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Sunart seic � UpodeÐxeic

7. (a) Mia sun�rthsh f : Z → Z pou eÐnai 1− 1 all� ìqi epÐ: f(x) = 2x.

(b) Mia sun�rthsh f : Z → Z pou eÐnai epÐ all� ìqi 1 − 1: f(x) = 0 an o x eÐnai
perittìc kai f(x) = x/2 an o x eÐnai �rtioc.

(g) Mia sun�rthsh f : Z → Z pou eÐnai 1− 1 kai epÐ: f(x) = x.

(d) Mia sun�rthsh f : Z → Z pou den eÐnai oÔte 1− 1 oÔte epÐ: f(x) = 0.

8. (a) H f den eÐnai èna proc èna: an jewr soume dÔo dÐskouc x kai y sto epÐpedo
me diaforetik� kèntra all� thn Ðdia aktÐna r, tìte x 6= y all� f(x) = f(y) = πr2.

(b) H f den eÐnai epÐ: ènac arnhtikìc a ∈ R den mporeÐ na isoÔtai me to embadìn
k�poiou x ∈ S.

9. H g eÐnai èna proc èna kai epÐ tou (0,+∞). Gia k�je a > 0 up�rqei monadikìc
kÔkloc sto epÐpedo pou èqei kèntro thn arq  twn axìnwn kai perÐmetro a: o kÔkloc
aktÐnac a/(2π).

11. To pl joc twn sunart sewn apì to A sto B eÐnai nm. Gia kajèna apì ta m
stoiqeÐa tou A èqoume n epilogèc gia thn eikìna f(a): mporeÐ na eÐnai opoiod pote
apì ta n stoiqeÐa tou B.

12. Elègxte pr¸ta ìti to sÔnolo ∅ eÐnai sun�rthsh apì to ∅ se k�je sÔnolo C:
pr�gmati, h prìtash {gia k�je x ∈ ∅ up�rqei y ∈ C ¸ste (x, y) ∈ ∅ eÐnai alhj c}
afoÔ den up�rqoun x ∈ ∅. T¸ra,

1. An A = ∅ kai B 6= ∅, up�rqei akrib¸c mÐa sun�rthsh apì to A sto B: h
∅ ⊆ ∅ = A × B. EÐnai sun�rthsh kai k�je sun�rthsh f ⊆ ∅ = A × B eÐnai
anagkastik� to kenì sÔnolo.

2. An A = ∅ kai B 6= ∅, den up�rqei sun�rthsh f ⊆ B ×A. Autì diìti, up�rqei
b ∈ B kai gi' autì to b ja up rqe a ∈ A = ∅ ¸ste (b, a) ∈ f .

3. Up�rqei sun�rthsh apì to ∅ sto ∅: to ∅.

13. 'Eqoume:

1. (f ◦ f)(n) = f(n + 1) = n + 2.

2. (f ◦ g)(n) = f(2n) = 2n + 1.

3. (g ◦ f)(n) = g(n + 1) = 2n + 2, (g ◦ h)(n) = g(0) = 0 an o n eÐnai �rtioc kai
(g ◦ h)(n) = g(1) = 2 an o n eÐnai perittìc.

4. (h ◦ g)(n) = h(2n) = 0.

5. [(f◦g)◦h](n) = [f◦(g◦h)](n) = f(0) = 1 an o n eÐnai �rtioc kai [(f◦g)◦h](n) =
[f ◦ (g ◦ h)](n) = f(2) = 3 an o n eÐnai perittìc.



14. 'Estw f : X → Y kai g : Y → Z.

(a) Upojètoume ìti h g ◦ f : X → Z eÐnai epÐ. 'Estw z ∈ Z. Up�rqei x ∈ X ¸ste
g(f(x)) = (g ◦ f)(x) = z. An jèsoume y = f(x) ∈ Y tìte g(y) = z. AfoÔ to z ∈ Z
 tan tuqìn, h g eÐnai epÐ.

(b) Upojètoume ìti h g ◦ f eÐnai 1− 1. 'Estw x1, x2 ∈ X me f(x1) = f(x2). Tìte,

(g ◦ f)(x1) = g(f(x1)) = g(f(x2)) = (g ◦ f)(x2).

H g ◦ f eÐnai 1-1, �ra x1 = x2. 'Epetai ìti h f eÐnai 1− 1.
An f, g : R → R me g(x) = x, f(x) = 0 (x ∈ R), h g eÐnai epÐ all� (g ◦ f)(x) =
g(f(x)) = g(0) = 0 gia k�je x ∈ R. Dhlad , h g ◦ f den eÐnai epÐ. An p�roume
f(x) = x kai g(x) = 0 tìte h f eÐnai 1-1 all� g ◦ f = g, dhlad  h g ◦ f den eÐnai 1-1.

15. 'Estw f : A → B kai g : B → C dÔo 1− 1 kai epÐ sunart seic.
H g ◦ f : A → C eÐnai 1 − 1: èstw a1, a2 ∈ A me (g ◦ f)(a1) = (g ◦ f)(a2).

Apì thn g(f(a1)) = g(f(a2)) èpetai ìti f(a1) = f(a2) diìti h g eÐnai 1-1. Apì thn
f(a1) = f(a2) èpetai ìti a1 = a2 diìti h f eÐnai 1-1.

H g ◦ f eÐnai epÐ: èstw c ∈ C. AfoÔ h g eÐnai epÐ, up�rqei b ∈ B ¸ste g(b) = c.
AfoÔ h f eÐnai epÐ, up�rqei a ∈ A ¸ste f(a) = b. Tìte,

(g ◦ f)(a) = g(f(a)) = g(b) = c.

16. (a) An up rqe b ∈ f(∅) tìte ja up rqe a ∈ ∅ ¸ste f(a) = b, �topo. An
up rqe a ∈ f−1(∅) tìte ja eÐqame f(a) ∈ ∅, �topo. Gia thn trÐth isìthta, profan¸c
isqÔei f−1(B) ⊆ A kai, antÐstrofa, gia k�je a ∈ A èqoume f(a) ∈ B, sunep¸c
a ∈ f−1(B).
(b) 'Estw a ∈ U ∩ V . AfoÔ a ∈ U èqoume f(a) ∈ f(U) kai afoÔ a ∈ V èqoume
f(a) ∈ f(V ). Dhlad , gia k�je a ∈ U ∩ V èqoume f(a) ∈ f(U) ∩ f(V ). 'Epetai ìti

f(U ∩ V ) = {f(a) : a ∈ U ∩ V } ⊆ f(U) ∩ f(V ).

(g) An h f eÐnai 1−1, deÐqnoume ton antÐstrofo egkleismì f(U ∩V ) ⊇ f(U)∩f(V ).
'Estw y ∈ f(U) ∩ f(V ). Up�rqoun x1 ∈ U kai x2 ∈ V ¸ste y = f(x1) = f(x2).
AfoÔ h f eÐnai 1-1, isqÔei x1 = x2 = x ∈ U ∩ V . Tìte, y = f(x) ∈ f(U ∩ V ).
(d) O egkleismìc f−1(X∪Y ) ⊇ f−1(X)∪f−1(Y ) prokÔptei apì touc f−1(X∪Y ) ⊇
f−1(X) kai f−1(X ∪ Y ) ⊇ f−1(Y ). AutoÐ p�li elègqontai eÔkola: gia par�deigma,
an a ∈ f−1(X) tìte f(a) ∈ X �ra f(a) ∈ X ∪ Y , opìte a ∈ f−1(X ∪ Y ).

AntÐstrofa, èstw a ∈ f−1(X ∪ Y ). Tìte, f(a) ∈ X ∪ Y , �ra eÐte f(a) ∈ X
  f(a) ∈ Y . Sthn pr¸th perÐptwsh èqoume a ∈ f−1(X) en¸ sthn deÔterh èqoume
a ∈ f−1(Y ). Se k�je perÐptwsh, a ∈ f−1(X) ∪ f−1(Y ).
(e) O egkleismìc f−1(X∩Y ) ⊆ f−1(X)∩f−1(Y ) prokÔptei apì touc f−1(X∩Y ) ⊆
f−1(X) kai f−1(X ∩ Y ) ⊆ f−1(Y ). AutoÐ p�li elègqontai eÔkola: gia par�deigma,
an a ∈ f−1(X ∩ Y ) tìte f(a) ∈ X ∩ Y �ra f(a) ∈ X, opìte a ∈ f−1(X).

AntÐstrofa, èstw a ∈ f−1(X)∩f−1(Y ). Tìte, f(a) ∈ X kai f(a) ∈ Y . 'Epetai
ìti f(a) ∈ X ∩ Y , �ra a ∈ f−1(X ∩ Y ).



(st) 'Eqoume a ∈ f−1(B \X) an kai mìno an f(a) ∈ B \X an kai mìno an f(a) /∈ X
an kai mìno an a /∈ f−1(X) an kai mìno an a ∈ A \ f−1(X).

17. (a) f : R → R, f(x) = 4x + 2. H f eÐnai 1-1 kai epÐ. LÔnontac thn y = 4x + 2
wc proc x blèpoume ìti h antÐstrofh sun�rthsh thc f eÐnai h u : R → R me u(y) =
(y − 2)/4.
(b) g : R → R+, g(x) = x2. H g den eÐnai 1-1 all� eÐnai epÐ. 'Ena dexiì antÐstrofo
eÐnai h v(y) =

√
y, èna �llo h w(y) = −√y. H g den èqei aristerì antÐstrofo.

18. EÐnai: f([−1, 1]) = [−2, 6], f−1([0, 2]) = [−1/2, 0], g([−3,−2]) = [0, 9] kai
g−1([2, 4]) = [−2,−

√
2] ∪ [

√
2, 2].

19. EÐnai to sÔnolo A = {(x, y) ∈ R× R : x 6= 1 kai y 6= 0}.

20. (a) A = {1, 2, 3, . . . , n}, Sa = [0, a + 1]. 'Eqoume

S1 ∪ S2 ∪ · · · ∪ Sn = [0, 2] ∪ [0, 3] ∪ · · · ∪ [0, n + 1] = [0, n + 1]

kai
S1 ∩ S2 ∩ · · · ∩ Sn = [0, 2] ∩ [0, 3] ∩ · · · ∩ [0, n + 1] = [0, 2].

(b) A = N, Sn =
(
0, 1

n

)
= {x ∈ R | 0 < x < 1/n}. 'Eqoume

∞⋃
n=1

Sn =
∞⋃

n=1

(
0,

1
n

)
= S1 = (0, 1)

kai
∞⋂

n=1

Sn = ∅.

Gia ton deÔtero isqurismì parathr ste ìti an x ∈ Sn gia k�je n ∈ N tìte x > 0
kai x < 1/n gia k�je n ∈ N, to opoÐo eÐnai �topo apì thn Arqim deia idiìthta (gia
k�je x > 0 up�rqei m ∈ N ¸ste 1/m < x kai, tìte, x /∈ Sm).

21. (b) EÐnai: B = f(R) = R+, f−1([−1, 4]) = [−3, 1], f−1({−2}) = ∅, f−1([−2, 0)) =
∅.
(g) 'Ena dexiì antÐstrofo thc f : R → f(R) eÐnai h g : R+ → R me g(y) =

√
y − 1.

'Allo dexiì antÐstrofo thc f : R → f(R) eÐnai h h : R+ → R me h(y) = −√y − 1.
(d) Jètoume A1 = (−∞,−1] kai A2 = [1,∞) tou R. Tìte, A1 ∪ A2 = R kai oi
sunart seic f |A1 , f |A2 eÐnai èna proc èna. Aristerì antÐstrofo thc f |A1 eÐnai h h
kai aristerì antÐstrofo thc f |A2 eÐnai h g.

23. (a) 'Estw k ∈ N. An x ∈
⋂∞

n=1 An tìte x ∈ An gia k�je n ∈ N kai, eidikìtera,
x ∈ An gia k�je n ≥ k. 'Ara,

∞⋂
n=1

An ⊆
∞⋂

n=k

An.



AntÐstrofa, èstw x ∈
⋂∞

n=k An. Gia k�je n < k èqoume x ∈ Ak ⊆ An (diìti h (An)
eÐnai fjÐnousa) �ra x ∈ An. Sunep¸c, x ∈ An gia k�je n ≥ k kai k�je n < k.
Dhlad , x ∈

⋂∞
n=1 An. 'Epetai ìti

∞⋂
n=1

An ⊇
∞⋂

n=k

An.

(b) Apì tic An ⊆ An ∪Bn kai Bn ⊆ An ∪Bn blèpoume eÔkola ìti

∞⋂
n=1

An ⊆
∞⋂

n=1

(An ∪Bn) kai
∞⋂

n=1

Bn ⊆
∞⋂

n=1

(An ∪Bn).

'Ara,
∞⋂

n=1

(An ∪Bn) ⊇

( ∞⋂
n=1

An

)⋃( ∞⋂
n=1

Bn

)
.

Upojètoume ìti up�rqei x ∈
⋂∞

n=1(An ∪ Bn) ¸ste x /∈ (
⋂∞

n=1 An)
⋃

(
⋂∞

n=1 Bn).
Tìte, x /∈

⋂∞
n=1 An kai x /∈

⋂∞
n=1 Bn. Sunep¸c, up�rqoun n, m ∈ N ¸ste x /∈ An

kai x /∈ Bm.
An n ≥ m paÐrnoume x /∈ Bm ⇒ x /∈ Bn kai x /∈ An, �ra x /∈ An ∪Bn, to opoÐo

eÐnai �topo afoÔ x ∈
⋂∞

n=1(An ∪Bn).
An m ≥ n paÐrnoume x /∈ An ⇒ x /∈ Am kai x /∈ Bm, �ra x /∈ Am ∪ Bm, to

opoÐo eÐnai �topo afoÔ x ∈
⋂∞

n=1(An ∪Bn).
Autì deÐqnei ìti

∞⋂
n=1

(An ∪Bn) ⊆

( ∞⋂
n=1

An

)⋃( ∞⋂
n=1

Bn

)
.

24. (a) 'Estw y ∈ f
(⋃

t∈T At

)
. Up�rqei x ∈

⋃
t∈T ¸ste y = f(x). AfoÔ x ∈⋃

t∈T At, up�rqei t0 ∈ T ¸ste x ∈ At0 . Tìte, y = f(x) ∈ f(At0) ⊆
⋃

t∈T f(At).
Autì apodeiknÔei ìti f

(⋃
t∈T At

)
⊆
⋃

t∈T f(At).
Gia ton antÐstrofo egkleismì parathroÔme ìti At ⊆

⋃
t∈T At gia k�je t ∈ T ,

sunep¸c f(At) ⊆ f
(⋃

t∈T At

)
gia k�je t ∈ T . Sunep¸c,

⋃
t∈T f(At) ⊆ f

(⋃
t∈T At

)
.

'Ara,

f

(⋃
t∈T

At

)
=
⋃
t∈T

f(At).

(b) 'Eqoume
⋂

t∈T At ⊆ At gia k�je t ∈ T , sunep¸c f
(⋂

t∈T At

)
⊆ f(At) gia k�je

t ∈ T . 'Ara,

f

(⋂
t∈T

At

)
⊆
⋂
t∈T

f(At).

Upojètoume t¸ra ìti h f eÐnai èna proc èna. Gia ton antÐstrofo egkleismì,
èstw y ∈

⋂
t∈T f(At). Gia k�je t ∈ T up�rqei xt ∈ At ¸ste f(xt) = y. 'Omwc h f



eÐnai èna proc èna, �ra xt = xs = x gia k�je t, s ∈ T . 'Epetai ìti x ∈
⋂

t∈T At kai

y = f(x) ∈ f
(⋂

t∈T At

)
. 'Ara,

⋂
t∈T f(At) ⊆ f

(⋂
t∈T At

)
. Autì apodeiknÔei thn

f

(⋂
t∈T

At

)
=
⋂
t∈T

f(At).


