
Jemèlia twn Majhmatik¸n (2008�09)

Protasiakìc Logismìc � Ask seic

1. Jewr ste tic akìloujec prot�seic:

p → q, ¬p → ¬q, q → p, ¬q → ¬p, q ∧ ¬p, ¬p ∨ q, ¬q ∨ p, p ∧ ¬q.

Poièc apì autèc eÐnai logik� isodÔnamec me thn p → q?

2. 'Estw ìti h prìtash p → q eÐnai yeud c. Na d¸sete tim  alhjeÐac gia tic
akìloujec prot�seic:

(a) p ∧ q (b) p ∨ q (g) q → p.

3. Na kataskeu�sete pÐnakec alhjeÐac gia tic akìloujec prot�seic:

(a) ¬(p ∧ q) (b) ¬(p ∨ q) (g) ¬p ∧ ¬q (d) ¬p ∨ ¬q.

MporeÐte me b�sh autoÔc touc pÐnakec na diapist¸sete k�poiec logikèc isodunamÐec
metaxÔ twn (a), (b), (g) kai (d)? Poièc eÐnai autèc?

4. Na d¸sete pÐnakec alhjeÐac gia tic prot�seic:

(a)
(
(p ↔ q) ∨ (p → r)

)
→ (¬p ∧ q) (b) ¬

(
(p ∨ q) → r

)
.

5. H apokleistik  di�zeuxh ∨ (to gnwstì XOR) orÐzetai wc sÔndesmoc me ton
akìloujo pÐnaka alhjeÐac:

p q p∨ q
A A Ψ
A Ψ A
Ψ A A
Ψ Ψ Ψ

(i) Na kataskeu�sete pÐnakec alhjeÐac gia tic prot�seic:

(a) p∨ q (b) (p∨ q)∨ r (g) (p∨ q)∨ p.

(ii) Na apodeÐxete ìti oi prot�seic p∨ q kai ¬(p ↔ q) eÐnai logik� isodÔnamec.

6. Na exet�sete poièc apì tic akìloujec prot�seic eÐnai tautologÐec:

(a) (p → (q → r)) ↔ ((p → q) → (p → r)).
(b) (p∨ q)∨ r ↔ p∨ (q ∨ r).
(g) ((p ↔ q) ↔ r) ↔ (p ↔ (q ↔ r)).
(d) ((p → q) → r) ↔ (p → (q → r)).

7. Na apodeÐxete ìti ta akìlouja eÐnai tautologÐec:



(a) ((p → r) ∧ (q → r)) ↔ ((p ∨ q) → r).
(b) (p → q) ∧ (p → r)) ↔ (p → (q ∧ r)).

8. 'Estw p h prìtash {o K¸stac diab�zei thn efhmerÐda N}, q h prìtash {o K¸-
stac diab�zei thn efhmerÐda K} kai r h prìtash {o K¸stac diab�zei thn efhmerÐda
B}. Na gr�yete kajemi� apì tic akìloujec prot�seic sth (sumbolik ) gl¸ssa tou
ProtasiakoÔ LogismoÔ:

(a) {O K¸stac diab�zei thn efhmerÐda N   thn efhmerÐda K, all� ìqi thn efhmerÐda
B}.

(b) {O K¸stac diab�zei tic efhmerÐdec N kai K   tic efhmerÐdec N kai B}.

(g) {Den eÐnai al jeia ìti o K¸stac diab�zei thn efhmerÐda N kai den diab�zei thn
efhmerÐda B}.

(d) {Den eÐnai al jeia ìti o K¸stac diab�zei tic efhmerÐdec K   B all� ìqi thn
efhmerÐda N}.

9. 'Estw p h prìtash {o Andrèac mil�ei Gallik�} kai q h prìtash {o Andrèac mil�ei
Germanik�}. Na d¸sete mia apl  lektik  diatÔpwsh pou na perigr�fei kajemi� apì
tic akìloujec prot�seic:

p ∨ q, p ∧ q, p ∧ ¬q, ¬p ∨ ¬q, ¬(¬p), ¬(¬p ∧ ¬q).

MporeÐte na diakrÐnete logik� isodÔnamec diatup¸seic metaxÔ aut¸n twn prot�sewn?

10. Me sÔnolo anafor�c to sÔnolo N twn fusik¸n arijm¸n na apotim sete (dhlad ,
na d¸sete timèc alhjeÐac) stic akìloujec prot�seic:

(a) 3 + 3 = 6 kai 1 + 2 = 5.
(b) Den eÐnai al jeia ìti 3 + 3 = 6   1 + 2 = 3.
(g) 2 + 2 6= 4 kai 1 + 2 = 3.
(d) Den eÐnai al jeia ìti 3 + 3 6= 6   1 + 2 6= 5.

11. Na ekfr�sete kajemi� apì tic akìloujec prot�seic qrhsimopoi¸ntac mìno th
di�zeuxh (∨) kai thn �rnhsh (¬):
(a) (p∨q) → p, (b) q → (p∨q), (g) (p∨q) → (q∨p), (d) (q → r) → ((p∨q) → (p∨r)),
(e) (p ∨ (q ∨ r)) → (q ∨ (p ∨ r)).

12. OrÐzoume to duadikì sÔndesmo (imp2) apì ton pÐnaka:
p q p (imp2) q
A A A
A Y Y
Y A A
Y Y Y

Na exet�sete an oi prot�seic (p (imp2) q) ∧ (q (imp2) p) kai p ↔ q eÐnai logik�
isodÔnamec. AkoloÔjwc na gr�yete ton (imp2) se kanonik  diazeuktik  morf .



13. Se �mesh sqèsh me thn prìtash {p → q} eÐnai oi akìloujec prot�seic: (a) h
antÐstrofh (converse) prìtash {q → p}, (b) h antÐjeth (inverse) prìtash {¬p →
¬q} kai (g) h antijetoantÐstrofh (contrapositive) prìtash {¬q → ¬p}. Me aut 
thn orologÐa na apodeÐxete ta akìlouja:

• H antÐstrofh miac alhjoÔc sunepagwg c den eÐnai p�nta alhj c.

• H antÐjeth miac alhjoÔc sunepagwg c den eÐnai p�nta alhj c.

• H antijetoantÐstrofh miac alhjoÔc sunepagwg c eÐnai p�nta alhj c.

14. Gia kajemi� apì tic akìloujec sunepagwgèc na gr�yete thn antÐstrofh, thn
antÐjeth kai antijetoantÐstrofh sunepagwg :

p → q, ¬p → ¬q, ¬q → ¬p, p → ¬q, ¬p → q.

15. SumfwnoÔme h lektik  èkfrash {an ... tìte} na apodÐdetai sumbolik� me th
sunepagwg  {→}. Na gr�yete thn prìtash {an 1 < 4 tìte 5 > 8} se sumbolik 
morf  {p → q} gia kat�llhla p kai q. AkoloÔjwc, na gr�yete thn antÐstrofh,
thn antÐjeth kai thn antijetoantÐstrofh tìso lektik� ìso kai sumbolik�. Se k�je
perÐptwsh, na apotim sete tic prot�seic pou prokÔptoun wc alhjeÐc   yeudeÐc.

16. Gia pragmatikoÔc arijmoÔc a, b, c jewroÔme tic prot�seic (p : a < b), (q : b < c)
kai (r : a < c). Na gr�yete sth sumbolik  gl¸ssa tou ProtasiakoÔ LogismoÔ tic:

(a) (a < b)   (b < c kai a ≥ c).
(b) An (a ≥ c   b < c) tìte (b ≥ c).

Sth sunèqeia, ìtan a = 1, b = 2 kai c = 3, na apotim sete tic (a) kai (b) wc alhjeÐc
  yeudeÐc.

17. Gia tic prot�seic p kai q orÐzoume thn p | q na shmaÐnei ¬p ∨ ¬q.

(a) Na deÐxete th logik  isodunamÐa twn p | p kai ¬p kaj¸c kai twn (p | p) | (q | q)
kai p ∨ q.

(b) Na ekfr�sete touc sundèsmouc ∧,→,↔ mèsw tou sundèsmou |.


