
Jemèlia twn Majhmatik¸n � 12 FebrouarÐou 2009

Jèma 1 (2 mon.) (a) 'Estw A kai B dÔo sÔnola. DeÐxte ìti P(A) = P(B) an kai mìno
an A = B.

(b) 'Estw A,B kai C trÐa sÔnola. DeÐxte ìti: (i) (A4B)4A = B kai (ii) an A4B =
A4C tìte B = C.

[UpenjÔmish: h summetrik  diafor� dÔo sunìlwn X kai Y eÐnai to sÔnolo X4Y =
(X \ Y ) ∪ (Y \X)].

Jèma 2 (2 mon.) (a) 'Estw A èna mh kenì sÔnolo. Pìte mia sqèsh ρ ⊆ A×A lègetai:
(i) anaklastik ? (ii) summetrik ? (iii) metabatik ? (iv) sqèsh isodunamÐac?

(b) OrÐzoume mia sqèsh σ sto sÔnolo B = {(x, y) ∈ Z× Z : y 6= 0} wc ex c:

(m,n)σ(r, s) an m · s = n · r.

Exet�ste an h σ eÐnai sqèsh isodunamÐac.

Jèma 3 (2 mon.) (a) D¸ste par�deigma (i) sun�rthshc f : Z → Z h opoÐa eÐnai 1-1 all�
ìqi epÐ kai (ii) sun�rthshc g : Z → Z h opoÐa eÐnai epÐ all� ìqi 1-1.

(b) 'Estw f : X → Y kai g : Y → Z dÔo sunart seic.

1. DeÐxte ìti (g ◦ f)(X) ⊆ g(Y ).

2. DeÐxte ìti: an h g eÐnai 1-1 kai (g ◦ f)(X) = g(Y ) tìte h f eÐnai epÐ.

Jèma 4 (2 mon.) (a) Na exet�sete kat� pìson h prìtash [(p ∨ q) ∧ ¬p] → q eÐnai
tautologÐa.

(b) Na qarakthrÐsete ton akìloujo isqurismì wc swstì   lanjasmèno, dikaiolog¸ntac
thn ap�nths  sac:

{An oi prot�seic (q ∧ r) → p kai q → ¬r eÐnai alhjeÐc, tìte h prìtash p eÐnai
alhj c}.

(g) DÐnontai dÔo prot�seic p kai q gia tic opoÐec gnwrÐzoume ìti: {den mporeÐ na eÐnai h
mÐa alhj c kai h �llh yeud c}. Ti mporoÔme na poÔme tìte gia thn sunepagwg  p → q?
Dikaiolog ste thn ap�nths  sac.

Jèma 5 (2 mon.) (a) Na apodeÐxete ìti, gia k�je z1, z2 ∈ C isqÔei

|z1 − z2| ≤ |z1|+ |z2|.

Pìte isqÔei isìthta? Dikaiolog ste thn ap�nths  sac.

(b) 'Estw a ∈ C, 0 < |a| < 1, kai èstw f : C \
{

1
a

}
→ C h sun�rthsh me tÔpo

f(z) =
z − a

az − 1
.

Na apodeÐxete ìti: |f(z)| > 1 an kai mìno an |z| > 1.
(g) An w4 = 16(sunθ+ihmθ), θ ∈ (0, π/2), na brejoÔn mètro kai ìrisma gia touc migadikoÔc
z = w2 + 4.

Jèma 6 (2 mon.) (a) DeÐxte ìti ta parak�tw uposÔnola tou R eÐnai isoplhjik�:

A = (0, 1), B = [0, 1), C = [0,+∞).

(b) DÐnetai èna sÔnolo A. DeÐxte ìti den up�rqei sun�rthsh f : A → P(A) h opoÐa na
eÐnai epÐ.

Kal  EpituqÐa!


