcouue €va epwTnua OTwe ‘mécot mohhol entol oprduof
UTGEYOLY;”  UE TNY ATEOCUEVY amdvtnoy ‘tocol dcol eivor ot guoxol aprluol’. To mo
Yerowa epwTAuata etvar autol Tou tOnou. Avtl va pwtdue ‘méoa’ cToryeio UTdpyouV o
€va 6UVOAO, €lval TOAD TO ATOTEAEGUATIXO VO GUYXPIVOUUE 0UO GUVOAX, X0 VO PWTAUE EQV
urmdeyet To Bo mARdog otoryelwy ota dVo. Aéue oti ‘umdpyel To (Bl TANYog oTotyElwY’
ota oOvolar A xar B edv umdpyet pla augiuovooruavtn ocuvdpetnon f @ A — B. Avtl va
apyloouue pe Ohn TNV Lepapyio TwY anelpwy, ac apyIcoUUE UE AUTO ToU, OIS Yo SoUYE, eivou
10 wxpodTERD. )¢ Pacind civolro yia oUyxpelon Yo Yewpriooupe Toug uoxois aptiuoig N.
Ebvar mpotydtepo va ypnotwonotficouue to N avti yia to Ny, enedr) n auguuovoshuavtn
ouvdptnon f : N — B dlel ta ototyeia tou B oe pla axoloudio: ovoudloupe f(1) ~o
Tpwto ototyeio tou B, f(2) to deltepo, xhn. Me auth ) dradixaoia €youpe éva TpéTo
vo. arapiiurjoovpe o B. Befalwe edv anaprduolye ta oToLyEld YeNOWOTOIWYTIC AUTH TNV
avuiotowyia, ‘f(1), f(2),...7, dev gtdvouyue Toté ato téhog, ahhd Yvwpeilouue ot yia xdde
otoyelo b € B, b= f(n) y xdnow n € N, xau cuvende Yo @tdoovye xdroto otyur auté
10 otoyelo.

Treviupilovye and 1o Kepdhowo 7 ot opioape N(0) = & xau yio xdde n € N, N(n) =
{m e N|1 < m < n}. Aéye ou 10 olvoho X eivar TEREPACUEVO EQY UTHPYEL oUPL-
wovooruavtn ouvdptnon f : N(n) — X yio xdrow n € Ny. Aéue ot X eivon aprdpfolpo
elte edv To X elvan meEnepaoU€Vo elte €qv uTdpyEl appruovootuavty ouvdptnon f N — X,
Edv undpyer auguovoohpavty cuvdptnon f : N(n) — X, téte Mye ot 10 X éyet n o-
Totyela. Auty ebvan 1 ouvnliouévn dadixactio anapidunons. Edv undpyet augiuovooriuavn
ouvdptnon f : N — X, Mue ot to X €yer Ny otoryeia. To oOuPoro N etvar to mpwto
Yedupa Tou efpaixol akgarTou, xou ovoudletar dAep. Ny elvar To TEEOTO TAPAOELYUA TOU
cuvavtdue plag véag Evvolag aptduol, Tou YEMOULOTOLETOL YL VO EXPPACOUUE TOGO UEYSAO
ebvon éva dmetpo oOvoho. ‘Otav Aéue o1t éva aivoho X €yer Ry otouyelo, onuaiver anid ot
UTAEYEL au@LuoVOCTuayTr ouvdeTtnon uetald tou N xar tou X, mou onuaiver axp3ng o1t ‘1o
X éyet tov (810 TAnIxo aprdwd (1 o Bto tAfdoc atoryeinwy) ue 1o N'. Tlpw e€etdoouye

116
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Aol aptdpolc YEVIXOTERQ, 0 DOUUE O TEOGEXTIXE TNV EVVOLX TNE optdUnotUoTnTIC.

Mopdderypa 8.1 Ny etvon aprduriowo. Opilovue f: N — Ny ue f(n) =n—1. H f ebva
OUPLLOVOCHUAVTY GUVEETNON. AuTY elvan 1 TEWTNH EXTANXTX WOTNTA AUTOY TOU TEOTOU
‘anapiunong anelpwv cuvorwv’. To N ebvar yrrjow vrooivolo tou Ny, dpa dtancdntixd
Yo €mpene v €yel AiyoTepa oTotyEld, OUwS PE TNV Evvold TN UTUEENS AUPULOVOCHUAVTTS
oLVdETNOTE, T VO chvoha £youy To Blo TAYog oTotyelwy.

Iotopixd, o I'ahihaiog £dwoe €val To EVIUTWOLOXO TaRAdeELYHa To 1638, dTay enédelle pla
avTioTotylo UETAZ) TWY QUOIXWY APLIUMY XAl TV TETRUYWVWY QUOIXWY ApLIUMY:

Mopdderypo 8.2 (Fohhaiog). YTrdpyer aviiototyio LETAED TV QUOXDY aptIU®Y xou
TV TEAEY TETPAYWVWY:

123 4 ... n
Ll l
149 16 ... n?

Y1 oOyypovn cuvohodewpntixf Yhoooa, edv S = {n? € N|n € N}, n aneévion f: N —
S, 6mou f(n) = n?, evon oap@ruovocstuavTn.

[ teplocdTEQOUC amd 00 AWVES, AUTH 1) QaLvoUeVixY| avtigaon anétpee xdlde Tpoond-
Vet vo Yewpnvel to drelpo ue avotnedtnta. O Leibniz égtace oto onueio va mpotelvel ott
TeENEL VoL EEETALOVUE POVO TETERAGUEVA GUVOAQL, OLOTL 1) avTipaoT TeoXUTTEL and TNy anetpl-
o TV guowey opuny. H andvinon tou oto mpofBinue ftav ot edv YewpoLoaue UOVOo
TEMEQUGUEVA GUVOAUL PUOLXWY aptdU®Y, ag TOVUE Toug aprduolc U€ypl TO €XATO, TOTE OEV
UTdEYEL avTIoTOLY (ol LETAL) TWY PUOLXWY UPLIUMY PEYEL TO EXATO XUl TWY TEAEIWY TETPAYWOV-
Vv uéyet 1o exatd. H enfluor tou napddoou and tov Cantor otny dexoetia Tou 1870 ftav
o dpoatixt). 'Edetle ot €dv epunvelcouue ‘1o (Blo TARVOC GTOLYEIWY Vo onuaivel ‘UTdpyEL
OUPLLOVOCTHUAVTY GUVEETNOTN UETAC) BU0 GUVOAWY', TOTE xde dmelpo clvolo €yel To (B0
mAfdog ototyelwy ye éva Yviolo utoclvold tou! Ed dnelpo evvoeitar éva clvoro B yua
10 ono{o dev undpyer apgpuovooruavtn ouvdptnon f : N(n) — B, v onoodfinote n € Ny.

Ilgoértaoy 8.1 (Cantor) Edv éva odvodo B elvar dreipo, téte vndpyer éva yrijoio vrootvolo
A C B, A# B, ka1 pia augipovoonuavtn ovvdptnon f: B — A.

Anodeln. Ilpota emhéyouue éva dnelpo unocivoho X Ttou B, e tov axdloudo tpdTo.
Aol dev undpyel aupuovooruavty cuvdptnon uetall N(0) xau B, to B Sev eivat xevd, xat
undipy el xdmoto oTovyelo 6To B, to onoto ovoudlouue x1. Opiloupe pia cuvdptnon g : N — B

os e&hc: g(1) = a1, xou €dv €youpe emAé€er Ta SlaPoPETIXd OTOLYEld L1, Xa, . . ., Ty, APOV
dev umdpyer augulovoohuavtn ouvdptnon ¢ @ N(n) — B, npénel vo undpyet xdmoto GAho
otowyeio Tou B, 10 0m0o{o 0voUdLOUYE Ty 1, XA TO OTOL0 EVOL BLUPOPETING UTO TAL T, - . . 5 Tp.

Optloupe g(n + 1) = x,41. Oewpolue T0 6OVOLO
X ={z, € B|ne N}
Tpo Yewpolue 10 oivoho A = B\ {x1} xou opilovye f: B — A ye
flzn) =z vz, € X

ol

fb)=bywb¢g X.
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H cuvdptnon f elvar augipovoshuavtr.
O
Xpnowonotwvtog 1o mopdderyua tou I'odthaiou, umopolue va emhéloupe xan éva uT-
oclvoho C' C B, énouv B\ C eivon dneipo, xou Opes UTEEYEL dU@IOVOTTHUAVTY) GUVARTIOT
[ B — C. Apxel va emthé€oupe €va olvoro X 6mwg otny anddeilr, va Yewpfcouue To
oOvoho
C =B\ {z, € X |n dev eivar téAeto teTpdywvo}

xou var oplooupe TN ouvdptnon f : B — C ue
f(xn) =xp2 vz, € X

2ol
f:(b)=byab¢gX.

Eexwvovtag Ye éva dnetpo olvoho B, unopolue vo apapécouye éva (aprdufotuo) dnewo un-

06UVOLO, xal 6UwS Vo dag uebvel éva utoclvolo C' 1o omolo éyel ‘1o (8o TARYog oTolyEinY’

ue 1o B!

O Cantor é\uoe 1o TEOPANUa Tou ancipou ewwdyoviag TNV évvola Tou TANULX0L op-
wWwot. Ilpoc ouyury, da unodécouue ot yia xdde olvoro X undpyel pla évvola, mou
ovopdletan TANUXOC aptdudg Ue TNV WOTNTA OTL €AY UTERYEL AUPULOVOCTIUUYTY) CUVAETNOT)
J: X =Y, 16t 10 X xan 10 Y €youv tov {Bto mAnixd aprdud, xou edv dev udpyel TETol
ouvdptnor ot mAnduxol aprduol toug etvan draopetixol. o memepaouéva ohvoha €youue
éva xatdAAnio urodhglo yioo Thnded aprdud. Edv umdpyet auguuovooruavtn cuvdptnon
f:N(n) — X, unopolye vo molue ot o mAndixde appoc tou X eivon n. Iopbduota, edv
undipyeL appruovootiuavtn ouvdetnor f: N — X Aue ot o mAndhdg aprdude tou X ebvon
No. o dhha dretpar oUvoAa umopet va ypetaotoue véa oUUBola yia Toug TAndixolg aprduoic
touc. Tevind, Va ouuPBoAilouye to TANIxS aprdud (4 TAnddpriuo) tou X ue | X| ¥ card (X),
xou €4y uTdpyeL apgovooruavtn ouvdptnon f @ X — Y Yo Jewpolye ot [ X| = |V, Xe
authy Ty nepintwon | X | xau Y] elvon Stapopetind olufoha yio tov 8o mAndxé oprduéd. Edv
undpyet plo eveovixh ouvdptnon f @ X — Y tote Yo hpe ot | X| < Y. Edv | X| < [Y]
xou | X| # |Y], Mue ou | X| < |[Y]. Tevixd, edv X eivar unooivoro tou Y, 0 eyxhetopdc
i: X =Y, i(z) =z, elva evexdvion, dpa toy et

XCY = |X|<|V]

H Ilpbtaon 8.1 Ael ott, yia xde dnepo olvolo B, undpyet yvrioto utoclvolo A tétoio
wote |[Al = |BJ. Apa, yw drepo oOvoha, X C Y xa X # Y Bev ouvendyovton ot X < Y.

To diknuuo mou Tédnxe and to mapdderyua Tou 'odhalou eivor Teptoadtepo Yuyoroynd
Topd padnuatixd. Koo enexteivouue 10 cUOTAUA TV QUOXGOY AELIUGY oL TNV andpi-
Yunom yio va suunepthdBoupe dnetpoug TAndxoig aprduoie, To ueYahiTepo GOGTNO UTopEL
Vo Uny €Yl OAEC TIC WLOTNTEG Tou WixpdTepou. H oweldtnta pe 10 wxpdtepo cloTnua
woc odnyel Vo avoEVOUUE OPIGUEVES IDLOTNTES, %ot GUYYULLOUAOTE OTAV TOL XOUUATIOL OEV
ToupLdlouy 6mwg Ta tepwévade. Tlapduowa avacpdieia mpoéxude 6tav To TETEAYWYO Vg
uryodixol aptiuol TapaBlace ToV XavOva TV TEUYUATIXGMY apU®Y OTL T0 TETPAYWVo xdle
aprduoy etvar Vetixd. Autd Lemepdotnne dtav avTikngUrixaue oTt ot uryadixol apriyol dev
emogyovTon Wio SLdTal, OTws YIVETOL YLt TO UTOGUVORO TWY TRAYUATIXWY aptducdy. Avdlo-
Yo, 1 gouvopevixh avtipaor tou Iahdatou emAbetan 6tay avTiAn@lolue 0Tl €6V EVVONCOUUE
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‘Tov (610 TANUS opriud’ w¢ Uio aUEUIOYOCHUOYTY) AVTIoTOLYla UETAEY GUVOAWY, TO YVHGCLO
unocUvoho A tou B dev anoxheietar vo €yel Tov (0lo dnepo mAnixd aprdud pe to B.

A¢ e&etdooupe twpa TNy Evvola g apuiunootnTag. Apyxd, yia xdle dnewpo olvoro
B umopolye, onwe oty anodeln tng Hpotaong 8.1 va emhé€oupe éva dmelpo aprduriolo
obvoro X C B. Autd onuaiver ot Xy = |X| < |B], xou ouvenme Ny eivon 0 puxpdtepoc
drepog TANdog apriuoe. Tlpoxahel éxninén méoa and To YVwoTtd pag 6UVOha, Tou QaiveTal
va ebvan ToA0 peyokitepa and 1o N, €youv tov (B0 TAndd apriud Ny,

IMopdderypa 8.3 To civolro twy axepalwy eivor apriurouo.
OpiCoupe f: N — Z ue

f(n):{ k edv n =2k

1—%k v n=2k—-1

xa €YOUUE TNV avTioTolyla

Ipocéte ot av xan f etvan aU@LULOVOGHUAVTY GUVAETNOT, DEV BlaTnEel TN didTaln: m < n
dev ouvendyetar ot f(m) < f(n), yio napdderypa f(2) > f(3). Otav opilouyue opgyiovoor-
wovTeS avtioTolyieg ueTallh oLVOAWY UE BLdTalT, umopel va ypelaoTel v avoxatéouue ToAY
TOL TEAYUATA, OTWS OElYVEL TO EMOUEVO TORADELY UL

ITopdderypa 8.4 To clvolo 1wy pntwv aptduwy etvor apriuriowo. O 1o dellouye autod
oe Bruarta, apytlovtac and toug Yetxolc pntolc. ‘Evog tpdmog va anaprdurcouvye Toug
entolg ebvan vau ypddpouue 6la o xAdouata o€ Eva mivoxa

1/1 1/2 1/3 1/4
2/1 2/2 2/3 2/4
3/1 3/2 3/3 3/4
4/1 4/2 4/3 4/4

xou vo toL Stadloupe xatd uhixog yraoti Srywvioy’, 1/1, xatémy 1/2, 2/1, xatémy 1/3,2/2,
3/1, x.0.x. Me autd tov tpbéT0 Tadpvouue wa oxolovdia 1/1, 1/2,2/1,1/3,2/2, 3/1,...
oty omnoio mepLEyovTaL 6ot ot pntol, ahld undpyouv emavaiibelc, enedh 1/1 = 2/2, xo
mo mépa Yo €youpe 3/3, 4/4 xhn. Iopduowo 1/2 = 2/4 = 3/6 xhn. Oewpolye xde
otowyelo oty axoloudia, xar To Sarypdpouue €dv Eyet hon epgoaviotel. To apyixd xouudT
¢ axoloudiag Tou amopével etvan

1/1,1/2,2/1,1/3,3/1, ...

Ovoudlouye 10 n-0676 apriud otny evaroueivaca axoloudia a,, xar opilCouye 0 cLVdETNOT
[ am6 touc guotxolc otoug Yetixolc prtoic pe f(n) = a,. AANG xdde pntdc aprdude eivon
elte VeTindg 1) Undev 1 opvnuinde, xou CUVETGS 1) axoloudia

07 ay, —az, G2, —A2,..., Qn, —Qp, ...
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mepLéyel xdde pnTd aprduod axeBoc pla gopd. H cuvdetnon g : N — Q mou optleton w¢

0 ev k=1
g(k) = a, €dv k=2n
—a, v k=2n+1

etvar 1 {nToduevy ou@iuovochuovtn ouvdptnor. AZIlel va ETOTUAVOUUE OTL, oV XaL OEV
€youpe dWoEL éva TUTO Yia TN 6LVEETNON g(n), €youpe pla GUYXEXEWWEVY Bradixaoia yio Tov
urohoytopo tng. Ot mpwtol dpol ebvan:

12 3 4 5 6 7 8 9 10 11 12
T
01 -13 —3 2 -231 -3 3 =3 1

xat Yo unopoloope va cuveyicouue 660 YEAOUYE.

Ye mo mpoywenuéva podfuata Ocwpiog Yuvorwy Yo dolUe €va To) oY VEOTERO ATOTE-
Aeopa (to Yedpnuo Schroeder-Bernstein) nou poc emttpénet va det€ouye ot 800 oUvoha
€youv tov B0 TANXO apriud ywelc va yeelaoTel Vo xaTaoXEVACOUUE Wi CUYXEXQUIEVT
QUPULOVOCTUOVTT] UTELXOVICT).

O Aéyog Y Tov onofo oploaue Tov 6o aptiurolto va tepthau3dvel 1660 To TETEPATUEVY
660 %ot T ApLIUoLUo ATELRA GUVORA QUVETOL GTO EROUEVO UTOTENECUAL.

ITpbtaom 8.2 Eva vrootvolo apifunoipov ovvédov efvar apridurnoiio.

Anodely. Edv éyouye pla aupuovooruavty cuvdptnon f 1 N — A xou B C A, t61¢
elte 0 B elvar nenepacpévo, elte unopolue vo opicoupe wla ouvdptnomn g : N — B ue

e g(1) = f(m) 6mou m eivar T0 ehdytoto m € N yia 10 onoio f(m) € B.

o Edv éyoupe oploet ta g(1), 9(2), ..., g(n), t6te g(n) = f(m) énou m eivar To ediyto-
o m € Ny 1o onolo f(m) € B\ {g(1), ..., g(n)}.

O

Mia aloonuelwtn 1otoTNTa TwV Apliunoeny GUYOAWY EVAL OTL UTOPOVUE VO XATUOXEUACOUUE
amo oUTA GUYOAX ToU atveTal Vo efvon TOA) UEYOADTERY, Tal oTtola oUW ebvon TTdhL aprdur|oLua.

Ilpbtaom 8.3 H évwon pias apidunoung oikoyéveias apridunouwy ouwvdwr eivar api-
Ounoiuo ovrolo.

Arnodelly. Edv éyoupe wa apriurown culloyr cuvorwy, urtopolue va Yewpricouue to N
©¢ T0 6UVOhO de TGV, xau va Ypdhouue ta oivora A,, n € N. (Edv n culhoy1 nepthaufdvet
uévo menepoouévo nhfdoc cuvohwy Ay, ..., Ay, Vétovge A, = D vy n > k.) Agod xdde
A, elvou aprduriowo, urtopolue va ypddoupe to otovyeio Tou A, oe uio yeauut,

Anly, An2y « -y Qumy - - -
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1 onola Yo TEAELOVEL €AY TO A, elvan Temepaouévo, eve Va etvor uior dmeler oxxohoudio edv To
A, elvan dreo apriurioo. Twpa xataypdgouue ta otoyeia g évworng UneN A, ot éva
Tivoxa,

a1 A1z a3 A4 Qa5

G21 Q22 Q23 (24 (25

a3z1 az2 ass

Q41 Q42 Q43 A44 445

xou T OtoBACoUPE AT K0S TWY YlaoTL Blaywvimy, OTWwe XAvaue Yo va anapriuricouue
Toug eNToUg aptdpols: ayr, a1z, Ag1, (13, G2, 431, A14, - ... Mropel va undpyouv xevd GTov
nivaxa, €4y xdmoto and ta cUVORa elvan TENEPAoUEVA (OTwe To Az 0T Tapddetyua), X edv
10 TAYoC TV cuVOLLY elval Temepaouévo. Mropel va undpyouv eravahiec eqy xdmola
cOVOha €y0UV %0Wd GTotyEla, €TOL MOTE €V GTOLYED GTN YPUUUH 1o Vo ETovaAcuBdveTon
ot yeouur m. ATAOC TPOOTEPVIUE Ta XEVH, X0t To OTOEld TOU €YOUV 101 EUPAVIOTEL.
Aut 1 OSadixacta dider eite uio memepacpévn axohoudia, eite wio dmeprn axoloudio yweic
emavohfbelc, xon Oty ver oTL 1) €vwon UneN A, ebvou aprduriowo cbvolo.

0

ITpotaon 8.4 To kapreoiavd ywipevo 6vo apriunjouwy ovvdwy efvar apridunoipo otvo-
Ao.

Anodely. Edv A xou B etvan apriurota, yedpouue to otolyela Tou A w¢ pla axoloudia
ai, @, ..., Gy, ... (n onolo Va tehetdvel edv A eivar menepaouévo). Tapduola ypdgpouue to
otowyela Tou B wg by, ba, ..., by, ... Topa yedpouue ta oTotyela ToU XAPTEGLAVOY YIVOUE-
vou A X B ot éva opoymvio Tivoxa,

(a1, b1) (a1, b2) (a1, b3)
(az, b1) (az, b2) (az, b3)
(as, b1) (a3, b2) (as, b3)

xou T Sraf3dlouUe xata Yo Twyv Yoot dtaywviwy. Edv éva and ta A 1 B elvon tenepao-
uévo, da undpyouy xevd, Tta onola mapaeirouye. Edv xou to 6o elvon memepacuéva, To
ywouevo A X B eivon menepacpévo. Edv xan ta 800 eivon dmetpa , unopolue va ypddouue
avahuTixd Tov TOmo TG auguiovooruavtng cuvdptnone f ¢ N — A x B. Trdpyel éva
otoyelo oty mEWTN Yol dlaydvio, dVo otn BeUTEEY, XAl YEVXA N oTN n-0oTH. Apa
umdpyouy 1 + 2+ ... +n = %n(n + 1) otoyeila otg n Tpwteg Yoot draydvious. To
r-0016 GTOLYElD OTNY ETOUEVY YLaoT Sty wvio efvar To (ar, buto—r), Goa 1) QUPLLOVOCTUAVTT
ouvdptnon f : N — A x B ebva

1
f(m) = (ar, bpya—r) 6TOL M = §n(n+1)—|—'r yoal<r<n+1. O
Q¢ egagpoyt) tne Hpotaong 8.4 éyouue to axdrovdo amotéreoua.
IMopdderypa 8.5 To clvolo twv ornueiwy Tou EMTESOL UE ENTEC CUVTETAYUEVES Efvan
aprdunotuo.
Ye autd To onueio, duconohoynuéva, Vo urnopoloe xavelg va urtodéoel ot xde dretpo

obvoho elvan aprdurolo, oAl autd dev toylet, omwe Va dodue eetdloviag TOug Y-
HoTixoUg apriolg.



122 Ocuéiia twv Modnuatixdy

Ocwpnua 8.5 To ovrodo R twr mpaypatikdy apiudy dev eivar apidunoijio.

An6oelgy. Autd T0 amodeYUOUUE UE anaywyT| o€ dToTo, Sty vovTag 0Tl xauia cuvdpTno
f + N — R dev uynopel va eivon enf, xar dpa eV UTAOYEL AUPLULOVOCTUAVTH GUVAOTNOT)
f:N—=R Edv f: N — R eivar pio ouvdptnon, ypdpouue xdde aprduéd f(m) € R oe
OEXAOWT| TaPdoTAOT

f(m) = am, am1 QGma a3 - Gy - - -

OTOL @, elvon axéponog, xar Yl XGVE N, Gy Ebvor 10 N-00T6 Sexadixd Ynpio tou f(m),
0 < amy < 9. T Topdderypa, €dv f(m) = V2 = 1,41421356... EYOUUE Ay, = 1, Ay = 4,
amgzl, (lm3:4, CLm4:2,

Edv f(m) eivon Sexadixd xhdopa, 6mnwe o %8 = 1,25, cuumAnewVouUE TNV BEXAOXTN
TapdoTact e undevixd, 1,250000. .. Etot €youpe pla oxxohouvdio

f(1) = ai, a1a2a3...
f(Q) = Qg2, (21 G22 Q23 . ..
f(3) = 4as, 31032033 ...
f(n) = an, apranaans. ..

Oa detloupe otL 1) cuvdpTnoT f OV elvar entl, YpdpovTag T1 SEXAOLXT TUPAGTAGT) EVHS aptduoy
Tou eivan SagopeTinde and 6ha T f(n). Eotw o aprdudée f=0, biby ... b, ... 6mou

bo_ 1 €& ap, =0
"1 0 &y A #0

Téte o § eivan Srapopetinde and tov f(n), vt dapépet 60 n-001d dexadixd Pnyio, by, #
Q.-

Auto to emyelpnua ovopdletar Sraywvio emiyeipnua tou Cantor xou detyver ot
IN| # |R|. Agov N C R, xou dpa [N| < |R|, ouunepaivoupe ot o mAndixde aprduds tou
GLVOAOU TWV TEUYUATIXWY aptiumy elvor yvAcLla UEYAADTEROS amd Tov TANYG apriud Twy
puoxdv aprudy, |R| > |N|. EuuBolilovye tov mhnxéd aprdud tou R pe ¢. "Eyouue deiet
ot

¢ > Ny

O

Mo mopahhayr Tou draywviou emtyeipruatog urnopel va yenotuonomiel yio vo dei€oupe

ot vt xde mAndod aprdud uropolue va Bpodue €vay peyahltepo. AmAd detyvouue ott yia
x84 ovvoro A to duvapocivoho P(A) éyet yviota yeyohitepo mhndixd apliud.

IMgoétaocy 8.6 Ia kdde ovvoro A, |P(A)| > |A].

Ano6deln. lpogavag 1 ouvdptnon g : A — P(A) n onola anewxoviler to otoyeio a € A
oto povoouvoro {a}, g(a) = {a}, eivar éva mpoc éva, xou ouvende |A| < [PB(A)]. Ipéne
va dei€oupe ot [A| # [PB(A)|. Oa deilloupe o xopio suvdptnon f : A — P(A) dev eiva
eni. Edv éyouue pia o ouvdptnon, f(a) € P(A) yia xdde a € A, dpo f(a) elvon éva
unocUvoho tou A. "Apa yio xdde a € A pyropolue va Y€couue To EpMTNUL ‘OVHXEL TO @ GTO
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vroolvoro f(a);’. H andvinon elvon ndvta eite ‘vau’ eite ‘oyt’. Emhéyoupe o otoryeia A
Yo o omoio 1) andvtnor ebvon Oyt, xou opiloupe To Ghvolo

B={acAla¢ f(a)}.

Topa woyvelduacte ot 10 utocUvoho B C A dev avixer otny exova g f. Hpdyuat,
edv B aviixer oty exdva e f, dSnhadr edv B = f(b) yio xdmowo b € A, odnyoluacte o€
avtigaon:

edv b € B téte, and tov opopd tou B, b ¢ f(b) = B

edv b & B tote, and tov oplopd tou B, b e f(b) =B

Yuunepaivouye ot 10 B € P(A) Sev avixer oty exdva e f, xou dpa n f 1 A — P(A)
oev etvan emtl. Yuvenwe 1 f Oev umopel var efvon apQUOvOGHUOVTY).
O
H Ipbraon 8.6 debyver ot undpyet pio tepapyio and dnepo. Zexwvdye pe 1o Ry = |N|. To
IB(N)| eivar yvhiowa peyohitepo, 1o | P(P(N))| eivon mdht peyoldtepo, x.0.x.
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Aoxnoelg

‘Aoxnomn 8.1 Oewpfiote 10 clvoro X twv onueiwy (z, y, 2) € R? yu ta onola z, y, 2 €
Q. Eivaw to X apriuriowo;

‘Aocxnor 8.2 OcwphoTe T0 GLYOAO S TV CYUEWY GTO R3 1wy omolwy to xEvtpa €Youv
ENTEC CUVTETUYUEVES, X0t TwV omolwy 1) axtiva ebvar ontoc aptdude. Actlte ot 10 S ebvan

apriurouo.

‘Aoxnon 8.3 Ilowd and to oxdrouda civola eivar apriurowa; (Awote anddelln oe xde
nepinTwon).

o. {n € N|n eivar tpdtoc}

g. {reQ|r>0}

Y. {z €R|1 <z < 101000000}
5. C

¢. {z € R|z? = 293" yia xdnow a, b € N}

‘Aoxnomn 8.4 Arodeilte ot J : Ny x Ny — Ny ye
J(n,m)=2"2m+1) — 1
etvar 1 — 1 xou ent Tov Ny.

‘Aoxnor 8.5 Amnodeilte ot xdle olvoro E€vwv dotnudtny oto R eivar apriuroio.
XpnowonotfoTte 10 ToPUmAve Yia Vo AToBECETE 0Tl T0 0UVOAO OMUEiWY ACUVEYELIC IS
avgouocog f: R — R eivar apriurowo.
Yro6s. Av f: R — R elvoar ablovoa, t6te yiao xdde a € R undpyouv to mheupixd GpLa
™¢ f oto a xau
lim f(z) < lim f(z)

T—a~ z—a™t

‘Acxnom 8.6 Amodeite ot xde cUvoho dlaoTNUdTWY UE pNTd dxpa oto R etvan apriur-
owo. XpnoWoTolOTE TO TURATAVG YLOL VAL ATOOEIZETE 0TL TO GUVORO TWV TOTIXWY YEYIOTWY
(ehayiotwy) woc ouveyolc f: R — R elvou opriurowuo.

‘Aoxnon 8.7 'Eotw A civoho. T xdlde YV C A n yopaxTneloTixr cuvdeInom
Tou Y optletan wg &g

1 avteY
XY(t):{ 0 awvtgyY

AnodelZte ot 1 ouvdptnon F : P(A) — {0, 1} pe F(Y) = xy ebvor appyuovoohuavty,.



EmniAoyocg

Ocueilwon tng Yewplag cuVvorwY

Meéyet autd T0 onueio emixevipwooue Ti¢ Tpoordieieg wag va Bpolue ula Tumixr| Sour| Yo Ty
aprdunTtixt|, otn Bdon g Yewplag cuvdrwy. A& dev €youue avageplel otny altwyatixy
Vepehiwon tne Brag g Vewplog cuvélwy. e teheutala avdAucT), Oev amotehel YeydAn
Tpo0d0 va Bactoouue wor Tumxr Yewplo Ty aptdumy oe pla dTumn, eTOTTIXY| xaL APEAR
Yewplot cUVOAWY. Oa UTOPOUCUUE VO XPATACOUUE TNV GTUTY), EROTTIXY Xl apelY| Vewpia
TV oaptiuy!

Ano tny enoy| Tou Cantor xar Tou Dedekind, mou eiofyoryay tnyv enontixg Yewpla auvor-
oV, €youy dodel dLdpopa atwUaTixd CLOTALXTA Yid T VEWPX CUVOAWY, TOU ATOPEDYOUY Ta
ToEABOE N TOU GUVAVTHOAUE, 6TwS auTéd Tou Russell. To o yvwotd etvor autd twv Zermelo—
Fraenkel xou v von Neumann-Bernays-Goedel H Bacur uédodoc mou yenotuomolody yua
var amo@Uyouy Ta Tapddola elvor Vo TEQLORIGOUY TNV €VVOLo TOU GUVOAOU, WGTE Vol YNV TEp-
thEuBdvel omoladr|moTe ‘GUALOYY OE €val OOV XVOPIOUEVWY AVTIXEWEVWY TNS OXEYNS 1 TN
emonTelog Yag Tou elvor EVTEAWS Oloxptty) ueTalld Touc’ Omwe Ty elye neprypddel o Cantor.
[iveton 1 8tdxpron petall td€ewy (classes) xar cuUVOLWY 1 UTaivoUV TERLOPLOUOL 0Ta GUYOIAL.
Avtéc ot a€iwpatixéc Vewpleg, uall e to allwua UTaEENS TV QUOLXWY APLIUWY, ETUEX00V
Yo vor avamtOZouy T Yempla Twv aprlu®y, QUOIXKOY, PNTWY, TEAYUATIXWY, UIYAOXOY.

Trdpyouv Ouws dVo aliwpata Tou €youv wla wiaitepn V€om, xar €youv amaoy Ol oEL
VEXETY TOUG P NUATIXOUC.

To a&lwpo enthoyng

Yny Ilpdtaot 8.1, yenowonotfooue éva entyeionua oTo onolo emAéyouue €va cTotyeto x;
and éva ohvoho B, xoatémy éva zo and to B\ {z1},. .., xau yevixd éva otoryeio x,41 and
10 oOvoho B\ {z1, za, ..., x,}. Tlap’ 6ho mou awtd poidler e Ty avadpouxy Sadtxaoio
optopo0, dev xohimtetar and to Yewpnua 6.3, Yol 10 T, emA€yeTan ue audalpeTo TPOTO,
xa Oyt u€ow plag tpoxadoplouévng cuvdptnong. H uédodog pag amoutel v xdvouye ‘drelpo
mAdoc avdaipetwy emhoydy’. Mnopel va anodetydel (av xou dev eivon evxoho!) ot to
unélowna atwpata g Yewplag ouvorwy dev emapxoly yi' autd. Amouteitan éva enl mAéov
aZiwua, 10 Afiwua Emdoyhc (Axiom of Choice).

H ¥éon autod tou aliduatog ebvor dncdntind 60oxoho va yivelr avTihnmtr, ahhd €y
mhéov Yivel xahd xoatavontr. Olte 1 unddeon tng arfdeiag autol Tou aliUaTog, oUTE
1 devNoT Tou, avTLPdoxouy UE Ta umdlota adlwuata TN Vewpiog GUVOAWY (6w 00Te n
amodoy | TOU AUTAUATOS TwV Tapdhhnhwy tou Euxheldn, olte 1 dovnon tou avtipdoxel ue
o undhotma aliwpoto e Fewpetplac). Edv 1o anodeydolue €youue pia mo xahf Yewpio

125
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ANV oprdumy: yia xdde d0o oivoha X, Y toylet (toukdytotov) éva and o | X| < Y,
Y] < |X].

Hoapbuolo Véon xatéyel Eva dhho allwpa. H Trodeon tou Xuveyoic Aéel 0Tl Sev uTdpyE
drepog TANYeog aprduog wetald tou Ny xou Tou ¢, dnAadY| 0Tt dev undpyel olvoho X yia
70 omofo va toy Ve

IN| < | X[ < [R].

Ovte 1 anodoyr ouTe 1) dpvnom tng Trdleong Tou Luvey ol avTipdoxovy TEdg Ta UTOAOLTA
adioyata, 1 mpog o Allwpa Emioyrc.

Y VUVETELN

Hopopéver axdua to gpdtnua: €yoviag Bpel 10 0lvolo Twv allwudtwy tng Yewplag cUVOA-
oV, TOS yrwpilovpe ot 6ev eupavilovton tapddolo; Méypel tdpa ta éyoupe anogiyel (ocq)o()
xavelg Oev €yel Bpel xdmolo) ahld Twe UTopOUUE Vo E{UACTE aTyoupor 0Tl SEV UTHRYOLY XEUU-
uéveg avtipdoelg; Topa €youue pio cagy|, Tehr andvTnoT oc auTod To EPWTNUL. AUcTUY®S
ouTy| ebvon 1 €€X¢: BeV Umopolue moTé Vo e{UAGTE GlyougoL.

['a va e€nyrfiooupe autod, mpénet va ndue wiow otov Hilbert. A¢ ovoudoouue éva obotn-
ua afiwudtwy cuvenég (consistent) edv dev odnyel o avugdoec. O Hilbert Hdeke va
amodeiel ot To adlwuata TS Vewplag cuVOrwY eivar GUVETH.

Mot ugpud ouoThuaTa allwudtwy autod etvar ebxoho. Edv uropolue va Bpolue €va povtédo
yor to adLedporta, dSnhadn wio doun 1 omofa T txavorotel, Thte TEénet va eivan Guveny| (ahhoLide
dev Vo unhpye to yovtého). To mpéBinua eivon Tl LAXE UTOPOUUE Vo YENOWWOTOMGOVUE
YU TNV XUTAGXEVY|) Tou povtéhou; Elvor yevixd amodextd oTi €va TEREPACUEVO HOVTEAD
ebvor Leavomonxd, agol xde toyvplouds yU' autd pmopel vo eheyyvel, ot apyry, o
TEMEQUOUEVO YeOvo. AN évar oot TOU TEQLEYEL TOUS QuotxoUg agtduols Oev efvan
TETEQUCUEVO.

H 10éa tou Hilbert #Arav va yprnowonomioer x4t AyOTEQO TEQLOPIOTIXG, TOU OVOUAGE
owdikacta andpaons. e cOyYYpOVN YAOCCW, £VO TETEPACUEVO TROYEAUUN UTONOYLOTY|, OTO
onolo Otav dodel omowdfrote TEOHTACY 0T Vewpla cuVOLwY, extehel pio Sadtxacion xou
amogafvetan €qv 1 mpdTaoT efvon aknifc ¥ oyt. Edv umopécouue vo xataoxcudoouue Eva
TETOL0 TEOYEAUUUN Xt VoL amode{loupe 0Tl SOUAEVEL TdvTd, TOTE 0PXEL VO TOU BWGOUUE TNV
TPOTAOT)

0+ 0.

Edv anavtricet ‘ahniéc’ tote ta adumdpata tng Vemplag ouvolmy dev eivon cuvent|. o xdmoto
owdoTrua awvotay ot 1) Wwéa tou Hilbert yropoloe va doukédet. AANG tor YewpriuoTta Tou
Goedel anédeilay 1o avtideto. O Goedel anédeile ot undpyouv otn Vewplo cUVOAWY TEOTE-
oelc ot omolec etvon ahndeic, ahhd yio Tic onoieg dev undpyet anddelln (Oemdpnua un ITinpdtr-
TOC) XOU OTL EQY 1 Vewplo GUVOAWY elvon GUVETY|G, TOTE OEV LUTHPYEL BLadIXACTN ATOPACTS TOU
va 1o e€axpBodvel (Oedpnua un Atoxploudtag).

To aroteréoparta tou Goedel diéhucay Tic ehnidec Tou Tpoyeduuatog Tou Hilbert. Ynuai-
YOUV 0Tl uTdpyouv xdmotol éuputol meploplopol oty Bt TV adiwpatixy| yédodo. Aev
oty vouv ot awth efvar mepttth. Avtidétwe, anotelel éva xavoroinTixd mAaicto Yo OAd ToL
o0y POV Lo NUTIXE, Xt EUTVELGT) Yol TNV avarTuEY VEWY eV, ARG Ue Ta amoteAéoyoTa
Tou Goedel unopolye va amo@lYOUUE TNV AUTATATY OTL GAa €lvar TEAELX, Xat VoL oy TIAN@IoluUE
TOUG TEPLOPLOUOUC TNS adlwuatixfc uedodou, uall Ue TIC DUVATHTNTEC TOU TPOGHEREL.



H ouyypa@r) Twv ONUEI®MOEWY, kal n OToIXEloBETNon ot LaTeX, £yive ota nAaiola Tou
npoypduyato¢ MAOGHMATIKA TIA THN ANANTYZH: Avaudppwon [MpontuxiakoUu
Mpoypappato¢ Tunuatog MabnuaTtikwv MavenioTnuiou KpAtng, nou XpnuaTtodoTeiTal kata
75% ano 1o Eupwnaikd Koivwvikd Tapeio Tng Eupwnaikng 'Evwong, kal kata 25% ano
£6vikoUg ndpouc (YMEN®/ EYA ENEAEK).
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