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YYMBOAIXMOI

¥ autée Tig onuetdoels Ha ypnotuonotfcouue cusTnUATXd (KOS GUVTOUEY-
oelc) toug e&hc Baotxols cuufohiopols and ) hoyixh xaL T cuvohobewpla:

& ixan, Vi, 1 by, = :ouvendyetal, <= :T6TE XU UGVOV A,

Y iy xdfe, 3 :undpyet, 3! undpyet axplBoe éva

r € A < 710 otoelo T avixel oTo obvoro A

A C B <= xdbe uélog tou A elvon yéhog tov B

— (Vz)lzr € A==z € B]
A =B < 1t obvora A xar B éyouvv axplBide tar iBla uén
— ACB&BCA
f:A— B < 7 f elva ouvdptnon pe nedlo etobddou (optouol)

t0 oUvolo A xou medlo e€680u (tLudv) to clvolo B
f:Ar— B <= 7 f elvow yovouopyiopds (éva-tpog-éva cuvdpTnom)

f:A—B < 7 f elva avuctoyla (cuvdptnon éva-npog-éva xau eml)

{z | P(z)} = t0 6Uvoro 6hwv twv  nov éyouy tny Wibétnta P(x)
{reA|Pz)}={z|z € Axu Plx)}
Ax B={(a,b) |a € Axubec B}
= 10 oUvolo Ty Levydv (a,b) ue a € A,b € B
Ax BxC={(a,b,c)|a€ Abe B,ce (C}

= 10 olvolo TV Tddwy (a,b,c) ue a € A,be B,ce C
f:AxB—-C

<= 7 f elvou ouvdptnon dvo uetaPintdy, oto A xa 610 B

O xalbtepog tpémog va e€oxelwlel o avayvdotng W avtolg toug ouufBo-
Aopoic etvat (6T apyn) Vol TOUS «UETAPEETELY KoL VoL XATAOHEVELEL «Topat-
ppdoele» Toug 0T Quoxy yYAdooo. o mapddetyua, n ouuBolixy éxppaon

v



vi > YMBOAISMOI

e Apyig Emaywyds oto eddpro 1A.1 unopel va exgpactel oty @uowxy
yAOooo wg e€ic:
Kdébe oivoho A guowxdv aptBudyv éyel v e&fjg Wibtnra: av to A
neptéyet tov aptbud 0, xau av yia xdbe yéhog n tou A, o enbuevog
apBudg n+1 elvan entong uélog touv A, téte 6hot oL uoixol aptbuol
elvat wéin tou A.
Metd and uepixég tétoleg aoxnoeLg, Oyt wévo poabalvetal o tpdmog avdyvw-
o”NG ATHOY TV GLUPOALGUADY, ahAd xou Yivetow tevtaxdBapo to yatl 1 yefion
Toug elvon amapaltntn 6’ autd Tov xAddo.

YrevOhuuilouvyue enlong, 61l oe pabnuatind xelpevo ouyvd yenoluonolodue
to (8o ypduua oe Stapopetind alpdBnta 1 SiaopeTiNés YoouUATOOEPES
Yol VoL OVOUAGOLUE SlapopeTixd aviixelueva: €tol to ‘ f’ npémel va Dewpeltal
BLapopeTind and to ‘@’, xau (axdun yelpdtepa), oto eddgLo 2B, cucTnuotixd,
10 ‘X’ ovoudel xdmoLo «aUVTAXTXY UETABANTI» TOU PEREL WG TUY TO PUOLXS

apLbud ‘.

Fuévvng N. Mooxofdnncg

Avoadpopry xaL umoAoyLoLudTnTa

Iporataputinry €udoorn 2o, mpdyelpo, YEMATO ALOM.

20 Moptilou, 2008, 8:40. vi



KE®AAAIO 1

IIPOTOTENHY KAI EAAXIYXTIKH ANAAPOMH

3’ autd to xepdhalo Ho elcaydyovue avadpouxols oplopols, xat Ho ue-
Aethoouye 300 oNUaVTIXES XAEGELS GUVAPTAGEWY GTOUG PUALXOUS apLiuoic,
TS TEWTOYEVADS avadpoutxés ol Tig edayioTixd avadpoutxés cLUVAPTHOELS.

1A. Avadpouixol opiopol xal enaywyixés anodellelg

O peydrog pabnuotixds tou 190u awdvae Leopold Kronecker gpépeton va
elne 6t
0 Oebg uag Edwoe Toug Quolxovs aplbuovs, 6ha tor dhha elvat
avBpdmiva xotaoxeLdoUATA.
I va xdvouue ypron twv aplBudy duwg, o Ocdg udhhov pag édwoe wall
Toug xal Ty e&hg Heuehiaxnt
1A1. Apyn Emaywynis. H yopaxtneiotixd Wbétnta Tou GuvOlou Tov
(puotxdv) aptGudy
N={0,1,2,...}
elvaw 6t xdfe olvodo A mou meptéyet to 0 xau eivar xAetotd yia Ty mpdln
Tou emduevou n— n + 1, mepiéyel 6Aoug tous aptbuolc, cuufolixd

0e A& (Vn)lne A=n+1€ A]| =NCA.

Tumuxd emxododuacte v ApyR Enayonyds yia va arodel&ouvue étL Aol

oL guowxol aplBuol éyouvv xdnowa Wiétnta P(n), delyvovtoag Zeywplotd bt
P(0) xar (yiot %80e n)[P(n) = P(n + 1)]

an’ autég Tig mpotdoelg xou TV Apyn Enoywyrg, énetoar 6t to advolro
A ={n e N| P(n)} nepiéyer 6houc touc aplBuole, dnhadh to Inroduevo
(Vn)P(n).

H opyt enayoyhs Sixatoloyel entong anodellelc ue mApy) ERAY WYY, OTLS
onoleg ouunepatlvouue 6Tt 6hoL oL guatxol aplbuol €youv xdmola WBLOTNTA
P(n), deiyvovtag anhd 6T yia xébe n,

(Vi < n)P(i) = P(n)-

1



2 1. IIPQTOTENHY KAI EAAXISTIKH ANAAPOMH

YXHMA 1. Avadpouixdc oploude.

eneld”) av Bécouye
A={neN|(Vi<n)P(i)},

té1e, Tpogavie 0 € A (emedh dev undpyouy aptbuot i < 0, xou enopévac 7
TpbdTAOT

yia xdfe i < 0 woyder n P(i)

alnfeder Tetpiupéva), xaL 1) anoatodueEvn cuvetaywyhn € A=n+1€ A
oUVAYETAL AUECKS and TNV eTAYwYLXH Vdbeor xal Ty Looduvapuio

(Vi<n+1)P(i) < (Vi <n)P(i) xu P(n).

H Apyn Enayoydc mmydler and ) Baocwe Siatcbnon ét o prdoovue xdbe
puoxd aplBud av Eextvioovue and to 0 xou enavaAdBovue e’ adELETOV) THY
npdén Tou enduevou. H idwa dialoOnon odnyel xau oto ec Hepehiaxd anoté-
AECUAL, TOU JIXAUDVEL avadpoutxolc 0ptouols GUVIPTHCEWY GTO GUVOAO TKV
PUOLXDV:

1A.2. AEMMA (Baocwd Adupa Avadpours). Ia dAa ta olvora X, W
xar Soouéves ouvaptioerc g+ X — W, h : W x N x X — W, undpyet
axpifdc uia ovvdptnon f : Nx X — W téroia mou

f(O,x) = g(x)’
(1) f(n+1,z) = h(f(n,z),n,z).

Eibixdrepa, ywplc tnv napductpo x, yia xdfe wy € W xar xdfe ouvdpe-
mon h : W x N — W, vndpyer axpifisc uia ovvdptnon f : N — W mou
weavonoiel ¢ e€lodoels

(2) f(O) = Wo, f(TL-l—l) :h(f(n)an)

Fuévvng N. Mooxofdnncg

Avoadpopry xaL umoAoyLoLudTnTo

Iporataputintry €udoorn 2o, mpdyelpo, YEMATO ALOTM.

20 Maptilou, 2008, 8:40. 2



1A. ANAAPOMIKOI OPIEMOI KAI EINATQIIKES AIIOAEIZEEIS 3

To Yyfua 1 anewxoviler évav avadpouixd optoud otny anhodotaty me-
plntwon, mov n doouévn ouvdptnon h : W — W Sev elaptdton and tny
uetaBAntii avadeousic n f xdnowa napduetpo x, dtav dnhadn n Intoduevy f

IXAVOTIOLEL TLC EELOMGELS

f(0) =wo, f(n+1)=h(f(n)).

Yuvibwe to Baowd Afuuo Avadpourc amodelyvetar and tnv Apyh g
Enoywyfc (mou elvar xow o Adyog nov xahelton Aruua), Aoxnon x1A.1%
ahAd xow  Apyn Eraywyhs enlong ouvdyetor and to Baowd Afuua Avo-
dpourng, ‘Aoxnorn x1A.2%, étoL mou unopolue vo Tolue 6TL oL 300 AVTEG ApyEg
exppedlouy Loodivaua TNy (dla, YopaxTnELoTiXy LWBLOTNTA TV QUOLXGY dpLb-
Uodv.

1A.3. Avadpopixol opiopol. Anéd tnv xabapd pabnuoatuai oxomd, to
Baowd Afupoa Avadpounc 1A.2 elvar xhaowxd nopddetyua Oewphuatog Unap-
&ne waw povadixdrnrac Avons yia éva obotnua eElodoeny (1), 6tov o Wy vew-
0T0%» YU autd ta ouvothuata elvon ouvdptnon. Kdébe Beddpnuo dnoping o
uovadixdtntog Aerng anogépet xat Lo uéfodo opLouoy, Tou Lovadixos avTL-
xeLwévou Tou ornolou to fedpnua eyyuvdtar ™y Orapén: n Wialtepn onuaoctia
Tou Baowold Aduuatog Avadpouns nnydlet and tig e€ig Tpelg Bepehiaxég
WBLoTnTES Avadpout iy opLtoudy:

(I) Ou mepioodtepes ouvaptiiosic mou avaxuintouy oty Gewplo apLOudy
xar oty nAnpogopuxy opilovrar —1j umopoly va opioTolv— avadpoutxd.

Yto enduevo eddplo 1B Ba ndpouue uia 8o tou mAodtou tou cuvéiou
(MPWTOYEVMS AVASPOULXDY GUVALTHOEWVY.

(II) O avadpouixdc opiouds (1) mapdyer vrohoylowee ouvapthoeic and
Soouévec unoloylowues g xat h.

Auté ba to Sratundoouvue avotned xat Ho to anodel&ovue oo eddpLo 2B,
ahAG elval xat ®xdmwg Tpoavég: av €yovue «ahyoplbuouvgy tou urnoloyilovy
g g xou h, 161e ynopolue vo urtohoyioovue pa tuyalo T f(n, z) Bétovtag
dradoyixd

fln—1,2) = h(wp—2,n — 2,T) = Wp_1
f(n,z) = h(wp_1,n — 1,2).
(III) H popyrj tou avadpouixol optouod (1) odnyel ue puoixd tpdno o
enaywyixés anodeileic tdothtwy tne ouvdptnone f(n,x).

Fevixdtepa, n ouoyétion

avadpoulxds oplouds — emaywylxy) anddelén

Fuévvng N. Mooyofdnncg

Avoadpopry xaL umoAoyLoLudTnTo

lporataputinry €udoorn 2o, mpdyeLpo, YEMATO AGOM.

20 Moptilou, 2008, 8:40. 3



4 1. IIPQTOTENHY KAI EAAXISTIKH ANAAPOMH

elvow and T mAéov Beuehiaxés ota wabnuotxd xouw 0 Hewpntixd TAnpogo-
pLxn, xan Oa T diepeuvrioouye oe Bdboc. ESO Oa neplopiotodue oe 8o mapa-
delypoarta, Eextvdvtag e T xhaoixf anddelln e avtiuetabetixdtnrac e
mpdobeons, mou yenoruonotel T uéhodo g Bimhic enaywyher. Tedgouue
f(z,y) avtl yio 2 + y o’ autd to mopdderypa, ol Pacilovye v anddelin
uévo otov avadpouxd optoud e f(x,y).

1A.4. TIPOTASH. Aciéte St n ouvdptnon f(x,y) otouc apibuolc mou
oplletar ue tic avadpouixéc eéiodoeic
f0,y) =y
flz+1,y)=f(z,y) +1

elvar avriuetaletins, dnAady, yia dlovg toug x,y
f(z,y) = f(y, =)
AYEH. Acelyvouue ye enaymym,

(3) (i x8e @ € N)(Vy)[f (x, y) = f(y, )]

BasH, z =0, (Vy)[f(0,y) = f(y,0)]. H andde&n avthc tng npdtaong &i-
vail T8l Ye ey oY 070 Y, Tou xaheitan Bondnti tng «udplagy enaywyxic
an6deing g (3).

Bonbntixsi Bdon, y =0, f(0,0) = f(0,0), tetpuupéva.

Bonbnuixé Enaywyixdé Briua. Acybuaocte tn Bonlntix) Enaywyxr] Yro-
feon

xou delyvouye an’ auty 6TL
fO,y+1)=f(y+1,0)

ue tov anid unohoyloud:

fly+1,0) = f(y,0)+1 (Oprouée)
~ fO,5)+1 (BEY)
=y+1 (Oproude)

= f(0,y+1) (Oprouds).
Y’ auté 1o onueio éyouue ouurnhnpdoet ) Bonntui Enoyoyy yia ) BASH
NG %0pLg ETAYWYNG.
Enaroriko BHMA. Aegyduoacte tnv EIArQrIKH YIIOOEXZH

(EY) (Yy)lf (z,y) = f(y, )]
xou delyvouyue, tdAl ue Bonnux Ernaywyd 6t

(Yy)[f(z +1,y) = fy, =+ 1)].

Fuévvng N. Mooxofdnncg

Avoadpopry xaL umoAoyLoLudTnTo

Iporataputintry €udoorn 2o, mpdyelpo, YEMATO ALOTM.

20 Maptilou, 2008, 8:40. 4



1A. ANAAPOMIKOI OPIEMOI KAI EINATQIIKES AIIOAEIZEEIS 5

BonOnruxry Baon, f(x+1,0) = f(0,2+1). Avté éretan and tny anddeln
e BASHS, 6novu deldapue étL yio xébe y, f(y,0) = f(0,y).

Bonfntxé Ernaywywd Bijua. Aeybuacte tn Bonbdnruaj Exaywywaf Yro-
Geon

(BEY) fle+1ly)=fly,z+1)
xou delyvouue to {nroduevo
f(cv+1,y+1) =f(y+1,:v+1)

ue Tov e€Xg uTtoloyloud:

fe+Ly+1)=f(z,y+1)+1 (Oproude)
fly+1,z)+1 (EY)
=(f(y,z) +1)+1 (Opropée)
=(flmy)+H+1  (EY)
=flz+1,y)+1 (Oproude)
=fly,z+1)+1 (BEY)
=fly+1Lz+1) (Oprouée). -

1A.5. IIAPATHPHXH. H uébodog anddeling mou ypnoLuonomoaue yia Ty
an6deln g Hpbtaong 1A.4 xakeltar Simdyf enaywyr, ened| ypeldotnxay
drapopeTinée, (Bondntinéc) enaywyixés anodellelc tne BASHS xou tou EnA-
FOrIKOY BHMATOE tng «xdplacy enaywyhs g anddellng. Autd elvon yo-
POXTNELOTIXG ENMAYOYXAY amodelewy Yia TpoTdoels TNG Lop®Pig

(v xdbe z)(Vy)P(z,y),

6moc elvon M (3). O Adyoc mou autd elvan amapoitnro yivetaw Tpopavhc av
npoonafnioouue va anodel&ovue xateufelay Ty elduxn neplntwon

(via %88 )£ (2,17) = (17, 2)],
uE ETAYOYH 6TO T.
IIpocoy": n Apyf Enaywyc unopel va ypnowwonoinfel yio tny anddeln
TPOTAGEWY TNG LOPPTC

(4) (v xdfe n € N)P(n),
oL R6Vo YLa TEOTAGELS AUTAS TNS Lop®PNS Yo va anodelfovue ue ema-
YY1 xdnolo tpdtacy e LoppRc

(Vn)(Ym)Q(n,m),

Fuévvng N. Mooyofdnncg

Avoadpopry xaL umoAoyLoLudTnTo

lporataputinry €udoorn 2o, mpdyeLpo, YEMATO AGOM.
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6 1. IIPQTOTENHY KAI EAAXISTIKH ANAAPOMH

yio Topdderyua, tpénet va emhégouue oo P(n) Bo ypnotdonoticouue, m.y.,
P(n) <= Q(n,y) (v cvyxexpiuévo, otabepd y),
P(n) <= Q(z,n) (v ouyxexpuuévo, otabepd ),
P(n) <= (Vy)Q(n,y),
P(n) < (Vo)Q(z,n),
7 axbun xou xdrota o teplnhoxn npdtaon (Vn)P(n) yia tny onolo uropolue
va anodel&ovue aveEdptnta 6TL
(Vn) P(n) = (vV2)(Vy)Q(z,y).
Ye uepués mepinthoelg o mo dhoxolo Yépog Ulag emaywYxis anddeting
elvaw axpiBdg M emhoyy| e xatdAAning mpdtaons s Lopphs (4) mou del-
YVETAL E0XONA, XUl GUVERAYETAL TNV TEOTAOY) TTOU UG EVOLAPEQEL.
[ 3edtepo mapddelyua Bewpolue yla ouvdpeTnorn Aydtepo ouxela and Ty
npbobeom, alhd ye e&loou evdiagépouceg L8LOTNTES XAl TOMAES EQAUPUOYECS.
1A.6. H ouvdptnoyn tou Ackermann opiletar pe tn Aeyduevn Simds
avadpour
A0,z) =z +1
(5) A(n+1,0) = A(n,1)
An+Lz+1) = A(n,A(n+ 1,2))"
xat yoo x86e n, n «toup A, : N — N (tnc ouvdptnonc) touv Ackermann
oplletar pe v eglowon
(6) An(z) = A(n, ).
[N Topdderyua,
Ay (JJ) =x+1
dnhadnh n Ag elvar 1 ouvdptnon S tou enduevou oToug Puolxois apLtbuoic.
O oploudc mpénel vo SuxonoloynBetl, xat 1 anddelln éyel avedptnTo evdlo-

pépov eneldt| anowtel enlxAnon tou Baocwxod Afuupatoc Avadpoundc yio Tov
oploué ouvdptnons f: N — W émov W # N:

1A.7. ABMMA. To olotnua ovvaptnotaxdy eéiodocwy (5) éyet axpifdc
Ut Adon, dnhady ixavomoleitar and axplBdg uio SiueAn ouvdptnon.

ANOAEIEH. 'Eoctew W 10 6Uvoho OAwV ToY LOVOUEADY GUVAPTAGERY GTOUS
puoLxois, dnhadn

p EW <= npelvau ouvdptnon,p: N — N.

Optlouvpe wa ouvdptnon f : N — W ue enbadnon tov Baocuxod Afuuatog
Avadpours, wg ednc:

Fuévvng N. Mooxofdnncg

Avoadpopry xaL umoAoyLoLudTnTo

Iporataputintry €udoorn 2o, mpdyelpo, YEMATO ALOTM.
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1A. ANAAPOMIKOI OPISMOI KAI EIATQIIKES ATIOAEIZEIS 7
dInhadh n tur f(0) elvon n ocuvdptnomn tou enduevou, S(z) =z + 1+ xou
fn+1) = h(f(n)),

6mou M twh gp = h(p) g ouvdptnons h 1 W — W opiletan yia xdbe
p: N — N ye v e&éc avadpour:

9,(0) = p(1)
gp(x +1) Zp(gp($))-

Av Béooupe
An = f(?’L),

t61E oL ouvapThoelc A, xavorololy Tig e€nc e€lodaoels:

Ay(z)=S(z)=2+1
Apir(2) = h(An) (@)

étoL Tov

Tehxd Hétouvue

nou Eavaypdgovue auTég Tig eELoMOOELS,

A(0,z) = Ap(z) =z + 1
A(n+1,0) = 4,41(0) = A, (1) = A(n, 1)
An+1l,z+1)=A4,11(x+1) = A (Anti1(2)) = A(n, A(n + 1, 2)),

€tol mou elval axplBde ol e€lodoelg, yia Tl onoleg émpene va detouue bt
€youv Aor,.

H povadixdtnra g Mong delyvetar pe (Sumhf) enaywyh oto n, A ue v
npooeEXTIXY epapuoyy) Tou Baowxod Afuuotog, mou eyyudtol 0 Hovadixs-
™t g ouvdptnons f(n) = A, Aoxnon x1A.7. o

H Apyn Enoyoyne xou to Baowd Adupa Avadpounis elvar Baoixd «auid-
MarTa Yot Toug QUOLxolS aEliiuolc Tou Sev Umopoly va anodelytody, mapd
U6VOV av €YOUUE XATOLO GUYXEXPLUEVO 0pLoUd TwY aplBudy 6To Thalolo ulag
vevxdtepns Bewplag, m.y., g Oewplag cuvdrwy.

Fuavvng N. Mooxofdnncg

Avoadpopry xaL umoAoyLoLudTnTo
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8 1. IIPQTOTENHY KAI EAAXISTIKH ANAAPOMH

1A. Aoxvjoelg

x1A.1*. Anodeléte to Baowxd Afuua Avadpourc 1A.2 and tnv Apy
Enayoyds. YHOAEIEH: o Ty Orapén e f : N x X — W, 6étoupe

wm = {(wo,.-.,Wn-1) | wo,... ,wn—1 € W} (neN),
P(n,z,w) <= w= (wp,... ,w,) € W
&wy = g(x) & (Vi <n)[witr = h(wi, i,z)]
xou delyvouue Ue emaymy Ty npdTaom
(Vn)(Jw)P(n, z,w).

Do ta tuyata n, 2, w = w(n, ) = (Wo(n, z),. .. ,wy(n, z)) eivor n povadxi
axoloubla (uhxouc n + 1) yio v onola toydel n P(n,z,w), Bétovue

f(n,z) =5 < s=wy(n,z).

x1A.2*. Aeybeite to Baowd Aduua Avadpouric 1A.2 wg adlwupo, xou
del&te an’ autd v Apyh Enayoyic.

x1A.3. Aci&te (and ™y Apyd Enaywyhc) 61t x8be un-xevé sdvoro ¢u-
oy X C N éyel ehdytoto yélog.
x1A.4. Ael&te bt yia dYo mporypatixoig aptiuote oo > 0, B > 0, undpyel
axplde évag puoxdc aplBude g, TéTolog ou yla xdmolov (Tpayuatixd) r,
a=0q+r, 0<r<pg.
‘Enetot 611 %o to 1 elvar povadixd, epboov r = a — Bq. Ou aplbuol g o
r elvaw o TpAixo (quotient) xou to vndlotno (remainder) tne daipeong Tou
a 3w tou 3, xau toug cuuPohrilovyue
quot(a, 8) = ¢, rm(e,8)=7r
and toug AyyAuxoig bpoug. Enlong elvon Boluxd B Bécouue
quot(a,0) =0, rm(a,0)=a,
€T6L TIOU oL GULVOPTHOELS AUTEC elval oplouéveg yla Ao Ta @, 3 %ol LXAVO-

moLoVy ndvta v eélowon a = B quot(a, B) + rm(a, B).

x1A.5. Awarohoyfiote avadpoutxols oplopols TnNg LopPrg

f(O,CE) = gl(x)a
(7) f(lam) = 92($)7
f(n+2,2) = h(f(n,2), f(n+1,2),n,2),

6mov ot g1, g2, h elvou Soouéveg ouvapthioelg oToug aptbuois.

Fuévvng N. Mooxofdnncg
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1A. ANAAPOMIKOI OPISMOI KAI EITACQIIKES AIIOAEIZEIS 9
x1A.6. H axolouvbio Fibonacci opileton pe v avadpoun
(8) ap=0, a1 =1, ani2=an+ans1.

(a) Yrnohoylote tnv T ag.
(b) Acet&te 6y xdbe n,

1+

2
H Baower mapathienon eivar 6t o A elvan pio amd i pileg tng deutepoBdbuLog
ellowong

=

Qpio > A", bm0u A =

(9) =z +1.
Aei&e enlong étLav o p = 1_2‘/5 elvaw 1 8\ pila s (9), TéTE, Y %ébe n
A7 — pn
ap = ———.

V5

x1A.7. AeiZte 6t T0o TONG pla cuVpETNoT avorotel To ovotnua (5).
x1A.8. Ynoloyiote v TR A(3,2).
x1A.9. INa tic Toués Tou Ackermann, dellte 6T

Al(x) =T + 27
As(z) =22 + 3.

x1A.10. Bpelte éva axdetotdn tono ya v Az ().
x1A.11. Ael&te 6t yio x8be n xou z, A, (z) > 1.

x1A.12. Aei&te 6t %dbe TouR A, g ouvdptnong tov Ackermann elvou
avotned avéovoa, dnhadt

Tz <y= An(z) < An(y),

and to onolo éneton 6L Ay (z) > x. YIOAEIEH: Acllte ye «SimhA emoyoyhpy
6t Ap(z) < Ap(z +1).

x1A.13. Aci&te 6T v A T n, M MO T,
n<m= A,(x) < An(z).
YTHOAEIEH: Acl&te pe dinhf enaywyhp 6t Ay, (z) < Apii(x).
x1A.14. Aci&te 6T yia x84 n xou x,

An(Ap(z)) < Apya(x).

Fuévvng N. Mooxofdnncg
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10 1. TIPQTOTENHY KAI EAAXISTIKH ANAAPOMH
1B. ITpwToyevdsg avadpoutxés GUVARTHOELS

1B.1. Oprizmox. 'Eva cUvolo F TO\ELoys)\oSvl GUVOPTHOEWY GTOUG QUOL-
%0Ug elvol TPWTOYEVHS XAELCTS av:

(a) H ouvéptnon S(z) = = + 1 touv enduevou avixel oto F.

(b) T %46e n xau g, 1 6TabepR ouvdptnon n uetafAnTdy

Cy (1,0 zn) =g

avixel oto F. Av n = 0, téte (cuuPatixd) Cg = ¢, dnhadn tautilovue
ouvdptnom «0 petaPAntdvr pe T (Lovaldixd) A tne.
(c) T %&be n xon i, 1 <3 <mn, n mpofolr]
PMx1,... ,&,) = 5

avixel oto F. Iapatnpodue 6t n Pl elvon  tavtotixs cuvdptnon oto N,
Pl(z) = .
(d) Kietotétnro yia oOvBeom. Av v m-uehic g(ug, ... ,Um) xoL oL m,
n-uekelg ouvapthoelg
hi(Z), ..., (@)

avixouy oto F, ue & = (21,... ,2,), TOTE xaL 1

(10) f(f) :g(hl(f)a 7hm(f))
avixet oto F.

(e) Khetototnta v mpwtoyevd avadeopnd. Av n n-uehc g xou 1
(n + 2)-pedic h avihxouy 6to F, xaw av 1) (n + 1)-perfic f oplletar and Tig
eELoMOoELg

£(0,%) = g(z)
(11) {f(y+1,f) - h(f(yaf)ayaf)a

t6te xau n f avixer oto F. Tuufatind nepthauBdvovue 6’ autd to oyxAua
v nepintwon n = 0, ondte To oyHua Talpvel TN LopYY

{ f(0) = ¢ (=CY)
fly+1) = h(f(y),v)

HIhetopehvis suvdptnon (function of several variables) oto cGvolo M eiveu 1 Tuyoia

GLVEpETNOM
f:M*— M

wag B meptocotépwy weTaBAnTdyY oto M, xou 1 tAetopélera (arity) tne f elvan o aplbude
n tov YeTaBAntdy . H tautéyxpovn pelétn Shwv twv TAELoUEA®OY GUVAPTHOEWY GE
éva Socuévo clivolo Eeywpellel T Aoy and dAhoug xAddoug Twy uabnuatixdy 6mov,
Tumixd, ueletolue EexwpLotd Tig cuvapthoels wag, N 800, ..., § n yetaBAntdy — xou
lowg YU autd va unv undpyer xabiepwuévos bpog yio v évvoia. H mpdtaom yia toug
6poug «hetopéreior xau «Aetoperion opelhetar otnv A. Tpowxudty.
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1B. IIPQTOTENQS ANAAPOMIKEY SYNAPTHXEISD 11

H ocuvdptnon f elvoaw mpwtoyevdg avadpopixh (primitive recursive) av
avixel o€ xdbe TEOTOYEVOS XAELGTO GUVONO GUVAPTAGEMY, XUl TEWTOYEVMS
avadepoptxr) oto U, yia tuyaio cbvoro ¥ «doouévmy» TAELOUEADY GuVop-
THOEWY, AV AVXEL 68 Xd0E TPWTOYEVHS xheloTd Glvolo Tou meptéyet to .
Xenowonotodue toug auuBohiouoie:

Rp={f1] n f elvar npwtoyevéde avadpouxi},
Rp(U)={f| n f elvar npwtoyevde avadpouixd oto ¥},

étoL Tov

[ mapddetypa, n npbobeon
s(z,y) =z +y
elval TpwToyevde avadpoulxt eneldy txavonolel tig eElodoelg

s(0,y) = P (y) =y,
(12) s@+ Ly) = h(s(z,y)2,y) = s(@,y) + 1,

6mou M cuvdptnot h(w,z,y) = S(w) elval npwToYEVAS avadpouix? encld
oplletat ue 0 obvbeon

(13) h(w,m,y) :S(Plg(wamvy))'
Me napduola yphRorn teoBoldy urnopolue vo del&ovue 6Tt 10 civoro R, (T)
elvat xAetotd yla «pnTolg oplopover ndong puoewe. ILy., av

f(z,y) = h(z, q1(y, 2 + 1), 92(¥, y)),

t61e 1 [ elvan mpwtoyevde avadpouxd otg h, g1,92 (dnhadh oto clvoro
R;D(haglagQ))v EKELBT’]

(14) f(z,y) = h(PE(z,y), 91 (z,), 95 (2,y)),

(15) 5 (2,9) = S(P¥ ) o

(16) gf(w,y):gl(PQZ(w,y),S*(;c,y)) =gl(y,:c+1)
(17) g;(wvy):.92(P22($7y)7p22($7y))

étol ou 1 f oplleton amnd Tig Soouéves oUVAPTHOELS e SLABOYIXES EQUEUOYES
oUvleong.

H enduevn npdtacm elvon teTpyupévn, ahhd ypRoun:

1B.2. ITroTAzH. To obvolo Rp(¥) twv mpwroyevds avabpoutxdv ou-
vaptiioewy oto ¥ mepiéyel 1o ¥ xal eival mpwtoyeves xAetotd.

Fuévvng N. Mooxofdnncg
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12 1. IIPQTOTENHY KAI EAAXISTIKH ANAAPOMH

ATNOAEIEH. Av, m.y., 1 f opileton ye mpwtoyevh avadpout and tg g, h €
Rp(V), téte, g,h € F vy xdfe npotoyevdc xhetotd F nov mepiéyel 10
¥ dpa, f € F, yo xdfe npwtoyevds xhetotdé F mou mepléyet to U+ dpa

f € RH(D). -

[ mapddetyya, oL cuvapTHoelg

g(w,y) =w+y
h(w, z,y) = g(PL(w,z,y), P (w,z,y))=w +y

elval TpwTOYEVOC AVAdPOULXES, XAl ETOUEVWLS, oy BEcouue

(18) f(ovy) =0 = C(%(y)
flz+1,y) = h(f(z,y),z,y) = f(z,y) + v,

té1e xou M f(z,y) elvan mpwToyevds avadpouxh: ahd, tpogavds (ue ena-
Yoyh 6T0 T, ov dev gaivetar mpogavég!), f(z,y) = x -y, dpa xoL o MOA-
hamhootaouds elval Tpwtoyevds avadpouxr] cuvdptnon. Xto uéhhov Ba
e@apuboovue Ty 1B.2 «olwnnhdy.

1B.3. IIPOTASH. H mpéolfeon x + y, o moAdamdaciaouds © -y xai ot
EMOUEVES OUVAPTIOELS elval mEwTOYEVHS avadpoutxés.

#l. zl=1-2---z ol=1
(z+ 1! =zl(z+1)
#2. Pd(z) =av (z =0) 161 0 chhudg z — 1 Pd(0) = 0
Pd(z+1) ==z

#3. z-y=ov (z <y) t6te 0 alLdc = — y

r—-0==x
z=(y+1) = Pd(z~y)

#4. min(z,y) min(z,y) =z = (z = y)

#5. max(z,y) max(z,y) = (z +y) = min(z,y)
#6. |z —yl lz—yl=(z-y)+(y— )
#7. zY 20 =1

YTl — ¥ .

Ot anodel&elc twVY neplocotépwy and TS TEOTAoELS 67 autd To £3d@Lo elval
amAég, xou Oa TG APHOOLUE YLlol AOXNOELS.
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1B. IIPQTOTENQS ANAAPOMIKEY SYNAPTHXEISD 13

1B.4. OprizMosx. H yapaxtneiotixr cuvdptnom ulag oyéons P(Z) el-
vaiL M

. 1, av P(Z),
]—9 =
(19) xr(7) {0, MGG,

xat 1) oyéon P(Z) elvon mpwToyevdg avadpoulxn av n xp(Z) elvon mpwto-
vevdg avadpouxry. To Blo yia odvola: 1 yapaxTneloTixy cuvdetnon Tou
A C N efvou 7

1, avz €A,
20 =
(20) Xa(@) {0, e,

xou t0 A elvar mpwtoyevdg avadpouixd av N x4 elvon tpwtoyevds avadpo-
M.

1B.5. IIPOTASH. Ay 5 P(Z) elvau mpwroyevdc avadpouixy oyxéon, o
9(Z) xar h(Z) mpwroyevdc avadpouixéc ouvaptioeic xar 1 f(&) opiletau
an’ auTéc ue mEpLRTOELS,

o J9(@), av P(2),
1@ = {h(f), aALide,

téte xat 9 f(Z) elvar mpwroyevdc avadpoutxi.
AnoaEIEH. f(Z) = xp(Z)g9(Z) + (1 = xp(Z))h(Z). o
Me Siadoyixés eqapuoyéc autic tng mpdTaons delyvouue 6Tl To 6lvolo

TOV TEPOTOYEVHOS AVASPOULXMDY GUVAETACEY Elval XAELGTH YLol OpLOUOUG UE
n MEPLNTAOELS, Ylo xdbe n > 2.

1B.6. IIPOTASH. (a) Ot e&ic ouvaptioeic xar oyéoeig elval TpwTOYEVAS
avaSpouLxég:

#8. x=y x=(z,y) =1+ |z —y|
#9. <y, x <y x<(@,y) =1-(z-y)
x<(@,y) = x<(z+ Ly)

#10. rm(z,y)  rm =0

T —|— 1l,av y =0,

1,
m(z + 1,y zy) +
oc)\)\Lu)g, av rm(z,y) + 1 <y,

0, aAALOC

#11. x|y (o z doupel Tov ) X|(z,y) =1~ rm(y, )

Fuévvng N. Mooxofdnncg
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14 1. IIPQTOTENHY KAI EAAXISTIKH ANAAPOMH

#12. quot(z,y) quot(0,y) = 0
0,av y =0,
t 1
quot(z + 1,y) = due (:c,,y) th
aldg, av rm(z + 1,y) =0,

quot(z, y), ahhédg

(b) To 6UVOAO TV TPWTOYEVAS AVASPOULXGY GYECEMY Elval XAELGTS Yial
Toug mpotaolaxols tekeotés 1, V, &, =, m.y., av

P(Z) < Q%) & R(Z)
%o oL @, R elvon mpomtoyevds avadpoulxés, téte xal n P elvol mpwtoyevide
avadpoux.
(¢) Av n oxéon Q(Y) »xou ot cuvapthocelc f1(Z), ... , fm(Z) elvour npwtoye-
VOGS avadpouxés, TéTe xal N oyéon
P(@) = Q(fi(@),..., fm(T))
elval TpwToYEVOS avadpouLx.
(d) Av n P(i,%) elvar npwtoyevidg avadpouxd xou
Q(z,%) < (I <2)P(i, %)
R(z,%) < (Vi < 2)P(i, %),
t61e xat ot Q(z, %), R(z, %) elvan mpwtoyevde avadpoutxéc.
[N g anodellelg nopanéunovye TdAL GTLG AOXNOELS.
1B.7. IIori=MA. Av 5 oyéon P(i,Z) xar 1 ouvdptnon f(Z) elvar npwro-
YEVAS avadpoutxés, T0Te mewToyevis avadpoulxés eivat xai oL oyéoelg
Q(F) < (I < f(@))P(i,7)
R(Z) <= (Vi < f(£))P(i,T),
xat to (8o ue < oty Géon tov <. ‘Enetar ot 1 oyéon
Prime(z) <= o z elval npdtog aptbude
elvar mowtoyevds avadpoutsxi.
1B.8. O tekeotic gpaypévng ehaytotonolnons opileto wg
o eNdytotog i < z tétolog tou R(i, &), av (3i < 2)R(i, T),
z+1 allde.

(i < 2)R(i, F) = {

1B.9. IIPoTASH. I xdfe mpwroyevds avadpouixt oyéon R(i, &), n ov-
vdotnon
f(2,2) = (pi < 2)R(i, Z)
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1B. IIPQTOTENQS ANAAPOMIKEY SYNAPTHXEISD 15

elvatr mpwroyevis avadpoutxr. ‘Enetar éte av n g(Z) elvar enione mpwroye-
Vi avadpoulxt), Téte mpwroyevds avadpoulxl) eival xal n ouvdetnon

h(Z) = (pi < g(2))R(i,Z) (= f(g9(Z),7)).
ANOAEIEH oty ‘Aoxnon x1B.10. -

1B.10. IIoPi=MA. H ouvdptnon
pi = 0 t'00Té¢ TMpdTOC aptfudeg
elvar mpwroyevds avadpoutsxi.
AnoakeisH. H p; opiletar pye v mpwtoyevh avadpoun

po =2
Div1 = (pt < p;! + 1)[p; < t & Prime(t)],

enedn (edxoha, x1B.9) yia xdfe k, vndpyer npdtog aptbuds p tétolog mov
E<p<kl+1 =

1B.11. Kwdwxonoinorn axolovbidy. I'evixd, kwdixonoinon evdg ou-
véhou A oe éva obvolo C elvan 1 Tuyaia éva-npog-éva ouvdptnorn c: A — C,
mou (Bewpnuixd) pag emtpénel vo cavaxtioouer éva tuyalo otouelo ¢ € A
and o xwdxd tou c(x) Yo Topddelyua, N cLVAPTNOY ToL avTloTolEl o
%80 evihxo ENAnva tov aplBud e TowtdTNTaS Tou. XN ouvéyela, Oa
xoduxonotioovye Tohhd cbvola ato civoro N, oyeddv Tévta yenoluonold-
vTag og Baocxd epyalrelo xdmola amhy xwdixonolinon tou cuvéiouv N* twv
(remepaouéverv) axoloubidy and apibuols, ue yefotues Widtntes, ws e&hc.

H toyata xewduonoinon

():N*—N

tou N* elvol mpwtoyevdg avadpoutxr], av yia xdbe axohoudia Quoxdy
aptBudy ug, . . ., Un—1,

(21) u; < <u0a s 7un—l> (Z < TL)
n oyéon
(22) Seq(u) <= u = (ug,... ,Up—1) YL XATOLL U, - - - ,Up_1

elvat TpwTtoyevde avadpouxd yia x40e n, n n-uekic ocuvdptnom
(23) fn(’u,o,... 7un—1) = <’U,Q,... ,’U,n_1>
elval TEOTOYEVAOS avadpoulxy® XaL UTAEYOUY TEWTOYEVHS AVASPOULXES CU-
VOPTHOELS IOV IXAYOTOLoVY T e€XG:
1h(<u0a cee 5y Un—1
proj((uo, . .. s un-1),4) = ({0, ... ,Un-1)

append({ug, .-« s Un—1),y) = (Upy -+ , Upn—1,Y)-

S~—"
I

|
2 3

K2
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16 1. IIPQTOTENHY KAI EAAXISTIKH ANAAPOMH

Eniong elvou (teyvind) ypfiowo va amoutAcovue
[-Seq(u) Vi > lh(u)] =>1h(u) = (u); =0,

av xot ot tpéc lh(u), (u); elvon dvev onuactag étay o u dev elvar xwdixdeg
axoloubiac M to ¢ elvan peyohdtepo and To UAxog TG OYETLXNS axOhou-
Biac. Iapatnpoldue 6Tt pe v (21), oL anALTHOELS QUTEG GUVENEYOVTOL TNV
avLedTNTA
(24) u> 0= (u); < u.

Ou oupPolouot Seq(u), lh(u) xal proj(u, i) npoépyovtar and toug Ayyii-

xoUg bpoug sequence (axohoubla), length (ufixog) xou projection (tpoBoly).

1B.12. IIPOTAZH. Yrdpye. mpwtoyevdc avadpouixy xwdixomolnon tou
N*, ovyxexpiuéva n oddaotxi» xwdixorolnon

(25) (o, un—r) = pg T pr gy
pe () =1.
ATNOAEIEH oty ‘Aoxnon x1B.13. .

H sdaouxr xwduxonolnon tov N* 3ev elvar «amoteleoyatixdy, ol oTig
aoxfioelg Ha diepeuviioouue mo pealloTiXés XWBLXOTOLACELS TTOU YENOLUO-
noloUvtal oe Uehéteg moAuvmAoxdtytag, alkd and v dmodn g umodoyt-
owdtnrag movu elval to xbplo Géua Log, GAEC OL TEWTOYEVHS AVASPOUIXES
xoduxomotioelg Tou N* elvon tooddvayueg, x1B.24.

And 3o xou mépa 0TabEPOTOLOVUE Lol GUYHEXPLUEVT TPWTOYEVHDS avadpo-
uwef xoduxornolnom () : N* — N, mbavédy oyt v xhaoixy.

1B.13. IIPOTAXH. Yrdpyouv mpwtoyevds avadpouixés cuvaptioeis u | ¢
XAl U %V, TETOLES TOU

(Uoy vy Up—1) % (V0 v e s Vm—1) = (UQy« e s Un—1,00y -« 5 VUm—1)
<u07"' aun—1> [’L:<U0a aui—1> (’LSTL)
ANOAEIEH oty ‘Aoxnon x1B.14. -

1B.14. IIPOTAsH (ApoiBaio tpwtoyevis avadpoud). Av ot g1, g2, k1
xat hy elvar mpwroyevdc avadpoutxéc, téte mpwroyevdc avadpoutxéc elval
xav ot fi1 xau fo mou opilovrar ue tic eélodoeig:

f1(0,2) = g1(2)
fily +1,%) = ha(f1(y, 7), f2(y, 7), y, T)
f2( f) 92( )
fa(y + 1, %) = ha(f1(y, ), fo(y, ©), y, T).
ATNOAEIEH oty ‘Aoxmon x1B.15. =
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1B. IIPQTOTENQS ANAAPOMIKEY SYNAPTHXEISD 17

1B.15. ITroTAsH (IIMeng npwtoyevig avadpows). Av nh elva npw-
TOYEVHS avadpoulxy), Tote mpwroyevds avadpoutxy elval xat n f mou opile-
tat ue v eélowon
fly, @) = h({(£(0,Z),..., f(y=1,%)),y,%)
(éxou 70w £(0,8) = A(( ),0,&), £(1,&) = h((£(0,8),1,&), %)x.).
AnoAaEer=H. Ilpdhta opilovpe pe TEmTOYEVYH avadpour Tny

9(0,%) = (),
gy +1,%) = g(y, ©) * (h(9(y, T), y, T)),

%o UETY emaAnfedouye 6TL 1

f, @) = (9(y + 1,2))y

wavorotel v anoutoduevy eioworn tehxd Selyvouue pe mhipn emaywy
070 Y OTL UOVO [l oLYEETNOT LXAVOTIOLEL TNV anattoduevn eElowon. -

1B. Aoxvoelg

1B.16. IlpwToyvevég avadpoutxnd mpdypaua elval 1 tuyata axoloubia
TAELOUEADY GUVAPTAGEWY

E:(foafla--' 7f’ﬂ)

tétola Tov YLa x80e § < m aknbedel éva and Ta e€hg:

(1) H f; elvan pio and tig Paoixés TpwTtoyevis avadpouixés cuvapTioels
S, P, Cy.

(2) H f; oplletan ye ovvbeon (10), énov ov g, hi,... , hmy, elvou Baouxés
TPWTOYEVHS avdpoulxés ouvapTHoels cuvapTHoEelS N eppavilovtol oty axo-
Aoubia fo, ceny fj—l-

(3) H f; oplletar ye mpwtoyevh avadpoun (11), 6mouv ot g, h elvon Poot-
AEC TPWTOYEVHS avadpoulxés ouvapTtioels ¥ eugavilovtal oty axoioubia

an"' afj—l-
x1B.1. Acifte 6t ntuyaia f : N8 — N elvow npotoyevidg avadpouixs av
xou wévov av f = fp, elvar yia xdnolo mpwrtoyevég avadpoutxd medypouud

(anfla"' afn)

x1B.2. Aci&te (xoatevfelay, and toug oplopoic) étL av

f(z,y) = h(g1(y), 92(y, ), )

xou oL b, g1, g2 elvon TpwTtoyevdg avadpoulxés, TOTE xal N f elvon TpwToyevAdg
avadpouxy.
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18 1. IIPQTOTENHY KAI EAAXISTIKH ANAAPOMH

x1B.3. Acifte 61 av n g : N2 — N elvou tpotoyevdg avadpopuxt, 161e
TPWTOYEVAS AVUSPOULXY ELVOL XAl 7
f(z,y) = g(y, z).
x1B.4. Aci&te 6T v xdbe n > 3, o n-uekeic ouvaptioelg
ming, (21, ...,Z,) = 0 EN&YLOTOS TOV Z1,...,Ty
maxy, (Z1,...,%Tn) = 0 WEYLOTOS TWV T, ..., Ty
elval TpwToYEVOS avadpouLxés.
x1B.5. Acifte 6L n exBetnd) ouvdptnon f(z,y) = z¥ (ue 0° = 1) elvow
TEWTOYEVAG AVUSPOULXT).
x1B.6. Aci&te 6t oL dekelc oyéoec < y, ¢ < y elvol TPWTOYEVHS
AVASPOULXES.
x1B.7. Acei&te 6t av n Q(4,y, x) elval tpwtoyevde avadpopixs, xat

Ply,z) < (Vi <y)Q(i,y, ),
t61e nat 1) Py, z) elvou npwtoyevde avadpous.

x1B.8. Aci&te 41t oL cuvapthcelc quot(m,n) xou rm(m,n) Tov TRAxov
%0l UTOAOLTIOU ELVOL TEOTOYEVHOS AvaSpoUIXES.

x1B.9. Aci&te 61t yio %8be n, vndpyer npdrog apbuds p téTolog TOUL
n<p<nl+1 ("Evaand ta noplopata elvar to nwg undpyouy drelpol to
mAhfoc mpdhtol aplbuot, To Aeyduevo Oedpnua tou EuxAeidn.) YIOAEI=ZH:
Av o n! 4+ 1 Bev elvan npdtog, tdte ndnolog npdtog aptbuds p | n! + 1.

x1B.10. Aceidte 6t av 7 dwelic oyéon R(x,y) xau 1 ouvdptnon g(z)
elval TEWTOYEVHDS avadpouixés, TOTE TEMTOYEVAS avadpoutxy elvor ol 1
ouvdptnom

f(x) = (uy < g(z))R(z,y).

O uéyiotoc xowde Staipérne 8o aplBudv z,y > 1 elvar (puowxd!) o
ueyahuTepog aptbudg mou Slatpel xal Toug 800, xou ylo TNV TANESTNTA TOUL
opLopoVl Bétovue

0, ave=0R4y=0,
(26) ged(z,y) = < o ueyalltepoc m TéTOLOS TOL
m|xxuml|y, aAALG.

x1B.11. Aci&te étL n ouvdptnon ged(z, y) elvon tpwtoyevde avadpouixd.

x1B.12. Tatl 8ev unopolue va oploouue TNV EVVola «TPWTOYEVHDS Aval-
dpoulxfic xwdixonoinong Tou N*» ue to anhd

1-1, TpwTtoYevds avadpoulx) cuvdptnon () : N* »— N
avtl yio Tig meplmhoxeg (xaw mohhég) ouvbixes otic omolec Baciooue Tov
opLoud;

Fuévvng N. Mooyofdnncg

Avoadpopry xaL umoAoyLoLudTnTo

Iporataputiury €udoorn 2o, mpdyelpo, YEMATO ALOTM.

20 Moptilou, 2008, 8:40. 18



1B. IIPQTOTENQS ANAAPOMIKEY SYNAPTHXEISD 19

x1B.13. Aci&te 6t n oaow xwdixonoinomn touv N* otny [lpdtaon 1B.12
elvol TpWTOYEVHS avadpoua.

x1B.14. Aci&te 6T ot e€ic 300 GLVAPTHOELS ELVOL TPWTOYEVHOS AVISpOUL-
wéc:

wli= (ugy .- yui—1) avu = (ug,...,Up—1) e it <m,
0, aAALOC,
(U0y vy Un—1,V0y - v s Um—1)y OV U= (Ugy.en ,Up_1),
uU*xv= U=<Uo7---7vm—1>a
0, aAALOC.

x1B.15. Aciéte v Illpbdtaon 1B.14.

x1B.16. Acilte 6T yio %8be mpwtoyevdc avadpouxt| cuvdptnon g(z), 1

ouvdptnom
f(@) =T11,<.9()

elval TpwToYEVOS avadpouLx.

x1B.17 (ITAMjpms mpwToyevis avadpour yia oxéoetg). Aciite 6T av
n oxéon H(w, ) elvar npwtoyevde avadpouxh xat 1 P(y, Z) ueavorotel Ty
tooduvauia

P(y,f) — H(<XP(07'/E)7 s 7XP(y; laf)>7yaf)7

té1e xat 1) Py, T) elvou npotoyevde avadpousa.

x1B.18* (Pwlaocuévn npwToYeVs avadpowr, nested recursion). Aci-

&te 6T yia x8Be tpelg ouvapthoels g(x), h(w, z,y) xou T(x, y), uTdpyet axpl-
Bde wio ouvdptnon f(z,y) mou xavonolel Tig eELoMoELg

F0,9) = g(y)
f@+1,y) = h(f(z,7(z,9)),2,9)"
%O oY Ol SOOUEVEG GUYVIRTHOELG ElVOL TPWTOYEVHS avadpouLxés, TOTE TpwTo-

yevae avadpouxd elval xou n f(z, y).

x1B.19. Aciéte 6t UndpYEL TPWTOYEVMS AVASPOULXY, EVA-TPOS-EVAL GU-
véptnon g : N x N — N, tétola nou
g(z,y) < (x+y+1)°.
Fevixdtepa, dellte 6t v xdfe n > 2, undpyel mpwToYEVHS avadpouxt,
EVA-TPOG-£vaL oUVAETNOY gn ¢ N® — N, tétola ou

(27) In(T1, -y Tn) < Pp(21,... , Tn),

6mouv 10 Pp(z1,. .. ,Tn) elval toludvuuo Babuod n.
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20 1. IIPQTOTENHY KAI EAAXISTIKH ANAAPOMH

x1B.20. Acilte 6Tt yia xdbe n > 2, dev undpyel éva-npog-Eva cuVAETNOT
g : N™ — N nou va ixavorotel tny (27) ue rohudvuuo Babfuod < n — 1.
x1B.21. Acl&te 6TL undpyel TpwTOYEVHS avadpoulxh xwdixonolnon axo-
AoubLdy, TéTola Tov Yo xdbe n, xou O\ TAL Ty, ... , Ty,
(T1y.ne yxy) <2"Pp(T1,. .. yTy),
6mov to ntodudvupo P, elvou Babuod n.

x1B.22. Acilte 61t yia x8be xwdixonoinom () : N* — N twv axorouhidy
ané to N,

max{(z1,... ,Zn) | T1,... ,2p <k} >2" (k,n>2)
x1B.23*. (a) Aci&te 611 xdfe toph An(z) g ouvdptnone tou Acker-
mann elvol TpwToYeEVAS avadpouLx).
(b) Astéte 6t yia xdbe npwToYEVOS avadpouxd cuvdptnon f(z1, ... , ),
undpyel xdmoto m TETOLo oV

(28) flx1,. . 2n) < Ap(max(zi,...,2,)) (z,...,2, €N).

(c) Aet&te 6T n ouvdptnomn Tou Ackermann A(n,z) dev elvon Tpwtoyevdg
avadpoulxh). YIOAEIEH: Ael&te 61l 10 0UVOAO TV A-ppayuévwy cuvaeth-
cewv (SNhadh Ty cuvapTAGEWY ToL txavorolovy TNy (28) ue xdnoto m) elvor
TpwToYEVAS xhetoTd. Ol aoxroeig x1A.11 —x1A.14 nopéyouv Ta anapaltnTa

Auuara.
x1B.24. Acel&te 6T av oL ouvaptioelg
()1, ()2:N"—N

elval TEWTOYEVHOS avAdPOUXES XWBLXOTOACELS, TOTE UNAPYEL TEWTOYEVAS
avadpoux) ouvdptnon m : N — N, tétoiwa nou

T((&)1) = (F)2  (F € N).

1C. EhoyLotixd avadpouixés UERLXES CUVIRTHOELS

O apbuds = xakeiton §iduuoc mpdroc av elvar npdtog, xou o = + 2 elvon
eniong mpdtoc: Yl mapddetyua, o 5 elval didupoc mpdtog, alhd o 7 dev
elvat. Ymdpyouv axplBde totdvta névte idupol mpdtol wxpdtepot tou 1000,
ot €€1g, 0 xabévag (eLyapwUEVOS UE TOV ETOUEVO TEMTO» TOL TOV axoAoLbEL:

3:5 5:7 11:13 17:19 29:31
41:43 59:61 71:73 101:103 107:109
137:139 149:151 179:181 191:193 197:199
227:229 239:241 269:271 281:283 311:313
347:349 419:421 431:433 461:463 521:523
569:571 599:601 617:619 641:643 659:661
809:811 821:823 827:829 857:859 881:883
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1C. EAAXISTIKA ANAAPOMIKEY MEPIKEY SYNAPTHIEIS 21

H ewaoia 6t undpyouvy dreipot to mAijfog Siduuot mpdtor elvan éva and ta
apyoudtepa avouxtd npoPAfuata tne aptbuobewploc, xa (drwe poc Aéve ot
aptBuobewpol) dev undpyet peakiotixnd tpocdoxia GTL Ha anodeytel clvtoyo.
Ac unofécovue bt Tpdyuatt toydet, xou ag oploovue TN cuvdptno

P8 = o i-ootée dldupoc tpdrog aplbude,
étoL mov (and Tov mhvaxa),
5 5 §
Py = 3, pg = 107, p5, = 881.
H ouvdptnon p! mpogavide txavorolel Ty avadpouix e€lowon
5
Po = 37
p?-i,-l = h(pf + 1)7

6mov

(29) h(w) = o pxpdtepoc diduuoc Tpdtog T > w.
~ (uy > w)Prime’(y),
%o 1 oyéon
Prime’ (z) <= o @ elvar Sidugoc mpdrog

elval mpwToyevde avadpouxs. Autéd buwg Sev cuvemdyeton 6TL M P! elvow
TPWTOYEVHS avadpoutx (6nwe otnv anddeldn tng avéroyng pdtaornc 1B.10
Yl Tn) oUVEETNOT P;), ENEldA dev umopolue va deilouue bt n h(w) elvon tpw-
TOYEVHS avadpoix — Xt autd eneldr Sev E€pouue xdmolo Ppdyua Yo Tov
«€nbuevo dlduuo mnpdTor. Amd v dAAn uepd, n h(w) unopel vo urtohoyi-
otel pe ™y mpogavh Bhoxddn avaldtnorny (dumb search), 6mouv Siadoyixd
ehéyyouue Tig ouvhrixeg

Prime6(w +1), Prime‘s(w +2), Prime6(w +3),...,

uéyets 6Tou Beoldue xdnolo w 4 1 4 ¢ mouv elvo, nedyuatt, diduuog TpdTog.

o nopddetyua,
) eneld# ~Prime’ (6)

8) emeldf ~Prime’ (7)

) eneldh ~Prime’ (8)
10)ened# ~Prime’ (9)
11)eneidh —Prime® (10)
1 eneldh Prime’(11)-

Fuévvng N. Mooyofdnncg

Avoadpopry xaL umoAoyLoLudTnTo

lporataputinry €udoorn 2o, mpdyeLpo, YEMATO AGOM.

20 Moptilou, 2008, 8:40. 21



22 1. IIPQTOTENHY KAI EAAXISTIKH ANAAPOMH

dpa a1 pd vroloylleton wg ouvifng,?

ph =3, p=h(@)+1), ...,p0 =h(pl_,+1).

IMopd v vrotiwnTxy tng ovouaotia, n Swadixacia g BAaxddoug ava-
{hnong elvan lowg to Paoixdtepo ouotatind otny xataoxevy alyoplbuwy
otoug puotxolc aptbuolc. Exgpdletar and tov teleoth anepLépLotng (Wi-
peayévng) elaytotonoinomne mou (xat’ apyhv) epapudletar oe Lo oyéon,
o6Twg autdS NG PeayUévng ehaytoTonoinong 1B.8:

(30) (i >y)R(i,7)
= o pxpdTepoc i > y (av undpyel) tétolog Tou R(i, T),
%ol XAmwe anhovoTtepa, yio PAaxddn avalftnorn nouv apyilel and to 0,
wiR (%, %) = (pi > 0)R(4, T).
H egapuoyr) tng 6ung odnyel puoxd otny eLoaywy (UERLX®dY GUVAPTHCEWY
mou dev amodidouy mdvta T, xat Oa Ty oploovue avotned o’ autd To

gvplTEPO TAaloLo.

1C.1. OprizMOx. Megwx® ouvdptnor (partial function) (and to medio
etodédov A oo nedlo tiudv § eéé6dov B)

f:A—B
elvar ) Tuyata ouvdpeTtnom
f:A4p— B (A= Domain(f)C A),

6mou to Ay xaheiton to nedlo oUyxAione (domain of convergence) tne f-
toodlvaua, N Tuyala cuvdptnom

f:A—BU{l}

6mou L (ndtog, bottom) elvar xdnowo (cuuPatind emheypévo) avixeluevo
mou dev avixel oto B. Epunvetouyue ty <ty f(z) = L wgz ¢ Domain(f),
xa Mye 6t n f amoxAiver oto z av f(xz) = L, evd av f(z) € B, t6te 1 f

2E3¢ mpénel vor Topatnericoupe 6Tl To TpdYpaulka Tou SMULo¥pYneE Tov mhvaxa TV
30Uy TedTwY 6Ty apyn autol Tou edagpiov Baclleton 6ToV TOAY AmOTEAEGUATIXGTERO
alybplfuo tou «xéoxivou touv Epatochévn.
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1C. EAAXISTIKA ANAAPOMIKEY MEPIKEY SYNAPTHIEIS 23

ovyxAiver oto 2.3 TupPolxd, Bétouyue

f(z)l < z € Domain(f) < f(z) € B,
f(@) <= @ ¢ Domain(f) <= f(z) = L,
xou eldxd yla n-uyehelc uepixés ovvapthoels f,g : N» — N otoug guoixoic
apLOuoig,
[(#) >0 = [f(@)] & f(Z) >0,
(@) < g(y) <= f(@)| &gl & f(Z) < g(9),

. At H axpala mepintwon pepixric ouvdptnong elvon 7
(31) e(x) =1L (ze€A
ue Domain(f) = () nou anoxivel yio xébe eloodo (1), evdd xdbe (ouvhhng,
«hxfp) ouvdptnon f 1 A — B elvau uepixd suvdptnon, pe Domain(f) = A.
I 3%o n-pekelc pepixéc ouvaptioels f,g: A — B, Oétovue
(32) fEg — (V@) (@) = f(&) = g(Z)].
H oyéon f C g elvou (ebxoha, x1C.2) uepuxrj didraln oto odvoho
(A—B)={f|f:A— B}
OAOY TV UEPXOY ouvapTHoEwWY ue TEedlo eloddouv A xou medlo Tudy B,
dnhadi
fESf, [fEg&gChl=fCh, [fCy&kyCfl=f=y
1C.2. Xdvbeomn xar TpwTOYEVHS avadpowr. Autol ol tekeotéc epun-
veboVTaL YLOL UERLXES GUVAPTATELS UE TO QUOLXS TPOTIO TOU UTOAOYLGUOY TOUG:
av, Y. g,h i A— Bxo f: B2 —C, 6t e bl taz € A,w € C,
f(g(z),h(z)) =w <= (Fu,v € B)lg(z) = u& h(z) = v & f(u,v) = w]-
2O ALY

f(0,%) = g(Z)
f(y + 135) = h(f(yaf)ayaf)

30 Dana Scott mou eLofyarye auTé TOV EVOAAAXTLXS OPLOWS TLY UEPLXOV CUVIPTHOEWY
avapépeTal 6To avTLXelevo L wg uia «avtixeluevoroinom g andxiione». N mapdderyua,
Oo unopotoaue vo Oécoupe YU autéc Tig LnueidoeLg

L = Auxafnttée,
onéte uepuet; ouvdptnon f : N — N elvow n tuyalo (ohuxy) cuvdptnon
f N — NU {Auxafnrtéct,

xaL 6mou epunvedovue Ty WA f(3) = Auxafnttés we f(3)1, emedh o Auxafnttés dev
elvow aplbude (elvon Aégog).
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24 1. IIPQTOTENHY KAI EAAXISTIKH ANAAPOMH

xou ot g, h elvar pepixés ouvaptioels 6to oivolo twyv apbudy N, téte, ya
ol oy, B, w € N,
(33) f(y, %) =w <= (Jwo,...,wy €N)

[wo = g(Z)

& wy = w).

II6pLoua autod Tov opLlouoy elval 6L
pLop pLou

9(&) 1= (Vy)[f (y, 2)1],

emewdt, v x8be y, o unohoyiouds e e f(y, Z) «ovdyetaw tehxd oTov
vrohoytoud g f(0,%) = g(&).

H wwoduvapla (33) anodidel éva pntd optoud yia ) cuvdetnon f(y, &) mou
oplletan avadpoutxd, xol xaheltal xard Dedekind avdAvon tne avadpourc.
Iapatnpolue 6Tt 0 pntéc optopds g f(y, T) xenowonotel Tov ntocodelxty
(Fwo, ... ,wy € N) néve oe nenepaouéves axolovbicc puoixdy apiGudy.

Me autols toug 0plouols, UTOpOUUE Vo ETEXTELVOLUE TOV 0pLoUS TOU GU-
véhov Ry () tov U-npwroyevdc avadpoutxdy ouvaptiocwy otny teplntwon
mou to ¥ mepiéyel pepinég ouvapthoels. H évvola ev éxel Wlaitepo evdio-
pépov, aAAd yeeldletal yia To Baowxd oploud 1C.4.

1C.3. OpizMmos. H elayiotonoinom tne pepixhc ouvdptnong g(i, T) el-
volL 1) UeEpLXn] ouvdptnom
(34) f(y,@) = (wi = y)[g(i,Z) = 0]
= 0 eNdyLoTog W > Y, TETOLOG OV
g(w, %) =0& (Vi)ly <i<w=¢g(3,%) > 0],
6mou, vrevhuuilouvue,
9(i,%) >0 < vy xdnowo z,9(%, %) = z+ 1.
o nopdderyua,
g()T=(pi = 1)[g(i) = O,
axdun xay g(2) = 0.
Mapatnpolue entong, étL av 1 g(i, &) elvar ohuxh cuvdptnon xou Bécouue
R(i,%) < ¢(i,%) =0,
t6te (pi > y)[g(i, &) = 0] = (ui > y)R(3i, ) odugpwva ue Tov opous (30).
1C.4. OrizMOx. H tuyala pepxh ouvdptnon f : N® — N elvoar eho-

YLoTixd avadpowxd (4 p-avadpoulxy, p-recursive) 6to 6OVONO UEPLXMY
ocuvopthoewy U, av 1 f avixel oe xdbe oOvoro pepxdY GUVAPTACEWY TOUL
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1C. EAAXISTIKA ANAAPOMIKEY MEPIKEY SYNAPTHIEIS 25

neptéyel To U xon elval TpmToYevdS *AeLoTo %ol XAELGTS Yia EAayLoTOTOINO).
Suufoid:
Ru(¥) ={f|n f elvou p-avadpouxh oto ¥},
Ry = Ryu(0).

H tuyatla oyéon R(Z) elvan ehoytotind avadpopixh ov 1 YopaxtnoteTixd ng
ouVapTNoM elval eEAAYLOTIXE AVASPOULXY.

To obvoro R, (¥) tov U-ehaytotind avadpouxdy Uepxdy oLVAPTACE®DY
elvat xAelotéd yia Tpwtoyevh avadpoun and Tov oploud Tou, dpa

Rp(¥) € Ru(¥)-

N avtiotpopn cvunepidndy dev woyvet, dnwg Bo dodue, ahAd autd dev elvor
npo@avés tipa. Mropolue dung va delouue auéons Ty xAeloTéHTNTAL TOU
’RM(\I/) Yot Tov TEAEOTH TN «BLaxAddwong», mou elvar W8Laltepa onuovtixdg
OTLS EQUPUOYES TOU OF UEPXEG GUVAPTNOELS:

1C.5. OrPI=MOE. H dLaxhddmor totdy, S0oUEVLY UEPIXODY GUVAETAGENY
c(Z), g(&), h(Z), elvar 7 yepixd; GuvdpTno
(35) f(&) = av (c(Z) =0) téte g(&) alhdde h(F)

ue ) ouvhxn odyxhiong
F@)] = [e(@) =0 & g(@)L]V [c(@)] & c(Z) >0 & h(D)]].
IMapatneodue 6Tt  obyxAiomn g dlaxrddwaong analtel Ty oVyxAion Tov TeoT
c(Z) oalN& dev anartel 0 olyxhion xat Tev d0o Twdv g(Z) xat h(Z): Yo
TEASELY UL,
av (0 =0) téte z ahhdg L = z.

1C.6. IIPOTASH. T'ia xdbe oUvolo pepixdv ovvaptiocwy ¥, ta R,(T)
xae R, (V) elvar xletotd yia SaxAddwon,.

AnoaEI=H. Ta to doouévo oploud
f(Z) = av (c(Z) = 0) t6te g(&) el h(E),
o mpdTog Telpaoubds elval va Bécouye, e TpwToyevy avadpour,
f1(0,) = g(%),
fi(i+ 1, %) = h(Z),
xou va tpoorafoovue va delEovue ot

(36) f(&) = file(@), @),
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26 1. IIPQTOTENHY KAI EAAXISTIKH ANAAPOMH

étoL mov av ¢, g, h € Rp(¥), téte f € Rp(V) C Ru(¥). Autd de Souvleler,
‘Aoxnon x1C.5, xal avt’ autol Bétovue, Sladoyixd,

©o(0,u,v) = v,
wo(i + 1,u,v) = u,
@g(o’f) =0,

pq(i+1,%) = g(&),
en(0,Z) =0,

en(i+1,7) = h(D),

f106,@) = po(1 = 4, 04(1 = 4, &), op(1 = (1= 1), &),
xat Topa M (36) énetan edxola, Acxnon x1C.5. -

1C.7. Avadpouxés e€iodoetg. H ouvdptnon tou Ackermann (1A.6) dev
elva TpwToYEVAS avadpoutxd, xaL dev elval npogavéc (tdpa) av elvar eloyt-
oTwd avadpouxrs xa ) ‘Aoxnorn x1B.18* npoopépel éva axdun Tapddetypo
oLVAETNONG YloL TNV onolo dev elvan ebxolo va del&ouye 6t elvan mpwtoye-
Vg (A ehayrotixd) avadpopx. Ou cuvaptioels avtés, duws, elvar «wro-
hoyloluesy, eneldn ol avadpouxés ellodoels mou tig xabopilouy amodidovy
ahyoplbuoug yia Tov LTOAOYLOUS T®WY TLUGY TOUg, T.Y., 0T Aoxhoelg x1A.6
»xouw x1A.8. H enduevn Hpdtaom Siver axdun éva —xdnwg 8LéTuno— tétolo
TAEASELY UL,

1C.8. IIpoTASH. H clayiotonoinoy
fly, @) = (pi = y)lg(i, &) = 0]
tuyalag ueptxijc ouvdetnons g elvar n E-eAdyioty Adon tne avadpoutxijc
eélowong
(37) p(y,Z) = av (9(y, %) = 0) té1e y adhid p(y + 1, &),

Snhady:
(a) H (37) toyUet yia Aa ta y, & av Géoovue p := f.
(b) Av n (37) toyder yia SAa o y, & ue xdmota p, téte f C p.

ATIOAEIEH. (a) Ipémet va deidovue 6Tt Yoo 6hat tat y, 7,
(38) fly, &) = av (g(y, &) = 0) t61e y ahhis f(y + 1, %),
xou fewpodue Tig TEELS TEPLTTAOEL,

9(y, )1, 9(y,%) =0, g(y,%) >0

H ahffeta tng (38) elvar npogavic otic 8bo npdtec an’ avtés. Ltnv Tplty
neplntwon, av

(Vi > y)[g(i, 2)TV g(i, Z) > 0],
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1C. EAAXISTIKA ANAAPOMIKEY MEPIKEY SYNAPTHSEIS 27
T6TE, TPOPAVAS,
f, %)=L =fly+1,7),
€tol mou dhL €yovue todtnta. Tehxd, av, yia xdnolo w > y,
g(w, %) =0 & (Vi > y)[i <w=g(i,Z) > 0],

t6te f(y,Z) = f(y+ 1,%) = w, xou éyouvue ndAt tobTnTaL.

(b) ITpénet va del&ovpe 6TL av yia 6o Ta &, Y,
(39) p(y, &) = av (9(y, &) = 0) 161 y addds p(y + 1, T),
167Te, Yo xd0e T xow Sha T Yy xo w > ),
fy, %) =w=p(y, &) = w

yenotuonotodue enaywyy otn Slapopd w — y.

Y BASH, w = y, xou apéows, and tov oploud tng f xa v (39),

f(y, %) =y = ply, ©).

Yo Enaroriko Bama, w > y xa g(y, &) > 0, étoL nou

w=f(y,¥) =fly+1,%)  (ané v (38))
=ply+1,%) (em. vnob.,
agod w — (y+1) = (w—y) — 1),
= p(y, %) (amd v (39)). -

Auté to mapddetyua elval ialtepa onuaviixd, 6mwe Selyvel bt n e&i-
owon (37) nov potdlet va optlet v A p(y, &) and v enduevn p(y + 1, )
(1) oty mpayuatixdTnTa expedler Tov Paowd alydpluo g Bhaxddoug
avalAtnoner: yLo Topddelyua, Yo va utohoyloovue tny T p(2, £), eqop-
uélovue Y €EloWOT ETMAVELANUUEVA,

p(2,f) Zp(3,f) = zp(m,x) =m,

uéypts 6tou (lowg) Bpolue xdnoto m tétolo nov g(m, &) = 0, ondte Lépouue
6t p(2,%) = m. To mopdderyuo delyvel étL 1 oyéon avdueoa TNy «va-
Spou» xaL Tov «wroloyioud» nov utodetEaue oto (II) tov 1A.3, epapudletan
7oA eLpUTEPA AT TNY XAACLXT| TEPLTTWON TNG TPWTOYEVOUS AVASPOUTS, XAl
elva to xhedl ylo Tov oploud tng Beuehionhic xhdomng Tov (Yevxdy, uept-
xGV) avadpouixdv ouvaptioewy mov Ha 8doovue 6To eTSUEVO XEQINALO.
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28 1. IIPQTOTENHY KAI EAAXISTIKH ANAAPOMH

1C. Aoxroeg

x1C.1. Aei&te 6u yua 6heg Tic Yepxég ouvaptioes f,g: A — B,

(a) f=g9=(z e Af(r)l < g(z)l]
(b) f=g <= (VzeAdweB)[f(z)=w <= g(z) =w)].

x1C.2. Aci&te 611 v 6heg Tic yepinés ovvapthoec f,g9,h: A — B,
fEf, [fCg&gChl=fCh, [fCg&gC fl=Ff=g.
x1C.3. Oewpolue Touc oplouolc
g(z,y,2) =ov (z = 0) téte y ahhdg 2,
fl(t) - g(t, h’(t)v t)’
f2(t) = av (t = 0) t6te h(t) alde t
6mou 1 h(t) elvar xdnola pepid) cuvdptnoy. Alnbedel 1 eflowon
fit) = fa(t)
yia x&fe t; (Adote anddeldn f aviinopdderyua.)
x1C.4. Aci&te 6T av n oyéon R(i, &) elvar ehoytotxd avadpouxs, tdte
%o 1) UEPLXY ouVdpTNoM
fly, &) = (pi = y)R(i, %)
elvat eniong ehaytotixd avadpoutxy.
x1C.5. E&nyfote yatl n mpdtn Wéa yia tny anddeén g 1C.6 8 dou-
Aevet, xou SHoTE TIg AenTOUEPELEG TNG 0WOTHG anddetdng.
x1C.6. Acilte 611 ou xhdoeig Rp(¥) o R, (V) elvon xhetotég yio opt-
ouolg ue k + 1 nepintdoelg, e Hopphc
91(Z), av e (@) =0,
92(Z), v 1 (&) > 0 & eo(F) =0,

ge(Z), ave(®) >0,...,cp-1(Z) > 0,ck(F) =0,
get1(T)  av e (Z) > 0,... ,ck-1(Z) > 0, cx(Z) > 0.
x1C.7*. (a) Aci&te bt umdpyer axplBde o wepixh) ouvdptnon p(z,y)
IOV IXAVOTIOLEL TLIC EELOMOGELS
p(0,y) =y,
plz+1,0)=2z+1,
p(z+ 1y +1) =3p(x,y) +p(y,z) + 2,
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1C. EAAXISTIKA ANAAPOMIKEY MEPIKEY SYNAPTHIEIS 29

xat urohoylote v Twwh p(3,2) YU’ auth Ty p.

(b) Aci&te 61t 1) povadixd Ador) auTol TOL GLOTARATOC Elvall TEWTOYEVHS
avadpoutxt| (f ehayloTind avadpouixd, ov autd elval euxordTepo).

x1C.8. T tuyaleg pepieéc ouvaptioes (%), h(w,y,T), deilte 6T 7
avadpoulxt| eglowon
(40)  p(y, &) = av (y = 0) T67e g(¥) ohhéss h(p(y — 1,),y - 1,Z)
Eyel axplBidg wa Ao, ouyxexpluéva ) ueplxy ocuvdptnon f mou optletal
UE TNV TpwTOoYEVY avadpout

£(0,2) = g(2),
fly+1,2) = h(f(y,%),y,7)).

x1C.9 (O arydbplBpog tou Euxheidr). Acilte étL 1 elfic avadpouixy

e&lowon éyel wovadued Mo, T ouvdptnon Bz, y) = ged(z, y):

0, ave=0Ry=0,
AL <
(a1) plz,y) = P2 akhide, av 2 <y,
Y, o\, av y | ,

p(y,rm(:c, y>)7 0()\)\!,(6@.

x1C.10. Adote napadelyuota pepixdy ouvapthoewy g(y, Z) tétolwy mov
7 e&lowon (37) va emdéyetal:
(1) T xevh yepxh ouvdptnon € wg uévn Ao,
(2) Mébvo pla Mior), mov va elvow ohux) cuvdptnon.
(3) 'Ameipeg to mARfog hioels.
x1C.11*. Acl&te 6T dev undpyel ueptxh ouvdptnon g(y, &) tétola Tou 1
e&lowon (37) va éyel axptBdc dYo Mioelg.
x1C.12*. (a) Acei&te 6T n avadpouxh eicwon
(%) p(z,y) = av (z = 0) t6te 1 adhde p(z = 1,p(z,y))
ExeL ehdytotn Adon D, xou ddote Evay tono YU auty| ) Adon.

(b) Ael&te 6T undpyel Lbvo pLo oA cuvdpTnon f Tou xavorotel Ty (%),
%o oLt 1 GuVdETNoY dev elval 1 eldytoTn Abon.
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KE®AAAIO 2

I'ENIKH ANAAPOMH

O npdtoc avotneds oplouds TV (YEVIXE) AVUDEOULXGY GUVLETHOE®Y
6ToUS PuOLXoUg aplBuols d60mxe and tov Godel to 1934, ue Bdon uia 8o
tou Herbrand, xal ta Gepehioaxd anoteAéouata Yo TG AVUSPOULXES CUVOE-
thoelg anodelytnxay and tov Kleene ot dexactio Tou 30. ¥’ autd to xepd-
Aao Oa exBéoovue uia yevixeuon oe ueptxés dhyeBpecy ulag Tohd amAhg xol
xoudric exdoyng tou oplopol Tou Godel nou ogelhetat otov John McCarthy
(1963), xoL mou avepdvel To xabopd TN oyéon avduesa oty avadpout
xou Tov vnohoyloud. Auty n npbdofacn ot Bewpla avadpourc Baciletal oe
Wéeg and TN Aoy %ol TOV MEOYEUUUATIONS, XL GTO TEMTO E3GPLO TOU
xepahatov o mpoetoludoovue to €dagog, exbétovtag (nepunmuind) Ta ama-
paltnTa TEOATALTOVUEYA.

2A. Mepuxég dhyePees

XopaxtneLoTixd —xat ylo pag, xVplo— mopddetypa ueptxic diyeBpag el-
vau ) Baoixt Souri tne aptBuntixic
(42) Ny = (N,O,].,S, Pd)a
6mouv S xou Pd elval oL oUVAPTAGEL TOU ETOUEVOL YO TOU TEONYOUUEVOU
6T0US PuUOLXoVE apliuote, xal 6mou éyouue TpofBdAlel To 0 xau to 1 emeldn ta
yenotuonotobue xot og ainfotiuée, Snwg NdN xdvaue 6T0 TPGTO XEQIAALO.
Fevixdtepa:

2A.1. OrisMOs. Mepuxr) dAyeBpa elvar n tuyala Souy
M = (M,0,1, f1,.--, [K),
6mov to M elvar obvoro 0,1 € M »xou 0 # 1- xou yia 2 =1,... ,K, 7
fi:M™ — M

elvar pepuxn} ouvdptnon nhelopédetag n;. Edd emtpérovue n; = 0, ondte 7
fi elvaw 0-uelic pepxn ouvdptnom oto M, Snhady otalbepd, xdmoto uélog
tov M ¥ o mdtog L.

31



32 2. T'ENIKH ANAAPOMH

O povaduxég pepixés dhyePpeg mou Ou ypelaotolue 6” autés TG Lnued-
oetc elvanr n Ny, mou elvar oAwxed (emeldd) Ta doouéva S, Pd elval olixée
cuvapThoELS), xou enextdoets g Ny, dnhadh uepixéc dhyeBpec Tng Loppric

(Noafla"' 7fm):(N7071757Pd7f17"' 7fm)7

6mou ol fi,..., fm elval mAelouekelc uepxéc GUVAPTACELS GTOVS PUOLXOUS
apLBuovs. Mepixés dhyePpeg elvan xat ot

(Za 07 17 +,—, ')7 (@7 Oa 17 +,— +)7
6mov Z = {0,1,—1,2,—2,... } elvow o (Betixol xow apvnuixol) axépatot aplh-
uot, xat

@:{gm,yez,yﬂ}

elvat To oVvoho twv pntdv. H Swalpeon r + s 6’ auth v dhyePpa elvat
UEPLXT| OLVAETNOT), OTwS dev auyxAivel 6tav s = 0.
2A.2. H wmxh yAdooa R(M): oGvtadn. Me xdfe uepixd dhyeBpa

M ovoyetilovue v x| YAdooo R = R(M), tng onolag to akpdBnto
anoteAeltan and to e&fg cVUBoAa:

oL aTOULXES UETAPBANTES: VOy Vigere s

ou atoutxéc otabepéc (ta uéhn touv M): z (zeM)

ot ouvaptnotaxés otalbepéc: fi,...,fx  (arity(f;) = ny)
T olufolra yia Ty Staxdddwon: av  1téte  ahAuidg

to onuela otiéewc: , ()

xou To odufolo Tng LedTNTOC: =
A’ autd ta obuPora Eeywpllovue To Ae&héyLo (vocabulary)
(43) (fi,...  fx) (arity(f;) = n;)

mou mapéyel cuufohioud Yo T Soouéveg Uepixés ouvapthoel e M, evd
To undloina oVuBola elval xowvd yia Gheg Tig pepixés dAyeBpeg oo abvolo
M. Tw ) Yhdooa e Ny, BéBata, yenoiuwonolobue to hedhéyto (S, Pd).

43t hoyueh Bewpodue Sopég
M= (M,Cl,... seny, R, ..., R, f1,... 7fK)7

6mov T «Boouévor elvon Sraxexpiuéva otouyela tov M, oyéoeig, xou (ohxés) cuvapThoELg
oto M. Ou uepixésc dAyefpec mou ypnouwonololue e elvow @ouvouevixd eldixdtepes,
enedn Sev emitpénovyue Siaxexpuyuéva otoyela | oxéoeligt aANd Ta oTouyelo umopody va
anewxoviotoly and 0-uelels ouvapthoels, xou oL oyéoels anewxovifovtar and Tug yopa-
xtnetoTixés Toug ouvapthoels. ‘Etol ov yepués dhyeBpes elval otny mpaypatixdtnTa
yvevixbtepes and Ttig Sopés tng mpwtofBdbutas Aoywtis, enedr emtpénovue uepLxés (b
anapaltnTa ohxés) ouvapthoels fi,... , fx. Ilapatnpolue enlong 6t oTov oplowd TwV
Gpwv o %4Tw, eNLtpénouue StaxAaddoetg.
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2A. MEPIKES AATEBPEX 33

Aé&elg oo tuyaio olvolo X elvan ol menepaouéveg axolovbieg and oot
xeto (4 oduBola) Tou X, yia nopddetyuo ot
0= (Ovsfy Pd01z1z300v = ahALGG
oto ah@dfBnto g R. 'Onwe ota napadelyupata, Ooa yodgovue Aéelg amhd
apadidlovtog ta oVuBoha oTn oelpd, yweic xéuuata. H mapdfeon 8o hé-

Eewv ouuPoliletal (xuptodextind) pe Ty napdfeon Twv cuuBéiwY Toug, éToL
mou YLl Tl duo Aéelg ota mapadelyuata, 1 tapdbeon Toug elvan n Aédn

0= (OvsfaPd01zq z3009 = ahALédg

Xenowonotodue to oVuPoro ‘=’ yia T oyéon g wodétnTag Aéewy, €tol
7oL

f2: (Ofl = f2: (Ofl aAA& f2: (Ofg 7_é f2: (1f2
O npogavhg Adyoc vy’ autd elvou 6t to ‘=" elvow oluBolo (Tou ahgdBnTou
e R), xau av 10 ypnouonotovoaue yio Ty Lobtnta avdueco oe Aéelg Ha
npoxalovoe cUyyvor. Buyvd Oa yenotuonolodue yeduuoto and To eENANVIXS
ah@dfnto yio va ovoudlouue olufola xol AéEeLs,
= Qo0 * Oy
H xev) NéEm ouuPoiiletal ye ‘A, étol mou yia xdle AéEn a,
A =0A =

Ot «ouvtaxTtixd cwotéor exgppdoets g R elvar Aéelg and to akedfBnto
xou Staywpeilovtal otoug dpoug xal Tig EELOMDOELS bpwy, dnhadY| Aéielg Tng
popei

A=B

6mou ot A xau B elvan pot.

Ou bpou (terms) tng R anoteholy to ehdyloto clvolo MEewv OPOI ue
g e€ng WLoTTEC:
(T1) Kébe x € M (xou WSradzepor tor 0 xou 1) o xdfe atouxs; yetofAnTa v;

elvat Spot.
(T2) Av ou MéZewg Ay, ... ,A,, elvaw bpol, téTe bpog elvan xan n héEN
fi(A1, ..., Ap,)
(T3) Av ou MéZewg Aq, Az, Az elvan bpot, TéTe bpog elvar xat 1 AéEN
(av (A1 =0) t61e Ay ol Aj)

O oploudg autdg expedleTal GUVOTTIXE XL UE TNV «ooSUVUUia,

(44) A=z |v;|fi(AL, ..., Ap,) | (v (A1 =0) téte Az adhiidg As)

mou SaBdleTal
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34 2. T'ENIKH ANAAPOMH

N Aé&n A elvan bpog av elvon yéhog tou M, f atoux yetaBinti, 1
av elvon g woppic (A1, ..., Ay,) émov ov Aq, ..., Ay, elvan por,
1 av elvonw g poppiic (av (A1 = 0) téte Ay adhids As), émov ot
Ay, Ag, As eivou bpoL.
IMopatnpodue 6t n xevi AéEn A Sev elvar 6poc.
O épog A elvar xhewotdg ov oyl atoutxtr) wetaAnty dev eugpavileton
otov A, xar ayvig av ou uéveg atouxés otabepés mou (lowg) eupaviovia
otov A elvon o 0§ to 1. Hapadeiypata oty R(Np):

S(0) : xhewotdg, ayvig, S(13) : xhewotds, Oyt ayvog,
Pd(v1) : ayvée, 6yl xheotde,
(av (vi = 0) téte 3 ahhiidg 1) : ote xhetotdg olte ayvic

O avadpoutxdsg oplouds Twv dpwy Sixatoroyel enaywyixég anodetlelg LdLo-
THATOVY TOV 6pwV:

2A.3. AHMMA (Enaywy# otoug dpoug). ‘Eotw ¥ otvolo Aéécwy and to
arpdfBnro tne R(IM) téroo mov

A17--- 7Ani €Y — fi(A17--- 7Anz) €3,
A,B,Ce¥ = (av (A=0) téte B ad\dg C) € .

(a) Av 1o ¥ meptéyel ddec tic atouxéc otalbepéc xar uetafintéc, tdte
10 X meptéyet 6Aoug Toug Gpoug.

(b) Av 10 X mepiéyer bAeg tic aroutxés otalbepée, téTe TO L mepiéyel
6Aoug Toug xAetotols Spoug.

(b) Ay 1o ¥ nepiéyer 10 0, to 1 xar dAec tic atouixéc uetafAntés, tdre
10 X meptéyel 6Aoug Toug ayvols Gpoug.

AnoaEl=H. (a) To ¥ wavoroiel tig ouvbixes (T1) — (T3) and tnv vnd-
Oeom, xau emouévwg neptéyel To eldyLoto ovoro OPOI Tou ixavorotel autég
Tl ouvhfxec.

AgAvoupe ta (b) xau (¢) yia v Aoxnon x2A.1. -

[Twe unopolue va 8etovue 6t n MZn (S(1) dev elvon bpog; H avotnet
anddelén Baoiletar 6t0 enduevo texVxd aAAd onuoavtixd Afuua, émou 1
AEEN a elvan yvijolo apyixd Tunua tng AEng B av

B=ayue BZA YZA

2A.4. AHMMA (Movaduxf, avayvooudtnta 6pwyv). (a) [a xdbe dpo A,
o aplfudc eupavicewy e apioteplc napévleons < (7 otov A elvar loog ue
Tov aptud cupavicewy tnc deéids napévleons ‘)’ arov A.

(b) Kavéva yvijoio apyixdé tufua dpouv Sev elvar dpog.

(c) Av p Aéén A = oy - - elvar Spog, t61e Loy Uet axplfdc uia and tig
repintéoeic (T1), (T2) 4 (T3) otov opioud twv dpwy.
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2A. MEPIKES AATEBPEX 35

ATOAEIEH oty ‘Aoxnon x2A.2. =

Mpogavde tdpa, n MEn (S(1) dev elvar bpoc, epdoov éyel neptocdtepec
apLotepés and dedléc mapeviéaoels.

To Afuua 2A.4 eniong duxarooyel avadpoutxolc opiouols cuvapthoewy
6TOUG bPOUG.

2A.5. AHMMA (Avadpous otoug bpoug). I'a xdfe oivoro W xar Sooué-
ve¢ ouvaptioec 1,05 (i =1,...,K), ®3, undpyet uovaduey ouvdptnon

®:Opor1 — W
tétota mov
yioz € M, ®(z) = ®1(z), P(v;) = P1(vy),
O(f;(A1,...,An,) 5
O(av (A =0) téte B alhdg C) = P

ANOAEIEH oty Aoxnmon x2A 4. -

Avéhoya amoteAéouata Lo YOLY TOL SIXALONOYOUY AVASPOULXOUS 0pLoUOVS
0TA GUYORA TWV XAELGTOY ol TwV ayvdy bpwy, ‘Aoxnon x2A.5.

Mapoatnpolbue 6t oUvtaén e R(M) npoodiopiletan mAfpwe and to 60-
voho M xou to Ae&héyto (fi, ..., i), dnhadh dev elaptdtan and Tig epurn-
veleg f1,..., fk autdv twv otabepdy oty M. Ou epunveles tov fi,... ,fx
unetoépyovtal otn onuactodoyia tng R(M), wc eZg.

2A.6. H tumuxd yYAdooa R(M): dnhwtixd onpactoroyio (1). H
T (value) valy, (A) Tou tuyalou xherotol épou A otn uepixy dhyeBpo M
oplletat avadpoulxd and tig e€hg ouvlrxeg, ue enixinon tov Afuupatoc 2A.5
v xAet6tolg bpouc:

(DT1) valp(z) =z, yva x € M.
(DT2) Av valp(A4;) = w; yw j =1,...,n;, té1e
valM(fi(Al, e aAn,)) = fi(wl, e ,wni).
(DT3) Av valp(A) = a, valp(B) = b xou valy (C) = ¢, t61e
valpm(av (A = 0) téte B adhiidg C) = av (a = 0) téte b ahhidg c.

Mapatnpolue 6t 0 oplopds unopet vo anoddoetl valy(A)T, epdoov ta
«Soauévor g dAyefpag M emitpénetal va elvol pepxég GUVAPTACELG: ALY
f1(1)7, t6te valm(fi (1)) = f1(1) = L, dnhadh valyg(f1(1))1.

I to enduevo Afuua yeetalduaocte TNV €vvold TG TUTLXYC avTixaTd-
oTaoS.

2A.7. AvtuatdotaoT bpwv. a xdbe dpo A, xdbe atounai uetaAnty
X, xat x40 6po B, Bétouvue

A{x:= B} = 1o anotélecua Tnc avixatdotoons g X ue B otov épo A,
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36 2. T'ENIKH ANAAPOMH

(45) A{%:= B} = A{x1 := B1} - {Xm := B}
I nopdderyua,
fi(vs,vi){v1 := B} = fi(vs, B), fa(vs,vi){v1 := B,vs :=C} = f2(C, B)
2A.8. AHMMA. (a) Av px elvar n udvy atouxyf uetafAnty nov eupavile-

tat otov 6po A xat 0 B elvat xAetotdc dpoc tétolog mou valy (B) =w € M,
T0TE

valy (A{x := B}) = valp (A{x := w}).

(b) I'evixdrepa, av ddec o aroutxés uetafAnréc nov eupavilovrar otov
6po A eivar oty Alota X1,... ,%Xn xat ot By,..., By eivar xAetotol Spot
TéTOlOL TTOU

valyi(By) = wy € M,... ,valy(B,) = wy,
T0TE
valpy (A{x) := By, ... ,Xn := Bp}) = valp(A{x) :== wy,... , Xy := wp})
ATNOAEIZH. EOxoAy, ue enaywyy otov 6po A, Aoxnon x2A.6. =
2A.9. H tumxyd yYAdooa R(M): dnhwtixy onpoactoroyio (2). Arno-

tiunon (valuation, assignment) oto M elvor n Tuyala cuvdptnon
m:{vo,Vvi,..., } = M

mou avabétel oe xdbe atouixd uwetafAnTd wa wud w(v;) oto M- xa av
bheg oL atouxés petaPAntéc mou eugavilovtal atov bpo A elvar oty Mota
X1y e yXn, OTOLYE

(46) valpy (A, 7) = valm(A{x1 :=7(x1),. .. , Xn 1= T(Xn)}).
Me tov xhaowxd ouyfolioud xat Ty opohoyla g Aoyixrg,
M,7 = A =B < valy(4,7) = valpm(B, )
<= 1 M wavonotel my eiowon A = B vy v 7,
€TOL IOV, TWO AVOAUTIX,
M7= A=B < {valM(A, )] 2o valM(B,w)ﬂ
# {valM(A, m) =w € M xa valy (B, ) = w}
Enione 6étoupe,
MEA=B < (yuxébe r) M,m=A=B
<= neliowon A = B eivar éyxupn oty M.
(Av M = A = B, Mye enlong 6T n M wavonoel tyv tawtdétnta A = B.)
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2A. MEPIKES AATEBPEX 37

2A.10. Amhouvotevpévol oupoiiopol. ‘Onwg cuvnbiletoar oty Aoy,
OTEVLOL YPAPOUUE «YPAUUATIXG GWwoTOVS» bpous Xal eELo®OoELS. DTNy tpdén
yenotuonotobue to cuvnbiouéva poabnuatixd cduBola avti ylo to TUTLXE
TOUG LOOSUVOUA, T.Y ., &, Y,... Ylo aToulxéS UeTABANTES avTl yio Vi, Ve, ...,
fy9,4, P, ... Y ouvaptnolaxés otabepés avtl yia fy,..., x.An. Enlong
napaelnovue 1 elodyovue meplocdtepeg TapevhEELS ML (Xevolg Y OPoLS»
av ouTé SLeUXONOVEL TNV AvdYVwo, xal Ypdpovue (Yo Topddetyua)

(z+y) - zovil vy - (+(z,y), 2)
H «ypappotixd cootiy éxppoon s (37) (ue To xatdhinho hedihdyto) elvan
P(V1,V2, .-t yVit1)
= (v (f1(v1,Va, ... ,Vpt1) = 0) téte vi aANGS p(S(Vi),Va, .-ty Vit1))
evedd 1) anhovoteupévr Tunonoinof tng oty R(Ny, g,p) elvan
(47) p(y, %) = av (9(y, ¥) = 0) té1e y adhdg p(S(y), Z),

TOU OTWOINTOTE ELVAL MO ELAVAYVWATY.

2A. Aoxrvoeg

x2A.1. ActZte ta pépn (b) xou (¢) Tov Aduuatog 2A.3.
x2A.2. Acel&te 1o AMupa Movadixic Avayvwowwdtnroac 'Opwy 2A.4.

x2A.3 (Movaduxy| avayveoiubdtnta ylo eélodoetc). Acilte étiavol Ay, By,
Asg, Bs elvat 6pol tng R(M) xou

A]_ = B1 = A2 = B2
t6te A; = Ay xou By = Bs.
x2A.4. Aceite 1o AMupa 2A.5.

x2A.5. Awrtundote xou Setéte Afuuoata avdroyo tov 2A.5 mou dixato-
hoyolv oplopolc 6Toug XAELGTOUEC Xal TOUS ayvolg GpouC.

x2A.6. Aci&te to Aduua 2A.8.

x2A.7. Aeite 6 yio xdbe 6po A, av 1 Mota Xq, ... , X, TEPEYEL GAeC
TG atouxés YetafBAntés mou epgavifovtou otov A, téHte

m(x1) = p(X1)y... ,T(Xn) = p(xn) = valm (A, 7) = valm (A4, p).

x2A.8. Acei&te 6T yio 6houg toug bpoug A, B, C, xdbe petafAnt X, xou
»40e anotiunon ,

av valy (B, ) = valy (C, ),

t6te valpm (A{x := B}, m) = valpm(A{x := C}, m).
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38 2. T'ENIKH ANAAPOMH

x2A.9*. 'Eotw B xav C 6bpoL tétolol mou yio xdbe amotiunon m ot

uepLxn dhyeBpo M,
valm (B, ) = valpm (C, 7).

AceiZte 6t v xdbe bpo A, x8be petafhntd X xou xdbe armotiunon m,

av valy (A, )], téte valy(B{x := A}, 7) = valy (C{x := A}, 7).
AciZte enlone (ue avtinapddetypa) 6Tt autd dev toydet Tévta av valyg (A, m)7.

x2A.10. Av bheg oL atouwxés uetafintéc mou eygavilovtal otov épo A
elvar oty MoTd Xq, ... ,X,, N 7™ elvat anotiunon oty M xa o By,... , B,
elvat bpot, TéToLol Tou

valy (B, 7)) =wy € M, ... ,valpy(Bp,m) = wy, € B,

t61E

valyi(A{x1 := B1,... ,Xp := Bp},m)

=valp(A{x) (= wi,... , Xy = wy},T).

2B. Avadpour xou umohoyLopés

Y’ autd 1o eddgro Oa eloaydyouvue TV UTOAOYLOTLXY, onUAcLoOlOYiA
s Yhdooag R(M), tou cuoyetilel «xavovixéer (ehdylotec) Moelc ue x8be
olotnua avadpoutxdy eéiodoewy, otn uepun dhyeBea M xal anodidel adyo-
plBuoug yiow Toy unoAoyLous ALTGOY TwV Aoewy. Baowds uag otdyoc elval
va. oploovue T Beehion) xhdon Tov (YeVixd) avadpoulx®dy LEpLX®Y Gu-
vapTioewy otny Tuyala uepwx) dhyeBea M, xat Wialtepa, BéRoa, v Ny,
xou va anodel&ovue tig Baoixés tTng 8LOTNTES.

2B.1. H npoypappatixy YAdooa R(M): ocbvtadr. Lo va ypnoiuo-
notfooupe v R(M) wg npoypapuotixs YAdooo, xatapydyv Ty euniouti-
Couue ye ouvaptnolaxés ReTAPANTES

g,Cr,... (n=0,1,... arity({7) = n),

dnelpeg o TARBog Yo xdfe Suvaty TAetouédeta n. And Tn ouvtaxTixy drodn,
oL auvapTnotaxég uetafBAntéc dev Eeywpllouy and Tig ouvaptnotaxés otade-
pég fi, ..., fx mov ovoudlouv g Soouéveg uepiés ouvaptioes fi,... , fx
e M: ol épou opilovton ye v avadpout

A=z | Vi | fi(Ala"' aAnl) | C?(Alﬂ ,An)
| (av (A1 = 0) téte Ag ahAiig A3)

oL EXOLY OAES TLS LBLOTNTES TOU €YOVUE ATOSEIEEL—UOVABIXY| AVAYVWOLUS-
T, x.An. ‘Onwg xal mply, o 6pog A elval ayvég av oL ubveg atouxés
otabepéc Tou (lowg) eugavilovtar otov A elvon 10 0 4 to 1.
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2B. ANAAPOMH KAI YIIOAOI'IEMOX 39

Tunuer] avadpopixr| eglowon eivar 1 tuyala e&lowon dpwv
L(X1y-v yXn) = A,

oto Ae&héyo (fi,...,fx, L5, C),...) 6mou n £ elvan cuvaptnolaxy yeta-
BANTA" oL X1,... ,Xp Elvan Slagopetixég yetall Toug atoulxég UeTaAntés:
xa o A etvan ayvég 6poc tng R(M) otov onolo dev epgaviovton atouixég
uetaPAntéc dhheg and TG Xq,... ,X,. H ellowon xalelitar pntrj av xauia
ouvaptnolaxy uetaBAnty dev eugavileton otov dpo A.

T mapddetypa (xal pe anhomoltnuévo cuuBoiloud)

{(z) = av (z = 0) téte 1 alldg 0
elvow pnt| e€lowon oe xdbe uepunr| dhyePpar n
{(z) = av (z = 0) téte 0 aldg S(L(Pd(x)))
elva avadpoutxd| (ahh& éyt enth) edloworn e No* ot 1
{(z) = S(y)

dev elvan avadpouxn eglowon, eneldf 1 yetaPintd y eugpaviletar ota dedid
%o Oyl oToL APLOTERG.

Telxd, avadpoputxd medypoppa g uepixng diyefpag M elvon to Tu-
yolo obotnua avadpoutxdy eEloBoEwmY
(eo) Zo(Zo) = Eo
(E) :
(ex) Ck(%r) = Eg
6mov oL cuvaptnolaxés yetafintéc o, . . . , i elvat dtapopetinég uetald toug
xou elval ol ubéveg ouvaptnolaxés UeTaBAntés mou eugavifovtal 6Toug bpoug
Ey,...,E;. Ou edodoeic tou E xahodvton (avadpoulxol) optopol tov
ouvaptnoloxdv wetaBintody o, ..., Ck.

H Baowxd 1déa tng unohoyLotixic onuaciohoyiag tne R(M) etvar bt xdfe
npdypapuo E avtiotoyiler (xow urohoyilel) pia pepuxd; cuvdptnon

o MM — M (av arity(5) = ki)
oe x80e ovuBolro ; nou opileton an’ avutd, £ToL Tou ot Zo’ ... ’Zk T0 (XaAvo-
rotoUy, dnhadn
(M,Z,,-.-,¢,) EGE)=E; (i=0,...,k).

ITpwv oploouue avotned v aviieTtolyla

E— (ZO,... k)
Bewpodue pepxd noapadelyuata.
O optoude
(Ev) {(z,y) = S(y)
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40 2. T'ENIKH ANAAPOMH

elvaw and pévog Tou mpdypapua g No, mou opilet (pnTd) 0 Syueld cuvap-
wnotaxy uetaPinth {. H onuaociodoylia, mpopavde Hu npénel va pog ddoet

Uz, y) = valn, (S(y)) =y + 1.
H e&iowon
(E2) L(y, &) = av (g(y, &) = 0) w6te y e L(S(y), x)

etvar mpdypapua g (No,g) énmou g : N1 — N xou undpyouv mopa-
delypata g yia Tic onoleg n elowon (Ea) unopel vo éyel moAlég Aloelg,
‘Aoxnorn x1C.10- dunc Yo xdbe g, vrdpyer ehdylotn Mon g (E2) and ty
IMpétaon 1C.8, 7
Z(yaf) - (“i > y)[g(z,f) - 0})

xa ot elvon 1 Aoom £ mou Ba aviiotolyioel oto olpBoro ¢ 1 utohoyioTixd
onuactohoyia tne R(No, g).

Telxd, Oewpolue xow t0 €S TETEPUUUEVO TAEABELYO TEOYEGUUATOS, UE
T0 povadixd oploud

(Es) (z) = C().

H e€lowon (E3) wavonoteltan and 6heg Tig Uepixés GUVOPTAGELS 1) UTOAOYL-
otxt| onuactohoyla Ba anoddoel Ty xevi| yepx) cuvdptnon

{z)=¢(z) =L,

dInhadh mdhL TV eNdyiotn Mon g (E3), onws xau oto nopdderyua (E2).

Metd and autd Ta TPOXATAEXTIXE, TEOYWEOVUE GTOV AUOTNES 0pLoUd TNG
vrnoloylouxfic onuactoroyiac tne R(M). H Boouxd déa elvon vo avtiotot-
yloovue ot xdfe avadpouixd npdypauua E xat xébe pyetafBinti §; tou E pa
wnyovy, mou va urohoyilel xdmola ueptx cuvdETNoY Zi, xo TEENEL TEADTA
Vo 0plGOVUE TL EVVOOVUE UE «unyavip. Oa ddoouue Tov avotned oploud oc
dYo otddia.

2B.2. OrisMOz. Yiotnua puetafdoewy (transition system) etvan 1 tu-
yolow TeLddo
T = (S’ _>’ T)7
6mou:
(a) To S elvar un-xevé odvoho, oL xataotdoeic (states) tou 7.
(b) To — elvar pio Suelfic oyéon uetdfaone (transition relation) oto S.

(c) To T C S elvou t0 clvolo Twv tepuatixdy (terminal) xatactdoewy,
%ol yLo x80e tepuaTixy xatdoTaon,

(48) seT = (Vs')[s A §].
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2B. ANAAPOMH KAI YIIOAOI'IEMOX 41

M xatdotacn mou wxavonoel Ty (48) alhd dev elvon tepuotind| xahelton
dyovy. 'Eneton 6t oL xataotdoelg TaglvolodvTal O TEELS XATNYopleg: Tig
TEPUATIXES, TIG AYOVES, oL TLG YOVIUES, dMAad] aUTEG TOL €Y0UV TOUA)YL-
otov pla “enduevn” xatdotaon. To T elvol owttoxpatixd (VIETEPULLGTIXG,
deterministic), av xdfe xatdotaon s éyet to TOAD pio enduevr, dnhady

(49) [s =8 &s— s =35 =35".
[N tapddetyua, €otw
(50) m—1n <= m>n, m—on <= m=n+1

t0 obotnua (N, —1, {0}) elvar avawtioxpatind, evd to obotnua (N, —2, {0})
elvat owttoxpotind.

2B.3. Yroloyiowol. Mepixds urodoytouds Touv cueTHUATOC UeTaBdoEmY
T elvor x8be nenepacuévo uovorndte (axohoubio)

(51) Y:(80—>51—>---—>5n)

oto yedpnua (S,—) oY elvaw tepuatixds av n televtalo xatdotacn sy
elvo tepuatixd, xou dyovoc av 1 S, elvon dyovn. Areipoc (amoxiivov,
divergent) vrnoloylopde elvon xdbe drepo povordt

Y=(sp— s —-).

To urnxoc evég menepacuévon, uepxol LToloyiopol 6nwg otny (51) elvow
n+ 1.

To cVotnua yetdfBaone T vrodoyilet tn uepixn) ouvdptnon 7 : S — T av,
vy bhata se€ S, teT,

(52) w(s) =t < (3(s0,...,8n) € C(T))[s0o =35 & s, =],
6mou
(53) C(T) = 10 6UVOLO TV TEPUATIXGDY LTOAOYLOUOY Tou T .
'Eneton 6t

w(s)l <= (3(so,...,8n) € C(T))[s0 = s].

Kdbe artioxpatind cvotnua uetaBdoeny vrohoyllel axptBodg war yeptxh
ouvdptnon 7 : S — T mou opileton and v (52). Emnhéov, av to T elvon
awttoxpatixd, 16Te yia ®ébe xatdotaon s undpyel axplBdg Evag TepuaTIXdG,
&yovog # drewpog (TArjenc) uroloyiouds

(54) comp(s) = compy(s) = (s — 51 — S2,...)
mou Sev umopel va emextabel, xou mov oplletal e TV avadpoun
S0 = S,
N povaduxf 8’ tétola Tov s, — §',  av undpyet,
1, aALOG.

Sn+1
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42 2. T'ENIKH ANAAPOMH

A input output B

\\*s”

3YXHMA 2. Agnonuévn unyavi.

[ va vnohoyloouye pia wepux ouvdptnon f : A — B ye xdmoto clotnua
uetafdoewy 7, npénel va eunhouticovue 1o 7 e xdnolo TpéTo EloaymYNS
otouyeiwy and 1o A xau eaywyhs oy oto B.

2B.4. OpizMoO=. Agrnenuévn unyavy (sequential machine) pe redlo et-
0680v 10 ovvoho A xau medlo tudv Y €é6dov to ovvoho B elval n tuyala
Tevtdda
M = T (input, output) = (S, —, T, input, output),
6mov to T = (S, —,T) eivou clotnua yetaPdoeny, xor emtnhéov:
(d) input : A — S, elvan ouvdptnon etoédou (input function).
(e) output : T — B, elvaw ouvdptnon eé68ov (output function).
H 7 (input, output) vrnohoyilel T uepxh ouvdptnon f: A — B av, yla 6 a
tax €A we B,

(85) flz)=w

<~ (I(s0,.-.,8n) € C(S,—,T))[so = input(z) & output(s,) = w].
H unyavd xokeitar attioxpatixr av to T elvar artioxpotind, xat 6° auth v
nepintwon vrohoyilel ) peph ouvdptnon f : A — B mou opiletan and
™V (55) — evé pia avantioxpatix unyav uropel vo unv urtohoyilet xoulo
WEPLXT|] CLUVAETNOT).

2B.5. Avadpopixés pnyavés. I'o xdfe npdypapuo E tng R(M), opi-
Covpe éva obotnua petoPdocwy 7(E) = T(E, M) oc e&fc:
(a) O xatactdoeis tov T (E) elvaw dheg ou MéEewg s Tng Hoppric

Qg ... Om—1 :/80 /Bn—l
OTOU T GTOLYELX Qs+ vy Ay s B0+« - 3 Bne1 TNS § IXaVOTOLOVY Tig €€X GUV-
Orxec:
o x8be a; elvar cuvaptnolaxd cluBoro (otabepd i uetaAnt), | xhel-
616¢ 6pog, 1) To eWdixd clufolro 7, xou

o x8be B elvan atopxh otabepd (dnhadh B; € M).
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2B. ANAAPOMH KAI YIIOAOTIEMOY 43
(pass) az: f sa_z2zpf (zeM)
(e-call), yevixd afi:Zf — a:fi(¥)B
(e-call), vy Tpv No aS:zf—-a_ :xz+1p
aPd:zf —a =10
(i-call) ali:ZB —aE{X:=%}: 0
(comp) ah(Ay,...,An): B - ahA - A, B
(br) aav (A=0)t6te Badc C: 8 - aBC?TA:
(br0) aBC?:08 -aB:f
(br) aBC?:yf —aC:.f (y#0)

CEZCIH,...

e M e arity(f;) = n; = n.
o Xty cowtepuxi] xAfon (i-call), n ; elvon n-puehic cuvaptnotaxh yeta-

BNt Tov mpoypduuatog E nou opiletal and tnv e&lowon (X)) =

O unoyeypouuéves AMéEelg elvar autég mou ahhdlouv oe xdbe uetdfaon.
, Tp, Elval n-88a atouxdy otabepdy.
Ty elwrepixtf xAfjon (e-call), f = f; elvon Soouévn pepixd ouvdptnon

E;.

o Yt uetdfaon olvbeonc (comp) 1 h elvan cuvaptnotaxd obuBoro (oto-
Bepd # petofAnTA) ue arity(h) = n.

IMINAKAS 1. Metofdoeic tou ovotiuatoc 7 (E,M).

Yrevhupiloupe 6w évag bpoc A eivar xAelotdg av Sev MEPLEYEL ATOULXES

uetaPAntég, xat napatneodue oe xdbe xatdotoon to eWdixd clufolo

%)

ExeL

axplBade pLo epgdvion. Ou xataotdoes tov 7 (E, M) elvar ot {8eg yior 6ha
To mpoypduuata TN ueptxns GhyePpoac M, yu' autd xat Tig xaholue xal

xataotdoets g M.

[ mopdBeryua, n AéEn

C3SB3)lav 7:301
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44 2. T'ENIKH ANAAPOMH

elvaw xatdotaon g Ny, 6neg xataoctdoeig g No elvar xou ol
Pd 13 23(S(2)) : 2023

N oaxdun xol 1 arhovoTaTy

(b) Ou tepuatixéc xataotdoeic Tou 7 (E) elvon ou Méelg g wopphic
Tw
dnhady) avtéc mou dev €youv oVuBola ota apLotepd Tou ‘I xou ubvo ula
otabepd ota defid. 'Oheg ot unyavéc nov fa otnpilovtar oto T (E) Ha
€xouy TNV xovy cuvdptnon e£63ou mou anAd anodidel autd Tov aptbud,

output( : w) = w.

(c) H oyéon uetdPBaong tov 7 (E) oplletan oe entd nepintdoels and tov
IMivaxa MetoPdoewy 1, dnhadf 1 s — &' woyler av elvon el replntwon
xdmotac ypouuic Tou Iivaxa. Hopatnpolue étL ol yetafBdoels (e-call) elvon
oL ubéveg mou «aholvy ta doouéva g M, xou étol e€aptdvtal and Ty M,
eved oL petafPdoetg (i-call) elvon ot uéveg nov e€aptdvton and to cuYxEXPLUEVO
npbdypauuo E.

To cbotnua 7 (E) elvat Tpogavds oLtloxpatixd.

I %40 n-yeh) cuvaptnolaxy LetoBAnty tou F, n avadpoutxr] wnyovn
T(E, ) rapdyeton and to cbotnua uetofdocwy 7 (E) pe v nposhixn tng
ouvdpTNnong eteédou

input(#) ={: &

xou UToAoy(leL TN ueplx) oUVAETNOY 7= ZE : M™ — N, émov
(56) @) =w <= (T -8 — - — 1w
Eniong xprowog elvon xat o cuyfBoliouds
(57) M,E F {(&) =w < {5(&)=w
TOU PAVERMVEL TNV eEAETNOY NG Z and ™ uepwer] dhyeBeo M. Xtnv mpdén
avapepbuaoTe amhd o1 uepueh ouvdptnon , 6Tav To CUYXEXPLUEVO Tpb-
yoauua E xat n M elvou npogavy and ta ouppealdueva.

To xbgro abufolo tou npoypduuatoc E elvou n ouvaptnotand) uetafint

{o mou opileton oty PG e&iowon Tou K, xau to E uroloyilel v
otnv M.

[ mapddetypa, av pio and tig e€lodoelg tov E otny Ny elvan 1 pnti

{(z) = S(5(x)),
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téte 0 unohoytouds tov 7T (E)

iz — S(S(z)): — SS(x): — SSax:
-85S :z2—=-5 :z+1—:2+2

Selyver 6T yio x40e z, {(z) = = + 2.
[ éva o evdiuagépov napddelyua, topatneolue 6tL N npdobeon opiletat
avadpouxd oty Ny and 1o npdypauua ue ) wovadixr ellowon

{(i,z) = av (i = 0) téte & alhds S(L(Pd(P), x)).
Y10 YyAua 3 delyvouue tov utohoyloud NG TLUHG 2(2,3) = 5.

2B.6. OPI=MOXE. M-avadpouixég MEPLXES CUVARTNOELS, OYECELS XL
obvola. H n-yelic upepuxh ouvdptnon f : M™ — M elvar avodpopixn
(recursive) otn pepeh) dhyeBea M (H M-avadpopuxy)) av f = { yla xdnoLo
npdypoppa E g M xow xdmota cuvaptnotosai uetaint £ tou E, dnhadt

f@=w < MEF (@) =w

ue to ovuPohoud g (57). Eg@doov 1 oepd ue tny onola anaplfuolue Tig
egLodoelg eVOS TpOYPAUUATOS deV AANELEL TOV 0PLOUS TWY UEPLXDY CUVIE-
thoewv {, 1 tuyala uepixi ouvdptnon f : M™ — M elvar M-avadpouixi
av xar uévov av vrodoyiletar and xdmowo avadpouixd mpdypauue tne M,
Snhadh av f(Z) = () pe Lo to xlplo oluBoro tou E, Aoxnon x2B.2.
O¢tovue

RM) ={f:M"— M|n f eivoar M-avadpouix}.

H tuyaia oyéon P(Z) oto M eivar M-avadpopix av 1 yopoxtnplotixt
s ouvdptnon (19) eivar M-avadpoulxd, xal to tuyaio odvoho A C M
elvar. M-avadpouxd av 1 yapaxtneiotixy tou ouvdptnorn (20) elvan M-
avadpouxy.

Tty dhyePpa N xon Tig enextdoels Tng mov Jag evdtapépouy iattepa,
Bo ypdipouue

R =R(N,0,1,5,Pd) = {f : N* = N | n f elvawr Ng-avadpouxi},

xou yia x8be ohvolo TAeloueA®dY Pepxdy cuvapTioewy 6To N,

(68) R(V)={f:N"—=N|n felva (No, f1,..., fx)-avadpouxy
vl xdmoteg fi,..., fxk € U},
étoL tov R = R(0).

[ yepixés ouvapthoelg, OYEoELS xal GUVOARA GTOUS Puolxols apLbuovg
dev avagépouue pntd Ty dhyeBea Ny, dnhady ue «avadpour evvooiue «Nop-
avadpoun.
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46 2. T'ENIKH ANAAPOMH

C : 23 (i-call)
av (2=0) t6te 3 ot)\)\Ld)g S(Z(Pd(2),3)) (br)
SR, 12
SEPA,3) 7 - 2 (br)
S(Z(Pd(2),3)) (comp
S {(Pd(2),3) : (comp
S P23 : (pass)
SCPd2) : 3 (comp)
SCPd2 : 3 (pass)
SCPd : 23 (Pdl)
SC : 13 (i-call)
S av (1 =0) téte 3 adhde S(L(Pd(1), )) (br)
§3SE(PI(1,3) 71« (pass)
S 3 S(Z(Pd(1 ),3)) 01 (brl)
S S(@E(PA(1),3) : (comp
5§ L(Pd(1),3) (comp
SSCPI1L)3 (pass)
SSIPI1) : 3 (comp)
SS{Pd1 : 3 (pass)
SSCPd : 13 (Pdl)
SSZ : 03 (icall)
S S av (0 =0) téte 3 adhdg S(L(P(0), )) (br)
S S 3S5(¢(Pd(0),3)) 70 : (pass)
S S 38(L(Pd(0),3))? : 0  (br0)
SS3 : (pass)
SS : 3 (S)
S .4 (S)
: 5

YXHMA 3. O vrnohoyiouédg touv 2 + 3 and To TEdYEUUUL
{(i,x) = av (i = 0) téte = alhds S(L(Pd(P),x)).

2B. Aoxvoelg

x2B.1. Tt uepwxoig vnoloytopols éxouy ta ouothuate uetofdocwy (50),
xou Toleg Uepég ouvapThoelg Utohoyilouv;
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2B. ANAAPOMH KAI YIIOAOI'IEMOX 47

x2B.2. Acei&te 6T n tuyala yepwd cuvdptnon f(Z) eivar M-oavadpouux
av xat uévov av vrohoyiletat and xdnoto avadpouixd npdypauuo tne M.

x2B.3. T ta tpla avadpouixd npoyeduuata oty No:

(En) (z) = 5(L(=))
(E2) Z(z) = Ln(z))
n(z) =z,
C1(377 y) =T,

(1) Totec uepinés GUVAPTAHGELS TA LXAVOTOLOY;

(2) Hoteg pepxég ouvapthoels Ltohoyilouy, xou G€ TL JLaPEPOuY oL UTONO-
yiouol Toug;

x2B.4*. (1) Aci&te 6t yia x8fe npdypoppa E oe wa oA dhyePoa
M, xou ®8be n-uehq ouvaptnotaxy| yetafint  tov eugoviletan oto E, dev
undpyel dyovog vroloytouds (2B.3) tng popehc
(* iT1yeee Ty — 81 —> =+ — Sy

(2) Acei&te 6T av n M elvar pepuad dhyeBpa, 1 £ elvan n-pekds, cuvap-
oty YetaBANTH xdnolov npoyedupatog E oty M xow o nenepacuévog
vroloyopds (*) elvou dyovog, téte 1 teleutala xatdotacy| Tou elvon g
LopPnc

& fi:yla"' yYn, ﬂ

6mov 1 f; elvar o and Tig Soouéveg, pepixéc ouvapthoel g M, xau

iy, oo s yn)T

x2B.5. Oplote éva avadpouixd npdypauuo mou va urohoyilel ) ouvde-
nom tou Ackermann 1A.6.

x2B.6. Oplote éva avadpouixd npdypauua mov va vrohoyilel ) ouvdpe-
on p(z,y) oty ‘Aoxnorn x1C.7*.
x2B.7. Oplote éva avadpouxd tpdypauua E otny enéxtaon (No, g, h, T)

¢ Ng mou va utoloyilel T uepx) ouvdptnon f mou opiletan and T g, h, T
ue poloouévn avadpoun, x1B.18*.

x2B.8%. Aci&te 6t 1 «&lowony
0, av g(x)T,
f(a) - @)
g(z) +1, ol\de.

dev unopel va tumonowndel oty R, agod mpdta enynoete T npémel va amo-
deLyTel.
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48 2. T'ENIKH ANAAPOMH

x2B.9. Anodei&te 1) ddote avrimapadelyporta yio g e€hg dbo npotdoels:

(a) Tt xdBe pepindy dhyeBpo M xau xébe xg € M, 1 otabepn, wovopehic
ocuvdptnon f(z) = zg elvar M-avadpouixs.

(b) T xd6e aplBud zo € N, n 1 otabept|, wovouerfic cuvdptnon f(z) = zo
6TOUS PUOLXOVS Elval avadpouxy.

2B.7. Opismosx. (a) To tuyaio olvoro X C M elvouw xAetotd yia ta
Soouéva tng pepxfc dhyeBpac M 4 M-xhewoté av 0,1 € X, xaL
1,0, &n, € X xa fi(z1,... ,2n,) =w] = w € X, (i=1,... ,K).

(b) Optlouye avadpouixd

2% = aufo,11,
Z(kJrl) :Z(k) U{fl(;vl, ,CL'ni) ‘ T1yeve yTn, Ez(k),i = 1, ,K}

‘ = (k) . p ,
Hévowon A= zozoA( ) civa t0 GUvORO MOV nopdyeton and to A otnv M.

x2B.10. AciZte 6t yia xdfe uepixn dhyeBea M xow A € M, to A elvor 10
eMdyLoto M-xheloté urocivolo Tou M mou meptéyet 1o A, dnhadh: A C A,
10 A elvar M-x)elotéd, ot v xdfe X C M, av A C X xou to X elvor
M-xhewoté, toTE ACX.

x2B.11*. AciZte 6t av A C M xou n yepuehy ouvdptnon f : M™ — M
elvar M-avadpopuxs, t61e 10 6voro A mou napdyetal and to A elval xhelotd
yioo Ty f, Snhadn

[T1,...,0n € A, f(21,...,2,) = w]| = w € A.

2C. Eyxuvpétnta xot eAdyloteg AOoELS

Yo endpeva dVo, Oeuehioand Oewpfuata divovue Eva «Soutxdr» yapaxtnpt-
oud TV UEPIXMY oLYIETACEWY oL uToloyllovtal and T CUCTAUITO UET-
Béoewv T (E,M), nou Ba pog ddoouvv Tig Baocixés dLétntes Twv M-avadpo-
UIXOY LEPLXOY GUVAPTACEWY. 2To Téhog Tou edaglou Ba cUAAéEouue auTég
g WLoTNTES Yl o oxeTxd ovoha R xal R(W¥) otoug puotxols aptbuoic.

KXewdl yia tic anodeiletg elvar to e, anid
2C.1. AHMMA. I'ia xdfe ueptxd vroloytousd
ap:fBo—ar:f1— = Qg B
oto olotnua T(E, M) xat Aééeic a*, B* tévoiec mou g
o ag: By B
va elvar xatdotaoy, o

o ag:fBy B —a a8 B = —a" am: Bm B
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2C. ErKYPOTHTA KAI EAAXISTEY AYXEIS 49

elvau enlong uepixds vroloytouds tov 7 (E,M).
‘Eretat 6Tt av o
ag:fo—on:fr—

elvar amoxAlvwy vrodoyiouds xat n o op : By B* elvar xardotaon, t6TE
amoxAlvewv urodoyioude elvar xat o

a*og: P =t f B —

AnNoAEI=H. Me enaywyf oto m > 0, 1o Afjupa elvat tetpiupévo ot Bdon
m = 0, and v undbeon. Xto emaywyd Priua, deyduacte 6TL ) axorovbia

atag: By BT —mata:f B ==t am By B
elvat pepxdg unoroylouds, e€etdlovue EeYwELOTE TG ENTA MEQLITHOOELS TOU
duxarohoyoldy T uetdBoon
Qo © ﬂm — Q41 - Bm—i—l
xou elvar mpogavég 6TL 1 B ypauut and tov Ilivaxa 1 enlong Suxatoloyel
T uetdfaon
" am B BF — " amyi : B B

To 8eltepo GUUTEPAGHUO GUVAYETAL [UE EQPAPUOYT TOU TEMTOL GTOUS UEPL-

%00¢g LTOAOYLOUOUG

ap:Bo—ar:f1— = am:Bm (MeEN) 4

2C.2. ©earPHMA (Ynohoyiotxh Evyxupétnta tng R(M)). Ia tuyalo
avabpouxd mpdypauua E otnpy M = (M, 0,1, f1,..., fx) ue ovvaptnora-
xéc uerafintés o, ... , Ck, Gérovue

M= (MZ,,...,)=(M0,1,f1, .., [, Lo, )

‘Ernctat 6t yia xdle xAetoté dpo A oto Aeéiddyo fi, ..., fx, Coy--- Lk

(a) Av valg;(A)T, tdte 0 umodoyiouds compr(A ) touv T(E,M) ue
apyixtf xardotaon A : elvar drewpog 1j dyovos (dpo xar anoxhiver), xat

(b) av valg;(A) = w, tdte o vrodoytouds compr(A:) tou T(E,M) ue
apywxtj xatdotaon A: ovyxlivel ue tepuatixy xatdotacy) w.
Erouévuwg:

(c) Ou uepwxés ovvaptijoeis Ly, - .. , g, wxavorowdy to olotque E oty
uepwxtj dAyefoa M, xar (eldixbtepa) to E éyer AUoeic otny M.

AnoaEIEH. T ta (a) xau (b) yenowonololue etaynyh otov docuévo,
*heto16 6po A. OewpolUe TEPLTTHOOELS:

(1) Ay A=z € M, w6 valy(A4) = z, xou 0 unohoytloude

x (pass)
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50 2. T'ENIKH ANAAPOMH

anodidel ™ owoTH TWA.
(2) Av A = fi(Ay,..., An,) v xdnota Soouévn uepixf cuvdptnon fi e
M. téte o vrnoroyiopds comp(A : ) apyilel ye ) petdBaon
fi(A1,...,A,,) + (comp)
fi A1 . Anz :
Oewpolue TEELS MEPITTAOELS:

(2a) T xdmowo j, valg;(A;)1, ondte xou valg;(A)T. Av 1o j elvon T0
uéytoto < n; pe auth Ty WBétnTa, téte (ue enbrdnon g emaywyixig
unéheonc) o vroroyiopde comp(A : ) apyilet pe To BAuata

fi(A1,... Ay, (comp)
fidr ... Ay, (emary. ur.)

fi A1 An,-—l D Wy,

i

(emary. ur.)
fiAl...Aj:wj+1~-~wni
And v enaywywi undbeon ndAL, o unoloylouos

comp(4;:)=A4;: ma1:0 — -

elvow dreipog, epdoov valgz(A;)T, xou and to Aduua 2C.1, drepog eivan xou
o unoAoyloude

fi A1 Aj—l Ajl Hfz A1 Aj—l 011:,814>"'

Tou ouverdyetow 6Tl o comp(A : ) elvan dnelpog.

(2b) Yndpyouv otovyela wy, ... ,wp, 0T0 M tétowo nou valg;(A4;) = w;
v j =1,...,n;, adA& fi(wi,...,wp,;)T. L’ avth Ty nepintwon, oand ty
enaywywn undleon xou ue enixdnon ndil Touv Afupoatos 2C.1 o unohoylouds

comp(A : ) apyilet pe to PAuata

fi(Ay, ... Ay, (comp)
fi Ay ..o Ay, (emay. um.)
fi A1 ..o Ap,_1 0wy, (emay. um.)
fi twrwy - wp,
xat €36 o vrnoloyloude otapatd (dyova) epboov fi(wy, ... , Wy, )T
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2C. ErKYPOTHTA KAI EAAXISTEY AYXEIS 51

(2c) valgz(fi(Ax, ... , Ay,;)) = w, étoL TOL UTEEYOLY GTOWYE W1, . .. , W,
oto M ue valg(A4;) =wj vy j =1,...,n; xu fi(wi,... ,wy,) =w. Ané
NV enaywyLxh utéleon xou pe enixhnorn Tou Afupatog 2C.1, o utoloylouds
comp(A : ) tdpa elvon 0 e€hg:

fi(Ar, .o Ag,) (comp)
fi A ... Ay, (emary. um.)

fi A1 Ani—l D Wh,

i

(emay. uT.)

fi P W w2 ot Wey

s filw, ...y wyy,)

nou elva to {nroduevo.

(3) Av A = Gi(Ay4,...,A,) Y xdnota n-uelf cuvoptnoloxt UEToBANTY
i Tou E, 161e 0 unohoyLopds comp(A : ) apyilet e ) petdfBaon

Ci(Ay,...,An) © (comp)
Ci A1 An .

Ocwpolue TEELS TEPLTTHOGELS OTwS XL oty (2):
(3a) ' xdmoto j, valgy(A;)T, ondte xou valgz(A)T.

(3b) Yrdpyouv otouyeld wi, ... ,wy 070 M tétola mou valgz(4;) = w;
v j=1,...,n, ah\& {(w1,... ,wn)T

(3c) valgz(Li(A1, ..., An)) = w, mou onualvel 6TL LTEEYXOLY Wi, . .. , Wy
oto M tétowa mou valgg(A4;) = wj vy j = 1,... ,nxon Z(wi, ... ,wy) = w.

Tty (3a) 7 anddeldn eivon axpBde 1 (8o we authy e (2a). T g
(3b) xau (3c), ou amodeileig elvon pixpéc mapalhayés avtdv Twv (2b) %o
(2¢) mou otnpllovtal otov oploud ng Zi. Suyxexpiuéva yo v (3c), and
NV enaywyLxf utéleon xou pe enixinorn Tou Afupatog 2C.1, o utoloylouds
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52 2. T'ENIKH ANAAPOMH

comp(A : ) eivon o e&¥ic:

Li(Ar, ..., Ap) (comp)
G A ..o Ay (emay. um.)
GAL .. Apy s wy, (emay. ut.)

L wiws o w,  (oplopée e Z;)
: Zi(wl, Cee W)
mou elvon to {nroduevo.
(¢) Ané tov oploud tng avadpouxh unyovhg,
Z,(%) = w <= undpyeL TepuaTiNdC UTONOYLOUOS
EX:=%}): > 8 — - — 1w,
eneld] o vnohoylouds Tng Zz(f) apyilel ue ta PrAuaTa
G+ @ (i-call)
Ei(x:=&})
Ta (a) xat (b) tdpa cuvendyovran 6t
Ei(X:=%}): —s1— - — 1w < valy(Ei(X:=7})) = w,
€161 Tov
(D) =w < valg(Ei(X:=7}) =w
mou elvow to {nroduevo. =

2C.3. Ilori=MA. To oivolo twy M-avadpouixdy uepixdy ouvaptiocwy
neptAaufdvet tic Soouévec uepuxés ouvaptioelc fi, ..., fxk e M, ¢ mpo-
BoAés
PMzy,...,xn)=z; (E=1,...,n)

xat ti¢ otabfepéc Co(Z) = 0 xar C1(Z) = 1, xau elvaw xAetotd yia olvleon
xat StoxAdSwon.

AnoAaEI=H. T tig Soouéveg uepiés cuvapThoELS, TopatnEolue 6Tl Yo
T0 TEOY PO

(Efi) C(xla"- 7x’ﬂi) = fi(mla"' 71/'71,-)
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npogavis, {(Z;) = f(F;), epbéoov n  xavorotet to Ey,. Tia tic npoforéc xou
g otabepéc ouvaptioels 0 xat 1 yenoLuonoloVue T TEOoPAVY| TEOYEAUUATA
ue ula uévo e&lowon,

(@) = s, {(Z) =0, (%) =1.

Fo ) Swaxhddwon, n urdbeon upag diver mpoypduuata E., E; xou Ej
e M xat cuyxexpluéves ouvopTnolaxés UETIBANTES ¢, g xou h 67 aUTd Ta
TPOYEAUUATO, XAl TREMEL VO XATACHEVACOVUE Eva Véo TpdYypauud E mou va
opilel xdmnoia «ppéoxian yetointy , étol mou

Cp(%) = av (ep, (%) = 0) téte 9z, (Z) al\dsg hg, (2),
6mou ou Selxteg pavepdvouy Tar TpoYpdpuaTa Tou unoloyllowy TS Cr, Gp,
nou EE,L. Kdévovtag pepixéc ahpafntinés allayég oTic CLUVAETNOLAXES UETO-
BAntéc twv B, By, By, unopoldue va utobécouue dti autd ta npoypdupota
dev €youv xowvég ouvaptnolaxés uetafBAntég, xau Bétouue
E=E.+E;+ E, + {{(Z) = av (c(Z) = 0) t61e g(Z) adlédc h(Z)},
6mov pe “+7 evvoolue TN oLAAOYH OAWY TWV oploudV oTa doouéva mpo-
yvoduuata. To E elvar npdypauua, epbdoov xdbe cuvaptnoloxy uetafAnti
oplletan axeptBide pia popd. Iapatnpodue 6t
e (%) = cp. (%),

anAd eneldy) xdbe vrohoyloude

compg (c: %) =c:Z—ay:01 — -

touv E,. elvar xou umoloyiouds touv E, xou enouéves (and v oawttoxpatio
TWV TPOYPoUUdTLY) Elvar o wbvog urnoloylouds oto E mou apyilel ue ty
xotdotaon ¢ : &, dnhadn

compy_(c: &) = compg(c: %)

P _ , , , y
dpat Cg = Cg,, xdl 1o (dlo, BéBara, LoyVel xal yio ta oVuBola g xou h.
Tehxd, and to Bedpnua 2C.2, n {, xavonotel v e&iowon mou v opilet
oto E, xou étou

(%) = av (Cp(&) = 0) 161 Gg(&) alde hp (&)
=av (Cp, (¥) = 0) t67€ g, (T) ahhdg h, (Z).
H anédeiln yua ) obvleon elvar mapduoia, ‘Acxnon x2C.1. =

2C.4. TIoPI=MA. Tia xdfe uepwxrj dAyefoa M = (M,0,1, f1,..., fk)
xat toyalec g: M™ — M, f: M™ — M,

[g € R(M) & f € R(Mag)] :>f € R(M)a
érov (M, g) = (M, 0,1, f1,..., fk,g) elvar n enéxtaon tnpe M ue v g.
AnoAei=H. Aoxnon x2C.2. -
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To enduevo Bedpnua yapaxtneilel tig avovixée» Aooelg evds npoypdu-
uotoc E mou vrohoyilovtal and tny avadpoutxn unyavi:

2C.5. ©earPHMA (Ehayiotov Xtafepdv Enuelov). [a xdbe npdypauua
E oty uepwaij dAyefoa M ue ouvaptnoiaxés uetafintés Lo, ... , Lk, ot ue-
puéc ovvaprtijoeis {y, ... , ), mov vrodoyilovtal and to T(E) elvar ot C-
eldyiotes ueptxéc ouvaptijoetc mou wavonololy ti¢ eélodoels tou E.

AnoAEgr=H. OL Zoa .. ,Zk u@avonolovy to cbotnua E and to Oedpnua
2C.2, dpo apxel va dei&ovue étu av ov tuyalec ), ..., ), txavomowly tig
ellodoeic tou E, téte

zl(f) =w=0{(@)=w (i=0,...,k).

YroBétoupe 6t ou ), ... , L}, wavonotoby tic edlodoels tou E, xau few-

podue T douég
M:(M,ZO,...,EIC), M =(M,,...,)-
And to Oedpnua 2C.2, Eépouue 6T yio xdbe xhetotd Gpo A oto Aelihdylo
(f1,--o s fr, %oy o v 5 Sk), ov valgg(A) = w, t61€ 0 Unohoyioubds comp(A )
e T (E) elvan teppatinde pe tekevtaio xatdotaon my : w. Oa delovyue
ue enaywyR oto m, 6T yia xdbe A xau yio x8be w,
(59) avA: —a1:01 = Qmo1:PBm_1 — :w, téte valy (4) = w.
Y elduxd nepintwon A = {i(z1,. .. ,2,), autd anodidet
Z,(%) = w= valm (§;(7)) = w={}(Z) = w,

mou elvan To {nroduevo.

Tty anddeln g (59) eZetdlouue ) poppy| Tou A, xou To emuyelpnua
elvar tetplupévo (6mwg oty anddelln tov 2C.2) oe dheg Tig MEPLTTAGELS
extds Amd TNV

Ci(Aq, ..., An),
Yot TV onolot 0 UToAOYLOUOS EYEL TN LopYN
Gi(Ar, ..., Ap)
G Ay - Ay

Ci Al An—l L W
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H enayoywoi undbeon tdpa ouvendyetow 6t
valy (A1) = wi, ..., valyy (4y,) = wy, valyy (E{X = w}) = w

eneldt] oL uToloyLouol oL AVTLETOLYOVY 6’ AUTES TIC TUUES EYOLY ULXEOTERO
ufxog. ‘Apa
valyg (Gi(Ar, ., An) = (val (A1), ., vale (4,))
=C(wi,...,wp)
= valy (Ei{X := ¥}) = w,

6mou 1 tehevtala elowon exppdlel axplBodg v undbeon

M | (%) = Ei. :

2C. Aoxroelg
x2C.1. Aci&te 6111 60vheon (10) M-avadpoutxdy Heptxdy cuvapTAGEWY
elvar M-ovadpoutx.

x2C.2. T %80e pepunr| dhyeBpo M = (M,0,1, f1,..., fx) xou Tuyoieg
g:M*— M, f:M™— M,

[g € R(M) & fe R(Mag)] = fe R(M)a
6mouv (M, g) = (M,0,1, f1,..., fK,g) elvan n enéxtoon e M ue v g.

x2C.3. Acsi&te 611 av ot P(Z) xou Q(&F) elvon avadpouixéc oyéoelg ot
ueptxn dhyeBpa M, téte M-avadpouixéc elval xal ol oyéoelg

Ry (%) < -P()
Ry (f) (f) (

x2C.4. Acilte 6u n évoon AU B, n toud AN B, xou 1 Slapopd
A\B={z€ A|z ¢ B}

300 M-avadpouxdv cuvOAwY elval avadpouixd cOvoAa.

AciZte enlong 611 T0 wovooivoro {0} elvar M-avadpouixd oe xdbe uepixth
dhyePpa M, evdd oe xdmolo yeptx dhyeBpa, to povooivoro {1} dev elvon
avadpouxd.

2C.6. OrizMOz. ' xd0e f: M — M, neravéndm f: Nx M — M
e f oplleton pe ty avadpout|

ey ==, ()= f(f"()).
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x2C.5%. Aciéte 6t av ot g,h : M — M eivar M-avadpouixés pepixég
ouvopthoels, 1ote M-avadpouxn elvat xon 1

f(z) = g™(x) émov m = (un > 1)[A"(z) = 0].

2D. Avadpoutxéc hepxés CUVAPTNOELS OTOUG PUOLXOUG

YrevOhuullouue tov oploud (58)

R(Y)={f:N" =N |n f elvar (No, f1,..., fKx)-avadpouxi
v xéroteg fi,..., fx € ¥}

TOV UEPMAY CLUVAPTACERY Tou elvon avadpouixés oto tuyaio cdvolo W
TAELOUEADY, UEQXDY GUVIPTAGE®Y GTOUS PUOLXOUS, XAl GUAAEYOLUE OE EVal
Bedpnua Tig Paoixéc WdTteg tou R(P) nouv cuvdyovtow and to YeEVILXE
Bewpuata ota %o mponyolueva eddgpia. Autég taydouy, BERoia, xat yio To
ovoho

R =R(0) = R(No)
TV (andluta) avadpouxdy, uepxdy cuvapticewy oto N.

2D.1. ©EQPHMA. To otvoro R(V) elvar mpwroyevdc xAetotd xar xAet-
016 yia edayioTonoinon, EToL mou

Ru(¥) € R(¥),

xat, tSaltepa, xdfe elayiotixd avadpouixij uepixij ouvdptnon elvar ava-
Spoutx.

AnoAEIEH. To odvoho R(¥) nepéyel tic npofolés, tic otabepéc 0 xow
1 xau g doouéveg S(z) xou Pd(x) enedh xébe R(No,0,1, f1,..., fr) ue
fi,--o, fr € U €yer autéc Tic Wibtnteg and to dploua 2C.3.

Tnv tpwtoyevh xhetotdtnta Tov R(P) v aghAvouue yia doxnon, x2D.1.

Apxel va del&oupe 6L To ovoro R(T) twv avadpouxdv oto U peptxdv
ouvapThoewy elval xhetoTd Yo elaytotonoinon, dSnhadh av g € R(T) xou

[y, @) = (pi > y)[g(i, @) = 0],

6t f € R(¥). Anéd v Ilpbtaon 1C.8, n f elvow n ehdylotn Aon tng
avadpouxic eElowong

f(y, @) = av (9(y, Z) = 0) 6t y addds f(y + 1, %),

mou (and uévn tc) elvar mpdypapua, dea (and to Oedpnua 2C.5), n f
vrohoyiletor an’ avtéd to npdypoupa xal f € R(TPU{g})  adld av g € R(T),
t61e R(T U {g}) = R(¥) and 1o 2C4. =
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2D. Aoxvoeg

x2D.1. Aci&te 6t av ou g(Z) xou h(w,y, T) elval avadpouiréc oto ¥ xau
n f(y, &) oplletan an’ avtéc pe Vv npwtoyevh avadpour) (11), téte o 7
f(y, @) elvonw avadpouxh oto P.

H tadtion twv avadpouixdv cuvapticewy otoug guowxols aptbuods ue
tic Np-avadpouiréc cuvapthoel vrauvicoetal (e xdroto tpéTo) 6Tt oL He-
uehtaxég ouvapTAoELS 6Tou QuaLxolg elval ot S xat Pd. Autd dev ahnfedel
6tav (6w ouvnbileton) ypnotuonolodue T dUixR avamTUEN TV PUOLXGY,

T =x0+ 112+ 2222 + -+ + 112F (z; < 1),
ondte 1) PuaLxy uepwxt| dhyeBpa Exel SlagpopeTtixd Soouéva. Btouue
(60) N, = (N, 0, 1, Parity, iga, ems, oms),
6mou Parity(z) elvow 0 4 1 avdhoya, av o z elvar dptiog ¥ mepLttdg, xon
iqe(z) = quot(z,2), emy(z) =2z, omy(z)=2x+ 1.
x2D.2. Acite 611t R = R(Ny), dnhadh oL avadpoulxée, uepixée ouvap-

THoelg 6ToUS PUOLX0US apLlbols elval axplBdSE oL UEPIXES GUVAPTHOELS TTOU
vrohoytlovtan and mpoypdupata e R(INp).

x2D.3*. Aci&te btL n wovadinr ohuxt| Mior tne ediowong (x) otnv doxnon
x1C.12* elvow avadpouixh, ahhd 7 (x) éyel xou Aooelg mou dev elvar avadpo-
UXES UEPLXES GUVAPTATELG.
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KE®AAAIO 3

YIIOAOTTYIMOTHTA KAI ANAIIOKPIYXIMOTHTA

And ta xevtpd anoteréopata 6’ autd to Kepdhato tnydlouvv ol onuavrt-
%61epES EaproYEs TNne Oewplag avadpounc atoug ualxols apliuoic mou
Bo exBéoovue oto enduevo Kegpdhato. Edd Oo Oécovue Tic anapaltnteg po-
Onuatinés Bdoes yu autég Tig epapuoyés, xou Bo Bepelidoovue T oyéon
avdueoa oty «avadpoury xal TNy «wroloylotudtntar — o neplpnuo Altyua
Church-Turing.

3A. Kavovixr poppn xau anoplbunon

¥’ auté 1o eddylo Ha deifouue to e&hc Paowxd Oedpnua, mou elval Oeue-
AMoaxd yio To Béua pog.

3A.1. Ocedhpnpa Kavovixrs Mopprg xow Anapibunong [Kleene]. Yrdp-
XEL mewtoyevdc avadpouxyi ouvdptnon Uly), xat mewrtoyevds avadpouixéc
oyéoeic Ty(e,x1,...,xn,y) (n > 1) xar ovvaptioeic S(e, 21, .., 2m)
(n,m > 1), yia tic onoleg toybouvy ta £€rc:

(a) H tuyala, n-uerijc uepwxii ouvdptnon f(&) otouc uotxolc elvar ava-
Spouxt av xat ubévov av undpyet xdrolog apludc e TéTolog Tou

(61) f(@) =U(pyTu(e, &,y)) (£=w1,... 2, €N).
(b) Ia 6ra ta e, y, Z=21,... ,2m XA T =T1,... ,Tn,
(62) U(pyTm+n(e, 2, %,y)) = U(pyT,(Sy' (e, 2), T, y)).

EmnAéov, ot ovvaptiioeisc S (e, Z) elvar éva-mpog-éva.

Ané iy xavovixs poper (61) ouvdyeton 6t xdfe avadpouixt| pepixh ou-
VAPTNOY) (MapdYETOLY ond TEWTOYEVAS avadpoutxés cuvaptioels ue (L6vo)
uto Braxddn avalAtnon, xal eldixdtepa, 6Tl x80e avadpoutxy| ueptx) cuvdp-
o elvon ehaytotxd avadpouxn. Enlong, av Bécovue

(63) o (£) = U(pyTy(e, Z,y)),

59



60 3. YIOAOI'ISIMOTHTA KAI ANAIIOKPISIMOTHTA

t671e 1 edlowon (61) cuvendyetan 6t v x&be n, N axoloubia

<p6l7 <P§_L7 et
anaptfuel 6heg tig n-pelelc avadpoulxés UEPIXES GUVIPTHOCELS, UE TETOLO
tp6m0 ToL 1) (N + 1)-uels peptx| cuvdptnom
" (e, @) = pe(Z) = UuyTnle, 7,y))
va elvan avadpouixh. O aptbuds e xakelton xwdtxnde g weptxic ouvdptnong
P2, xou elvow edxolo va dovue 6t xdfe avadpouxy| uepixn ocuvdptnon €xel
ToAholg xwdixols, ‘Acxnon x3A.2.

H Baow éa yio v anddetln elvan va xwdixomotoouue ue aplbuovg
(6mwe oto 1B.11) tor avadpouixd npoypdupata tne Ny xat toug tepuotinois
UTOAOYLOUOVG TWV AVASPOULXGY UNYAVKDY, ETOL TOU 1) OYEa
(64) T.(e,Z1,... ,Zn,y) < o0 e clval xwdxdg xdnotov

avadpoutxol mpoypduuatos E,
ol 0 Y elval xwdxdg
Tepatixod utoloylouol tou E
oty eloodo {y : x1,... , 2,
VoL ELVAL TTPWTOYEVAS AVASEOULXT], XOL Vo UTEEYEL ULdL TPWTOYEVAS AVadpo-

uwe) ouvdptnon U(y), tétola mov av o ¥ elvat xwdixdg Teppatinod uTohoyt-
ooy, 16T
(65) U(y) = n wuh e€6dou and tov (tepuatind) unohoyioud y.
A’ avtolc Toug oplouolc cuvdyetor auéswns to (a) xa dieuxpviletal To
vénud tou. H onuaocto tou xdnne texvixdtepou (b) Oo e&nynbel otn nopeia.

Ytoug unohoylouols mou TpéReL vo xdvouue Bo ypnoluonoticovue ena-
veLAnuéva xmdixolc axoloubidy (1B.11). T tnv anhovoteuoy oplouévmy
Tonwy, Bétouue

(wig = (W), (Wijr = (Wi)j)r, xAx,
first(u) = (u)o, last(u) = (u)lh(u) s

étoL Tov
first({(uog, ... ,Un—1)) = ug = 10 TPATO GTOLYELD TNS U, - - - , Upn—1,
last({uo, ... ,Un—1)) = Un—1 = TO TEAELTALO OTOLYELO TN Ug, ... , Upn_1,
2ol

(<<072>7 <170>>)0,1 =2, (<<072>7 <170>>)1,0 =1

Eniong Oa ypelaotodye uepinés TeYVIXES LBLOTNTES TV XWILXGDY 0x0AoLOLOY:
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3A.2. AHMMA. Ia v xAaowxij xwbixornolnon (1B.11), ov eérjc ouvap-
Tjoels elval mpwtoyevds avadpoutxés:

(66)  maxseq(n) = max{{ug,... , Um—1) | MyUg, ... ,Um—1 < N}

(67) seg(u,i,])
_ ) @iy @iy (W)= 1), av Seq(u) & 0 <7 <j <Th(u),
0, aAMLAC.

EminAéoy, yia dda ta u,1, 7],
xauw avi >0 7 j <lh(u), tére seg(u,i,j) < u.

ANOAEIEH oty Aoxmon x3A.1. a

ATIOAEIEH TOY OEQPHMATOE 3A.1. H oepd optoudv mov axohoubel
xoduxomotel Ta Bacixd ohvoha avTIXELUEVELY Tou avaxinTouvy o1 Dewplo Tng
Tpoypauuatixic Yhdooag R. Xenoluwonoobue v xhaoixh xwdixonoinon

axoloubLdy, xou 1o ouuPohioud [X]a Yo Tov xwdd Tou aviixeluévou X
dnhady) ov oplouol pog divouy dadoyixd éva-npog-éva GUVAETHOELS

[]AZAHN

yia x&fe Baoixd clvoro A mou o xwdixonoticovue. Avtl yio [ |4 Ba ypd-
pouye [ |;, 6mou 1 xwdixonoinon tou cuvéhou A optleton 6to 0ploud i, Yio
1=1,...6.

1. ZduPoda. Tougpova pe toug oplopotc e R(Ng) oto 2A.2, Hétovue
T

Vil = (0,0,4),  [n]s = (0,1,m), [S]y = (1,1,0),
[Pd]y = (1,1,1), [Th = (L,n,2+14),
%O Ylo ToL UTOAOLTAL OY TG cVUPBoAA
av  téte oA\de o, () = 7
Xenoidonotodue toug aptbuoic
(2,0),...,(2,7),
dnhadd [av J1 = (2,0), [téte |1 = (2,1), ..., [?]1 = (2,7).

IMopatneodue 6Tt 0 xwdixde Tou TuYaiov aptbuol n elvon yeyalitepog and
oV N, TY-,

[1]; = (0,1,1) = 2- 3% . 5% = 450

TPoPavAS eV g evBlaépel e 1 anoteAeouaTXdTNTA TNS XwdLxonolnone.
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62 3. YIOAOI'ISIMOTHTA KAI ANAIIOKPISIMOTHTA

2. AéZeis. T xdbe MéEn (axoloubia)
a =g oy
and oVuBola (cupnephapuBavouévou xou tou ‘77), Hétouue
[ - -~ anla = (o)1, [aa]r, ..o [an]1)-
[N Topdderyua,
[S(v)l2 = ([S]1 [(J1, va]a, DI} = ({1, 1,0), (2,4), (0,0, 1), (2,5)),
(€3 (vi, 0)]2 = (€31, [(J1, vals, (0], D]w) = -

EWludtepa, o oplouds awtdg avabéter xwdixods otoug dpous tng R, mou
elvon Aé€erg an’ autd to oVUBola.
IMopatienoy. Ou aptBunuxée petafintéc v; xou ol aplbuntixés otabepég

n elvar oOpPoia, ahAd elvon xal 6potl uixoug 1. "Etot €youv dbo Slagpopetinég
xIXOTONCELS, 1S oVUPBOAA Xal »G GPOL, XOL TEETEL VO TEOGEYOUUE VOL UMV
LG oLYYEOVUE:

[Vi]l = <07 0, i>7 [Vi]2 = <<07 0, l>>

[n]l = <O’1?n>7 [n]Q = <<0717n>>'

Do mopdderypa, [0]; = (0,1,0) = 2-32-5 =90, evés [0]2 = (90) = 291,
3. Avadpouixég eguodoets. H tuyala (tumixn) e&lowon xabopileton and
T0 aploTeEPd xal 10 dedLd Tng oxélog, Tou elval bpol: BETovue

[€(V) = E]s = ([C(V)]2, [E]2)-

4. Avadpourxd mpoypdupata. Av E = (e, ... ,ex), 161 x8be e; elvon
eglowom, xat Hétovue

[E]a = ([eo]s; -, [ex]3)-

5. Koataotdoelg. To otolyelo 610 aplotepd oxélog ulag xotdotoong
elvat 1 xAetotol 6pol R cuvaptnotaxd oduBola 1 to ‘7?7, evdd Ta oTolyEla GTO
de&16 g oxéhog elvan aplbuntinés otabepés (dnhady| aptbuol). Oétouye:

[O‘07 ey Q-1 t /607 e 7Bn—1]5 = <<[a0]/7 ey [am—l]/>7 <[ﬁ0]17 ey [Bn—1]1>>7
6mov
]’ [ai]1, av o @ elvan cuvaptnolaxd obufolro ¥ to 7,
;| =
[ai]2,  oahhdg, dnhady| av o oy elvan xhewotdg bpog.

E3¢ npénel va tpooéZouye, eneldt| ot aplbuntinés otabepés xwdixomotobvtol
g oVuPBola oto 8e&lé oxENOg oL WG 6oL 6TO APLETEPS” Yla TapddeLyUa,

2:2]5 = ({({0,1,2))),{(0,1,2))).
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IMopatnpodue 6t 6tav o uw elvan xwdxds Ulog xatdotacng a : (3, tote o
first(u) elvan xwdixdec Tov apLoTeEPOl oxéhouc ay ot o last(u) elvar xwdixde
Tou deZlov oxéloug .

T va enaknfedoovpe 6L 1 cuvdptnon a — [a]s elvan éva-tpog-éva 6to
oUVOAO XOUTAOTACEWY, MEENEL VO TAPATNENCOVUE OTL xavévag aplbudg Sev
elvar Tawtdypova xwdixdg cuvaptnataxol cuufdiou 1 tou ‘77 xau emlong
x08bg ®AeloTol bpou autd Loy el eneldn To npdto obuforo xdbe xheloTol
bpou E elvan éva and to

S? Pd7 n7 ? (

i
ue xodxd > 2, étol mou Yo xébe 6po E, first([E]z) > 2° evd av o u elvon
xwdxds cuuBdlou, téte first(u) < 2.

6. Yrnohoyiopol. T xdbe axolouvbia xatactdoewy s = (sg,... ,Sk),

Hétovue

[80, “e ,Sk](; = <[80]5, ey [Sk]5>.
Autd xwduomolel Sheg Tig axoloubieg xatactdoswy, xou Saltepa Toug
TEPUATIX0UG LTOAOYLOUOUG TNG UNYAVAG Yl OTOLOdNTOTE avadpoulxd mpd-
YPoua.

Y autd 1o onuelo oL oplopol (64) xau (65) elvow avotnpol, xal yia to
uépoc (a) Tou Bewpuatog apxel va delfouue 6t n oyéon Ty (e, Z,y) xou n
ocuvdptnon U(y) elvat Tpwtoyevde avadpouirés.

To devtepo elvon amhd: ylotl, Ue TPOGEXTIXY «ATOXOILXOTOING TWY OpL-
ouoy, apxel va Bécovue
(68) U(y) = last(y)1,0,2
(‘Aoxnon x3A.3).

I to mpdTo, divouue yla oelpd and Bondntixois oplouolc TEMTOYEVHS
OVASPOMULXDY «GUVIPTAHOEMY XUl OYECEMY ATOXWIXOTOINONGY TOL XATAAN-
youv pe to {nroduevo. O meplocdtepeg and Tig anoutodueveg anodetlelg
TpwToYeEVOUG avadpoxdtnrog elvor amhég, xou yi' autég mov dev eivon Ba
napoabéoovue pepxd oydAa uetd tov xatdAoyo.

ApMet(v) <= 0 v elvar xwdndg xdmotag v;
<~ v=1{0,0,(v)2)
Ap¥taf(c) <= o c elvaw xwduxdg aptbuol
<~ ¢=(0,1,(c)2)
YuvMet(f) <= o f elvan xwdxds xdnotag '
= f=0LHu2)&(fl1=21&(f)2>2
SuvXtal(f) <= o f elvow xwduxdg Tou S ¥ Touv Pd
> f=I[ShVf=[Pd
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SvEuup(f)

<= YuvMet(f) V ZuvEad(f)

arity(f) = n mhetopéheto Tou cuvaptnotlaxol cuuBéiov f

Opog(u)
K\Opoc(u)

ZuvHOpoc(u)

YroOpog(u, v)

Arm\Opog(u)

Egiocwon(e)

poyp(e)

Kaz(s)

TepuKat(s)

Avt(u, j, z)

IM\Avt(u, v, w)

I
=~
~—

(av o f elvar xwdixdg cuufdlov)
1
o u elvatl xwdxdg Gpou
0 u elval xwdxdc xheltoTol dpou
Opoc(u) & (Vi < lh(u))-ApMet((u);)
o u elvar xwduxég bpou T (Aq,... , Ay)
Opoc(u) & TuvMet(first(u))
0 v elvat x0dxdg UToHEOL TOL 6oL UE XWIXS U
Opoc(u) & Opoc(v) & (Ti,5 < lh(u)[i < j & v = seg(u, 1, §)]
0 u elvon x0dxég bpou T (v, ... V")
YuvhOpog(u) & (Vv < u)[YroOpog(u,v) = ApMet(v)]
o e elval xwdxde avadpoulxfc e&lowong
e = (first(e), last(e))
& Am\Opoc(first(e)) & Opoc(last(e))
& (Vi < 1h(last(e)))[ApMet((last(e));)
— (3j < h(first(e)) [(last(e)); = (first(e));]
<= o0 e elval xwdxdg Tpoypduuatog
<= Seq(e) & lh(e) > 0 & (Vi < lh(e))[EElowon((e);)]
& (Vi < 1h(e)) (V5 < 1h((e)s1)
[SovMet((e)i.15) = (3k < Ih(e))[(€)i15 = (€]

= 0 s elval x0dxdg xaTdoTACNS
= 5= {(s)o, (s)1)

& (Vi < 1h((s)o)

[ZuvZuuB((s)o,i) V (s)oi = [7]1 V KAOgoc((s)o,i)]

& (7 < In((s)1) ApSad((s)1.5)
= 0 s elval x8xdG TEPUATIXAS XATAGTACNS
< Koat(s) & h((s)g) =0 & 1h((s)1) =1

=4f T0 anoTéAeoua NG avixatdotaong e UeTABANTAS

L1 A A I A

pe xwdxb j = [v;] ue ™ otabepd = oTov bpo ue xwdd u
=4t TO AMOTEAEGUA TNG AVTLXATAGTAGNG

TV UETABANTOV ue xuwdxods (v)o,. .. ,last(v)
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ue g otabepéc (w)o, .. . , last(w)
6TOV 6p0 UE XWX U
MetAmAOpou(u) =gt {[Vi,]1s--- s [Vi,]1) (v u=[C"(Viyy---,Vi,)]2)
MetéBaon(e, s,s') < Ipoyp(e) & Kat(s) & Kat(s')
& s— s ot T(E) ywwe=[E],
Yroh(e,y) <= o y elvar xwdindg tepuatinod unoloylouol
cto T(E) v e = [E]y
<= llpoyp(e) & Seq(y) & lh(y) > 1
& (¥ < Ih(y) = )MezdBaon(e, (1):, (1)is1)
& TepuKat(last(y))
T.(e,Z,y) < Ilpoyp(e) & Yroh(e,y)
& first(first(y)) = (first(first(first(e))))
& last(first(y)) = [z122 - @02
H mpdtn un-npogavig anddetén 6’ autd Tov xatdhoyo elvat 1 tpwtoyevig
avadpouxdtnta g oyéong Opog(u), mou elval xat 1 o SUOXOAN.
Appa. H oyéon
(69) Opoc(u) <= o u elvouw xwduxdg bpou
elvat mpwroyevds avadpouixi).

Anédeln. And tov oploud Toug, oL bpol eival TEaadpwy Lopedhy, Snhadt
(70) Opoc(u) <= Opoci(u) V Opoca(u) V Opocs(u) V Opogy(u)

og avtlotolylo Ue aUTES TIC MEPLITMOOELS, 6OV

Opoci(u) <= u = [v;]2 Yot xdmolor wetafBAnT v;
— u= <<0’07 (u)0,2>>a

Opoca(u) <= u = [n]z yia xdnolov apliud n
— u=((0,1, (u)o,2))-

Ytig mo dboxokeg teheutaleg dVo mepintdoelg, To av o AéEn elval Spog
eCoptdtol and To av pepxd (yvAola) tuAuatd tne elval dpot, xau autd pog
divel 3Vo LooBuvapleg Tou TEETEL var LxovomoltovvTaLl and Toug xmwdixols. T
v meplntwon g StaxAddwong, vrohoyilovye:

Opogys(u) <= u = [(av (A =0) w6t B addg C)]2 v bpoug A4, B, C
<= (3 a,b,c < u)[Opoc(a) & Opog(b) & Opoc(c)
&u=[(av (]2 ¥ ax*[=0)téte |2 * b* [aANDG |2 * ¢ * [)]2].
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Ouv avioétnteg a,b, c < u dixatohoyolvton emeldy) av o u elvar xwdixdg evdg
bpou

E = (av (A =0) téte B adhdg O),
téte oL 6pot A, B, C elvan yvhiowa tufjuota tov E, xat étol ot xmduxol toug
elvan pxpdtepol tou u and 1 Baowx WidTNTa g cuvdptnong seg(u, 3, j)
o710 Afjuua 3A.2.

Telxd Bewpodue v tehevtala ntepintwon, mouv elvar duoxoldtepn eneldn
0 «oUVleTO0» bpog UE (WS U TapdyeTal and n UTodpoug, Yia Sldpopa n:

Opocs(u) <= u=[f(Ao, ..., An-1)2
yia 6poug Ao, ..., Ap_1 o n-puekéc obuforo f,
6mou Ue «oUUPBolo» evvoolue xdmola cuvapTnataxy LeTaBANTH A ula and Tig
otabepéc S, Pd. Av o u wavorotel auth ™) ouviixn, téte unopolue vo unto-
Noyloovpe Tov xwdixd tou cuuBérou f, [fl1 = (u)o o v TAelopédeld Tou
n = (u)o1. Emlong yvwpilovue 61t or xwdixol twv bpwv Ag,...,A,_1
elvar uixpdtepol tov u, epdoov autol ol dpol elvor yvAcla TURUATO TOU
f(Ao,...,An_1). 'EtoL n wooduvapia tou ixavornotel 1 ouvBixn Opogs(u)

Talpvel TN Hopp
Opocs(u) < Seq(u) & TuvZuup((u)o)
& (Jao, - - - 5 aw),, = 1)[(Vi < (u)o,1)Opog(a;)

&u=((u)o)*[(Jaxao*[,]2*  *ag),, —1*[)]]
Auté Huuiler Tohd v Looduvapio tou txavorotel 1 ouvBfixn Opocs(u), extdg
and g teAltoeg « ... » mou mpénel BéPota vau TG amo@lyouye, xaL YU autd
t0 oxond opllovue Tic e€hc, Bondntinéc (TpwToyevde avadpoulxés) cuvop-
THoELS:

h(0,u,a) = ((u)o) * [(l2 * (a)o

h(t +1,u,a) = h(t,u,a) * [, ]2 * ((a):)
g(u,v) = h((u)o,1,u, a) ).

Av o (u)g elvon xwdindg xdmoLov n-ueholc cuvaptnolaxold cuuPdrov, (u)y =
[f]1, xou vy i < n o (a); = [Ai]2 elvor xwdixdg xdnotag MéEng, t61e

h(0,u,a) = [f(Aol2, h(l,u,a)=[f(4o,A1]2,---,
%ol TENLX,
9(u,v) = [f(Ao, A1, ... , An_1)]2.
‘Enetow 41t ) ouvBipn yio Ty Opocs(u) telxd Talpvel T popeH
Opocs(u) < Seq(u) & ZuvIuuB((u)o)
& (Ja < maxseq(u))[(Vi < (w)o,1)Opoc((a);)
& u=g(u,a)l.
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Av tdpa avTiXaTaoTACOVUE AUTES TIG LOOSLUVAULES YLal TLG TECOEPLS TMEPLTTEM-
oelc oty (70), napdyouue wia Looduvaulo Tou txavornoleltal and tn oyéon
Opoc(u) xat tov GuVENdyeTaL UX0AA UE TAAEN TEWTOYEVH avadpoud yia oyé-
oetc ("Aoxnon x1B.17) 6t 1 Opog(u) elvar tpwtoyevdg avadpoutxd. T va
xataypddouue %’ auth ™) Aentopépeta (Uia xoL @Tdoaue wg e8G), BETovue

H(w,u) <= Opocy(u) V Opoga(u)
V|Seq(u) & ZuvEuuB((u)o)
& (Ja < maxseq(u))[(Vi < (w)o,1)[(w)(q), = 1]
& u=g(u,a)
V(3 a,be < u)[(w)g=1& (w)p =1 & (w). =1)
&u=[(av (Jo*ax[=0)]2*bx* AN |2 * ¢ * [)]a],
xaou enaknfedouue (e Ty avdhuon mou éyovue RdN xdvel) 6T, Y xdbe u),
Opog(u) <= H((X0poc(0); - -- ; X0poc(u = 1)), u),
mou cuvendyetal (6nwe oty ‘Aoxnon x1B.17) 6t v Opoc(u) elvon Tpwtoye-
VOGS ovadpouLx. (Adupa) -
H npotoyevic avadpoutxdTnta Twv Teptocotépmy and Tig dAAes oyEaelg
%Ol CUVOPTHGELS TOL %aTaAdyou elval TpogavAg, 1 ToLAdyLeToV €0XOAY),
extog and tny Metdfoon(e, s, ') mou ypewdletar xdmowa oxédr xou T apyh-
vouue yia doxnor, x3A.4% ailel va xatepyaotel o avayvdotng tig Aento-
UEPELES TOVAAYLOTOV EVOS A’ AUTOUE TOUS UTOAOYLOMOUS, Yld Vo XoTaAEBel
nepl tlvog mpdxettat.

T to pépog (b) tou Bewphiuatos, npénel va utoloyicouue and Tov xwdxd
e xdnolov cuoTthuatog E mou unohoyilel T uepxn) cuvdptnon

g(yh cer s Ymy Tl e axn) = 806(37’ f)
xat doopévoug aplBuolc Z = z1,. .. , Zm, TOV X0 S (e, Z) wdmoLov dAhou
ouvoThuatog Ex mou unohloyilel ) uepixt| cuvdpetnon
(71) (&) = g(2, %)

xou elval mpogavég 6TL av To Te®dTo cuvapTnotaxd cluPolo tou E eival to
g xau to f elval xauvodpyta cuvaptnotaxh uetofAnty (tou dev opiletal 6T0
E), t6te apxel va tpocbécovue oty apy”f tou E tov optoué (71). 'Eote

G (R R R VR T O

i ) ) ) )

7N Tpdn elowon tou ocuvotiuatog E ue xwdixd e. 'Encton (and tny xodi-
xomolnom), 6Tt 0 xwdde g cuvapTNoLaxhs UETABANTHS Tou optleTal oty
e€lowon pe xwdxé (e); Tov E elvon

[Cf] = g1(e) = (e)i,0,0,
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68 3. YIOAOI'ISIMOTHTA KAI ANAIIOKPISIMOTHTA

xou eddTeEpa, 0 XWdKOG TN oLvapTNoLlaxs UeTaBANTAS Tov optletar otny
npdtn elowon touv E elvon
m-+ny __ _ ;
G = g1(e) = (€)o,0,0
%o oL xwdxol Twv aplunTixdy uetaAnTdy oty ned T eélowon unoloyi-
Covtal and TV TEmTOYEVHDS avadpoulx cuvdeTnon

V'] = ga(e,i) = ()oo2r2i (i =0,...,m+n—1).
IMopatnpodue 6t o aptbudeg
f*(e) = (1,n, max{(e); 0,02+ 1|7 <lhe)})

elvar x08xdg ouvaptnotaxhc wetofBAnthc mouv elvar peyohdtepog and Toug
®IXO0UE OADY TwY GLYVIETNOLUXADY UETABANTOY Tou eugavifovtal oto E,
xat enouévewg dev eugavileton oto E. ‘Enetan 6t (av o e elvor xodixdg
TPOYP&UUNTOS), T6TE 0 {nToduevog xwdixds utoloylletar ue Ty

Sgl(eaz) = <<f*(€), [(]592(67'”7')’ [a})' t 592(67m+n - 1)) D]>a
<g1(6), [Zl]l) [aha--- ,[,]1,[th,[)]1>> * €.

Sy avtifetn nepintwon (6tav —Ipoyp(e)) apxel va Bécouue
Sy'(e, 2) = (0, e, 2),

exUeTaMEVOUEVOL TO YEYOVOS bTL xoplar axoloubior tne popghc (0, e, Z) dev
elvat x08xdg mpoypduuatos.

Tehxd, ou ouvaptioes ST (e, Z) elvon mpogavde éva-npoc-éva, and Tov
opLoud Toug. =

3A.3. IToPisMA. H uepwxij ovvdptnon f + N* — N elvar avadpoutsi
TOTE XL Uovo ay elvar edaytotixd avadpoulxy.

ANoOAEIEH. Ou ehaytotxd avadpouixés pepixés ouvaptioelg elvow ovo-
dpouxéc and to Ilépopa 2D.1, xar to Oedpnua Kavovixrc Mopgnic npo-
pavids ouvendyetal 6Tt xdbe avadpoulxy| ueplx) cuvdptnom elval ehayloTixd
avadpouxy. —

E3¢ mpéner va mapatnpoovue 6t n xavowxh woppR (61) omdvia dlve
Tov anoteleopatixdtepo ahydpliuo yia Tov unohoyloud Uag GuVEETNONS,
mou ot ToMéC mepintdoels oplleTal eUxONd (Xl TO QUOLXA) PE «YEVIXHY
avadpoun) autde dAAwoTe elval xal 0 Aéyog mou dev NTav Tpoavés and Tov
optoud g 6T 1 ouvdptnon Tou Ackermann elvan eElayloTixd avadpouLx.

And v dAAN uepd, To Ocdpnua 3A.1 etvou Baoixd yia Ty uEAETN TV ava-
Spouxdy pepxdv cuvapThoeny, xat Waitepa Yo anodeléelg un-avadpoutxds-
TNTAG, TTOU ELVAL XL OL ONUAVTIXOTERES EQAPUOYES TNG Dewplag avadpouixdy
ouUVOPTHoEWY, 6Twe Ha Sodue 6To enduevo xepdlato. ESSO meplopiléuaote
og 3o moplouata Tou elval TapadelyuaTixd TN ¥eHons Tou.
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3A.4. OEQPHMA (Turing). H oyéon teppatiopol
(72) H(e,z) < @.(z)]
Sev elvar avadpoutxr).
[Mopatnpodue 6tt, and Tov oploud Tng
H(e,z) < (Fy)Ti(e,z,y)
<= Tlpoyp(e) & n avadpouxh) unyovh ue xwdixd e
tepuatilel otny eloodo

ATIOAEIEH. Av 7 H (e, z) Atav avadpoutxt, T6Te 1 ohx| cuvdptnon

= 1, aov H(z,
fz) = {g o oc)\)\to')(: "

Bo ATav avadpoutxn dea, yia xdmoLo e xat 6Ao ToL

f(@) = pe(z) = pu(z) + 1,

7oL Elvol dTOTO YL T = €. -

To pépog (b) Tov 3A.1 Befondvel anhd GTL ULoL CUYHEXPUUEVY XATAOXELH
VaSpOULXMDY TROYPUUUGTWY elvon TEWTOYEVAS avadpoulxyj oTous xwotxoUg:
oLYXEXPLUEVAL, av O e elval xwdbds e (2, T), tote, yia xdbe Z, 0 ST (e, Z)
elvar x0dxds TS uepxic ouvdptnomng

f=(@) = f(7,2).

To anotéleopa (Tov cuyvd xakeltor To Ocdpnua SI') elvat onuavtind eneldn

ocuvendyetor 0Tt TOAAES GANEG, TOAUTAOXOTEPEG HATACHEVES TIROYPOULUATODV
elvat enlong memTOYEVAS Avadpouixés 6Toug XwdLxovs.

3A.5. TIroTAsH (ITupdderypa). H mpwroyevic avadpour eivar mpwroye-
vids avadpouixij otovg xwdixols, dnAady: yia xdfe n, undpyel TEWTOYEVEHS
avabpouxt cuvdptnon u(e, m) téroia mov av
£(0,%) = o2 (7)
Fly+1,3) = 3 (f(y, @), 9, 2),
T0TE
f(yaf) = @Zé}m)(yaf)'
AnoaEgisH. H upepuei ouvdptnon
9(0,e,m, &) = " (e, )
9(y +1,e,m, &) = 0" 2(m, g(y, e,m, ©), y, 7)
elvar avadpoutxt), enedr To R elval xAetotd ylo Tpwtoyevy avadpour|, dea
avadpopx elvan ot 1

h(ea m,y, f) = g(ya €,m, J_’:)a
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70 3. YIOAOI'ISIMOTHTA KAI ANAIIOKPISIMOTHTA

oL ETOUEVWS EYEL XATOLo XWwdX6 h* énetat 6Tt

9(y,e,m,T) = h(e,m,y, )
= ‘10%+3(67 m,y, f)

_ n+1 —
- ¢Si+1(/};’e*m) (ya LL'),

xou To {nTovuevo Loy VEL UE TN GLVAETNOY

u(e,m) = SELH(E, e,m). !

3A. Aoxnoeig

x3A.1. Aci&te 1o Afjupa 3A.2, xau enlong 6Tl o «emnAéov» Sev Loy el
Yol XATOLa TEWTOYEVHDS avadpouxy xwdixonoinon tou N*.

x3A.2. Acifte 61 xdbe avadpouxh uepnh cuvdptnon f(Z) éxel drelpoucg
T0 mhBog xwdixois, dnhady undpyouv drelpol To TARBog aptbuol e tétolol
nou f = 2.

x3A.3. AciZte tnv (68).

x3A.4*. Aceilte 6t v oyéon MetdPoon(e, s,s’) elval Tpwtoyevde ovo-
Spouun]. (Ov Aentouépeieg autod tou unoloylopol elvar oo ToANEG oL
dev elvan e@uetd va xataypagoly 6heg. To {nroduevo elvar yla edyhotn
eEAYMOM ™S aEYLTEXTOVIXNAS TNG amddeling, xau 1 xotepyaoia uepxdy and
TS TEPLNTAGELS IOV €YOUY TO UEYAAITEPO EVBLAQEPOV.)

x3A.5. AciZte btL xdmolo TpwToYEVHS avadpouxy) ouvdptnon u(n) Sivel
yioe xéfe n évay xwdd tng Tourc Tou Ackermann A, ().

x3A.6. Aci&te 61l 1 odvbeon avadpouxdy uepxdyv cuvapTioeny elval
TPWTOYEVHS avadpoulxf 6Toug xwdixols, ue Ty e&hc (Yo mopdderyua) év-
vola: ylo XAmolo TpmTOYEVHDS avadpoxy cuvdptnon u(z, e, m),

L)‘72(,z,e,m) (f) = (103(902(3_5)7 9021(3_5))
x3A.7. Acilte étL undpyet avadpouxh uepix cuvdptnon f(x) mou dev

€xel oA} avadpouxn enéxtact, dnhady f T g Sev toylel yio xoulo oAt
avadpouxy) cuvdETNo.

3B. To Aitnua Church-Turing

O Baowxde 6téy0c pac 6’ autd To eddpLo elvar vo enednyhoovue xal (Tov-
Nytotov pepind) vo Suxatoloyficovue To Teplonuo
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E; Ey E=F +E

SXHMA 4. To eufaddv wg oloxApoud.

3B.1. Aitnua Church-Turing (CT). H tuyaia uepuxsj ouvdptnon
f:N® = N elvar urodoyiowun av xat uévov av eivar avadpoutxi.

To Altnua CT (Church-Turing Thesis) Siaturdfnxe and Tov Auepixavd
Alonzo Church xat to Bpetavé Alan Turing to 1936, aveldptnta, xa ot
drapopetinés poppécs.

H ouvenaywyt

f avadpoutxry = f unohoyiowun

yio TV tuyala pepixt) cuvdptnon f elvow m tetoiuuévy xatevfuvon touv Al
TAMATOS, Xat, YEVIXE, Dewpeital mpogaviig, xatevbeilay and tov oploud tng
avadgoudtnTag Tovhdylotov ofuepa (av oyt to 1936) elvow evxoho va
exAdPBouue T avadpouxés unyavés tou optouol 2B.5 e wdeatéc exdoyéy
NAEXTPOVIXDY UTOAOYLOTOY, B XAl WS TEAYUATIXOVS UTONOYLOTES UE Tpd-
ofaon og «meptbplotn uviuny. H onuacia tou awthuatog Beloxetal otny
ovotaoTixl] Tng xatevfuvon,

f vnohoylown = f avadpouuxy.

To Altnua Church-Turing 8ev emdéyetar avotnen anddelln, eneldy| touti-
Cet tn Sranohntued évvola T vrodoytoludTytac pe Ty avetnet| (Labnuatixy)
évvolo g avadpourxdtnrag. Me dhha Aéyia, dev unopet va elvon fedpnua,
€toL mov and v xabopd wabnuatieg oxomid Exel Ty undotacy optouol. I'a
va xotahdBouue to vonud g mpénet va e€etdooupe to pdho mou mailouv ot
oplopol ota wabnuatixd — nwg Suxatodoyolvral xaL o€ TL YpnotueUiouy.

Tio évo xhaoind mopdderyua, to eufaddy pag (ag v nodue) ardic tepio-
x1c E xdtw and to yedenua wog Hetixic, cuveyols cuvdptnong f oplletol
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G OANOX AP,

b
(73) FuB(E) = / f(z)dz.

O opioude, BéBara, dev elvar avbaipetog — av elye emAoyt, o xdbe npwtoetrg
portntig Ty padnuatixdy Oa Ebete

Eup(E) = 2
yia xé0e neployf E, Slvovtoag edxoln (xaw AavBaouévn) Aior oto uLed tpo-
BMjuata Tou ohoxinpwtixol Aoytouol! H adla tou cwotold oplouol (73)
elvar 6Tt dlvel TN oWOTH TYn Yo Ta oNUAVTIXd Topadelypata, T.y., an’ au-
t6v unohoyilouue 6Tl To euPaddy xOxhou ue axtiva T elvon T2, ®dTL TOU
enalnbedeton ue petpfioelc.

Me &Mk Aoyla, m mpodTn analtnorn and €vo pabhnuatixd opltoud xdmolag
drancbnuxig évvolag elvan 6Tl mpémel va ouupwvel ue ta owxela mapadely-
uata, autd Tou anodidouy evdlagépov atny évvola. Lo to Altnua CT, auté
exppdleto wg

(74) xdle xdaouwxr), vrodoylowun ouvdptnon elvar avadpouixr,

%o, oty emoyR wag ma, dev augoBnteitar: mépo and TN UEYIAN AloTa
(rpwToYEVAC) avadpouxdy cuvapthotwy oto eddglo 1B xa tic toyupéc
WBLOTNTES XAELOTOHTNTIC TNG XALONS TWV AVASPOULXADY UEPLXDY CUVAETAGEWY
Tou €youvue del&et, undpyel xou 1) eunelpla oyeddY efSounvta yedvwy Epeuvag
mou Bev amEdwoaY XAVEVO «OVTITUPAdELY Oy — XATOL GLVEETNOY TOL VA
Bewpeitan (yevixd and tn pabnuatxd xowvétnta) vroroyiown ot mouv vo
unv elvan avadpoutx.

Iwe unopovue duwe va elpoote BéRool 6Tt Sev Oa Ppebel avtinapddetyua
touv Artjuatog CT oto pélhov; Ag e€etdoouye Ty xhaoixq Abon Tou avti-
oTolyou TpoflAfuatos yia Ty évvola Tou eufadoy, mou Bacileton oTig &g
teelg Paowés dlauchioeigr yio aniég neployés dnwg oto Lynua 4:

(a) To euPaddv ophold mapadknhdypouuov ue mhevpée o xat [ elvar To
ywéuevo af.
(b) Av E; C E, dnhod) n anhf neptox? By elvor uépog ptac dhne E, t61e
EWB(Ey) < EuB(E).
(c) Av 1 anhf neproyf E elvon 1 évwonp 800 anhdv neploydv By xau Ey
(6nwe oto Audypapua 4), téte EuB(E) = EuB(E;) + EuB(Es).
A’ autd ta tplo cadtduatar yia Ty évvola tou eufadol anAdy teploydy,
o tonog (73) unopel va anodelytel avotnpd: delyvouue, dnhadyh, 6t o (73)
elvat o udvog tpdroc avdbeons mpayuartixol apifuol EuB(E) oe xdbe anAij
neptoyni E mouv wxavorowel tic ouvhixec (a) — (c).

5 Auth elvan 1) ousta Tou xhaeob Bewpruatog Unapsns oloxAneduatos xatd Riemman
v cuveyels ouvaptioeLs.
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H Bepehioneq avdhuon g évvolag g umoloytotudtytag mov odnyel otny
avdhoyn dixawordynon touv Aithuatog CT 860nxe and tov Turing, nou Ee-
xlvnoe e v amhf xou npogavy Statcbnon® bt

(75) UTOAOYLOWOTNTA = UNYAVLXY) UTONOYLOLUOTNTAL.

Yt ouvéyela, o Turing bpioe auoTNEd wla GLUYXEXELUEVN XAAOT APnENUE-
VoV (ot ToA) aTADY) UNYovVeOY Tou GHUERE QEPOLY TO GVOUS TOV, Unyavée
Turing: €édwoe LoyLpEd entyelpuata 6TL ot unodoyLouol omotacdirote «xata-
OXEVAOIUNSY UNXAVTS «mpogouoLdvovTaly amd xdrota unyavy Turing: xo,
tehxd, Slatdnwaoe tny ewxaotia Tt yia x8be ouvdptnon f Loylel n Looduvaulia

n f elvan vnodoylown <= 7 f elvoaw unoroylown and unyovh Turing.

INa va ouunAnpdoouvue v totopia, o Church elye 1dn mpoteivel Aiyo mpw-
titepa 1o «altnuan (Thesis) ét, yia x&be f,

n f elvail vnohoylown <= n f elvar A-oplowun,

6mou «A-oplowm onuatvel wnoloylown and xdrotov dpo (npdypaiiua)» TS
TUTLXHG YAGOOoOG Tou A-Aoylopol mou elye eloaydyet. Ot looduvapuieg

n f elvar Turing vroloyiowun
<= 7 f elvar A-oplowun
< 7 f elvar avadpoulxr

arodelytnxay oyedév auéows uetd (and toug Turing ol Kleene), xou éxhet-
ooy Tov xUxAo Tou odRynoe ot datinwon tou Aithuatog Church-Turing
ot wopyy) 3B.1.

To av n avdivon g qunyavixig LToAoylolwdTnTagy Tou €dwoe o Tur-
ing avépyetar oto Vdoc TAHpouc duxatohéynone Tou Arthuoatoc CT (6rwe
N avdluon mov oxLaypapHooue Sixalohoyel Ty ophdtnta Tou oplouod Tou
ePadol yio anhéc meployés) elval augileyduevo. Onwodinote, dev Bo Ty
enavohdfouue €36, av xal elvan aglobaduacto to téco melaTLX NYEL aedun
ofjuepa, otepa and té6oa ypbvia xar 6,1l éxel emteuyfel oto yetadd oty
mhneogoplxn. Avt’ autol, Ba Sel&ovue GTL N unyYaviXy UTOAOYLOULOTHTA ULOS
uepxfc ouvdptnons f ouvendyetal v avadpouxdtnta s f, epdoov 1
doouévn unyovy wxavornolel aofevésTtateg «aUVENXES XATAGHELAGLUSOTNTISY,

6 Ay xou «rpopavig Sialafnony oty emoyy wag, étay tadd Tou Tupvasiov yenot-
uomolody xafnueptvd «wrokoyiotésn (xoumoltep!), xat oL AéEelg «UTONOYLOUES) oL «un-
Xovix6g LTOAOYLEUSSH (LEANOY UE TNY «TEEELUON XATOLOV «TpOoYEAUUATOSH OE Xdmoto «PCn,
%x.Ar.) Bewpoldvron cuvdvuues ot xafnuepvy YAdooa. ‘Oung to 1936 dev urnApyay nhe-
xtpovixol utohoylotés, Tpoypdupata, Windows, xou 1 pabnuatixn tapddoon cuvédee Tny
évvoila tng «wrohoylowng cuvdptnong ue Suuclntixols aAyoplfuovs nov exppdloviay
xatd xVplo Aéyo and avadpouixois oplopols. Ta apyétuna napadelypota vtohoylowwy
cLVaETHoELY fiTtav oL aplBuntixég npdielg Touv unoloyilovtow and Toug AeYSUEVOUG «GYONL-
%00g alyopibuougr (Yia Tov moAamhaciacud xa T dalpeom 6to dexadixd clotnua), xou
o uéyLotog xowvig Slanpétng, tov vrohoyiletan and Tov akybpfuo tov Euxkeidn x1C.9.
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TOU LXovoToLoUvTaL and Ao Ta (ovTtéha LTohoYLoUOU» Tou éyouy eloaybel,
xat (6rwe Bo vrnootnpifouue) and 6,tL wnyavéor Bo xotaoxeLaoTOlY 6TO
UENNOV.
3B.2. Avadpopixn xwdixonoinom uog agnenuévne unyavis (2B.4)
M = (S, T, —, input, output)
ue obvoha etebdou N™ xau €£680u N elvar onowadinote xwdixoroinon (éva-
Tpog-éva. GUVAPTNOMN)
c:S—N
TV xataotdoswy g M otoug aplbuois, Tétola Tou oL &g CUVUPTHOELS,
oyéoelg xot GOVOAA va Elval avadpopixd:

Se = c[S]={z| (3s € 9)(s) =x]
T. = dT]=A{z|(3seT)c(s)
r—cr = z,2' €S, &c(z) =)
< (35,5 €9)[c(s) =z & c(s') =a" & s — §|
input.(¥) = c(input(Z))
-1
output,(z) = output(c¢(z)), avz €T,
0, aAALAG.
3B.3. OEQPHMA. Kdfe ucpixij ovvdptnon mov unoloy(letar and apnon-
uévn unyavij mou emibéyetar avadpoutxy xwdixonoinon elvar avadpouixr.

AnoAEer=H. H anddedn elvon éva wxpd pépog g anddeling tov Ocwph-
uatog Kavovixnie Mopgng 3A.1. ©étouue
C(Z,y) < o y elvar xwdxdc utohoylopol oty eloodo &
<= Seq(y) & (y)o = input, (&)

& (Vi <lh(y))[i + 1 <Ih(y) = ()i —c (¥)i+1]

& (y)lh(y) 1 eT,.
H oyéon C(Z,y) elvar avadpoutxd and tnv urdbeom, xou av 1 Soouévn wnyavi
vroloy(lel T uepxn ouvdptnon f, téte

f(@) = Outputc<(uyC (@, y))lh - 1),

étoL ov 1 f(Z) elvan avadpoptxd,. -

H 3éa tédpa elvan T oy 1 umyoavh M (e obvola eto6dou xow e£680u ta N
xa N) elvor oataoxevdowun, t6te oL xataotdoelc tng M mpénel va elvan
(MEMEPACUEVOY OVTIXELUEVA, TOL UTOPOVY va xwdlxormolnfody amhd oToug
puotxole aplfuolc (dnwe oty anddeln tou 3A.1), étoL mou ol Bacixée
oyéoelg va elvan avadpouixés, e dAka Aéyla to altnua

%80e xotaoxeLdoLUN Uny AV ETLSEYETAL avadpoulxy xwdlxonolnon:

Fuavvng N. Mooxofdnncg

Avoadpopry xaL umoAoyLoLudTnTo

lporataputiuny €udoorn 2o, mpdyeLpo, YEMATO AQOTM.

20 Moptilou, 2008, 8:40. 74



3C. YYMBOAIKOS YIIOAOTIEMOY KAI ANAINIOKPISIMOTHTA 75

xouw 1 Baowx| mapatienon elvar 6t 1o Altnua CT ouvvdyetar avotned ar’
auté To altnuo xou ) Baowxd dalobnon tou Turing (75).

3C. Yupfolixdg UTOANOYLOUOS XL AVATOXPLOLAOTNTA

To Altnua CT emuxadeiton ouyvd aArd oL OLOLAGTIXE YLoL TNV ATOQUYN
aaTNE®Y anodellewy, dnhady utootneilovue 6TL xdmola peptxy) GUVAETNO
elvan avadpounh ywelc va to amodellouvue, uévo ue 1 Stacbnueq mept-
Yeoph xdmotou ahyoplBuou mou Ty urohoyilel. Ou «apaptwhécy (Teumét-
%eg) emxhioeLg autol Tou eldoug unopolv BéBata v anogevyholy ue xdmola
emnpbobety epyaota.

Ou onuavtixég egapuoyég Tou Althuatog CT elval otny anddelln apvnti-
xdv aroteleoudtwy, avuroloytowwdtyras (non-computability) cuvapthoewy
i avanoxpiowdtyras (undecidability) oyéocwy, ouvifug otig Méelg and
xdmnoto nenepacuévo ah@dfnto. I v edxoln Slatinwon tétolwy anote-
Aeoudtov elodyovue Ty e€hg opooyla:

3C.1. Avarnoxpiotpétnta. ‘Eotw ¥ = {ag,...,a,} nencpaouévo (Un-
%eVS) ah@dfnTo, xat T* 10 oVVoro GAwV TwY MEewy (TETEPUOUEVODY 0XO-
AoubLdv) and to 3. Oétouue

[UO e ’LLk_l] = <[U0], ey [uk_1]> (’LL() LW UR—1 € E*),

6mou [a;] = 4, xou xahodue Tov aplBud [ug ... ugp—_1] X036 TG Ug . . . Uk_1.
H wuyala n-uehMic oyéon (f apdfinuar) P oto X* elvan anoxplowun (decid-
able) A emiAUoun (solvable) av undpyet avadpouxd cuvdptnon x(z1, ... , Ty,)
TETOLOL TTOV

P(uy,... ,up) <= x([ui],---,[un]) =1,

ol P elvow avaroxpiown (undecidable) 4 averiAuty (unsolvable).

To Baowd epyadeio yia v anddelln avanoxploddTnTog GNULAVILXADY TRo-
BAnudtwy elval o yapaxtnelouds Twy anoxplolueny oyéoewy 610 X* ue xd-
TOLO «TPHTLTO GUKPOALXOY LTOROYLGROY» (model of symbolic computation),
dueoa, dnhady| ywelc avagopd oe xwdixonotioels. Xto enduevo eddgplo Ho
ETLOXOTAGOLUE TMEPLANTTLXG TO xAaGIXS (Xal L6TOPLXE TpA)TO) TEGTUTO GUU-
Bohixol unohoyiopoy, Tig eplynues unyavés Turing. ESG O eiodyouue éva
deltepo xhaoxd napddelyua tov ogelletal otov Post, o onolog anédelée xau
TO TPAOTO ATOTEAESHO avATOXpLoldTHTAC oTa Xabopd wabnuatind, €é€w and
) walnuoted hoyuxq xou ) fewplo utoloylolubTnToC.

3C.2. Xbotnua avaypopnic (rewriting A semi-Thue system) elvou 1 tu-
yolow doun

R=(%,00 — 70,.-- ,0k — 7) = ({ag,... ,an},00 = T0,--. , 0k — Tk),
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6mou 1o adpdfnro ¥ elval TEnEpAOUEVO GUVOAO, XAl GTOUG XAVOVES UETd-
Paonc o — 1; oL 0;,T; elvan Meg and to X, dnhadh uéln tov T* (mou
nepthoBdvel xou TRV xevh AéEn A). To obotnuoa R opllel v edhc Baouxi
oyéon uetdfaons oto X

a—grf <= (Ba,az,0,71€X)c—-T&a=a1002 & 0 =a1Ta3)],

dnhadh o« — g B av n B mapdyetol and TNV o UE TNV AVTIXATACTACT) XETOLOU
uépoug Tng o pe xdmola AEEN T, €T0L oL TO 0 — T va elvon xavévag. Lo
TAEASELY U, GTO GUGTNUA UETAYPAPNG

R = ({a,b},a — aa,a — bb),
EYOVUE TLG UETAYPAPES
a —gr aa — g aaa — g abba.

H (mMipng) oyxéon uetdBaonc tou R elvon 1 quetaBatind xhewotdtntan tng

R

a—rB < a—gpar >R —RrR-1 R
<~ (Hao,...,an)[aoza
&(W<n)[o¢i —R Oéi+1&an:/6]a

€10l TOL 67O TaPddeLyuo a —, abba, al\d a /A%, bbb (‘Aoxnon x3C.1). H
MEN a elvan TeppaTiXy 6To R av 3ev undpyel B tétola mov o —R 3,

Tr = {a| (VB)[a R 8],

(61we 1 b oto Topddetyua). Iapatnpolue 6Tl 67 autd Ta YEVLXE GLOTHUATA
avaypapnis, dev Staywpllovue «tepuatixéor xar «dyovegy Aé€etg, dnhady| xo-
hovue GAeg TIS GYOVeES AEEELS TEPUATIXES.

Telxd, yia S C 3%, 10 obotnua R elvon awtioxpatixd oto S, av

@eS&a—pB&a—pf]=pB=08 €S,

étoL ou To Tapdderypa dev elvar atttoxpatind oto TAhpeg {a, b}*, ahhd elvon
attoxpatixd oto {b}*.

To avadpouxd cucthuata uetaBdoewy T (E, M) elvat, Bacixd, cuoth-
poto avoypaghc, wévo mou Slaywellouue T TEQUATIXES XAUTUCTACELS O
«&yovegy oL «tepUaTixés Tou arodidouv Tiuhy, xal (To onuavtxdTepo) ot
xotaotdoetg elvow Aetg and éva drelpo ad@dfnto — eneldy npénel va ov-
uneptAdfouue oto X 6Aa tig otabepés, dnAadn dhoug Toug puolxois apLbuoi
oty nepintwon M = Ny nou pog evdlagépel. To enduevo, teyvixd ohhd
Baoxd AmOTEAECSUO TALAXGUTTEL AUTO TO EUTOBLO UE TNV xwdlxomoinon

(76) x=8$11---1$ (zeN).

T
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3C.3. OEQPHMA. Kdbe avadpousxij, uepuxij ouvdptnon f : N* — N vro-
Aoy(letaw and xdrow oUotnua avaypapic R, oe xdrnowo (nenepaouévo) oU-
volo ouuBéiwv ¥ mov mepidaufdver ta edixd ovufora £,1,8, 1, ue tpv
eloodo

ZT—f:x1X0: - Xp,
SnAady
fl@e,...,zn) =w <= f:x1x2- "X, > W
EmnAéoy, to R elval aiTioxpatixé oto oUvoAo «xaTtaoTdoEWY»
(77) S={a:p0]10 " dev eugpaviletar otig Melg a, B}.

Oa mopokeidouue v anddellr, mouv anawtel v (dyL TeTpLUUEVN) XaTa-
OXELY CLUCTNUATLY avaypaPhg Ue eldLxég BLOTNTES, éva Yia x&be avadpoutxd
TpdYpAUUA.

3C.4. To npéPAnua oéTnTag AZewy Yo NuLowddes. I xdbe ov-
OTNUA AVOYEAPTIG
(78) R:(Z,UO%vo,...,uk—)’Uk)

670 6OVOAO AEEewv 1* amd To nenepaouévo aApdfnTo X, €0Tw ~ R 1 EAAYLOTY
oyéom tooduvaulag oto X* TéTola Tou

1. u; ~gv;, i <k,

2. u~gv= auf ~g avf, ya é6ha ta o, € L*,

xou v x80e u € ¥, €0t
[u] ={veX|v~gu}
M xAdon woodvvaulas tou u. To cbvoho twv xhdoewyv Looduvaulog
[R] = {[u] | e X"}

elvar n guioudda (semigroup) mou mapdyetow and to R, xou M ~p xahel-
T 1 oyéon f 1o mpdBAnua todtnrac Aééewy (word problem) yu avth v
NULoudda.

Ou bpol elvan, mpogave, and Ty dhyeBpa xal uropoly va Suxatohoynboly,
oahAd dev Ba to xdvovue autd eSO.

3C.5. ©eapPHMA (Emil Post). Yrndpye: olotnua avayeagriic R tétow mou
n oyéon u —5 v Sev elvar anoxplowun, xar o mpdfAnua toétntag Aééewy
u~pgv yia v nuoudda [R] elvar averiAuto.

AnoAEI=H. 'Eoctw Ry = (E,up — vo,...,ur — Ug) évo oOGTNUOL v
yeaphg mou urohoyilel TNV avadpoulxn, uepixr; cuvdptnom

f(x) =0 pyTi(z,z,y)

Fuévvng N. Mooxofdnncg

Avoadpopry xaL umoAoyLoLudTnTo

Iporataputintry €udoorn 2o, mpdyelpo, YEMATO ALOTM.

20 Moptilou, 2008, 8:40. 77



78 3. YIOAOI'ISIMOTHTA KAI ANAIIOKPISIMOTHTA

and to Bedpnua 3C.3, étoL Tou
f(#)l = f:x—% :0
énetat 6L oyéon u —5 v dev elvan amoxplown, vt av fray, téte (edxola)
xat To medio optopod {z | f(z)]} O Arav avadpoutxd, mov dev elvar, 3A.4.
[ vao ouumepdvovue 6TL 1 oyéon ~g enlong dev elval anoxplowun, Ttopa-
TNEoVUE TEMdTA OTL

u~pv <= (Jw,...,wn)[u=wy & w, =v
& (Vl < n)[w, = Wit+1 VW; 7R Wit1 V Wit1 —R ’w,’H,
elxola, oty xatelhuvon = and tov oploud e ~g (ened) 1 oyéon ota
deud elvan oyéomn tooduvaplag), xar otny xatedbuvorn <= ue enaywyh 6o n.
"Eneton 61t apxel vo delfoupe 611 (ue S énwe oty (77))

(79) (VZ < n)[w, = Wit1 VW; 7R Wit1 V Wir1 —R ’w,’]
&wyeS&w,= :0
= wy= :0V wy)—% :0,
TOU oULVETdYETOL OTL Ylo U € S,
u~g :0 < u= :0Vu—":0
%ol ATOXAELEL TNV ATOXELOLOTNTA TNG ~ R OTwG xou TpLy. Tehwxd, delyvouyue
v (79) ye enaywyh 6To n, xoL Ye tetpuupuén Bdon, agod yia n =0 n (79)
dnAdver 6Tt wg = 0= wp = : 0. To emaywywd Priun elvar eniong
TETPWUEVO OV YLaL XATOLO &, W; = Wit1, N AV, Ylot x&0e i < M, W; — R Wit1-
And v dAAn uepld, n xatdotaon : 0 elvon tepuatixt, dpo dev unopel va
loYVeL N wiy1 —Rr W; Yl x&0e 4, xa EToL amouével 1 TEplnTwon Tou Ylo
xdnolo uéyLoto 1,
Wi4+1 —R Wi,
%O ETOUEVWS, ETlong,
Wi+1 —R Wi+2,

xou o’ auTd Ta 3Yo xaw TNV awtioxpartia Tou R oto S énetan 6Tl w; = Wi,
TIOU UE TNV ENAYOYIXNY LUTOOEGT oLUTANEOVOLY TNV AnddEEn, YLatl urnopodue
VoL APOLEEGOVUE TO Wit and N Soouévn axohoubia. -

Arné to molh& pobnuoatixd mpofhiuata mou €youv amoderytel aveniluta
avapépouue 3o ubvo 8bo.

3C.6. To mpdPAnua todtntoas AéEewy yia opddeg (the word problem
for groups). T xdbe nenepaouévo ahpdfnto ¥ = {ag,... ,an}, éotw

Y, =YU{ay", ... a,'}
broutaayt,. .., a; ! xouvodpyla oUUBoR xoL yia x&fe choTNUA avayEapfic
R = (24, (uo,v0),.-. , (ug,vk))
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oto X7, €0Tw R 1) EAAYLOTY oYEoN Looduvaplag 6To XY TETOL TOU

1. u; ~g v;, i <k,
-1 / £y 2
2. aja”" ~p A, 6moL A 1) xevi) héET,
3. u~gv=qa,u,B ~g a,v, 3, yia 6ha Tt o, 3 € ¥,

*

70 EOTO

o v xéfe u € ¥
[ul, = {v ey |v=gru}
N xAdon tooduvaulias tou u. To obvolo Twv xAdoewv Looduvaulog

[B], = {[ul, | vwe X5}

elvar 1 oudda (group) mov mapdyetar and 1o R, xau 1 oyéon wooduvaulog
~p xadeltan to npdPAnua todtytag Aééewy YU auth TNV oudda.

"Onog xon ylo TG Nouddeg, ol bpol Tpoavds Tpopyovial and TNy dhye-
Bpa xow umopolyv va Suxatohoynholy, adAd dev Ba to xdvovue avtd e3O.

3C.7. ©EQPHMA (S. Novikov, W. Boon). Yrdpye: oclotnua avaypapric
R térow mov to mpdBAnua todtnTac Aédewy yia v oudde [R], elvar ave-
riAvTo.

Auté 1o Bedpnua €xer onuaviixd moployato yia TN Oewpla ouddwv xau
v ahyeBpuxt| totohoyia, Waitepa To «npdBAnua talvéunorne» TotoAoyIxdy
TOANATAOTATWY TENEPAOUEVNS BLdoTaoNG.

3C.8. ©eaPHMA (To 100 IpéBAnua Tov Hilbert). To mpdBAnua av So-
ouévo Awpavtixdé noAvdvuuo

k k
P(zy,...,z,) = g Qhoy o e Ty T
kit thn<d
oe n uetafAntéc ue ovvredeotéc oto Z=4{...,—1,0,1,...} éyer axéoaiec

pllec elvar averiAuto.

To Bedpnua autd anodelytnxe and tov Y. V. Matijasevich, petd and
epyaotio twv Hilary Putnam, Julia Robinson xow Martin Davis, xo {owg ne-
plocbtepo and xdbe dAho, eunédwoe T Oewpla avadpourc wg Baotxn uébodo
uE onuavTIXéS epapuoyYés ota xobapd padnuotixd.

3C. Aoxroerg

x3C.1. I noteg M&elg 1 T2 - - - Ty, LOYVEL ) OYEON @ — T1T2 - - - Ty VLA
t0 obotnua avaypaghs R = ({a,b}, {a — aa,a — bb};
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t z vy
T a, B Né&eig
Q T# Y Fu
Q&@/... t 2y | aQzB — az'Q'p
1 aQ — az'Q’
Ql
QEELQ |t oy | aQuB — aQp
1 aQ — aQ'z’
7 Ql
QI Q | t 2y - |ayQuf — aQ'yz'
1 ay@Q — aQ'ya’
Q' Qz6 — Q'ua'
Q—Q

ITINAKAS 2. Ou yetafdoeig tng avartioxpotixis unyovre Turing.

3D. Mnyavég Turing

Ot «qunyavéer mou ewonfyaye o Turing urnopody va 0plaTodY wg cLGTHUAT
avaypaphc ( x3D.1%), ahkd and oeBaocud yio Ty LoTopla TOUS xon eNELdH U~
pavilovtat e ToANE BiBAla, Tig etodyovue e8E UE TOV xAaoLxd TOUg OpLaUs.

3D.1. OpizMoOx. Munyavy Turing eivar po Sout| (X, S,T) énou:

(1) To X elvon nenepaouévo olvoro ouufdiwy, nov Teptéyel To edd xevd
oUuBoro u (deurde xHEoor).

(2) To S elvar un-xevé, nenepacuévo 6OVoro (EcWTEPIXDY) XATAOTATERY,
ue NS =0.

(3) To T elvow o mivaxac Pacixdy uetafdocwy, éva (nencpacuévo) cdvoho
and TeVIASES TNG LopPNg

(80) Q2™ Q)

6mou oL @ xau Q' elvou xatactdoelg, to  xou ' elvan oOuPola, xa 1
xivnon m elvon 0, 1 4 —1.

Yy edva mou Lwypapilet o Turing, oe %xdbe Brua Tou unoloylouol
e M unyovy elval oe ula ouyxexpluévn xatdotacn @ xal aviiwetwnrilet
ua dreten (mpog tig Yo xateubivoels) «rouvior pe memepacuéva To AR Bog
un-xevd oVuBola ypouuéva mdve g, dnhadn Ui cuvdpetno

7:Z={-,-2,-1,0,1,2,---} - %
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6mov m(z) = u Y «oyeddv S T & € Z. IAfpnc xardotaon eivar m
Tuyala Teldda

(Q’Tr,i)’
6mou n unyovy Beloxetow otn Béom ¢ € Z. H unyav duwe «dev Eépewr mou

Beloxetan otnv touvia, Prénel uévo to «opatd cluforor & = 7 (i), xal étol
unopolue va meplypddouue v Then xatdotaor ue onoladrinote AEEn

(81) bicmt1 - bi—2bi1Qa;0541 - - Qiyn—1

oto ah@éfnto L U S, 6mou 1o opatd cbufBolo elvon to a; xau a; = w(j)
vt —m < j < i+ n opxel To m xow n va elvor apxeTtd ueydha €tol Tou
() =uyaj <i—m%j > i+nxou n hEn va nepthauBdver dho to
un-xevé oVuPola otny towvia: mapadelyporta e (81) elvon ta

cha buQ uQabuC Q l_lQ

6mou Ta dYo tekeutala Tpoodiopilouy TNy (8l TAYen xaTdoTao.

H 8pdon g unyavis xabopiletar and ) wo A neprocdtepes Baoixég
uetofdoeic e wopghic (80) mou uropel var undpyouy ooV TvaXA XL TOU
apylCouv pe autd ta @ xou x, xat oplletor ouvontixd otov Ilivaxa 2 — o
debtepn oTHAN e to ovuBohioud tou Turing, xar oty Tplty we cbotnua
uetofdoewy 610 6UVOAO XATACTACEWY

{,Q,8]a,8€X",Q € S}
Avohutixdtepa, n dpdon wiag unyoavic Turing éyel wg e&hg:

(1) Av dev urdpyer Baouxh uetdBacn mou va apyilel pe To Q xau z, téte N
xotdotoon elval TEpUATIXT Xdl O UTOAOYLOUOS OTAUATY.
(2) Av vndpyel petdfoon
Q zz' 0 Q/
ue xivnon m = 0, 16Te 1 unyavh «TAEye ylo Tétola UeTdBacT, oh-
N&lel To © ot0 @’ o alh&lel xatdotacy and v Q oty Q.
(3) Av vndpyer petdfoon
Q zx' 1 QI
ue xlvnon m = 1, 16Te 1 unyav «emAEyely Ulo Tétola UeTdPacT, oh-
N&Zel to z oto &/, alN&lel xatdotaon and Ty @ oty Q' xat xuvelton
uo Oéomn Bedid.
(4) Av vndpyer petdfoon

1

Q LN Q
ue xivnon m = —1, téte N unyavh cnhéyew ylo térola uetdfBaon,

al&let To x 6t0 &', ahhdlel xatdotacy and ™y Q oty @ xou xuvelton
uo Oéomn aplotepd.
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82 3. YIOAOTISIMOTHTA KAI ANATIOKPISIMOTHTA
Yroloyioude tng unyovis elvan 1 tuyala (dnepn # nenepacuévn) axoroubio

S0yS1yeer 3Skye--

6mou xdbe s; elvan mAApng xatdotaoy, xal N S;4+1 elval To anotéheoua Tng
dpdong tng unyavic oty s;. 'Onwg névta, Hétovue

s ="t <= (3 urohoyloude)[s, S1,- -+ »Sn—1,1]-
H unyave etvow aetioxpatixsj av yia xd0e xatdotaon Q xa obuBolo & unde-

et To moAG wia eviod @ % Q' oo nivaxa tne (X, S, T) mou apyilel
ue ta Q, .

T tov vnohoyiouwd (Uepxddv) oUVIPTACEWY GTOUS PUOLXOUs aplbuols
yeetalbuaote ocuvapTAoELS ELoddou xat e£680u, xaL N o cuvnilouévn emL-
roy" yu autég elvat ot

input(Z) = START 11---u1l---u---ull- .0
N (—
(82) T1+1 r2+1 Tn+1
output(END 11--.1) = w,
——
w+1

6mou START xat END elvol ouyxexpUléVves ECWTEPLXES XATAOTAOELS.

3D.2. Oedpnuo. H tuyaia uecpwxs ouvdptnon f : N* — N elvar (on-
TLoxpatxd 1 avoutioxpatxd) Turing-vrodoylown téte xar udvov av elvat
avadpoutxi.

Oo mapokelPovue xar aLTH TNV anddelln, aAld mopatneolue OTL N uia
xoatevbuvern g tooduvaulag mou dlatundvetar oto Bedpnua elvor TETELU-
uévn: emedn 1 amAoVOTERY HWIXOTOINGY TWY XATACTACEWY ULAG UNYAVAG
Turing (weg MEeig and éva nenepaouévo alpdfBnto) elvar (Tpogavdc) ova-
dpoulxnr|, xou enlong avadpoulxés elvan oL xAaoixég ouvapTiioelg eLle630u xal
e€6dou (82) v auth TV xwdixonolnoy, dpa xébe Turing-unohoyloun ueptxt
ouvdptnom elvar avadpoulx| and v llpdtacn 3B.3. H anddeiln e dAAng
xotebbuvong anattel Ty xataoxevh| unyoavédv Turing ye elduxég Wdibtnteg
xou elvon enimovn.

3D. Aoxroeg

x3D.1*. Aci&te bt yio xd6e unyovAh Turing M = (%, S,T) vndpyet ob-
oTNUA oVALYEOPNS
R=(XusSu{lr},—)
ue ta emnpbdobeta (ppéoxa) oluPola I xou r, Tétolo Tou yia dheg Tig AEEeLg
a,d, 3,5 oto ah@dfnto S xou Shes Tig (EcwTepnés) xataotdoes @, Q'

aQB =y QB = (Im,n)[laQBr —7 IW™aQ Bu™r].
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Emnhéov, av n M elval artioxpatixn, t6te 10 R elvon awtloxpatixd ato ci-
voho MEewv aQB and to XU S U {l,r} otic onolec eugpavileton axp e
uo xatdotoon. YIIOAEIEH: Xpnoldonotiote TNy TopadAoyn Tng tapdoto-
onc (81) yia mAfpelc xatactdoels Tou apyilel pe | xou TeleldveL Ue T, xou
npocbéote oTig Paocixés yetaPdoeis tng M tn owot dpdon ota «dxpor I xat
r, T.Y., Qr — Qur.
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KE®AAAIO 4

ANAAPOMIKA AITAPIOMHTA YYNOAA

H tuyala oyéon R(Z) (otoug guoxoic aplBuolc) elvan avadpowixd av 7
YOPAXTNELOTLIXY TNG 6UVEPTNoN elvon avadpouxd, xo éva obvoho A C N
elvat avadpopxd av 1 (ki) yapaxtnetotixy cuvdpetnoy Tou

() 1, avz €A,
xTr) =
xa 0, b,

elvar avadpoulxr. X’ avtd to Kepdhato Oo pyeketioouvye tig Baocixés po-
Onuotixés WBLotTeg TV avadpouxdy (Lepdv) GLUVIPTHOEWY, GYECEWY Xau
GUVOAWY, AN XaL TLg NULAVASPOULXES TYEoeLs OTLg oL Ta avadpoutxd ana-
ptbuntd olvola, to anhobotepa un-urnoloyloluo uabnuotixd aviixelyeva.
Ta Baowxd epyohela elvar 1 otfaph xhetotdtnta Tov cuvéhov R (2C.3,
2C.4,2D.1) xau to Oedpnua 3A.1 Kavovixfic Mopghc xar Anopibunone tou
Kleene.

Y1 emdfioelg tov Oewpfuatog 3A.1 Ha anhomoticovue To cuuBoiioud,
TAPOAElTOVTAS TOV dve delxTn

Pe(Z) = e (%) = U(pyTn(e, Z,y))

(mov, cuvibwg, elvar dveu onuactag ahhd xot dnhdveton and v eloodo T =

Tly... &), XOL YPNOULOTOLOVTOC OF UEPIXES TMEPLTTMOOELS TOV EVOUARAXTIXG
ouupoioud tou Kleene,
(83) {e}(@) = o2 (Z) = U(pyTn(e, Z,y)).

Auté Bohedel «tunoypaguxdy (Aydtepol dvew xou xdtw deixteg), okl xou
Bonbd ot xatavénon yepdv and Tig anodellelg, yiatl tonobetel «oto dlo
eninedo» to mpdypauua e xol ta Sedouéva E. Tehxd, Oa ypnoinonolioovue
eniong To cuuPolioud

(84) We = {z | pe(z)| }
v To medlo oUyxhiong Tng avadpoutxnic UepIXAS GLVAETNONG UE XwBLXS €.
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86 4. ANAAPOMIKA AIAPIOMHTA SYNOAA

4A. Hylovadpouixés oyéoelg

[a v dteuxoldvouue T SLatdnTmar 0pLoUGY oL ATOTEAEGUATWY OTY) CL-
véyeta, anaplbuolue edd xou ovoudlouue Toug Baoixdtepous TEAECTES OpL-
OUOY CYECEMV:

(=) P(Z) < —Q()

(&) P(Z) < Q(Z) & R(7)

(V) P(Z) <= Q(Z)V R(Z)

(=) P(&) <= Q&)= R(Z)

€) P(Z) <= (F)Q(Z,y)

(3<) P(z,%) < (Ji < 2)Q(,1)

(V) P(Z) < (Vy)Q(Z,y)

(V<) P(z,%) <= (Vi < 2)Q(,1)
(avTixatdotoot) P(@) < Q(f1(&),..., fm(X))

Q¢ mopdderyua, éxouue #d1 deilel 6Tl To0 GUVOAO TV TPWTOYEVHS AvVaSpoUL-
%GOV oyéoewy elval xAelotéd Yo bhouc autolc Toug TeheoTég (e TPWTOYEVAS
avadpouéc fi(Z)) extdc and toug (Un-peayuévouc) nocodelytec 3,V, yia
Toug ornoloug dev elvan xhelotd and 1o Oedpnua 3A.4. Enlong éyovue Sel-
el (xuplwg ot aoxAOELS) oL TG LBLOTNTES XAELGTOTNTAS TWV AVASPOULXMDY
OYECEWV:

4A.1. IIroTAsH. To olvolo twv avadpouixdv cyéoewv elvar xAelotd
yla toug tedectéc Tou mpotaoiaxol Aoytouol —,&,V, =, ToUS ppayuévoug
mooodelytec 3<,V< xau avuxardotacn (olxdv) avadpouixdy cuvapti-
ocwv, aAdd Sev elvat xAetotd yia touvg mooodelytes 3,V.

4A.2. OpizMoOz. (a) H oyéon P(Z) elvan nueavadpopixn av yia xdmola
uepxt}, avadpouxy ouvdptnon f(Z),
P(Z) < f(@)|.
(b) H oyéon P(F) elvoaw X9 av yia xdnota avadpouxd oxéon Q(F,y)
P(@) <= (By)R(&,y).

4A.3. TIPOTASH. Ta e&ic elvar toodvaua, yia tpv tuyaia oyéon P(Z):
(1) H P(Z) elvar nuiavadpoutxi.

(2) H P(%) eivar 9.

(3) H P(Z) weavoroiel tpv tooduvauia

P(7) <= (W)Q(Z,y)

ue xdmota mpwroyeves avadeoutxy Q(Z,y).
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4A. HMIANAAPOMIKEY SXESEIZ 87

AnoAEI=H. (1) = (3) and to Oedpnua xavovixhs popphs (3) = (2)
teTpluuévar ot (2) = (1) bétovtac

(@) = nyQ(z,y),
étoL Tov

(FQ(7,y) = f(@)!. 8

"Eyouue %80 ouvavtioel 10 xhaoxd napddetyua oyxéong mou elval nuLavo-
Spoulxh alNd byt avadpouxd, tn oyéon tepuationod H(e,z) (3A.4).

4A 4. TIPOTAsH (Ocdenua Kleene). H tuyala oyéon P(Z) elvar ava-
Spouixtj av xar udvov av n P(Z) xav n devnorf tne ~P (&) elvat xat ot 8vo
nuLtavadeoutxés.
ATIOAEIEH. Av n P(Z) elvaw avadpouixt, téte xon ot
Q(Z,y) < P(z), R(@y) <= -P()

elvan avadpoprée, xau éyovue (tetprupéva)

P(&) < (By)Q(
~P(Z) <= (3y)R(

Il ™y &y xatevBuvor, av

,Y)
' Y)

ue avadpouxés oyéoelc @ xou R, téte 1 ouvdptnon

P(%) —
~P(Z) < (y)R(

(@) = wylR(Z,y) v Q(Z, y)]

elvo oAy avadpouxny), xat

4A.5. TTroTASH. To oUvolo twv nuiavadpouixdy oyéocwy eival xAetoté
yia avabpouixés avtixataotdoeis, yia Tous «Jetixolcr mpotactaxols TeAe-
otéc &, V, yia tous ppayuévous nocodelytes A<, V<, xat yia tov vnapéiaxd
nocodelytn 3+ Sev elvar xAetoté yia tyv dpvnon — xar yio tov xabodixé
rocodeiytn V.
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88 4. ANAAPOMIKA AIAPIOMHTA SYNOAA

AnoaEgisH. H xletotdénra yio avadpouixés avixataotdoelg elvon mpo-
pavrg, ol ol axdhovbol petaoynuatioupol delyvouv toug unbdoltous, Beti-
%0Ug LoyvpLouovs TG TedTaoNS:

(F)Q(#,y) Vv Cy)R(Z,y)
(By)Q(Z,y) & (Fy)R(Z,y) <
(32)(F)Q(Z,y,2)
(3 <2)By)Q(Z,y,9) 0

(Vi <2)By)Q(F,y,9) = (Fu)(Vi < 2)Q(, (w)i,1)-
Andb v dAAn pepld, To 6OVOAO TOY NULAYVASLOULXGDY OYEoewY SeV elval XAEeL-
676 YL TV dpvnom 1 Tov xabolixd mocodelyty, yiatl akhide 1 Bacixy oyéon

TEPUATLOUOV
H(e’ ZL') — (Ely)Tl (6, T, y)

Ba elye nuiavadpoua dpvnon xou o oy avadpouxr| and to 4A.4, evéd dev

elvau. =
To yedenua uiac yepixiic ouvdptnong f(&) elvon n oyéon otoug guotxoic
(85) Gf(Z,w) = f(&) =w,

%o 1) €nOUEVY, ATAY TEHTOON SlVEL O TOANES TEPLTTOOELS TETPLUMEVES ATTO-
del&elg avadpoutxdTNTaS YLo UEPLXES CUVIPTHOELS.

4A.6. IIPOTASH. H tuyala uepixij ouvdptnon f(Z) elvar avadpouixij av
xau udvov av to yedenud te G (&, w) elvar nuiavadpouixij oyéon.
ANOAEIZH. Av 7 f(f) elvar avadpouxd pe xwdind F, wote
Gy (@, w) <= (F)Ta(f,%,y) & U(y) = v,
étoL mou n Gy (Z ,w) elvaw nuuavaldpoued xoL av
(@) =w <= (Fu)R(Z,w,u)
ue xdmoto avadpouxh R(Z, w,u), té1e
1@ = (nuR(E, (o, (w)1)) |
étoL ov 1 f(Z) elvan avadpoptxd. =
To televtaio anotéleoua o’ autd to €dd@Lo amhonolel oNUAVTIXE TOAAEG
HAUTAOHEVEC.

4A.7. TIPOTASH (Afupa XV-emhoyhs). I'a xdfe nuiavadpouixi oyéon
R(Z,w), vrdpyet avadpouixt, uepixsi ouvdptnon f(Z) téroia mou yia xdbe

8

’
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ATIOAEIEH. Ané tnv vnébeor, undpyel avadpouxh oyxéon P(Z, w,y) té-
TOLY IOV
R(Z,w) < (Jy)P(Z,w,y),
%ol To ouunépacua Tou Afupatog Selyvetat ebxoha av Bécouyue

£(@) = (nuP(@ Wo, (w0)),. 4

0

4A. Aoxroelg

x4A.1. Ael&te 1L n pepx| ouvdptnon
Flesu) = (pel (o), -+ e (W) - 1))

elvat avadpoux.

x4A.2. 'Eoto R(Z, w) nuovadpouixt| oyéor tétota mov yia xébe & undp-
YOLY ToLAdyLoTov b0 aplBuol wy # wy tétolol Ttov R(F, w) xau R(Z, ws).
AciZte 6L undpyovy dV0, ohixég avadpouixés cuvaptioels f(Z), g(Z) tétoleg
Tou Yot GhaL Ta T,

R(Z, f(7)) & R(T,9(Z)) & f(T) # 9(Z).

x4A.3*. 'Eotw R(Z,w) nuavadpoulx? oyéon tétola mou ylo x8be T,
uTdpyEL TOLAAYLOTOY évac w TéTolog ov R(Z, w).
(a) Acite 6TL uTdpyeL ohuxh avadpouxy cuvdptnon f(n, T), tétowa Tou

(86) R(Z,w) < (In)w = f(n,T)].
(b) Aei&te 6T av (emmhéov) yia xébe &, vndpyouv drepol 1o TARHog w

. o , . , , o .

tétolol mov R(Z, w), t61e undpyel ok, avadpouxh f(n, Z) nov ixavorolel
’ 7 7 —

v (86) xou elvar «1-1 oto Ny, INhad¥, yia bha To T, m,n,

m #n=>f(m, &) # f(n, ).

4B. Avadpouixd amapbuntd olvola

4B.1. OpizMoOz=. To tuyato obvoro A C N elvar avadpouixd anopld-
unté (4 avadpouixd aptfuioiuo, a.o., recurssively enumerable, r.e.), ov
A =0, 4 xdrola ok, avadpoux cuvdptnon f : N — N anapfuel 1o A4,

(87) A= [Nl ={f(0), f(1),... }.

4B.2. TIPOTAzH. (1) Ta e&ijc elvar toodbvaua yia to tuyaio A C N:

(a) To A eivar a.a.
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90 4. ANAAPOMIKA AIAPIOMHTA SYNOAA

(b) H oyéon x € A elvar nuiavadpoutxij, étot mov
A = Domain(g) = {z | g(z)|}
yia xdmota avadpoulxi uepixi ouvdptnon g.
(c) To A eivau memepaouévo, 1 urndpyel éva-npoc-éva avadpouixy ouvdp-
mon [ :N— N nov anapifuel o A, A= f[N].
(2) H axolovbia
Wo, W, ...

anapifuel ta a.a. olvora état mou N oyéon x € W va elvar nuiavadpoutsy.
(3) To tuyaio A C N elvar avadpoutxd av xar uévov av elvat nencpaouévo
7 undpyet (awotned) avéovoa, avadpouixyj ocuvdptnon nov anapibuel to A,

A={f(0) < F1) < f(2) <---}.

AnoaEIEH. T to (3), tpdta, uteviuullovue (x1A.12) étL 1 cuvdptnon
f:N— N elvaw adéovoa av

f(n) <fln+1)  (neN),

Tou ouvendyeton auéows (Ue eTaywyh) 6Tt

n < f(n)
éneton 6t av o A amaptbueitan and o abiovoa, avadpouxy f, téte
z€A = (In<z)z=f(n),
xou o A elvan avadpouind. o tnv dhn xatedBuvon, av to A elvou avadpo-
wxé xal dnelpo, T6TE N
F(0) = (pa)[z € A
fn+1) = (uo)lz > f(n) &z € 4]
elvan avadpoun, adb&ovoa xar anaptbuel to A.
(1) H ouvenaywyh (a) = (b) elvow tetpipuévn v 1o A = §§, xou av
A = f[N], t6te
z€eA = (F)[z=f(0)]
To avtiotpogo (b) = (a) elvan exlong tetpiupévo v 10 A = 0, o av
zo € A xou
z €A < (Jy)R(z,y),

t61e 10 A anapBueitar and v avadpouxt|, ohxr cuvdptnom

-R
flu) = 20, av ((w)o, (u)1),
(wo, v R((w)o, (w)1).
Tehxd, 1 ouveraynyh (¢) = (a) elvan tetpiupévn, n (a) = (c) elvon enl-
ong TETPLUMEVN Yia Tenepaouéva A, xa anouével va dellouue 6tL av 10 A

elvat dnelpo ol
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NN EE

YXHMA 5. Awrypagn enovareldewy.

yiow xdmolor avadpoulxr] ouvdptnorn f, téte to A anaplbueital enlong and
xdmola €va-mpoc-éva avadpoutxy cuvdptnon. H PBaocuxnq 18éa elvon va «dio-
yeddouyue tig enavakideler and v anaptBunon ue to f, xdT Tov mEoYavie
odnyel ot wa ohweh, éva-npog-éva avadpoutxrj anapifunon touv A.

ity awotney anddeldn authg g «rpogavétnTagy, E0Tw

B={n| (Vi <n)[f()# f(n)]}

10 avadpoutxd 6vvolo Ty Béoewv érou xavodpyla uéln tou A anaptfuov-
vtow and v f+ B = g[N] yio wdrota adovoa g(n) and to puépog (3), xaL to
A oamaplfueital and v éva-tpoc-éva olvbeon h(n) = f(g(n)).

To (2) ouvdyetaw and to yapaxtneiousd (b) Tou (1). o

4B.3. IlorPi=MA. KdbOe avadpoutxd abvolo eivar a.a., aAAd vrdpyouvy a.a.
oUvola mou Sev elvar avadpouixd, w.y., T0

(83) H' = {z | H((x)o, (x)1)}-
ATIOAEIEH. Av 10 H' #tav avadpouxd, t6te avadpouixd Oa Aoy o n
oyéon teppatiopol (72), epdoov
H(e,z) < (e,z) € H'. =
H »x\don twv a.0. ouvéhwy €xel moAd mhovota Sour| xat €yel uehetndel

evrotixd. E3d Oa meplopiotolue oe (eNdytota) Paoixd anotehéopato, mov
dlvouv xdmota yevorn twyv WBLoTHTOY TNg.

4B.4. OPIEMOZ. Avayeyr tou cuvérou A oto B, elvor 1 tuyalo (oluxd)
avadpoux) cuvdptnon f mou wavornolel TNy Looduvapuia

(89) zr€A < f(z)€B.
Il 800 A, B C N, Bétovpe:
A <,, B <= vundpyetl avaywyh touv A oto B,
A <4 B <= vundpyel éva-tpog-éva avaywyr tou A oto B,
A =B <= vundpyetl avaynyh touv A oto B nou elvan pyetdbeon,
6mov M f : N—=N elvaw uerdfeon av elvar auguuovooiuavtn aviiotolyio
(évo-npog-éva xou ent tou N). ITpogavadg,

A=B— A<, B— A<, B.
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92 4. ANAAPOMIKA AIAPIOMHTA SYNOAA

4B.5. I[TPOTASH. [a dAa ta olvola A, B, C,
A< Axauw[A<, B&B<,, 0= A<, C,

xat to [Bio toyUel yia Ti¢ LoyvpedTEpEs avaywyésc <1 xat =° emmAéov, 3
oxéon avadpoutxol toouoppLouol = elval CUUUETPLXT,

A=B < B=A.

AnoAEgI=H. T'o ) yetoatindTnTa auTdV TwV OYECEWY, TApATNEOLUE 4L
av, and v vndbeon

€A < g(z) e Bxawy € B < h(y) € C,
Yol SOOUEVES AVABPOULXES GUVOPTHOELS, TOTE
z €A < h(g(z)) € C,
étoL ov 1 oOvbeon f(z) = h(g(x)) avdyel to A oto C. !

4B.6. Opi=MO=. To oOvolo B elvan a.o.. TAREES av elval oo xou xdbe
oo A avéyetow oto B ue éva-npoc-éva avayoyd, A <; B.

[ napdderyua, To H' nov oploaue otnv (88) elvon mhfpeg, enedh) xdbe
o.o. oVvoro elval g popprc We yia xdmoto e, xou
reW, < ¢.(z)] < (e,z) € H'.
Kdnwg amhodotepo elvar 10 «dtaydvio» cbvoro
(90) K={z|(@Tn(z,z,y)} = {z| ()|},
Tou onolov N TANESTNTA dev elval TEAElWS TETPLUUEVN.

4B.7. IIroTAsH. To K eivar a.a. mArjpec.

AnoaEtl=H. Ia to tuyaio o.a. obvoro
A={z|g(=)l}
(ue avadpouwxh g(x)), Bétovue
h(z,y) = g(z)
%ol EMAEYOUUE %ATOLO XWX h ¢ h, £TOL TTOL YL OTOLOSATOTE ¥,
z €A <= h(z,y)|
> {h}(zy)l
= {Si(h,2)}(y)l-
xol apold auth N tooduvaula toydel yio dha ta Y, Wlaltepa toydel Yo To
y = Si(h,z), xou pog Sivel 6’ auth TNV tepinTOON
ze A« {S{(ha)}(S}(hx))]
— Sl(h,z) € K,
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nou avaydyet to A oto K ue 0 ouvdptnon f(z) = St (ﬁ, z). !
To enbuevo, Baowxd Bedpnua delyver (ev péper) ot uéyprs avadpoxos
Loouopplogol undpyel Lo6vo éva a.o. TAHeeg obvoho, alld elval mOAY yevi-
x61epo: LoyVet Yo 6ha ta ohvoha A, B, byt ubvo to avadpoulxd anaptbuntd
— xo autd elval Tou xdvel TV anddelln 1660 SVoXOAN.
4B.8. OEQPHMA (Ocedprnua tov Myhill). INa 8vo olvora A, B,
AnoAEer=H. H anddelln eivon xataoxevaotind exdoyr| tng anddeiing tov

»haoxol Oswpruatog Schroder-Bernstein oty ouvolobewpla, xou Baciletat
oto enduevo Aduua, émou 1 tuyala tenepaouévn axohoubia Levydy

(91) W = (20,90), (T1,Y1)5 -+ -, (TnsYn)

xaheltan %ol (npocéyyion oopoppionol) yia Ta obvola A xou B, av
i#j=z T,y #Yj, xuz; €A < y; € B (1,7 <n).

T %46e axoloubla W bnwe otnv (91), Hétovue

X=XW)=A{zog,z1,...,2n}, Y=YW)={yo,¥1,--- Yn}-

ABMMA X. Av undpyet éva-mpog-éva avadpouixy ouvdptnon f: N— N
tétota mov
r €A < f(x)€ B,
T0TE yla CAa Tl
X:{Io,... 7xn}7 Y:{yOa"' 7yn} XO(L:L'%X,
umnopolue va Poovue xdnow y ¢ Y, érol mov av n axolovlia
W = (20,Y0)s - » (TnsYn)

elvar xaldt, enionc xaly elvar xar n enéxtaony

(92) W' = (anyO)a(xlayl)"" 7(xn7yn)a(xay)a

Snradiy ¢ Y xou
r€EA << yeB.
ATIOAEIEH TOY AHMMATOE X. O¢touue

20 = f(x)

w  wvagY,
Zi41 = ,
flzy), alhde, av z; = yj,

xou enaknbedouue dbo Baowxés Wibtnteg g axoroublag 2o, 21, . . ..

(1) T %8Be i, v € A <= 2; € B.
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94 4. ANAAPOMIKA AIAPIOMHTA SYNOAA

Anédeién. Twi=0,2 € A < f(z) =2y € B, and v vndbeon yia
v f. Enayoywd, av z; ¢ Y, téte
r €A <— ZiJrl:ZiEB
and v enayoyxr vndbeor, xat av z; € Y, 1ot
€A = z;=y; €B (amd v enoywywxd vnébeomn)
< z; € A (enedr n doouévn axolovbia eivon xahr)
< f(z;) = 2i+1 € B.

(2) T xdBe i, z; € Y = (Vk < i)[z # 2.

Anédeiln. H npbtaon alnbedel tetpupéva av zo = f(z) ¢ Y, yotl o’
auth TV meplnTwon z; = f(z) ¢ Y v xdbe 7, and tov opiopd. Ernlong 1
npbdTaoy aAnfedel tetplupéva yia ¢ = 0, xal, enaywywxd, deyduaote 4Tl 1
npbTaoy aknbedel yio to ¢ xau 2i41 € Y. Ilopatneodue 6Tt z; € Y, adhide
(and tov oploud) zi41 = z; ¢ Y dpa, and tov oploud, yla xdmnoto j,

(93) zi=Yj, ziy1 = f(z)-
ITpog dtomo, é0tw Kk TO EAAYLOTO AVTLTOEAdELYUO YLX TO Zit1, ONAadH k <
1+ 1 xau

Zitl1 = 2k & (Vl < k)[ziJr]_ 75 Zl}.

Mapatnpotue 6t k # 0, enedf 2o = f(x), zit1 = f(x;) %o enopévee
zip1 = 20 = f(z;) = f(2) =@ = =,

nov elvan dromo, agod = ¢ X evd z; € X+ doa k =t + 1 yio xdnoto ¢ < 1,
xa and Ty emhoyh tou k, 2z € Y (aAAdS 2441 = 2 xau To t+ 1 8 Ha oy
TO ENAYLOTO AVTLTUPEELYLA) ol ETOUEVWS, YL XETOLO 8,

(94) 2 =Ys, 241 = f(@s)
Yroloyilovue:

zZit1 = 241 = f(zj) = f(xs)(and ¢ (93) xan (94))

= x; =, (n f elvou povopoppLopdc)

= Y; = Us (n axohoubio elva xohv)
(

= 2z =2 and T (93) xou (94)).

"Enetot and ™y enaywywxd vndbeon 6Tt > 1, dpa t+1 > i+1 mou avtitiBeton
oty undéleon t +1 < i+ 1.

H npétaon (2) tdpa ouvendyeton 6t yio xdmoo j < n+2, z; ¢ Y (agod
0 Y éyet n+ 1 péhn), xou 1o Afuuo aknbeder pe v emdoyh y = zj,
W' =W, (z,y). + (Afppa X)

To ouupetpxd Aduua Y anodidet yio xdfe axolovbia W xat xébe y ¢ Y
éva z ¢ X Tétoo mou av 1 W elvow xahy, tédte wohf elvan xou 1) enéxtoon
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W' =W, (z,y). M’ autd ta Afuuata, 1 petdbeon mou ypetalduaocTte xato-
oxevdleton pe Stadoylx epapuoyy twv e€ng dbo Prudtey, Eextvdvrag and
NV xaAH axohoublo

Wo = (0, £(0)),  Xo ={0},Yo ={f(0)}.

Hepit76 Priua 2n + 1. Oétovue y = min(N \ Ya,) xou enextelvouue v
Way, pe epapuoy touv Afuuatog Y étol mov y € Yo, 4.
Aptio Briua 2n + 2. Oétouue z = min(N \ Xo,41) xou enextelvouue v
Wan41 ue epapuoyq tou Afuuoatog X étol mouv « € Xopqo.
Yto téhog, 1 évwon J,, Wy, elvon ypdognua petdbeone h : N—N nou avdyel
10 A oto B,
rz€A < h(x) € B.

H avadpouxdtnta tns b ouVEYETaL Ot TN XATAOKELY XAl CUUTANEMVEL TNY
anddelén 6w A = B. -

4B.9. IMapathpnom. Av A <, B, xou T0 B elvar avadpoutxd, t61e xou To
A elvar avadpouxd éneton 6t av A <, B xouw 1o A Sev elvon avadpouixd,
t61e %o 10 B dev elval avadpoutxd.

Moadli pe v thnpdtnta Tov K, 1 anky auth npbdtaon elval to mpdto, Po-
o6 epyarelo yio TNy anddelln uUn-avadpoulxdTNTIC CUVOAKDY XAl OYECEMY:
yiatl av detfoupe 6L A <, B e xdmoto A nov dev elvan avadpouxd (w.y.,
to K), téte éneton 4TL xou to B Bev elvar avadpoulxd.

4B.10. ITpoTAsH (Hopddetypa). To olvolo
A={e| W # 0}

elvar a.a. adAd Syt avadpoutxo.

AnoaeisH. To A elvou a.a. ened n oyéon

e€ A = (Fx)[zecW,]
elva E?. I va Setgovpe 6L K <,,, A, Bétoupe
gle,x) = pyTi(e,e,y)
étoL mov 1 T g(e, z) elvon avedptnTn Tou T,
ole,z) = {;ijl(e,e,y), z;k(iyg),ﬂ(e,e,y),

xalL, yio xéfe x,
ee K < g(e,x)l,

étoL OV
e€e K < (3x)g(e,x)]"
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éneton 6TL av o g elvon xwduxbds g g(z,y), téte
ec€ K < (3z)[{g}(e z)|]

= (F)[{S1(@ e)}(z)!]
= Wi 79

Jz)
Jz)

< Si(g,e) € A,
Gpa K <7 A xou to A 3ev eivon avadpouuxd. -
IMopatnpodue 6t W auth ™0 XxATAGKELY,

ec K <— W N

St(ae)
<= 710 Wsl(A €XEL TOLAGYLOTOY 2 UENY
1(g:€)
€tol Tou Ta GUVOAA
B={e|W.=N}, C={e| to W, éyeL touldytotov 2 ué\n}
entong dev elval avadpoutxd.

4B.11. Avadpoutxdg draywelopwés dbo cuvdrwy A xou B elvat To Tuyaio
avadgouxd odvoro C tétowo tov A C C xaw BN C = .

Av AN B # 0, t6te, npogavadg, dev undpyet daywplouwds tov A and to
B, xow av to A elvan avadpouxd xav AN B = ), téte, nédh tpopavds, To A
dtayweilel Tov gautd Tou and to B.

4B.12. ITpoTAzH (Kleene). Yndpyouv a.a. ovoda K xat Ky tétota mov
KoN K1 =0 xat dev vrdpyet avadpoutxde Staywprouds tou Ko and to K.

ATIOAEIEH. Of¢touue
Ko ={e | By)Ti((e)o, e,9) & (Vz < y)=Ti((e)1, e, 2)]},
Ky ={e| (32)[T1((e)1,€,2) & (Vy < 2)-T1((e)o, €, y)]},
xaw delyvouue mpdta 61t Koy N K1 = () ye anayoyh oto dtono yutl av
e € KogN Ky »ou
y* = my[Ti((e)o, e, y) & (V2 < y)=Ti((e)r,e, 2)]
2" = pz[Ti((e)1,e,2) & (Vy < 2)=T1((€)o, €,9)],
t61e, and Toug oplouolc,
y* <z = Tl((e)o,e,y*) & (Vy < Z*)_'Tl((E)o,e,y)
- Tl((e)Oa €, Z/*) & _‘Tl((e)Oa €, y*)a

xou to avdhoyo dtono cuvdyetal and tnv avtifetn undbeon, du 2* < y*.
I1&At mpog dtomo, ag elvor ta We, W, a.a. tétola mou

KogWea Klnga Weme:(Da WeUWm:Na
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xau é6Tw t = (m, e)- urtohoyilovyue:

te W, = (32)T1 (e, (m,e),2) & (Vy)—-T1(m, (m,e),y)
ened) We N Wy, =0
= (32)[T1(e, (m,e), 2) & (Vy < z)=T1(m, (m,e),y)]
= (m,e) € K3 and Tov opLopd
= (m,e) € Wy, ened K1 C Wiy,
Gpa t € WeNWp, mou elvan dtono. "‘Enetat 611t € Wiy, agpod W, UW,, =N,

aANG 0 cuPPETELXOS UTONOYLOUOS GuVAYEL TdAL art’ awtd ét t € W, N W,
nov elvon dtono. -

4B. Aoxvoeig

x4B.1. Acléte 611 umdpyel avadpouxy, uepxi cuvdptnon f(e), tétola
ToL

We # 0= [f(e)l & f(e) € Wel.

x4B.2. T %80e yio and tig e€hg mpotdoelg anogaciote av yio tuyala,
avadpouxd anoplfuntd clbvola A xou B 1 npbdtaot aindedel v oyt dellte
g Oetinés anogdoelg 6o xol SDOOTE AVTLRAPASELY AT Yol TLG APVNTLXES:
(a). To AN B eivow oot
(b). To AU B eivau a.a.
(c). To A\B={zx € A|z ¢ B} elva a..a.

x4B.3. Act&te 611 %dbe dneipo, a.a. 6Ovolo Exel dmelpo, avadpoutxd uno-
obvoho.

x4B.4. AnBedouv 1 ox1; Adote anodel&elg ¥ avtinapadelypota.
(1) Yrdpyet (ohuxy)) avadpouixt; cuvdptnon uy(e,m) tétola Tou yiow Gha
Ta e, m,

Wie,m)y = We U W,

(2) Yrdpyet (ohuxy)) avadpouixf, cuvdptnon uz(e,m) tétola Tou ylo Gha
Ta e, m,

‘LQKeJn):: We N W,

(3) Yrdpyet (ohuxd)) avadpopix?, cuvdptnon us(e, m) tétola Tou vl 6ol
o e, m,

Wu(e,m) =We \ Wi
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x4B.5. Yrndpyel ohuxd), avadpouxy ouvdptnon f(e, m) tétola nov yia Shat
o e,m,

Weem) =1z +y |z € Wexary € Wy, };
(Anodel&te v andvinon cac.)
x4B.6. 'Ectw f: N — N (ohuh) avadpouxh cuvdptnon, A C N, xa

flAl={f(z) |z € A}
A ={z | f(z) € A}

N ewdva xou N avtiotpopn eixdva touv A and vy f. [ %xdbe yio amd
g e€fg npotdoelg anogactiote av aknbedel 1) dyt, anodellte g Oetinég cog
AMOQAoELS Xol BMDOTE AVTLTOPASELYUATO VLol TLS APVNTUXEG.

(a) Av to A elvow ana., elvow xau o f[A] oo

(b) Av 10 A elvon a.a., elvon xon to fLA] oo

(c) Av to A elvou avadpouxd, etvow xou 1o f[A] avadpouixd;

(d) Av 1o A elvon avadpouixd, elval xou to f[A] avadpouixd;

x4B.7. H xAeiotdryra (closure) A evbe suvéhov A C N Yol Lol (LEpLXT
ouvdptnon f : N — N, eivow 10 eNdyioto olvoho B tétowo mov B DO A xau
T0 B elvau xhelotéd vy Ty f, dnhadn

[ze B& f(z)|]= f(z) € B.

(a) Acetéte 6t av to A elvon oo xou m f(z) elvan avadpouxh (uepuxd),
67 oL 1 xhewotéHTTe A Tou A Yo Ty f elvon oo

(b) Ast&te btL undpyel TpwTOYEVAC avadpouLxt| cuvdptnom ule, m), tétola
Tou Ylo. 6o ta € %ot M, T0 Wiy(em) Elval 1 xhelotdTnTa We tou W, yua my
AVASEOUIXY UEPLXY CUVEPTNOTN Py, UE XWOXS M.

x4B.8. Aci&te 46tL T0 olvolo

Ko ={e| Fy)[T1i((e)o e y) & (V2 < y)-Ti((e)1,e,2)]}
elvat o.a.-hfpeg.

x4B.9. (H Wt g avaywyrc (reduction) yia tqv xhdon twv a.a.
ouvohwy. Aceite ét av ta ovvoha A xou B elvan a.o., téte undpyouv o.o.
cUvola Ay, By, tétola mov

Ay CA, B CB, AiUB; =AUB, A1 NBy =0.

x4B.10. [H Wiétnta tov daywpiouol (separation) yioa Ty xAN&om Twv
a.a.ouuTANpoUdtwy.] Aclite 6t av o A xou B elvow cuuminpduoata o.a.
ouvbrev A€ xar B¢ xau ANB = (), téte undpyel avadpopxd C rou Sy wpellet
0 A and to B, dnhadv),

ACC, CnB=1.
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A =(A\B)UC,B, = (B\ A)UD

Yrédeiln. Egoapudote tnv nponyoluevn doxnon ota cuumhnpduata A xou
Be.

x4B.11. Mia and tg d%o endueveg mpotdoelg aknbedet, eved 1 dAAN dev
ahnfeder. Adote anddelln avthc mou aknbeder xou aviimapddelyuo authg
nou Sev aAnbeveL.

(a) Av A C B xau ta A, B elvon a.o., TéTE LTtdpyeL avadpouixd civoro C
tétowo tov A C C C B.

(b) Av A C B xou ta A%, B elvau a.a., t61e LndpyeL avodpouixd cOvoro
C tétoo tov A C C C B.

4C. TMapaywywxd, dnuovpyixd xar anAd cOvoha

Méypr tdpa, Tar mdvar ook, UN-ovadpoptxd 6OVOAX TOU EYOVUE CUVAVTHGCEL
elvar a.o. TAeT, xou dnuovpyeltal 1 epdtnon av xdbe a.a. odvoho elvar %
avadpoutxd A a.o. thApec. H enduevn oepd oploudv ol npotdceny (tou
Emil Post) detyvet 61t 1 anhf auth etxdva elvon tohd paxpld and ty npoy-
poTxdTNTaL.

4C.1. OprizMOx. H ouvdptnon p : N — N elvar nopaywyxy) cuvde-
oY Yl To oUvoho B av elval avadpouixny], éva-npog-Eva xat
W, C B=p(e) € B\ W,
xou To 6Ovolo B elvol mopayoyixd av £xel TopaywYLxy cLVAETNOT.
To obvolo A elvon dnuioveyxd av elvor a.o. xow T0 GUUTAHEWUE TOL
A={zeN|z ¢ A}
elvat Topary Yo,

4C.2. IIPoTASH. To K elvar Snuiovpyixd, ue mapaywyixij ouvdptnon
yta to K¢ v tautotixij p(e) = e.

Fuévvng N. Mooxofdnncg

Avoadpopry xaL umoAoyLoLpdTnTo

Iporataputintry €udoorn 2o, mpdyelpo, YEMATO ALOTM.

20 Moptilou, 2008, 8:40. 99



100 4. ANAAPOMIKA AIAPIOMHTA SYNOAA

AnoaEtl=H. Ilpéne va deilovue bt
W, CK°=eec K°\W,,
dnhadn
WM)teWe=—=t¢ K|=[e¢ W. & e ¢ K].

H vnébeon tne ouvenaywyrg elvau

(Vi)[{e}(t)] = {t}()1]
XOL TO GLUUTEPUCUA ATTAS
{e}(e)T,
eneldy|
e¢ W, — e¢ K < {e}(e)]
xat 1) vdheor cuvendyeton To cuurépacua, yatl av {e}(e)], téte HBéTovtag
t = e otnv undbeon éxouue {e}(e)], mou elvar drtomo. =

4C.3. IlorPi=MA. Kdfe a.a. nAfjpec olvodo elvar Snuiovpyixd.

Agrivouue v anddelln yia doxnon, x4C.1.

To avtiotpopo autol Tou Toplouatog entong Loy Vel xat Sivel Eval «doutxd»
YOpaXTNELond TNg a.ol. TANEdTNTAS, alhd 1 anddelln tou Sev elvor 1660 amhy
xou o v avafBdlovue yia to embuevo eddplo. Lto undloino autol Tou
edaglov xataoxevdlovue a.a. cUvola Tou dev elval dnutovpyixd, dpo o
o)L TATen.

4C.4. IIPOTASH. Kdfe noapaywyixd olvoro B éyer drewpo, a.a. unooU-
volo.

Anoaer=H. H 3éa eivoar va oploouvue ) ouvdpon f : N — N ue v

avadpoun
7(0) =eg, 6mou W, =0
f(z 4 1) = xdnolog xwduwdg tou W,y U {p(f(z))}
6mou 1 p(e) elvan 1 Soouévn Tapaywyxh cuvdptnon yia to B. Av to xato-
pépouue autd, TOTE UE Ulo elxONN emaywyy) delyvouue otL yia xdbe z,
Wiy © We@+) € B,
€tol Tov T0 GUYOAO
A= Wf(o) U Wf(l) U...= {y | (Elm)[y S Wf(z)}

elvaw a.o., drelpo vroobvoho tou B. T'o tov unohoyloud g AnoLTtodUevng
h(w, ) tétolag Tou
f(@+1) = h(f(2),2),
Bétovue mpdTa
R(e,y,z) < z €W, Vz=y
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%O TUEATNEOVUE &TL auTy) elval NuLavadpouLxy) oyEom, €ToL IOV YLo XATOoLO
9,
zeW.U{y} < {g}(e,y,2)l
= {51(@,¢,9)}2)l,

nou onuatvel 6t av HBEcovue

Ule,y) = 513, e,),
t61e

Wa(e,y) = We U{y}.
Tehxd opllovue

h(w, z) = U(w, p(w)),
%ol oToy optoud g f,

f(z+1) = h(f(z),2) =U(f(z),p(f(z)))
€ToL IOV
Wiat1) = Wi U{p(f(z))}

6nwg anattovoe N anddeldn. =

4C.5. Opriz=MOx. To oivoro A elvon armhd, av elval a.o. xoL T0 GUUTAA-
poud Tou A° elvan dnelpo o Sev €xeL dmetpo, a.o. uTocUvolo, dnhadt

W.NA=0= 1o W, elvaw nenepacuévo.
4C.6. OEQPHMA (Emil Post). Yrndpyet anAd ovvolo.
AnoaEtlsH. H oyéon
R(z,y) < yeW, &y> 2z
elva nuLavaSpoux, deo and to Aduuo BI-Enhoyhc 4A.7 undpyet avadpo-
uwet, peptet) suvdptnon f(z) tétola Tov
(Fy)ly € W &y > 22] <= f(z)l
= f(a)| & f(z) e W, & f(z) > 2z.

To anaitoduevo obvolo elvar 1 exdva g f,

A={f(z)| f(=)]}
={y | @o)f(2) = yl}
(95) ={y [ Go)lf(2) =y & 2z <y},
6mou 1 televtala, Baolxn todtmra cuvdyetal and TOV oploud NG oYEONS
R(z,y).

(1) To A elvou nuiavadpouxd, and tov optoud tou (emeldh) To Ypdpnua
e f(z) etvar X9).
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102 4. ANAAPOMIKA AIAPIOMHTA SYNOAA

(2) To ouunhMpwua A€ elvar dneipo, enedy
yeA&y<2z = (Fr)ly=f(z) &2z <y < 22|
= (Fo)[y = f(z) & z < 2],
mou cuvendyetal 6Tt To oAU z and tous 2z + 1 apibuoic < 2z avijxovy oto
A éneton 6T xdmolog y > z avixel oto cuunifpwua A¢, xou agod autd
oy et v xdbe z, to AC elvan drnerpo.
(3) I %8Be drewpo We, W, N A # (), emeldn
We drewpo = (Fy)[y € We & y > 2¢]

= fle)l & f(e) e We
= f(e) e W, N A. =

4C.7. IIoPIsMA. Ta amdd oUvoda Sev elvar a.a. mATjpn, dea undpyet a.a.,
un-avadpeouixé olvolo mou Sev eivar a.a. mAfjpec.

AnNOAEI=H. 'Eva anhé A 8ev unopel va elvon avadpouxd, yiatl téte to
dnelpo cuumhipwud Tov Ba Atav a.o. ywplc vo Téuvel to A xou dev unopet
va elvon oo TAReeg, ylat dev elvon dnutovpyxd and tn lpbdtaon 4C.4.

4C. Aoxvoerg

x4C.1. Aci&te 6T av 1o A elvan dnuovpyed, to B eivon oo xaw A <q B,
t61e %ol 10 B elvon dnuiovpyixd.

x4C.2. Aci&te 6 av 1o A eivow anhd xat to B eivon a.o., dnelpo, téTe 1
tour} AN B elvon dnepn.

x4C.3*. Acilte 6t av ta A xou B elvar anhd obvoha, téte xou 1 Tout
toug AN B elvow anhé cbvolo.

x4C.4. T Tig endueveg dVo npotdoelg, anogaciote av ahknbedouy 1 oy,
%o Sixatohoyfote TV amdvinoy cog ue anddelén B oviinopddelyua:

(a) T x&fe dnelpo a.a. ohvoro A, undpyet TAHENG, avadpoutxf GLUVEETNOT)
f, tétola mou yia xéfe x,

f(z) >z xou f(x) € A.

(b) T %&be oo 6Gvoro B ue dnelpo cuunhipoud, LTEEYEL TAHENG oLvo-
dpoulxnt|) ouvdpeTnaY g, TETol ToL Yo xdbe x,

g(z) > x xau g(x) ¢ B.

x4C.5*. (a) Ael&te 6T av o A elval anhd, n f(x) elvan ohuxd), avadpoutxy
%ol €Vo-Tpog-€val, Xal 1) AvTleTEopn EXOVa f_l[A} EXEL ATELPO GLUUTAPLUA,
t61e 10 fT1[A] elvon amhé clvolo.
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4D. To 20 OEQPHMA ANAAPOMHE 103

(b) Acel&te 6tL av napaheldoupe pio and g vnobéoeg oAwxr, éva-mpoc-
éva, drelpo ouurAfipoua tou f1[A], 161 10 cuunépaoua tou (5c) Sev Loy el
anapoiTnTa.

4D. To 20 Ocdpnua Avadpourc

Y7 auté 10 eddyLo Ha anodeiEoupe Eva anatnid amhéd Oedpenua touv Kleene,
TIOL OUOG EYEL EXTANXTIXG LOYVEES Kol anpdonTeEG GUVENELEG TN Bewplo opt-
owwéTnTas (Yevixd) xau axdun xou ot cuvolobewpla. EdG Ha to yenowwo-
TOLAGOVUE UGVO YLAL UL, ONULAVTLXT EQAUPUOYT) TOU o ogelhetat oTov Myhill
xou Towtilel Ta oo, TAHEN xat Ta SnuLoupyixd avvola, alid Oa to Beodue
ToA) ypRotwo xou apydtepa, oto Kepdowo 6.

4D.1. OEePHMA (To 20 Oedpnua Avadeopvs, Kleene). Ia xdbe ava-
Spoutxr, ueptxij ouvdptnon f(z, &), vndpyet évac apifudc z* térolog mou
yia xdbe T,

(96) o () = {2"}(Z) = f (=", D).

Eibixdrepa, vndpyet mpwroyevde avadpouxyf ouvdptnon hie) (rov e€optd-
Tat wbvo and to uhAxog n e Motag & = x1,... ,&,) TéTota ToL av f = @,
téte 1 (96) toyUer ue z* = h(e), Snrady yia dra ta e, &),

(97) Phe)(F) = pe(h(e), T).

To Bedpnua anodldel apéows uepxés anAés TPoTdcELS TTou delyvouy 6Tl 1
HOIXOTOINOY TV AVASPOULXDY UEPLXODY GUVIPTHCE®Y EYEL TOAAES ATMPOO-
déxmteg (xou xdnwg neplepyeg) dbtntee.

4D.2. TTpoTAsH (Hopadelyuata). Yrdpyouv guotxol aptbuol 2y — zy Té-
ToloL ToU

(z)
V() =204z

{23}
Wz4 = {0, ,24}.

5
I

Anoaei=sH. I'a 1o 21, egapudlovue to 20 Bedpnuo Avadpourc ot ou-
vdptnom
f(z,@) ==

xou Oétovue 2z = 2** éneton 6Tl

0z () = fz1,2) = 2.

Ou unéhouneg anodeilels elvan napduotes xou e€loou amhéc. =
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104 4. ANAAPOMIKA AIAPIOMHTA SYNOAA

ATIOAEIEH TOY 20Y ©EQPHMATOS ANAAPOMHS. H uepui cuvdptnon
f(Sk(2,2), %) elvon avadpouxh, xa emopévec undpyeL YuoLxds ¢ TéTolog Tou
{Sn (e, 2)}(@) = {c}(2, @) = £(Sn(2,2),7)

T0 fedpnuo ouvdyetat an’ avth Ty elowon av Bécovue
2" =S}, c).
T v Loyupdtepn exdoyh (97), éotw d xwdixde TtéTolog Tou

Sod(ea 2, f) - @Q(S}l(z, Z)a f)
€161 oV 0
c= Srll—&-l(dv 6)
elvat xwdixbe e ¢ (Sk(z, 2), &), xau ) {ntoduevn cuvdptnon elvol 1
h(e) = Srlz(ca C) = Srlz(SrlH-l(da e)vs'rlz—i-l(da 6)) 4

Q¢ (moAd onuavtixdtepo) Topddelyuo g ddvoung tou 20v Ocwphua-
tog Avadpoung, delyvouue to aviiotpogo tou 4C.3, 6tt, dnAadh, x&be dn-
HLovpyed abvolo elval o.o. ThApeg (%ot xdtt Teplocdtepo).

4D.3. OeEqPHMA (Myhill). T« eéfic elvar toodlvaua yia to tuyaio a.o.
olvolo A.

(1) Yrdpyer avadpouwxyj uepixij ouvdptnon p(e) térota mov

WeNA=0=[p(e)] & p(e) € A°\ W,].

(2) Yrdpyer oduxtj avadpouxij ouvdptnon q(e) tétota mou
(98) W.NA=0=q(e) € A°\ W,.

(3) To A elvar Snuiovpyixd, dnradsi n (98) toyler ue wia éva-mpoc-éva
avadpoutxij q(e).

(4) To A elvar a.a. mAfjpec.

Eibixorepa, to tuyaio a.a. olvolo A eivar nAfjpec av xat uévov av eivat
SnutovpyLxd.

ATOAEIEH. (1) = (2). T ) doouévr, avadpouxy uepxd cuvdptnom
p(e), undpyel (and To 20 Oedpnua Avadpouic) Quotxds z TETOLOG oL
pe(t), avp(Si(ze))l,

(812,00} (6) = o (e t) = {L’ g

Oétoupe qe) = p(Si(z,e)) v autd 10 z xou mapatnpolue 6TL N g(e) elvou
ol ouvdptnom, eneldy
q(e) = p(Si(z,€))1 = Wsi(ze) = 0 (and tov oploud)
= p(S1(z,e))l
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4D. To 20 OEQPHMA ANAAPOMHS 105
Emun)éov, epboov g(e)l, Wsi(z,e) = We, dpa
WeNA=0=q(e) = p(Si(z,¢) € A\ Wgi(.o) = A\ W

mou elvan To {nroduevo.
(2) = (3) (Auth 1 ouveraywy? dev emxaheltal To 20 Oedpnua Avadpounic,
xa B uropoloe va elye dobel oto eddglo 3C.)
T ™ doouévn cuvdptnom ge) mou wxavorolel v (98), mapatnpolue
Tpdto GTL UTdpyEL avadpouxd ueptxh cuvdptnon h(e) tétola Tov
Whiey = We U {q(e)}-
xou UeTd Bétouye, avadpouxd,
9(07 6) =€
g(z +1, 6) = h(g(la 6)),

étoL mov (elxola, Ue enaywyYY 6TO 1)

Wg(i+1,e) =WeU {q(g(O, 6)), Q(g(la e))a s ,q(g(i, 6))}

"Eneton 6ty ¢ > 0,

(99) WenA=10
= q(g(ise)) € A%\ (We U{a(g(0,¢€)),q(g(1,€)), ... ,q(g(i — 1,€))}),

%o, eLBLXOTERA,

(100) WeNA=0=(Yj <i)la(glise)) # q(g(j, €))]-
Tehxd, Oétovue
f(0) = q(0),
xa vl Tov (avadpouxd) optoud e f(e+1), urohoyilovue tpdta Stadoyixd
e Tiég ¢(g(0,e+1)),...,q(gle+1,e+ 1)) xou Hewpolue dbo nepintdoeLs.
Ilepintwon 1. Av ou twég autég elvon dheg Slagopetixég, T6TE Lo ar’
autég elvan Stagopetinh and g f(0),... , f(e), xou Bétouue

=i <(e+1))(Vy <e)lglgli,e+1)) # f(y)]
fle+1)=q(g9(j,e+1)).

Ilepintwon 2. Yndpyouv 4,5 < e+ 1, i # j, tétow ou ¢q(g(i,e + 1)) =
q(g(d,e+1)). ¥ avth v nepintwon Hétovue

fle+1) =max{f(0),...,f(e)} + 1.

Eival tpogavéc and tov oploud bt 1 f(e) elvan avadpouixdh xat évo-npoc-
€Val, XAl TO TG elvan TapaywyLxh cuvdptnor yia to AC éneton auéowg and
g (100) xan (99).
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106 4. ANAAPOMIKA AIAPIOMHTA SYNOAA

(3) = (4). Av nq(e) elvan tapaywyxh cuvdptnon yia to A€ xau to B elvan
tuyato a.a. obvolo, téte (and To 20 Oedpnuo Avadpounc) undpyet puotxde
z TéTOLOC TV

1, avz e B&t=q(Si(z z)),
@z(m,t): ) ( 1( ))
1, oAhde:

N ouvdpTNnoM
f(z) = a(Si(2,2))
elvat éva-mpog-éva (g oUVOEST LOVOROPPLOUGY), ol avdyel To B oto A,
og €.
Av z € B, t61¢ WS%(ZJ) ={q(St(z,z)} = {f(2)}, xu

fle) ¢ A= Wsio0)NA=10
= ¢(Si(2,2)) € A°\ Wi (2,0)
= f(z) € A°\ {f(2)},

mou elvon avtipatxd: dpa f(x) € A. Ard v dAAn uepld, av © ¢ B, t61e
Wi (z0) =0 C A°, dpu f(z) = q(Si(2,7)) € A°. 5

4D. Aoxvoelg

x4D.1. Aci&te 6t vy xdmoto 2z, W, ={z,z+ 1,...} ={z | 2 > z}.

x4D.2. Aceite 6Tt v xdmowo z, p.(t) =t - 2.

x4D.3*. Alnfedouv A byt (ue anddelln Twv anaviioewy 6og):

(a) Yrdpyet avadpouixd, yepixh cuvdptnor f(e), tétola mou yio xdébe e,
(*) av to W, elvow drepo, t61e f(e)] & f(e) € W & f(e) > e.

(b) Yrdipyer oAuxrf avadpouns| cuvdptnoy f(e) mov va ixavorotel Ty (*).

x4D.4. AciZte 6t yia x80e ok, avadpouxy| cuvdptnon f(z),  urdpyet
xdmolog z tétotog mov o f(z) va elvon mepLttdg, xaL Yo Gha o

pz(z) = f(z + ),
A undpyel xdrotoc w Tétolog Tov o f(w) va elvan dptiog, xan vl dho T &,
ow(@)=fRw+z+1).
x4D.5. Alnbeder A 6y yia xdfe avadpouxy), ohxf cuvdptnorn f(z)
uTdpEYEL ®aTOLOG 2 TETOLOG TOU
Wi =W

anodetéte Ty andvinot| cog.
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x4D.6. Alnbeler A 6y v xdfe avadpoux), ohuxq cuvdptnorn f(z)

UTdPYEL XETOLOS 2 TETOLOG IOV
Pr»(t) = p:(t) (tEN)
anodellte TNV andvinoy| oag.
x4D.7. (a) Ael&te 6TL yia xd0e oluxt, avadpowxs cuvdptnon f(z), urde-
YEL xdmotog apliudc z téToLog Tou
W. ={f(2)}.
(b) Aet&te 6T undpyet xdnolog aptbuds z TéTolog Tov

p=(2)l xow W, = {p.(2)}.

x4D.8*. 'Eotw avadpouixt|, uepxf cuvdptnon g(e) tétola mov yia Sha
Ta €,

av W =N, téte g(e)] -
del&te 6TL undpyouv aplhuol m xou k, tétolol
W ={0,1,... ,k} xou g(m)].

YTOAEIEH: Egoapudote 10 20 Oedpnua Avadpourc 6T Uepxr) cuVApTnon

1 Yy < z)-T1(g

f(m,:z:) _ ) av ( ,y_l') 1(gamay)a

1, odbe,

6rov gle) = {7He).

x4D.9*. 'Eotw avadpouixt|, uepixf ocuvdptnon g(e) tétota mou yia Sha
Ta e,

av We =0, 6t gle)] -

detdte 6TL undpyel xdmolog m tétolog ntov Wy, = {m} xa g(m)].
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KE®AAAIO 5

ANAAPOMH KAI OPIXIMOTHTA

3’ autd to xepdhoo Ho ueheTHoouUE TIg OYECELS GTOUS PuoLxols aplbuoic
TOU UTOPOUY VA «XATACHEVAGTOUVY EEXLVOVTAS UE TLS AVadpoULXES OyEoELS
xou eQapuélovtog EMAVELANUUEVE TOUG TeEAEOTES NG TMpwToPBdbutag Aoyt-
xfic. Boowd noplopata avthc g yerétng elvon ta xhoowxd Bewphuata
v Tarski, Godel xal Church ota eddgia 5B, 5C

5A. H apibuntuy tepapyio

O nuuavadpouixés (X9) oyéoeic elvar tng wopphc
(Fw)Q(#, y)

ue xdmoto avadpouxd Q(Z, y), xat ot «méyouvr (o€ ToAuTAOXSTHTA) UOALS
éva vrapélaxd nocodelytn and Tig anoxploweg (avadpouixéc) oyéoets. O
enduevog oplouds elvar ypriowo epyoakeio yia ) tadivéunon noAdthoxwy,
AVATOXPLOUUOY OYECEWY.

5A.1. OpizMoOx (H aptBurntixn tepapyia). Ou x\doeg (cVvola) oyé-
ocov X9, 12, AY opllovron pe t e&fic avadpouth:
¥ 1 o1 nuiavadpopxée oyéoeig
MY = =%9 : o1 apviioeic (ouumineduata) Twy oyéoewy oto LY
Shy1 = 3 : oL oyéoelc Tou XaVOTOLOUY Wit LooBUVOLa
P(Z) < (3y)Q(Z,y), énouv n Q(&,y) elvoun TI}
A) =) NTY : oL oyéoeic mou elvar XY xou TT.

To tuyalo ovvoho A C N elvar og yia an’ avtéc tic xhdoeig I' av n oyéon
x € A avixel oty I

5A.2. Kavovixég pmoppés. Ou xAdoelg autés tng aptfuntixic iepapylog
(npogavde) yopaxtnpllovial and g e€AS avovixés Hop@Ecy, e TNV EvvoLa
6t wa oxéon P(Z) aviixel oty xhdom I' av elvon L.ood9vaun ue 0 xavovixs
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wopt i Ty I, yia xdnowa avadpouxt) oyéon Q:

59 (Fy)Q(&,y)
I} (Vy)Q(Z,y)
%9 (3y1) (Vy2)Q(Z, y1,y2)
my (VY1) (Fy2)Q(Z, y1,y2)

yY2,Y3)

%9 0 (By)(Yy2) Bys)Q(Z, v

T mopddelypa, av 1 oxéon P(F) elvou I3, téte, and Toug optopolc,

ue P € X9,
ue Py € 19,
ue Py € %9,
ue @ avadpouixy,

P(Z) < -Pi(2)
= ( Y1) Ps(Z, y1)
< —(3y1)~Pu(T, 1)
= (1)~ (3y2)Q(Z, y1,¥2)
= (Vy1)(Fy2)Q(Z, y1,92)

5A.3. ©OEQPHMA.

1) Ia xdbe k > 1, ot xhdoeic X9, 19 xar A elvau
) k» 'k k

HAELOTES yia avadpoulxés aviixataotdocets xat yia toug tedectés &, V, I<

xat V<. EmmAéov:

o H xAdon AY) elvar xdeiots yia v dovpon —.
o H xAdor 22 elvar xAetoti yia tov unapélaxd nocodelyty 3.
o H xAdon 11\ eivar xletots yia tov xabodixé nocodelyty V.

(2) I xdbe k > 1,

xat emouEVLS ot aplBuntixés xAdoels txavorowly to &g Sidypauua ov-

(101) ) C AL
uneptAfjewy:
=} 5
< < <
Af A
S ¢ S
Iy T3

%3
< < <
A
< < c
1

AnoaEtr=H. Ilpdhta delyvovue v xhetotédTnTa SA®Y TOVY oplBUnTXdy
*NAOEWY Yo AVASPOULXES OVTIXATAGTACELS, UE EMAYwYNR oTo k* 1 mpdTao
elval yvooth yia k = 1 and v Hpdtacn 4A.5, xou emoywywd (vl Ty

Fuévvng N. Mooxofdnncg
Avoadpopry xaL umoAoyLoLudTnTo

Iporataputintry €udoorn 2o, mpdyelpo, YEMATO ALOTM.

20 Moptilou, 2008, 8:40.

110



5A. H APIOMHTIKH IEPAPXIA 111

neplntwon X ) unohoyllouye:
P(Z) <= R(f1(Z),..., fn(T))
= FYRU1(@); - fa(Z),y)
6mov Q € T, and tov oploud
— (FQ'(#,y)
6mov Q' € TIY and ty enoywyuxh unéheon.
Ta uréhotna tou (1) delyvovton edxoha, ue emaywyh oto k xou epopuoyéc
TOV PETAOYNUATIOUAY Tng anddeténg tng llpdtaong 4A.5.
To (2) delyveton ye enaywyh oto k, émou otn Bdom, av
P(7) <= (J)Q(Z,y)
ue v Q avadpouxd, téte P elvan olyovpa B9, apol xdbe avadpouixh
oyéon etvar T19, adhd etvon o I19, apo, mpogavic,
P(#) = (v2)By)Q(E,y)
%o 1 oyéon
Ql(f7 Z, y) — Q(f7 y)
elvar avadpoutxn. H anddeiln oto enaywyixd Brua elvar oaxptfde (Sia, xau
oL ovunep fiels Tou dtaypdupatos cuvdyovtal evxoka ond v (101) xon
TETPYLUEVOUG GUANOYLOUOUG. -

ITio evdiagépov elvan To emduevo Gedpnua ToU BLxAldVEL TNV ENOVoUAGia
aepapylon yio Tig xhdoeLg Eg, Hg:

5A.4. OEQPHMA (Oedpnua Apbuntixrs Ieapapyios, Kleene).

(1) (Aroptbunon tou B9) I xdbe k > 1 xaw xdbfen > 1, urdpyet (n+ 1)-
ueAriic oyéon Si.n(e, &) otny xAdon X3 nov anapibuel tic n-uedeic, X3 oyé-
oeig, dphadi: n tuyala P(T) elvar £ av xau udvov av yia xdrow e,

P(Z) < Skal(e ).

(2) (AmoptBunon tou 1) I xdbe k > 1 xaw xdfe n > 1, undpyer (n+ 1)-
ueic oxéon Pin(e,T) otnv xAdon 11 mou amepifuel tic n-uelels, 119
oyéoeic, Snrady: n tuyaia P(Z) elvau I av xar uévov av yia xdrouo e,

P(Z) <= Pinle, ).

(3) (Iepapyiar) O ouurmeptArjpeis tov Staypduuatos otnv Hpdraon 5A.3

elvar 6Aec avotnpés, SnAadi:

>0 9 9
- < G < G L
Af A A§
< o3 < o3 < <
1} 115 11§
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112 5. ANAAPOMH KAI OPISIMOTHTA

AnoaEgisH. Tw ta (1) xou (2) Bétovue avadpouixd
Sl,n(ea f) ~— (Hy)Tn(ea fa y)
Pk,n(e,f) <~ ﬁSk,n(e,f)
Sk+1,n (67 f) Aand (Hy)Pk,nJrl(ev fv y>7
xau o amodellelc elval elxoleg, e enaywyy oto k. T o (3), tapatneodue
61l N Sraydvior oyéon
Dy(z) < Sii(z,z)

elvar 22 xot Sev umopel va elva Hg, yiatl, av fTave, téte yioo xdmoto e Ho

elyoue,
=Sk1(z,x,) <= Ski(e, )
mou elval dtomo v to = e. 'Eneton 6t yia xdbe k, undpyouy oyéoelg mou

elvar X9 oArg dev elvon T19, xou o’ autd ouvdyeton elxola 1 auoTnEdTNTa
6hov TV cuunepthMidewy ToL SloypdUUATOG. —

5A.5. (IMjpnc) Ta&uvdunom wog oyéone P(F) oty aplBuntind epapyta
elvar 0 xafoploudc g «ehdytomer aplbuntxic xAdong otny onola aviixel
n P(Z), dnhadf n anddelln npbtacns g Hopehs
PeSp\Iy 4 PeIR\Xp f PeAj,\(SRUlly)
v xdmoto k. ' mapddetypo, oto 4B.10 detéape 6Tu

{e| We # 0} € 59\ IIY.

H mifpne tadivounon ulag oyéong elval oe UepXEG TEQLTTMOOELS TOAD 3U-
OXONY), Xl GLYVE AEXOVUACTE GTOV UTOAOYLOUS XATOLOU «8ve QpdyUaToSy,
Snhad# xdmotou k tétorou nov P € X9 # P € 119, H Baowd pébodog yia tov
LTOAOYLOUS HETL PEdyUaTog), dTay autd elvon epuetd, elvon 1 anddelln ot
1 Soouévn oyéon elvan Arpenc oe xdmowa xhdon X9 4 119 énee 610 enduevo
AMOTENECUA.

5A.6. ITIPOTASH. (1) To oUvolo F = {e | 1 pe elvar ohuxif} eivar 119
aAAd Sev elvar 9.
(2) To oUvolo Fin = {e | to W, elvar nencpaouévo} elvar ¥9 \ 119.
AnoakizH. (1) To dvw @pdypa elvar tpogavég, apobd
e€F — (Vz)(3y)Ti(e, z,y).

Do v 3el&oupe (ue anaywyh oe dtomo) 6L to F Sev elvon X9, Oewpolue
wia tuyada I19 oyéon, mou wavornotel v Looduvauio

P(z) < (Vu)(Fv)Q(z,u,v)
ue xdmoto avadpouxh Q(z, u, v), xat HBétovue

f(z,u) = wQ(z,u,v).
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5A. H APIOMHTIKH IEPAPXIA 113

Av [ elvor xedixbe e (avadpounis) f(z,u,v), téte
P(e) <= (u)[f(z,u)l]

— (Vu){S{(f,2)}Hw)l]
— Si(f,x) € F-

énetan 6L av o F frav X9, té1e %dbe 119 oyéon Ha Arav 19, mou aviitifeton
oto Oedpnua Tepapylog 5A.4 (3).
(2) To dve @pdyua elvat TéAL Tpopovée,

e € Fin < (3k)(Va)[zr € W=z < k].
T t0 %4t @pdyua, éotw P(z) tuyale X9 oyéon, étol mou
P(z) < (Fu)(Vv)Q(z,u,v)
ue xdmota avadpoutxn Q. Oétouue
9(z,u) = py (Vi < u)=Q(z, i, (y):),
étoL mov av o g elval xwdxds g g, TéTe
(Fu)(V0)Q(z,u,v) <= {u]g(z,u)]} elvar nenepaouévo
— {u|{g}(z,u)] } elvou nenepaocuévo
— {u] {813, %)} (u)] } etvor nenepaoyévo,
dnhady
P(z) <= S}(g,z) € Fin-

ahhd autd ouvendyetal 6T To Fin Sev elvon 119, yiatl av Arav, téte %éhe X9
oyéon Bo frav 119, mou elvon dromo. -

5A. Aoxnoeig

x5A.1. Ta&ivounote oty aplbuntu tepapyia o cbvoro
A={e|W.C{0,1}}.
xb6A.2. Toa&wvouriote oty aptbunty epapyia to obvoho
C = {e | to W, elvaw nenepaouévo xow unxevé}.
x5A.3. TalivouRote oty aplbuntuxy epapyia to ocbvoro
B = {z | urdpyouv dnepol To TABog diduuol npdtor >z},

6mov o y elvau didupog mpodTog aptbuds av o y xaL o y + 2 elvon xou ot %o
Tp®TOL.
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114 5. ANAAPOMH KAI OPISIMOTHTA
xbA.4. Tolivouriote oty aplbuntua epapyia ) oyéon

62(67”7) < e & Om
= (V2)lpe(@)] = [pm(2)] & pe(@) = om(@)]].

xbA.5. Toavouriote oty aptbunty epapyia to obvoho
A = {e| to W, éyeL TouhdyLoTtov e uéhn}.

xbA.6. Toivouriote oty aplbuntixr epoapyia to olvoho Setdy «dvw
PEAYUEVLVY AVASPOUIXADY, UEPLXDY CUVIPTHOEWY,

B = {e| v xdmoro w xou 6 ta T, pe(z)] = pe(z) < w}.

x5A.7. 'Eotw A tuyalo, avadpouixd aivolo tétoo nou A C N- tadivo-
unote otnv aptbuntixr tepapyio To gbvolo

B={e| W, C A}.
x5A.8. (a) Acite 6T 1 oyéon
C(e) <= 1o W, elvon a.a.. TAfpeg
elvar aptBuntixn, xat tonofetiote auTH TN OYEON GE XATOLO GUYXEXPLUEVO
oovoro XY A 119, 660 nio younhd oty aptBuntixd wepapyla urnopeite. (Mnv

npoonabfiote va dellete dTL N Talvéunct coc elvan TAfpng.)
(b) Kévte to 8o yio T oyéon

D(e) <= 7o W, elvow dnuiovpyixd.
xb5A.9. Acel&te 6Tl 0 YpdgNUa
Gf(Z,w) — f(@)=w
tuyatag odwxrjc cuvdptnone f(&) elvon 22 av xal uévov av elvar Ag.

x5A.10%. H ok} ouvdptnon f(Z) elvow opraxd avadpouwxrj (limit re-
cursive) av vndpyet avadpouxy), ol cuvdpetnon g(m,T) tétowa Tou

f(@) = lim g(m, ),
m—0oQ0
6mou to 6plo axoloubiog puoxdy oplletan we ocuvhbng,

lim a, =w < (3k)(Ym > k)[am = w].
m—00
AclZte 6L n tuyala ohuef f(Z) elval oplaxd avadpoutxh av ot Lbvov o
0 Ypdonua Gy tne f(Z) etvow AY.
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5B. APIOMHTIKEY IXEXEIL KAI TO OEQPHMA TOY TARSKI 115

5B. ApBuntixés oyéoelg xaL To Oedpnua Tov Tarski

Baowég 6tdy0c pag 6° autd xa to enduevo to eddglo elvar va delovue
T xhaowxd Bewpruoata avaroxpioiwdétnrog twv Tarski, Godel xoaw Church
Yl TG évvoleg Tng ohAbelog xat tng anddeting oty (oluxA) dhyeBpa

(102) N=(N01,+,),
dnhadh v xhaowt| mowtoBdbuia Sour Twv Quokdy apliudy ue tpdabeon
xou ToAhamhaotacud. Oa EexlvAcoLUE Ue Ulo GOVTOUN ETLEXOTNOY) TWV CYE-
TXGY 0pLoPAOY and TNy TpwTofdiuta Aoy yio ohixég dhyeBpeg

M= (Mvoy]-afla"' 7fK)

mou elvan yevixeloelg (xot pixpéc tapalhayés) Twv oploudy 6Tto eddglo 2A.

5B.1. H npwtoBdbuia yAdooa L = L(0,1,f;,... ,fx)): obvtadn. H
L elvon wuixpd) mopodhayf tne R(M) nou oploaue oto eddgpio 2A, alld Ha
enovaldPoupe (ouvorTixd) Toug oYETIXOUS 0pLoUOoUS YLoL Vo SteuxpLvicovue
Thews Tic Slagopés. H L éxel

atouLxés ueTafBAnTéc: VO, Vi, - s

atoutxéc otabepéc: 0,1

ovvaptnolaxés otabepés: fi,...,fx  (arity(f;) = n;)
Ta onuela otiéewg: ()

T0 oVufoho g LebTNTAC! =
xau ta oUufola tn¢ mpwrofdbuiac Aoyixrc: -~ & Vo — IV

Mapatnpodue 6t n L(0,1,f1,. .., fx) Stagépet and v R(M) wg e&fg: dev
Eyel atouxés otabepéc, €tol mou dev xdvel xaula cUYXEXPLUEVN avaQOpd
670 cUvoho M- Bev mopéyel oVuBohioud ya ) Slaxhddwon: xoL, To xupld-
Tep0, TapEYEL GLUUPBOALOUS Yla TEAEOTES TNG TPOTACLAXHG Xl TpwToBdlutag
royueig.

Ou otafepés 0 xou 1 xou ov atoués petaPintés (wg axolouvBieg uxh-
xoug 1) elvat apyLxol bpot, xaL ot (ayvol, pnrol) dpot opllovton avadpo-
WX, EEXLVOVTAS UE TOUG apyLxoUs 6p0UC %ol YENOLULOTOLAOVTAS TA CUVIETN-
oloxd oluPola, étol mou xdfe bpog mou dev elvar apylxds elval Tng LopPTg
fi(A1,...,Ap,) émov o1 Ay,..., Ay, elvon bpol wixpdtepou urixoug. Me to
oUVOTTLXG TEOTO TOL SDHOUUE TOV AVAAOYO 0ploUd GpwV Yla UEpXES GAye-
Beec oty (44),

(103) A:Evi |0| 1 ‘fi(Al,... ,Anl)

Apyuxol tomot eivar oL Mé&elg g wopprhc

A=A,
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116 5. ANAAPOMH KAI OPISIMOTHTA

6mov ov A, Ay elvan bpot, xar ov TOmoL g L opilovton avadpouxd, Ee-
HYOVTAS UE TOUS ApYIXOUS TUTOUS X0l YENOULOTOLMDVTOS TOUS TEAECTES TNG
royweig, €tol mou xdbe tomog mou dev elvar apylxdg elvan oe pio and g

Hop@pes
—(a1) (a1) & (a2) (a1)V(az) (a1)— (a2) 3vi(ar) Yvi(ar)

6Tov oL a, g elval TOTOL UIXPOTEPOU UHXOUS. LUVOTTLXA:

(104) o= Ay = Ay [ ~(aa) | (a1) & () [ (1) V (a2) | (1) — (@2)
| Hvi(al) | VVi(Otl)

Ot mooodeixteg 3 xal V dnutovpyoly pepxd xatvolpyla Qotvouevo ot
YAdooa mov dev undpyouv oty (Yevixd) anhovotepn yidooa R(M) mou
el wévo Gpoug. H eppdvion (eyypagn) wag uetofintic v; otov tino o
elvaw ehelBepm av o o elvan opyxds, 1 (avadpopixd) av o « elvan évag and
Toug TUmoug oty (104) xou 1 eugpdvion e v; elvan ehelbepn otov a; # oTov
o, aANG, oty teleutaleg dVo mepntdoels § # i epavicels TN v, Tou dev
elvon elelbepeg elval deocUeELUEVES, XAl TPOTACELS elvan oL TUmoL Tou dev

éyxouv xoula ehedlepn eupdvion uetafAnTic.
5B.2. H npwtofdbuta yAdooo L = L(fi,...,fx)): onuactohoyio.
'Onwg oto eddgio 2A, arotiunon otny diyeBea M elvor n Tuyaia cuvdptnon
m:{vg,v1,...} = N

mou avabétel ot xdbe uetaAnTi v; éva otowyelo w(v;) € M, xau m Ty
valp (¢, ) tov épou A oty M yia v anotiunon m oplletor avadpouixd
UE TOV TPOPAVT TEOTO:

valp(0,7) =0 valpy(l,7) =1 valpm(vi, 7)) = 7(v;)
ValM(fi(A]_, . 7Anz)) = fi(valM(Al), . ,valM(Ani))

H epunvela twv tinwy xaboplleton and ) xhaowxy oyéorn txavoroinorng
(satisfaction) touv Tarski avdueco oe tdmoug, xa anoTiuioels Tou opiletat
avadpoulxd wg edng:

M,7 =t =ty < valp(ty,7) = valy(te, 7)
M,mE-(o) <= M7,
M, 7= (1) & (a) <= M,7 = a3 xaue M, 7 = aq
M,mE (a1) V() < M,rEa; A M, 7 E o
M, E (1) = (a2) <= M,mrEat M, 7 E ay
M, 7 | 3v;(aq) <= undpyet x € M tétoroc tov M, n{v; := 2} = oy
M, 7 = W;(oq) < ywxdbe v € M,M,w{v; := 2z} = aq,
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6mou
T, av j =1,

m{v; == x}(v;) = {

elvar n evnuépwaor tnc anotiunons m Ye Ty «avdbeony v; 1= x.

Baow 8tétnta Tou optopot tou Tarski etvou 6t 0 adfbeta tng oxéong
M, 7 | a edaptdtar uévo and Tic Tiwés e T oTig ehellepeg petofiintéc
Tou a, dnhady

m(vj), alhdg, av i # j

(Vi)[n v; elvon ehelBepn otov o= (i) = w2 (7))
= M,m Fa < M,m Eq]
Auté Selyvetar ebxola Ue EMAYWYT GTOV TUTO (r, XOL GUVETAYETOL OTL AV O
elvan mpdtaom (ywelc elebbepeg uetaPintéc), téte N oxéon M, = a elvon
avedptnTn and Ty amotiuncn T, xou UnopoVue vo TNy mopaAelpouue and
T0 oLUPoAaud,
M, Ea < yuxdroa 7, M,7 =«

(rpbdTacn a) < v xdbe T, M, 7 | o.

5B.3. Opismoz. O tinoc a opilet tn n-welyj oxéon R(Z) we tig pe-

TafAnég vl ..., v oty dhyeBpa M, av n axolouBia v, ... v™ mepiéyel
bheg T ehelepeg petafAnTéc Tou @ xau Yl AL TA X1, ... , Ly € M,
(105) R(z1,...,2,) <= M, {v' i=2,... ;0" =2, } F a

ehxd, wa oyéon R(Z) elvar oy (elementary) ¥ mowrofdbuia (first-order
definable) oty dhyePpa M av opiletar and xdmolo T0mo UE xEmoLo aXOAoL-
Ola petaPAntdy, xou ua ouvdptnon f : M™ — M elvow oy av T0 Ypdgnud
e (85) elvon aptBuntixh oyéon.

5B.4. AplBuntixés oyéoelg xaL ouvapTrioels. Edd evdiagepduoote
Wraltepa oty epunvelo g TtpwtoPdbutac YAdoooc L(+,-) oty dhyefpa
N ¢ apibunuxfc (102), oty onola o opiouds Twv dpwy malpvel T €,
anh Lop@r:

A=vi | 0[] (A1) + (A2) [ (A1) - (A2)

Ou npwtoBdbutes oyéoelg xar ouvapthoels tng N xalovvtol aplbuntixég,
xa yU awtéc Ba ypelaotolue (oyeddéy) uévo tov e€hc yapaxtnelond, mou
delyvetal edxoha and toug oplouoic:

5B.5. OEQPHMA. To olvolo twv apifuntixdy cyéoewv eivar to eAdyt-
oto oUvolo oyéoewv A otoug puoixolc aptbuolc ue tic e€rc didtyreg:

(1) Ov oyéoeic

z=y, =0, z=1, x4+y==z2 z-y==z2

elvar oto A.
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118 5. ANAAPOMH KAI OPISIMOTHTA

(2) To A eivar xAetoté yia avuxataotioeic ue tic npoforéc PI(Z) xau
ToU¢ TEAe0TES TG Aoyixdic, —, &, V, 3, V.

‘Erctar 6tL n oyéon e aviooTntag

r<y <= (F)z+z=1y]
elvar apLOuntixt, xat 6ti To oUvolo twv aptfuntixdy cyéoewy elval xAetoté
yia aptuntixéc avrixataotdoets, apoU

P(fl(f)a v afm(f))

= @) Cun) @) = w1 & - & fonl@) = i & Plan,... )]

[Tépav avutol, Bo emtxalestoue enlong uepixés (xatd to mhelotov npoga-
velg) Widtnres g oxéong tng wavonoinong oty N nou anoppéouy edxola
and Tov opLoUsd TNG.

T to enduevo, Paoixd Oedpnuo (tou dixatoloyel Ty ovopaocio «iplh-
unTeq tepapyiar yio Tig xAdoelg GUVOAWY 22, Hg), yeeloalbuaote to &g,
amhé Afupe and Ty aptbuobewmplio, Tou woc divel pto (axdun!) xwdixonoinon
axohouBdy, avth ) opd aptbunTua:

5B.6. AHMMA (H cuvdptnon 8 tou Gddel). H ouvdptnon

B(a,b,i) = rm(a,1+ (i + 1)b)

elvar apiunrucs, xav yia xdbe axolovbia aptbudy wo, ... ,wy, vrdpyovy
puawxol aptfuol a xar b, tétolor mou

w; = B(a, b, 1) (1=0,...,9).
AnoaEieH. H cuvdptnon B(a,b, ) eivar aplBuntixd, eneid
Bla,b,i) =w <= (Fe)la=1+(i+1)b)c+w&w <1+ (+1)b.
[N to dedtepo toyvploud Tov Afupatog, €0Tw

d = max(wo, ... ,wy,y) + 1

b=d!
zi=1+(+1)b=14+@GE+1)d! (i=0,...,y).
IMopatneodue 6t ou aptbuol zg, 21, . . . , 2y elvow oyetixds modrot, dnhadn dev

umdpyel TpdTtog aptbuds mou va Slatpetl Vo am’ autods yiatl av o p elval
TEATOG ol XOLVOg SlatpéTng Ty 2; xou z;j ue i < j <y, tote:

1. p > d, alde pld!, xor avtd elval dromo, agod p|l + (i + 1)d!, xou

2. o p Sroupel ) draopd (§ —i)d!, dpa p|(7 — 1) A pld!,
xol autd elval dtomno, agod j —i <y < d < p xou o p dev dwopel to dl,
6mwe oto 1. Tehxd, 1o Aeybuevo Kivélixo Ocdponua Yrodolnwy BeBaidvel
6Tl 0ol wy < 2g,. .. ,Wy < 2y, UTAPYEL ®ETOLOC a TETOLOG OV

Wo = rm(a, ZO) - /B(a‘a ba 0)7 sy Wy = rm(a, Zy) - ﬁ(av ba y) B
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5B. APIOMHTIKEY IXEXEIL KAI TO OEQPHMA TOY TARSKI 119

5B.7. ©OEQPHMA. (1) Kdfe npwroyevdc avadpoutxi ouvdptnon elvar apth-
unTLx.

(2) H tuyaia oyéon elvar apluntixi av xar uévov av elval B9, yia xdrowo
k, 8nAady

A=U ) = U, I

AmOAEIEH. (1) Apxel va del&oupe 61t oL S, Cy o P elvon opfun-
Txég, oL 6Tl To 6OVoro TwV aptBunTixdy cuvapTAcewy elval xAelotd yia
oUvleon xat TpwTtoyevy avadpour|, xol an’ autd uévo to Teleutato dev elval
TETPLUUEVO.

Mapatnpolue 6t av 1 f(y, Z) oplleton pe tnv mpwtoyevh avadpout

f(0,%) = g(%)
fly+1,%) = h(f(y, %)y, %),

té1e, and ) Aeyouevn «Dedekind avdivon g avadpourcr,

[y, &) =w <= (Bwo,... ,wy)[g(&) =wo & w=w,

& (Vi < y)[h(w;, i, Z) = wipa]]"
auTé elvon npogavés, ue w; = f(i, &) Yot xatedBuvon (=), xou ue enayoyy
oto i < y v ) xotevBuvon («<). ‘Enetan, and o Afuua, 6Tt
[y, &) = w <= (Ja)(3)[g(%) = B(a,b,0) & w = B(a, b, y)

TOU GUVETEYETAL AULECWC, amd TLg LBLETNTES XAetoTdTnTag Tou A 6t  f(y, )
elvat apLOunTe.

2) H ovurepth 39 C A elvou amhh, ue emoaywyh oto k, xat n oavti-
(2) wrepiingn g 7, pe emoyoy ;%o
otpogpn ouunepiindn A C [, T9 ouvdyetow ané to yapuxtneioué 5B.5.

5B.8. AptBunrtixonoinon. Me xdbe oduBolro c tng npwtofdbulag yAoho-
oag g aptbuntuadic L = L(+, -) ovoyetilouue éva puoxd aplud [c] ue v
anAf anoplbunon,

01 + - ==&V —=3VY (), vown
012 345 6 7 8 9 1011121314 15 ...
étoL mou [3] = 9, [vo] = 14, %A xot xedxonololue Toug TUTOLS WG TE-

nepaouéveg axohouvbleg and ovufola, yenowonoldvrag xdmola, otabep),
TPWTOYEVAS avadpouLxy] Xxwdixonolnor axohovbiody,

[8081 T S’ﬂ] - <[80L [81]5 ter [Sn]>a

Y-
[Bv2(0 = va)] = ([3], [va], [(], [O], [=], [ve], DI)-
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120 5. ANAAPOMH KAI OPISIMOTHTA

Me g pebddoug tou Kegaraiou 3, dev eivan Sboxoro va dei&ouvue bt oL Baot-
®EG UETAUAONUATINES, CUVTAXTIXES OYECELS TNG YAMDOOOS ELVAL TPWTOYEVHS
avadpoUXEég, T.Y., Ol
Tiroc(a) < o a elvo xwdxdec tinov
E)etfepn(a,i) <= o0 a elvar xwdixde tinov o
xou 1 v, epgaviletol ehevlepn otov o

IMpbtaon(f) <= o a elvou xwdxdg npdtaong,

.. Tehwxd Bétouue

(106) Truth = Truth(IN)
= {a | o a eival xwdxdc npbtaocng nov ahnbedel oty N}.

Auté elvan To 69voho puoxddy aplBudy Tou xwdixonotel dheg g (TpwToPdb-
uieg) «aptBunuixég ahffeiey — xdbe onuavtid npdtaoy g Hewplag aptbudy
nou aAnfevel €yel Tov xwdxd g oto Truth.

5B.9. AHMMA. KdOec apiGuntixisj oyéon R(Z) avdyetar oto olvolo Truth,
Snhady vrdpyer (éva-npoc-éva) avadpouixyi ouvdptnon f(Z) térola mov
(107) R(Z) < f(Z) € Truth.

AnoAEI=H. T %88 puoxd = opilouue tov 6po A(x) ue Ty avadpoun,

A(0) =0, Az +1) = (Az)) + (1),

étoL mov 0 A(z) elvar xhetotéc (ywple petafintéc) xau éxel v Bl T
yia x80e anotiunon m,

val(A(z),7) = .
"Eneton (edxoha, and tig cuvBixeg tou Tarski) 611 yio xdbe om0 @ pe ehetd-

n

fepeg petaBhntéc otn AMota vl ... v",
N, {v' :=2,...,0" :=2,} E «
= N, (Fv') - (F") o' = Azy) & - & 0™ = A(z,) & o]
= [(F') - (B! = A(z1) & - & v = A(z,) & a] € Truth-

xol ETOUEVLS, av 0 Tinoc a opllel ) oyéon R(Z) obupwva ye vy (105),
té1e 1 (107) woydel ue tn ouvdptnon

f(@) =[G = Alzy) & -+ & v"™ = A(z,) & o]
mou elva, ebxoha, avadpoutxn xat éva-tpog-éva. —

5B.10. Ocdenua touv Tarski. To ovvolo Truth Sev elvar apitbunrixd,
xat emouéves oUTe avadpoutxo.

ATIOAEIZH. Av o Truth Arav aplfunmxd, téte Ba Arav B9, yia xdrolo
k, o enouévee, and to Afupa, xdbe aplBunted oyéon Ha frav X9, tou
avtitifetan oto Oedpnua Iepapyiac 5A.4 (3). =
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Fa v wotopuey axplfela, meéner vo mapatnerioovue €8éd 611 o Tarski
anédelle w6vo 1o mpdTo Uépoc tou Bewpuatog, 6t o obvoro Truth Sev
elvar oplBuntind, xou Sev ftav xav oe Oéon va dellel To devtepo uépog,
eneldt] dev Hepe OTL Tal avadpouixd cVvola elvon aplBuntixd — énwe entong
dev NEepe %ol TN OYECN AVAUESH OF AVASLOULXOTNTO ol UTOAOYLOWUOTNTA,

dnhad”) to Altnua Church-Turing.

5C. Ta Bewpuata twv Godel xar Church

Ta 300 autd Oeuehioxd anoteléopoto €yovy va xdvouv pe T Poolxy
évvola Tng Tumxljc anddeiéne e Aoyixic, Tou dev elvon 6To Béua pag, aAld
amAég «mapapedoeley Toug elvan edxola moplouata tng Hewplog avadpoulxdy
ouvopthoewy xal alilel va tig exBécouvue e30.

5C.1. Anodeuxtixd ovothpata. Levixd, tumxi anddedn (otnv apth-
unted) elvor plor axoloubia and témoug

QQ, ..., Qn,

tétola Tou xébe a; elvan alwua (tng hoyudhg | tng aptbuntuaic) | cuvdyetot
ME XAmoLo xavova Tng hoyxng B tng aptbuntixrg and xdmoa o, . .. , 0, UE
Jise- g1 < 1, xou 0 TElevTalog TUMOG ay, Elval TEOTAGTY), TO «GUUTERACUOY
e anddeine. Arodeixtind oUotnua (proof system) P elvan wa avotneh
JLATUTWON TWV ATAEAULTNTOY «AELWUATWY» Xal «xovOVmY» Tou Uag xabopllovy
moteg axoloubieg Tonwy elvan «modellelon, xaw ta fewpruata tou P elvar ta
OUUTEPAOUATA TwV ATodel&edY Tov,

Fp o < vundpyel anddeln ayo,...,a, oto P ue o, = .

Yrdpyouv, BéBato tetplupévo anodewxtind cuoTAuata, T.Y., avtd 6TOoUL
x&fe axolouvBla Timwy (Tou teleldvel ue Tpdtaoy) elval anddelln, B to dhho
6mou ot anodel&elg elvar 6heg ou axoloubieg urxoug 1, ue pia, akndf tpdtaon
al 'A&uo yelétng Sume elva ToL ATOBELXTIXE CUGTAUATO TOU LXAVOTOLOVY TLG
e€ic Vo, Baoixéc WLoTNTES:

(1) OebétnTar (apBuntind eyxvpdtnta): Ia xdbe mpdtaon a, av Fp «,
16t¢ |= @, éToL Tou 1o Bewphuata Touv P va elval Gha ohnb.

(2) Anoxpiowpétnta yia anodellews: H oyéon

Proofp(y) <= (300,... ,an € P)ly = {[ao)... , [an])]
elvar avabpouusi.

H 3edtepn ouvBin exqpdlel (ue to Altnuo Church-Turing) t Poaoixd
TpoxTIXY TV paldnuatixdy, 6t o woyvplouds tov Tade bt €yel anodellel
xdmolo Bedpnua (tnv Vrapdn arnclpwv to TARHog SdVuwLY TedTwY, Yio Ta-
pddetyua), urnopel va «eheyyfely — undpyet yevixh péhodog nou anogpacile
av autd mou Aéel o Tdde amotehody avotner| anddelln tou LoyvpLouoy Tou
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122 5. ANAAPOMH KAI OPISIMOTHTA

N Oy, odu@wva ue ta adldUaTa Xal Toug Xavoveg Tng AoyLxfig Tou €YOUUE
anodeytel.

Yrdpyel xan pia Tpltn WLétnTa mou O Béhoue va €xel To 8avixd anodet-
©Txb ohoTnuo:

(3) IIMpérnta: INa xdbe mpdraoy
Fpan Fp —a.

Yo mpdto tpito tou 200v wdva Eyivay tohhég npoondbeieg va Bpebel éva
anodetxtixd obotnua yia Ty aplBuntixn mtou va elvar 0pb, anoxplowwo yio
anodellels xat mhfpeg, Tou Ba xwdixomoloboe 6,t ypetdletal and ) Aoy
vl va Abooupe 6l Tar TpolAfuata g Oewplag aplBudvy. O npoondbeleg
aUTEG AMETLYAY, oL OEV UTOEOVOAY VA TETUYOLV:

5C.2. Oedpnpa Anhnedtntag tov Godel. Aev vndpyer anodextind
olotnua yia v aptuntixy] mou va eivar 0pdd, anoxplowuo yia arodeileic
ot mATpeg.

ATIOAEIEH. Ay 10 P éyel xou T Teels avutég Widtntes, téHte Yoo xdbe
npbdTaon o
Fro= Fa

eneld’] To obotnua elvon aplbuntixd yxupo, xol
Ea= £«
= Wp - (opbbnTar)
= Fpa (TAnpdnTa).
"Eneton 611

Truth = {[o] |Fp a}
= {e | lp6taon(e) & (y)[Proofr(y) & e = last(y)]},

xou étol 1o ovvoro Truth eivor X0, and v vndheon tne amoxplowdTnTo
1 Ui nme prowpotnTag
yia anodeleig tou P, mou avtitibetar oto Oedpnua touv Tarski 5B.10.

H aAffeio f§ 6yt tou Artuatog Church-Turing Sev nailer pého otig ou-
YHEXPULEVES EQUPUOYES TOU BOewpruatog Aminpdtntag, eneldy oty mpdln,
TO CUYXEXELUEVA GUOTAUATA TOU YPNOLUOTOLOVVTAL amtd UaONUATIXOVS XAl
éxouv pehetnlel elvor dha amoxplowa yia anodeiéelg — axplBde eneldy| 7
ouvBinm (2) elval puoixd.

[ va Statundoovue 1o Oedpnua tou Church, emotpégpovue ot npwto-
BéBuio yAdooa L(f,... ,fx) oe avBaipeto Ae&ihdyio (fi, ..., k), xet v
v tuyala wpétaon a g L(fy,. .., fx) Bétouue

Fa < yu xdfe dhyefpo M, M = o
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xou xaholue TNy o éyxven (valid) av - a. To xhaowxd Ocdpnua IIAnpéTyrac
tou Godel dnhdver 4

Fa < 7naceva Gedpnua g xhaouis, tewtofdbutag hoyuwag,
xat €yel wg népopa 6T yia xdfe AeliAdyio fy, ... ,fx, 0 oUvolo twv (xw-

By tv) fyxvpwy mpotdoewy ¢ L(fi, ... ,fx) elvar nuiavadpoutxd (ue
™V Tpopavh xwdxonoinon). And tnv SN uepld:

5C.3. Oedpnua tov Church. Ie xdrnowa L(f1,... ,fx), t0o mpdBAnua
av n tuyaia mpdtacn o elvar Eyxvpn elvar avemiAvto.

YHOAEIZEH. 'Eotw

E = (anfla"' 7fK)
tuyalo, TpwTOYEVES avadpoulxd TedYpaUUd cUUP®V UE Tov oploud 1B.16.
Aev elval 806%0A0 Vo XATAGKEVAGOLUE UL TEHTUOT

ag=a1 & - & ay,
oty L(fy,...,fx) mou exgpdlel Tumixd» Toug oplopols oto E- av, m.y., T0
oOupoho mpoBoriic P3 eugpavileton oto E, téte xdmola and Tic o elvar n

(Vvl)(VV2)(VV3)[Pg(v1,vQ.v?,) = Vg},
xou av 1 f optleton oto E pe ) npwtoyevh avadpoun
f(0)=5

Fly+1) =h(f(y).y),

t61e xdmola amd TG a; elval 7
f(0) = A(5) & (W1))[F(S(v1)) = h(f(va),v1)].
Me auté ToV 0opLoud, énctal Ywplc ueydhn duoxolia étL yia xdbe cuvdptnon
fi mou opiletan 610 E Xl 6AoUG TOUG & = T1,... ,&p, W € N,
fi(@) =w <= Fag — fi(A(z1),..- ,Az,)) = A(w).

Telxd, epapuélovue autéd to Afupe otny mepintoon mov n fi elvo n
yopaxtneloTixy cuvdptnor g oxéone T (z,z,y) xou delyvouue (sdxola
ma) 6TL M anoxploldtnTa g oxéons eyxupdtntoc odnyel o dtomo. -
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KE®AAAIO 6

ANAAPOMIKA YYNAPTHYIAKA KAI
YIIOAOTI'IEXTEY. ITPAEEIY

3’ autd To AEPdAALo Ol UEAETHOOLUE YEVIXELUEVO TPOYPAUUOTO, «AVOLTLO-
xpaTixdy xau ue «elwtepxéor (ehedfepeg) ouvaptnolaxée uetaPfintée, xot
o SiepeuvAcoupe Tig epapuoYég Toug (xuplwg) ot Bewpla wroloylowwy
ouvaptnolox®dvr. Ta neplocdtepa anoteléopata nou Oa dellovue Loybouy
vt 6heg TG pepég dAYePBpeS, AAAA ToL PALYOUEVO TOU UG EVILOPELOLY EU-
pavilovtal T\ipws oty xhaoxf dhyefpa Ng = (N,0,1,S, Pd) xo ot
eEMeEXTAOELS TNG, ME TLG omoleg xau Ha acyoinbolue.

6A. Avadpoulxd ocuvaptnoLaxd

6A.1. OprizMoOz. Tevixevpévo avadpowxd mpdypappa s Ny elvar
T0 tuyalo obotnua avadpouxdy eElohoeny

(eo) Lo(Z0) = Eo (= Eo[Cos- -, ks &1s--- 5, &)
(E) :
(er) e(Zr) = Ex (= ExlZo,. - 3 8y E1,5- -, &)

6mou ot cuvaptnotaxég uetafBintée Lo, ..., Gk, &1, ..., & elvan SlopopeTinég
uetadd Toug (6nwe oto Baoxd oploud oto eddglo 2B), ahhd to E moapéyel
optopols wévo v Tig ecwtepixés (dcopeupéves) petaPintés Lo, ... , Ik,
EVE ETUTPETEL XoL TNV EUPEVION TV EEwTERXAY (ehelfepwy) ueTaBAnTdy
&1y -., & oToug ayvole époug E, ..., Ei, 6nuc unodelaue pe tov (npo-
cwpvd) cuuPohoud E;[lo, ..., lk, E1,--- 5 &, "Eva tétolo mpdypopua ep-
unvedetal puolxd oe Tuyaleg emextdoelg

(N07p17"' 7pl) = (N,O,I,S, Pdapla"' 7pl)

e Ny, av Oewproovue dnhadh tic petaPintéc &i,. .., & wg otabepéc mou
0vVOUdLoLY TLG UEPLXES GUVOPTHGELS P1, ... , PI, OTwg ot f1, ... ,fx ovoudlouv
TLS SOOUEVES UEPLXES BUVOPTHOELS fi,... , fK Ulag ueptxic dhyeBpas. Me to
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126 6. ANAAPOMIKA SYNAPTHSIAKA KAI YIIOAOTLISTES ITPAEEIS
ouuPoloud tng (57) xan pio tpopavy) Tapalhayf Tov, Bétovue

(108> OlE(f,pl,--- ’pl) =w
— (N07p17"' 7pl>7E F ZO(:E) =w ue 51 =DP1y--- 7El :
= B, =7+ L&) =w,

6mov, yevixdtepa, yia xdbe eowtepint| yetafBinty { tou E,

|
3

(109) E,Z:=pF (@) =w
<~ (No,p1,...,m),E F &) =wue & =p1,...,& =p.

E3¢ o ouuPohioude napakeinel tny avagpopd oty dhyefea Ny epdoov auth
elvow 1 u6vn dhyeBpa mov Oa yenotuonolioovue 6" auTd TO xeQPIANLO, ARG
delyvel v anotiynoy & == p1,...,& = p; 1oV EELTEPUAOY UETOBANTOY:
auty elvan yprown, eneldy morlég @opég Ba epunvedoouvue To To Blo mEd-
YEOUUUO UE SLAPOPETIXEG —OREG TLG SUVATEG— ATOTLUNGCELS TWV EEWTEPLXDY
METABANTGY Tou.

To un-yevixeuuévo npoypdupata (ywple eEwtepnée ocuvapTnolaxéc et
BANTéc) xahobvtow auTévouaL.

6A.2. Zuvaptnoraxd. H uspied cuvdptnorn aZ, p) otnv (108) elvor mo-
pddetyua ocuvaptnotaxol (oto N), Snhadh uepinfic cuvdptnone tou déyetol
¢ TUWES Elobddou puoxolc aplBuols xat mAslouekels ueptxés ouvapThoELg,
xat (6tav ouyxhivel) anodider TR oto N. Emnpdofeta nopadelyuota:

01(@) = (@)  (6mov f:N* =),
as(p,r) = p(0) (p:N—=N,q:N* = N),
eval’ (7, p) = p(3).
To a; dteuxpvilel 6t dev elvon anapaltnn 1 e€dptnom evog cUVIETNOLUXOV
and ueptés auvapTthoELs, €ToL Tov xdfe uepux) ouvdptnon eival ouvapTy-
oLax6 ol To ag elval Tapddelyua ouvaptnataxol ue elgodo ywels puolxoi
aplBuoie — ubvo uepiég ouvapthoels. Hapatnpodue 6t yio x8be Siuekn ue-
e ouvdptnon 7, ue S(r) = + 1 xou € TRV «xevip uepux cuvdptnon,
az(S,7) =S5(0) =1, as(e,r)=¢(0)= L.
To eval” elvou lows to amhodotepo un-tetpiupévo cuvaptnotaxd tng (n-
ueholc) xMiong, m.x.,
evall(xa S) = S(J") =z +1, evalB(x, Y, 2, P23) = ng(l',y, Z) =Y.
6A.3. OpizMOsx. To tuyato cuvaptnolaxd a(Z, p) elval avadpowixd, av

vrohoyileton and xdnolo avadpouixd npdypauua E ye eEotepinés yetafin-
¢ &1, .., &, INNAdA @ = ag oty (108), A, Loodlvaua,

a(@p)=w < E,:=pF{@) =w
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yia xénota eowtepux wetafinty { tov E. Oétouye
R = 10 6OVOLO TOV AVASLOULXDY GUVIETNOLAXAY,
TpoPAVKS Ywelc avtigaoyn ye Tov tponyoduevo oploud tou GUUBOALGUOY.
6A.4. AHMMA. (a) H xAdon R twv avadpouixdy ouvaptnolaxdy mept-

AauBdver 6Aeg TG avadpouilxés UEPLXES OUVAPTIOELS XaL Ta oUVAPTNOoLAXd
xAjone eval™, xau elvar xAetotyf yia oUvleon

O‘(faﬁ) = /B(Vl(faﬁ)a s a'Ym(faﬁ)aﬁ)a

StaxAdéwon
a(Z,p) = av (B1(Z,p) = 0) t61e B2(Z, P) aldg Bs(Z, p),

ot eAaytoTtomolnon

aly, Z,p) = (ui > y)[6(i,Z,p) = 0].

(b) HR elvar xAetotif yia «pnrolcr optouols tne uop@ric

(110> a(xla"' yTny,P1ye - 7pm) :ﬂ(xaun' yZaps Pbyy--- 7pbl)’
Omov a1, ... ,ak, b1,...,b elvar axolovbicc ané tovg delxtec 1,... ,n xau
1,...,m.

AnoaEIeH. To eval™(Z,p) vroloyileto and to mpdypouo
f(@) = &(2)

ue v e€wtepxf) pwetafinth & xal ty anotiunon & := p, xou yia Ta GARAL
uépn Tou (a), To emtyetphata elvan oaxplBde autd Ty 2C.3 xat 2D.1.

To (b) duxatohoyel Ty Tpdobeon vEwy PeTABANTAY xat Ty «tautonolnon
GAAGY, Y., 0PLOUOVS TNG LOPPNS

oz, 2,y,0,¢,7) = B(Y, T, Y, Y, 0, 7, T, D)

xou M anddeléy Tou elvar edxolr, Aoxnon x6A.1. -

Me autd to Afuua xau tig uebbdoug Tou Kegahalou 2, urnopodue va Sel-
Eovue evxola —oLVNOWG YE AT ETLOXOTNON— TNV AVadEOoULXSTNTA TOA-
MOV ouvaptnotaxdyv. T tapdderyua, av to B(y, z, q) elvan avadpouxd, téte
avadpoutxd elval ot o

(111) a(z,y,p,q) = av (B(y,y,q9) = 0) t6te y + 1 adhidg p(2y, x)
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128 6. ANAAPOMIKA SYNAPTHXIAKA KAI YIIOAOTISTES IIPAEEIX

6mov 1 p elvon Suwehhs, ue Ty e&fig Aentouepn anddeln: Bétouue npdta
ar(z,y,p,q9) = B(y,y,9) (
az(z,y,p,q) == S(y) =y +1 (

Bi(z,y,p) =2y (pntd)

Ba(z,y,p) = P (z) =2 (

B3(x,y,p) = eval® (81 (z, 9, p), Ba(=, y,p),P) = P(2y,7) (
as(z,y,p,q) = Bs(z,y,p) = p(2y, =) (

%o UETE UE SLaxAddwon,

a(xvyvpvq) = av (al(xvyvpvq) = 0) TéTE 042(5373/71%(1) 0()\)\LC6§ 043(3773/7177(1)-

Ye ntolég nepntHoEs HUmS, 0 EUXONGTEPOS TPdTOG var det&ouue 6TL xdmolo
ouvapTnolaxd elvol avadpoulxd elval and Tov oploud — va ypdouue xdroLo
Tpdypauua Tou To uTohoyileL.

6A. Aoxnoeig

x6A.1. AciZte 1o yépog (b) Tou Aduuatog 6A.4.

6B. Avoutioxpatixy] avadpown

Ytov oploud 2B.4 agnenuévey unyavdy emtpédoue avaltloxpatixés oyé-
oelc petafdocwy, €10l mou Ta emtyelpfuata unép Tou Attiuatog Church-
Turing oo e3dgLo 3B va elval 660 T0 uvatdy LoyLEdTEPY, AAAG UEYEL TMPA
dev EYOUUE UEAETHOEL AVOLTLOXPATIXE AVUSPOULXE TEOYPGUUATA" €XOUY XAl
AUTE TLG EQPAPUOYES TOUG.

6B.1. OPIZMOE. Avowtioxpatixd avadpoplxd tpdypoa elval To Tu-
yolo 6boTNUo OpLoudY
(eo) &o(Zo) = Eo
(E) :
(ex) Sk (Zh) = E
6nwg otov Opltoud 6A.1, 6nov Thpo EMTEENOVUE TEPLOGOTEPOUG AT Evay
0pLOUOG Yla TLS EOWTEPLXES cLVIPTNOLaXES UeTafANnTés. XoenolUuonoloVue Tov
3to ouuPBolioud yLo TETOLA, YEVIXEUUEVA TEOYPAUUOT, Ol ECWTEPLXES XAl
ewrepixéc petafAntéc toug opilovion STwE TELY, XAl Ol XATAOTAOELS, Ol
unoloytouol xou oL TepUaTLX0! UTOAOYLOUOL OVALTLOXPATIXDY TPOYRAUUETODY
optllovtar axptBids dTwg xan yior o awTLoXpatixd Tpoypdupata 6To eddpio 2B
U6VO TOU TOPA ETLTPENOVUE TNV UTAEEN TOAAGY UTOAOYLOU®OY UEe TNy (dla
eloodo. Xapaxtnelotxd auTdy Twy TpoYpauudTnY elvo 6Tt Sev xabopllovy
anapaltnTa pta ueptxy cuvdptnom Z yia x8be ecwtepuxtr] uetaBinty .
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6B. ANAITIOKPATIKH ANAAPOMH 129

0:x
}
nl:x
n:z n:rx+1
} |
10 :0

YXHMA 6. Ot vnoloytouol tou Es.

[Mopatnpolue 6t %ébe npdypauua uropel va Bewpnbel xar wg avartioxpo-
X6, epbdoov 0 oplopds dev anantel TNV Vopdn TOAAGY oploudy yla xdmola
UETABANTYH — amAd Toug EMLTEETEL.

Mepwd mapadelyuota, melv oploouue avotned tn onuoactoloylo ylo to
OLVALTLOXPATIXE TTPOYPAUUATA:

6B.2. To npdypauuo

(En) {(z) =0
{(z)=1
Tpogaves dev unohoyilel pepuet) ouvdptnon — yiatl av utoAbyLle xdmoto

Z, mowa Bo Aray n ) Z(0);
And v dAAN ueptd, To TpdypapUL

(E2) {z) ==

Tpoavde LToloyilel Ty O(z) = 0, av xot, T8k, Sev avTLloToLYEl XouLd
uepe ouvdptnon £ ot petointd C. T x86e x, to Fy éxel %o uroloyi-
ouols TNg TLAS g(x), E TOUG UTOAOYLOUOUS Tou SelyvovTal oynuaTixd 6To
Syua 6.

Axéun mo evdiagépoyv elvol To Tpdypapua

(E3) n(z) =z
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130 6. ANAAPOMIKA SYNAPTHXIAKA KAI YIIOAOTISTES IIPAEEIX

:0 :z+1 {SSn:zx —
! !
:0 { :x+2

3YXHMA 7. Ou unoloytoyol tou Es.

YLOL TO OTOLO TLaAL 5(:1;) = 0 oAd Tdpa Exel dmetpoug To TARBog uToroylouolg
yia %80e eloodo, mou Selyvovtan oynuatixd oto Xyhua 7.

To tehevtaio napddelyua elval avoLTloxpatxo) TEoYEIUUATOS e ULd EE0-
tepixt| wetaPAnTA (&) mou urohoyilel cuvaptnoLaxd:

(Ey) Co(x) = 0(a(x))
n(z) = £(0)
n(z) = &(1)
f(z)=0

Me tov oploud (108) tou cuvaptnolaxold nou urohoylletar and éva mpéd-
yoouo (oy SexTOVUE 6Tl AUTAS LoYVEL XAl YLOL ALVALTLOXPATIXS TLPOYPEULLOTOL),
10 E4 pe v anotiunon & := p vnoloyilel to cuvaptnolaxd

_Jo, av p(0)] v p(1)l,
(112) ale,p) = {J_, aAALOC.

Metd and autd to mpoxatapxtind, opllovue TL onuaiver v évo cuvop-
Totoaxd vo «noloylletaw and XAmoLo avortloxpatixd, avadpouxd med-
ypoppa:

6B.3. OPIZMOX. Avowtloxpatixd avadpoptxés UEPLXES CUVAETHOELS
xaL ouvaptnotaxd. H tuyaia uepued ouvdptnon f(Z) elvar avaitioxpa-
Tied avadpoutxrf av undpyet avatioxpatixd tpdypauua E ywels eEwtepinég
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6B. ANAITIOKPATIKH ANAAPOMH 131

uetaPAntéc xau xdnota yetoBinty { oto E, tétolo mou yia 6ha ta I,
(113) f(Z¥) =w <= Np, EH{(#) =w
<= uTdpyEL TEPUATIXOS UTOAOYLOUSS Tou B
ue eloodo : & xau tepuatind xatdotaon : w.
Me &hho Aéyia, to E unohoyilet v f(Z) av, yia xdfe &
(1) Yrdpyet Tovhdyiotov évoc teppatinds utohoyloude ue eleodo £ & xat
tepuatixf xatdotaon : f(Z)
(2) %dfe tepuatixds vohoyLlopds tou E oty elcodo @ & éyel tepuatixd
xatdotaon : f(Z).
IMoapatneolbue 6Tl 0 0pLoUSS EMLTEENEL TNV VTOEEN UTOAOYLOUMDY TOL AmOXAL-
vouv (Ue «dmeLpo uhxog»), 6nwg oto E3 mo téve.

O opLoudg enextelveton edxola o€ cuVaETNOLAXA: OTNY ATAY TeplnTtwon
ue uio wovo ewtepteny wetaAnty yio pepixés ouvaptAoeLs, To Tuyato cuvap-
olaxd a(Z, p) elvan avattioxpatind avadpoutxd oy UTEEYEL AVALTLOXEATING
npbypopua E ue uo eEotepixd] uetaBANnTA & xou xdnola ecwtepix) uetafFAntH
{, étoL mou vl 6o To T, p, w,

a(Z,p) =w < E,&:=pH{&) =w.
O¢tovue
Rnd = T0 GOVOAO TWVY AVOLTLOXPATIXE AVASPOULXDY CLYVAPTNCLAXADY.

6B.4. AHMMA. H tuyaia uepuxsi ouvdptnon f(Z) elvar avadpouwxr av
o udvov av elvar avaiTioxpaTixd avadpoutxr).

AnoaEgisH. H xodwxonoinon cuuféiny, mpoypouudteny, XoTtaoTtdoewy,
UTOAOYLOUAY, Xl YEVIXA 6ANng e Dewploc avadpouxdy npoypauudtny oTo
eddplo 3A emextelvetal TETPLUUEVA YLOL TOL AVOLTLOXQPOTLXE TEOYEAUUOTOL, XAl
udhioto pe ubvo Ul Slapopd GTLS AETMTOUEPELES: GTOV OpLOUS TNg OYEoTNG
Ipoyp(e) anhd mapokeinovue tnv teleutala cuVBHxN oL anayopeleEl TOA-
hamhotg oplouovs g (Blag ouvaptnoloxis ueTaBAntig. Autd emitpénel TNy
Omapérn TOANGY VTOAOYLoUGY Yia TNV (Lo eloodo, dnhady| unopel var undpyouy
Y1, Y2 TETOLAL TTOL

Y1 7& Y2 & Tn(eafa yl) & Tn(eaja y2)a

ohhé dev adhdlet to Poaotxd cuunépaouo: av toyvel 1 (113) yio xdnowa f xon
xdmoto mpbdypouua E ywplc efwtepinés uetalBintés xat ue xwdwd e, téte
(@) =w <= (3y)[Tnle, ,y) & Uly) = w],
étoL Tou 1o Ypdonua tne f(Z) etvar 1Y xau n £(T) elvon avadpoux. o
[ ouvaptnolaxd, duwsg, N avaltioxpatixy avadpoun elval yvioia emé-
XTOGN TNG AUTLOXPATIXAS avadpouic, xar wdhiota to mapddetypa (112) dev

elvar (awttoxpatind) avadpowxsd. H anddelln otnplleton otnv tehevtaio and
g €€ng TpELS PaCXEC LILOTNTES GUVAETNOLAXDY.
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132 6. ANAAPOMIKA SYNAPTHXIAKA KAI YIIOAOTISTES IIPAEEIX

6B.5. OpizsMOz. To cuvaptnolaxd a(Z,p) elvor:
e wovotovixé (monotonic § monotone) av yia Gheg Tig UePLMES GUVOE-
THoELS P, g, xou OAoL ToL T, w,
[a(Z,p) =w & pC ¢l = a(F,q) = w-
e cuveyés (continuous) av yia x&be p xar 6ha o T, w,
a(@,p)=w= 3)[r Cp & a(Z,r) = w & 1 r elvar nenepacuévy],
6mou Lo Yeptxr] ouvdptnon elval memepacuévy av EYeEL TENEQUCUEVO
nedlo oUyxhiong xat
o owttoxpatixd (deterministic) av yia xéfe p xou S Ta T, w,
a(Z,p) =w== 3r C p)la(Z,r) =w & (Vr' C r)[a(Z,r)] =" =7]].
Ou opLopol elvat napduotol yio cuvaptnotaxd a(Z, p) Ue TepLoGOTEPES UETA-
Bintéc, wévo Ayo mo dvoxolot va datumwbhody TAHews.

[N mapddetyua, to

0, avp(0)],
1, ol

0, avnp elvouw ohxn
1, alhde

dev elva ouveyée: xat To cuvaptnolaxd (112) dev elvon awttoxpatind, ‘Acxnon
x6B.2.

6B.6. OEQPHMA. Kdfe avaitioxpatixd avadpoutxd ouvaptnolaxd o el-
VoL UoVoTOVIXG xat oUVEYES, xal emimAéoy, xdbe (aitioxpatind) avadpouixd
oLVAPTNOLAXG E(VaL ALTIOXEATIXG.

‘Eretar 6Tt undpyovv avaitioxpatixd avadpoutxd cuvaptnolaxd mov Sev
elvar avadpouixd, m.y., autd nov opiletar and tnpv (112).

AnoAEIEH. T ) uwovotovixdtnta, vrnobétovue 4Tt vl xdnoto (lowg
avartioxpatixd) npdypapus E pe xdplo oluforo {y xou eontepxh peta-
Banh &

a(:i",p) =w <~ E,53:P F fo(f) = w,
611 xdmoLog utoAoyLoubdg
(114) Lh:F—ar:01— - —ay: By, —w
tou F pe ty anotiynon & := p anodidel v twuh a(Z,p) = w, xou 6t p C ¢
xou mopatneodue 6Tt N (8t axohoubla xataotdoewy elval utoloylouds Tou

E yio v anotiunon & 1= g, enewdr| oL yetofdoelg
o $:f B —a” ip(y) B
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mou xahoVy Ty & dev elvon dyoveg (el o vnoroyiopds Ba otapatoloe),
Goa p(F)|, xou enopévoc q(F) = p(¥) n B petdPoocr woydel xoL yo Tov
vrohoyloud pe v anotiunon & 1= q.

Me tov {8to tpdno, o vroloyiouds (114) yia v anotiunon & := p elvon
enlong vnoloylouds yio Ty anotiunon & = r, énouv 1 r(¥) cuyxhiver ubvo
v tig (nenepacuéves To TARHog) Tywés Tng p mou xahoVvtar otov (114), xou
étoL o aZ, p) elvan ouveyée.

Telxd, av to mpdypauua E elvar arttoxpatind, téte uévo €vog umoho-
yiouds (114) vroloyilet ™ twwh {H(Z) = w yio v arotiunon & := p, xa
7 (nenepaouévn) peptx) cuvdptnon r oty anddeldn g cuvéyelag elval N
eNdytotn 7 C p pepud ouvdptnor tétowa mov o, 7)), ahhds o (114) Ha
tepudtile «uo ypryopon. -

I ta ouvapTnolaxd otny xhdorn Ryg undpyet Ulo amAn xoL yeHolun oo
vovixt| Hop@tp, Tou yenotuonotel Ty e€hc xwdixonolnon.

6B.7. Kwduxonoinoy nencpaoiévmy cuvapThoewy xol cUVOALY. Ta
xd0e z € N, Oétouue

d(z,i) = ()i~ 1, avi<lh(z) & (2); >0,
’ 1, aAALOCG

H pepwnt| suvdptnon d(z, 1) elval (Tpmtoyevdg) avadpouxh: 1 axoloubia
do,dy, ...

anaptfuel dheg Tig MEMEPAOUEVES, UEPLXES CUVAPTACELS ULag LETOBANTAS" Xau
N axolouvbio

Dy, Dy, ...
anaptBuel 6ha o tenepacuéva oOvola €ToL Tou
ie€D, < i<lh(z) & (z); >0,
%o, eBXOTEPA, 1 o)éom ¢ € D, va elval TpwToYEVOS avadpouLx.

6B.8. ©EaPHMA (Kavovix¥ Mopgh yia T0 Rpg). To tuyaio ouvapts-
owaxd aZ,p) elvar avaitioxpatixd avadpoiixs, av xat uévoy ay yia xdroia
avadpouixsi oyéon R(Z,w,z,y),

(115) a(@,p) =w <= (32)[d, C p & (Jy)R(Z,w, z,y)].
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AnoaEIEH. T ) pa xatebbuvon, ye & = (z1,... ,Tn), Bétouue
Tr(e, @, 2,i,y) <= o e elval xwdxdc xdnolov (iowe avartioxpotinol)
avadpoulxod mpoypduuatos E
%o uévo 1 Ell elvar eEwtepnr) oto
%ol 0 Y elval xwdxdg TepUATIXOV
vrohoytlouol tou E oty eloodo {j : &
Yo T anotiunon & = d..
H oyéon auth elvon mpwtoyevidg avadpouwxtr ue tig uebddoug tou 3A, xa,
evxola, av 1o E eivai tétolo Ttouv
a(Z,p) =w < E,(} =p k(%) =w,
t6te
a(f,p) =w <= (32)[d. Ep & ()[T; (e, 7, 2,4, y) & U(y) = w]].

T Tyv AN xatelBuvon, vrobBétovue 6Tl to T, p) xavornotel Ty Loo-
duvopta (115), HBétouue

b, @) = (nyR(E W)o. 2, (W)),

O TOPATNEOVUE STl TO GUVAETNOLAXS

B(z,Z,p) = av (Vi < 1h(z))[d. ()] = p(i) = d,(i)] 161 h(z, T) ahhdg L

elvar avadpoutxd, and T WLOTNTEC XAELCTOTNTES TWV AVASPOULXDY UV~

moloxdy 6A.4. 'Eotw E npbypaupa tou utohoyilet to B(z, T, p) étoL mou
B(z,Z,p) =w < E,:=pF{(2,%) =w,

xat éotw E' o mpbypauua mou dnuiovpyeltal pe v mpdobeon tov g
edlooemy, Ue xavolpyleg UeTaBAnTés:

n(t) =0
n(t) = S(n(t))
(%) = {(n(0), 7).

Ou tepuatixol utohoylouol Touv E’ mou Eextvoly ue 6 @ & elvan e poppiic

0. x
{n:02%
(: 27
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xou eneld and ) otiyu mou unohoyiletar N Tiur 2 dev evepyomotobvtal ma
ol yetafdoelg mou npochécaue oto F, énctal o1l

w = 0(%) = B(2,,p),
€10l OV UE TOUS 0pLoUoUG,
(116) d. Cp & (By)R(Z, w, 2,y),

dnhadh a(Z,p) = w. And v dAhn pepld, av a(Z,p) = w, téte LndpyeL 2
tétolo ntov toyvel n (116), xou ye tic petafdoeic g n(t) oto E’, undpyet
vrohoytoude tov B mou @tdvel oto onueio

(:z %

Yol Topddelyua, av 2z = 2, 0 UTOANOYLOUOS PTAVEL GTLS XUTUOTACELS

0:z
{n:02
{Sn:0%
{(SS8Sn:0zx
s8Ss 02
(S :1%
:2%.

And 3w xou yetd o umoloyiouds ouveyilel ue tig uetaPdoelg tov E xau
Tehxd anodidel TN owoTH WY

(z,%) = B(z, 7, p) = a(Z, p). B

6B.9. Turing avaywywpwdétyta. H tuyala okuxr, povouelic cuvdptnon
f N — N avdyerar avadpoutxd oe piay dhhn g, av undpyel xdmoLo avadeo-
uxd cuvaptnotaxd a(t,p) tétolo tov

(117) f(t) =a(t,g) (t€N).
O¢tovue
f<rg < n f aviyeton avadpouxd o1n g
f=rg <= f<rg&g<rf
O elxtne T oo ovufBoloud avagpépetal otov Turing, xat n oyéon <r xowvd
xokelton Turing avayowyr xaw cuvibwg epapudletal 6e GOVOAA, UECH TWV
YAPAXTNPLOTIXMDY TOVS GUVAPTHOEWY,
A<rB <= Xxa<r XB
A=r B < A<y B& B <7 A.
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O xNdoeis tooduvapiag g =7 ota obvola xaholvton (Turing) fabuol ava-
roxpiowudtnrac (degrees of unsolvability)

degr(4) = {B| B =r A},
xou 1) «npodidtalny <t opllel otoug Babuoils ™ uepwr| Sidtady
a<rb < (JAc€a,Beb)A<r B|
< (VAc€a,Beb)[A<r Bl
Enionc 6étoupe
0 = deg(0) (= deg(A) vy xdbe avadpouxd A)
0’ = deg(K),
6mou K eivon to xavovixd, nhipeg avadpouixd anaptbuntéd cdvoro (90).

H Bewpla tng yepurc Sudtaing <r oto abvoro D twv Babudy avamoxpt-
owwéTnras elvar (axdun) évac and toug TAéov dpaothAploug xAddoug épeuvag
ot Bewpla avadpoutg, tov onolo duws e Ba xahidouue e3¢, Oo mepLopt-
o0To0UE O UEPIXES ATAES, OYETIXES AOXNOELS XAl 01N SaTdinwon TeLdY and

o Baond Oewphuotd Tou mou urodelyvouy uta and Tig xOpleg xatevhivoelg
TouL.

6B.10. ©EQPHMA. (1) Ia xdfe ovvorlo A C N uvndpyet xdnow B ue
ueyadutepo fabud avaroxpioudtnrac, deg(A) <r deg(B).

(2) [Kleene-Post] Yrdpyouv ovvola A,B C N rov Sev ovyxpivoviar w¢
mpog ™) <, dnAadj A Ly B xat B £y A.

(3) [Friedberg-Muchnik] Yrdpyouv a.a. ovorla A,B C N rou 8ev ou-
yxplvovtal w¢ mpos v <r, dnAad] A L1 B xa1 B L1 A, dpa xau

0<r deg(A) <r 0
xat to (8to yia to B.

H Behtiwon (3) tou (2) Swatundvetal Eexmwplotd emeldh Aray avoixtd npd-
BAnua (to dIpdBAnua Tou Postr) and to 1944 uéypet t Mion tng to 1956, xou
N «wébodoc mpotepoudtntacy (priority method) ue tnv omolo tehind AoOnxe
éxet e€ehuy el oe uo amd g Baounég uebddoug g Bewplag unoloyiowwdTn-
Tag.

6B. Aoxvoelg

x6B.1. Ané ta e€¥c ouvaptnolaxd, mota elvan avadpoutxd xou mola elvat
AVALTLOXPATLXE avadpoulxd; AxoloAoYNoTe TG ATAVINCELS GUG.

a(p) = av (3z)[p(z) = 1] téte 1 ol L
B(p) = av (3z)[p(x) =1 & (Vi < x)p(i) = 0] téte 1 alhide L
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x6B.2. Acilte ye avumapadelypota 6t xauid and tig ouvlrxeg otov
opLoud 6B.5 dev ouvdyetal and tig dAleg dvo.

x6B.3. Acilte 6t yio ohuég, povouehels ouvapthoels f, g, av undpyel
oVOLTLOXPATIXE avadpoulxd cuvaptnotaxd a(t,p) €Tl Tou

f(t) = a(t,g),
t6te f <r g. YHOOAEIEH: Emxaleoteite 1o Oedpnua Kavovixrc Mop-
¢nc 6B.8.
x6B.4. Aclite b6t f<rg& g<rh=—f <t h.

x6B.5. Acei&te 6Tt av 1 g elvon avadpoux| xou n f avdystonw ot g, t61€
xou 1 f elvan avadpoutxr).

x6B.6. Acilte 6t av f <p g xau t0 Ypdenua tng g elvon Xy, t6TE MOU TO
yedpnua tng f elvar My
x6B.7. Aciéte 6110 <7 0.
6B.11. OprizmoOx (IIohvchuoavty avaitioxpatixy avadpowr). To avar-
TLOXPATIXG TEOY PO
{(z) =0
{(z) =1,
dev unoloyilel uepxy ouvdptnom, enedn, npopavde, yia xdbe = éyel dlo
UTOAOYLOUOVS
(:x—* 0 C:xz—" :1,
xa étot ey xabopilel o ouyxexpuévn T I(z). Elvar duwc guoxd va
Bewphooupe o¢ «uhpy tov vtohoyileto and to E to ovvoro {0,1} twv dvo
Ty 0 xon 1, xou o enduevog opltouds xdvel auaTnER auTH TN QUOLXTY EVvvold.
[ %8Be ouvaptnoloa] yetafintd { oe doouévo avoutioxpatixd avodpo-
uxd medypauua E (ywpls e€wtepués yetafintés), Hétouue
(%) = {w |w € N & undpyer unohoyiowés {: & — -+ — :w tou E
N w = L xalL vndpyet anoxAlveoy utoloylouds tov E
(:Z—ar:0— -}

D mopddetypa, N «tiuh» ToU TEOYEAUUATOS

{(z)=0
{z) =1
(z) = (x)

elvar {(z) = {0,1, L}.

x6B.8. Adote mapadelyoTta avoLTLOXQATIXGOY TPOYPAUUITOYV Ue xVpLo
oVvuBolro { yia to onola:
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(1) L(z) =NU{L}.

(2) {(z)=1{0,1,... ,z}.

x6B.9. 'Eotw E4 mpdypapuo mou vrnohoyilel tmy npbobeon, xow E 7
AVALTLOXPATLXY EMéXTAOT Touv E L pe Toug oplouolg

{z) =1
{(z) = L(z) + ().

ITowo eivan to ovoho E(O);

x6B.10. 'Eotw Ey npdypauua mou vnohoyilel tn ocuvdptnon 2z, xau £ 7
avalTioxpaTixy enéxtaot touv Ey ue Toug oplouoig

{(z) =1
{(z) = 2¢(x).

IToto eivon to o¥voho Z(O);

x6B.11*. Aci&te 6Tl av yLa xdnoto avartioxpatixd npdypouus £ ue xbplo
oVuPoro ¢ to clvoro Z(z) etva dnewpo, téTE L € (), dnhadn umdpyel
anoxhlvev urohoyiouds tou E nov apyilel ue tny xatdotaon £ z. (Avty
7 doxnon yeetdletan éva anotéleopa and ) cuvohobewpla.)

6C. To lo Oedpnua Avadpours

To Bedpnua o’autd To e3dyLo elvar Beueliond yia ™) Oewpla avadpourc.
D v anddeléy tou, delyvouue mpdta éva anhd Afuua.

6C.1. AHMMA. I'a xdbe avautioxpatixd avadpoutxd cuvaptnotaxd oz, p),
n uepLxy ouvdptnon
f(Ze1,...,e) =a(Z, peyy--- 5 Pe,)
elvar avadpoutxr.
AnoaegisH. I'o v mepintwon pe wa wbévo cuvaptnotaxy ueTafAnTy,

6mou o ouuBoliouds elval amhodotepog, €yovue and to BOedpnua Kavovi-
xfic Mopprc 6B.8 uia tooduvaula

a(@,p) =w < 32)[d, Cp & (Fy)R(Z,w, z,y)],
6mou 1 R(Z, w, z,y) elvow nuiavadpoux| oyéon: dpa
f(@e)=w <= (I2)[d: C pe & (Iy)R(Z,w, 2,y)]
= (32)[(Vi <Th(2)[dz (i)l = @e(i) = d:(1)]
& () R(Z, w, 2, y)],
xau 1 f(Z,e) elvon avadpouixs enetdh 1o ypdepnud g elvor 2. .
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6C.2. ©EQPHMA (To lo BOedpnua Avadpouns). [a xdbe povorovixd
xat oLveyéc ouvaptnotaxd azi,. .. ,&n,p) 6TOV N P elval n-ueAic ovvap-
tnotoy uetafAnty, vndpyet eAdytotn AUon p tne avadeoutxic eélowons

p(7) = a(Z,p),

mou yapaxtnplletar and tic ovvlixeg
(1) ria xdbe Z, p(T) = a(Z,D), xau

(2) yia xdbe q : N* — N,
ay (Vf’w)[a(ja q) =w=¢q(%) = w]a e pL Q.

EmnAéov, av to a(&,p) elvar avaitioxpatixd avadpouixd, téte np elval
avadpoutxr.

AnoaEtieH. Iapatnpodue npdta 6t ) povadudtnta tne uepxis cuvde-
wong P mou wavornotel tor (1) xou (2) tou Bewphuatog elvan tetpruuévny:
eneldq av 1 P éye autés Tig dlo Widtnreg xau 1 P’ Tig avtioTouyeg

(1) P'(@) = az,p),
(2)" vy xdfe ¢: N =N,

t61e D ED and v (1) xow v (2) pe ¢ =7, xow o' C p and v (1) xow tv
(2)" ue ¢ = p. 'Etou anouével va detovue tnv Onapdn ueptxhc ouvdptnong b
mou eavorotel g (1) xan (2), xow v avadpouxdtnTd TN, oTny neplntwon
mou to a(&,p) elvan avartioxpatind avadpouLxd.

Oétoupe

P°(Z) = L,

%o, AVoSEOULXd,

Afupe. PP CP CP*C -,

érol moU yia xdmoia ueptxy ovvdptnon p: N — N,
(118) (@) =w <= (In)[p" (%) = w.

Anédeién tov Affuuaros. Actyvouye pe enaywyd oton 6 p™ Cp . H
Bdom, p° C ' eivar mpogavie, enetdh ¥ C g, yia x40e ¢. Tia To enaywyixd
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Bripuar:
PT(E) =w = o@P") =w
and tov oploud

— a(f,ﬁ"“) =w

and TNV enaywy] unéheon B C pT
%ol T povotovixdtnTa Tov T, p)

ﬁn+2

(Z) =w
and Tov oplaud.
Arébeién tou (1). Hpénrer va detouue 6T yo xéfe T xouw w,
p(@) =w < a(&,p) = w,
xou O emaAnfedoovue Eeywplotd tig Vo cuvenaywyEs.
Tty (%) = w = a(#,P) = w tpdta, urohoyllovue:
p(E) =w = ()P " (&) =w] (ané tov opioud)
= (In)[a(Z,7")) = w] (and oV 0pLoud)
= a(Z,p) =w (wovotovixdtnta Tou a(p)).
Tty avtiotpogn xatebbuvon, éotw 6Tt a(Z,P) = w. And tn cuvéyela Tou
a(Z,p), énetal 6T uTdpyel xdmola TEREPAOUEVT, UEpLx) cuvdpTnoT p* C P,
ue medlo alyxhiong
{Zoy-- s Tua} ={& | p"(D)] },
T€TOlOL IOV
(119) a(@,p*) = w.
And tov oploud g P, v xdfe ¢ < k, undpyel xdnotog n;, TETOLOG TOU
p*(Zi) = p(@3) = p™i (%) (i <k),
xou ov = max{ng,...,ng_1}++ 1, t61¢
pi(&) =p"(&) (i <k),
dnhadd p* C p". H uovotovxdtnto tou o, p) ouvendyetar tdpa 6Tt
al@,p’) =w = a(@,p") =w

s ﬁn+1

(%) = w
mou ue v (119) cuuminedver tny anddeln tou (1).
Arédeién tou (2). 'Eotw 61t yia xdnowo ¢ : N — N
V&, w)[a(Z, q) = w=>q(&) = w].
To {ntoduevo p C g axohroubel and tny

P"Cq (neN)
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mou Loy Vel Tpogavdg yio n = 0. Enaywywxd,
PTHE) =w = a(F,p") =w oanb tov oploud
= a(Z,q) =w and my emayoyxi vidbeon
X0 TN LOVOTOVLXOTNTA TOU
= q(Z¥) =w and v undbeon Yy Ty g.
Tehxd, av to aZ,p) elvar avortioxpatixd avadpouxd, téte N UeptxH
ouvdptnom
fle, @) = a(Z, )

elvar avadpouxr| and 1o Afuua 6C.1, étol mou yia xdnotov apthud 7,

1,7 — -
{S1(£,e)}HZ) = a(Z, pe).
"Enetat 6Tt av 0 eg elvan xdmolog xwdixds tng «xevicr Ueplxiic ouVAETNoNS

P°(%) = L xou HBéoouue, avadpouxd,

9(0) = e
g(n+1) = S1(f, g(n)),

1€, Yoo %8Be n, 0 g(n) elvon xwdixdg Tng P dpa
p(E) =w < (In)[{g(n)}(&) = w],
xou 1 P elvar avadpoulnt|, epboov €yel X ypdpnuo. —

6D. Yrnoloyiotég mpdielg

Y autd xau to enduevo eddplo Bewpolue ouvoptnolaxd o, p), émou,
buwe, oL UETABANTES P1, - . - , D xUPALVOVTOL OIS avadpoutxéc (xon by aw-
Balpetec) pepinéc GUVAPTAHBELS, €TOL TOL TO & UTOPEL VoL «XANEGELY TG UETA-
Bintéc tou uE TOug XWBLXOVUS Toug — BNAadY «at’ dvoua» TNV opoloyla
TRV YA®GO®Y tpoypapuationol. Luvndiletar autd To cuvapTnolaxd va xo-
Notvtar «pdeicn (operations).

6D.1. OpizMoOs. Ipd&n (oTig avadpouxéc uepinés cuvapTtAceLs) elvor n

Tuyala wepxr] cuVdETNOT
a: N xPg, x - x P —N,
6mou P elval to 6Uvolo SAmV TwV avadpouixdy Uepx®dy GuVapTHoELY k
UETABANTOY,
i ={pt|eeN}

xa M Tpdn a elvar urohoyiaty (effective operation) av n uepxd cuvdptnon
(120) f(fvelv--- 7em):a(f7(pe17---7¢em)

elvat avadpoux.
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[Mopatnpodue 6t 1 yepwnt| ouvdptnon f mou urnoloyilel ™) mpdn o txo-
vorotel Ty e&fc ouVBHxn avallolworng (invariance property):
(121) @e, = Payye-v s Pe,, = Pz, = [(T, €1, yem) = f(Z,21,. -+, 2m)
xa (Tpogavdg) xébe avadpoulx ueptxt| suvdptnon f tou xavornotel Ty (121)
vroloyllel Ty mpd&n oTig avadpouixés ueplxéc GUVAPTHOELS
A&, Perye-v s Pe,) = [T €1, em).

To Baowd Bedpnua autod Tou eduplou elvar dtu oL unoloyiotés TEdielg
(0UCLAGTIXE) GUUTITTOUY UE TO AVALTLOXEOTINS AVadpoUlxd cuVOPTNCLUXd,
%o 1 (o xatevhuvorn ocuvdyeton apéows and to Afuua 6C.1. To xhedl yia
v aviiotpopn xatebbuvon elvar to e&vg

6D.2. AHMMA. Kdbe unodoyiotrj mpdén elvar uovotovixij xar ouveyijc.

ANOAEIEH. Otwpolue uévo npdleis a : P — N, epdoov 1 anbddelln ot
yevunt| neplntwon elval 1 Bl — ybévo mo nepimhoxrn ato cLUBoAcuUd.
[ty anddeén g pwovotovixdtntag, éotw p T g, 6mou

D = Pe XA § = Pm,
ot f 0 xwdixbe e uepxfc ouvdptnong mou unoloyllel Ty a, dnAadA, yia
x&be z,
(122) a(pz) = {f}(2).
Yrnobétouue enlong 6T
06(906) =w,
xau Tpémel vou det&ouue 6Tt apm,) = w.
H oyéon

R(z,7,v) <= @e(x) =v 1 [{f}z) = w & pm(z) =]

elvar nulavadpoux: 1 undbeorn e T @, cuvendyetol ot
R(z,z,v) = pm(z) = v

dpa m R(z,z,v) elvan ypdonuo xdrolac uepixfic, avadpoulxic cuvdpTnomng
g(z, ) xau emouévng, To 20 Oedpnua Avadpouic cuverdyetal 6Tt P« (z) =
g9(z*, x) vy xdrowov apud z*, étoL nou

(123) por(z) =v = pe(x) = v A [{f}(2") = w & pm(z) = v].
[opatnpodue tdHpa to e€ig:
(1a) a(p.+) = {f}z*) = w. Ened#f oty avtibern nepintwon, omd
my (123)7 P2+ = Pe, bpat a(‘Pz*) = a(‘Pe) =w.
(1Ib) p.+ = ©m, xateubeloy and Ty vndbeon pe C v, xoL o (1a).
"Enctol 6Tt a(pm) = a(py+) = w.
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H xotaoxeun yia ty anddelln g ouvéyetag elvon pixpr| tapohhayf authg
oL Yenoluonolouue yio T povotovixdtnta. Ipdta Beloxouue and to 20
Oedpnua Avadpours xdroto z* tétolo Tou

(124)
pr(z) =v <= (Vu < :L')—|[T1(]?, 2"u) & U(u) = w] & pe(x) = v,

0L TTOLPALTNPOVE:

(2a) a(p,+) = w. Enedf oty avtifetn neplntwon,

(Vu)~[T1(F, 2", u) & Ulu) = w],
Gpa, yioo xdfe z,
(Vu < 2)=[T1(f, 2%, u) & U(u) = w],

xo eNOPéVes, and Ty (124), @« = e xow a(p,+) = a(pe) = w.

(2b) .+ C pe, xateubelay and Ty (124).

(2¢) H pepund) 6uvdptnom .« elval tenepacuévr, enctdf ouyxhivel uévov
oy

(125) z < (pu)[T1(f, 2%, u) & U(u) = w). o

6D.3. OEQPHMA (Ocdenua Myhill-Shepherdson). H tuyaia npdén o
elvar vrnodoyLotij av xar uévov av elvar o meploplouds oTiC avadpoutxés
UEPLXES CUVAPTIOELS XdToloL avaLTIOXpATIXE avadpoutxol cuvapTnoLaxouU,
SnAady av yia xdnowo B € Ry,

Oé(:l_f, Pers--- 7‘pem) = B(fv Peqs--- 7<pem>'

Anoaer=H. H wa xatedbuvon anodelytnxe oto Afuua 6C.1. T v
&AAY, Bewpolue wévo npdlelg ap) Ue Ui, LOVOUENT ETOBANTY, Xou mopo-
neolue 6t and to Bedpnua Kavoviic Moperc 6B.8 apxel va anodei&ovue
t0 €€ undpyel nuLavadpoux oyéon R(z,w), tétola Tov
(126) a(p) =w <= (Iz)[d, C p & R(z,w)].

Av o d eivou x0wdxdg TN uepaic cuvdptnong d(z,1) nou anaplbuel dheg
TLG TEMEPAOUEVES, UEPLXES GLUVAPTHOELS, TOTE

d.(i) = {d}(z,9) = {S1(d, 2)}(2),
Xl ETOPEVWGS, oy 1) Ueptxh, avadpouxy| cuvdptnor f(e) vtoroyilel tnv a(p),
t61e 1) oyéon
R(z,w) < a(d,) =w < f(S}(d,2)) =w

elvaw nuuavadpopxd, xau 1 (126) éneton apéons and to Afuue 6D.2. o
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6D.4. ITopi=MA (Rice-Shapiro). H f(e) eivat ucpuxi, avadpoutxi, xat
We =Wy == f(e) = f(m),
T6TE X Ubvov av urndpyet nuiavadeouxy oyéon R(x,w) tétota mou
fle)=w < (3z)[D, C W, & R(z,w)],
6mou 1 anoplBunon Do, D1, . .. TV TEnepaouéveny cuVOAnY oplotnxe oto 6B.7.

Agfvouue v anddeln yio doxnon, x6D.6.

6D. Aoxrocig

x6D.1. 'Eotw f(z) avadpouixy| yepixf; cuvdptnor tétola Tou
[f(e)l & We = W] = f(m)|-

det&te 6T vy xdbe e,

f(e)| = undpyeL nencpaocuévo W, tétoo nov W, C W, xau f(2)].

x6D.2. 'Eotw f(e) avadpouxh pepixf) cuvdptnom, tétowa mou f(e) < 5
v xd0e xwdixd e ohixtg, povouehols ouvdptnons p.. Alnbedel ¥ oy 7
e€fc mpdTAUOT: UTAPYEL XATOLOg M TETOLOG OV 1) @y, deV elval ohuxr, aAAd
f(m)] o f(m) < 5. Anodeilte v andvinon coc.

x6D.3. 'Eoctw f(e) avadpouxi, ueptxh cuvdptnomn tétota Tou

We = 0= f(e)l.
(a). Aci&te 6T v xdmoro We # 0, f(e)l.
(b). Aci&te 6w yia x40 m, vndpyeL xdnotog e tétolog Tou
We = Wy, xau f(e)] .

x6D.4. Aci&te bt yia x8be unohoyioth Tpdln a(z,p), n avadpouxy e&i-

owom
p(z) = a(z,p)

et avadpouxd (Lepwed) Moo,

x6D.5. Acite 6t yia xdbe unohoyioth Tpdln a(z, p), 1 avadpouixy e&i-
cwon

p(z) = a(z,p)

Exel ehdytotn Ao, Touv elval avadpouLx.

x6D.6. Anodeilte to Oedpnuo Rice-Shapiro 6D.4.
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x6D.7 (Oedpnpa touv Rice). Acilte 6t av n ohuxh avadpouixd cuvde-
ton f(e) wavornotel T cuvBhxn avallolwong

We = Wm:>f(e) = f(m)7
téte 1 f(e) elvan otabept.

x6D.8*. (a) Acl&te 6t undpyel avadpouix? uepixh cuvdptnon f(e) té-
oL ToV Yo x4be e,

(127) fle)l = (Fz)pe(z)]],
(128) (Fz)[pe(z)l] = we(f(e))l.

(b) Aci&te 6t dev undpyer avadpowxh uepxh cuvdptnon f(e) mou va
wavorotel Tig ouvBhxeg (127), (128), xou emmhéov Ty

(].29) Pe = Pm = f(e) = f(m)

6E. Tua fewpripata Kreisel-Lacombe-Shoenfield xou Friedberg

To Baowxd uhvoua touv 6D.3 elval 6Tt Sev undpyel TEOTOC VoL YENOLULOTOLT-
covpe éva npdypapua P (toodbvoua: tov xwdixd tou P) mou vroloyilel
pLo Tuyata avadpoulxt) Ueptx GUVEETNON P GTOV LTOAOYLOUS LBLOTATLY TNg
P dAhog amd Tov Tpoavy): oTn Topela TOU LTOAOYLOUOY) UTOPOVUE Vo XpNotL-
ponotioovue to Pyl va utoloyloouue érota tiur p(u) tng p ypetalduaoTe.
To avdloyo npdfAnua yia unoloylotég npdlelc oe oAxés avadpoutxés ov-
vaptioets elval SUGXOAATERD XAl €YEL TILO EVOLAPEPOLGA ATEVINOT.

Do xdBe k =1,2,..., F eiva 1o 6dvolo Shwv twy avadpoutxdy (ohxdv)
ouvopTHoewy k uetafBAnTdY,

= {0 | (VD)(3y)Tk(e, Z,y)},

xou, edxdtepa, FT elvar o xhaowds ydpoc Baire, 10 givoko ShwV ToV
axodovfidy and puoxols aptbuoic.

6E.1. OpizMmosx. ITpd&n (omic olég avadpouxés cuvapthioels) elvar m
Tuyala Leplxr] cuvdpTtnon

. n r r N .
a:N"xFp x--xF, —N

xou 1 TEEEN o elvan vmodoytoTy av Ldpyel xdmola avadpouxy Uepx| oL-
véptnon f(Z,e1,... ,em) TéTOlo TOU

(130) GersvnrPen, EF = (&, 0eyy--- s Pe,,) = [(Ze1,... ,em),
émov F" = U, .-
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E36 1 uepuei ouvdptnomn f mou unoloyiler t npdén o ixavonolel ) ouv-
0rxn avarlolwone (invariance property):

(]-3]-> Per = Pzrr+-+ 1y Pem — Pz, S
:>f(faelv"' aem):f(fazla"' azm)

mou elvan onuavtixd achevéotepn and Ty avdhoyn cuvbhxn (121) yio npdelg
OTLC AVOSPOULXES UEPIXES CUVAPTNOELS™ YLOL TUPASELY AL, 1)

fle) = {1, av (Vi < e)[pe(i) = 0],

1,  alAdg
weavortotel Ty (130) (xaw voroyiler, xdnwe agdoxa, Ty TEdln
alp) =1

oto y&po Baire FY), evd, npogpavade, dev ixavornotel v (121) xau dev uno-

royilel mpdén oo ydpo PT.

O oploude dnulovpyel tic e€fg dbo epwthoels — ylol Ty anhoboTepn Te-
plntwon mpdéewyv o : FT :— N:

6E.2. Ep®dtnon 1. Mnopoldue va Bpolue, yia xdfe urnodoyioti medén
a: F] — N, xdnowa avadpoutxrj, uepuxij ouvdetnon mov va tnv uvnoloy (et
olugwva ue tmy (130), xar mov va wavormoiel Ty oy upl ouvlnxny aval-
Aolwone (121);

Ioo8Vvauo — énwe o Sovue:

6E.3. Epdtnon 2. Yndpyet, yia xdfe vroloyioty npdén a : F{ — N,
avabpoutxé (éotw avaitioxpatixd) ouvaptnotaxd o : Py — N téroio mov
X el = a(X) =a"(X);

To PBoaowxd nepleyduevo tov Oewpfuatog Kreisel-Lacombe-Shoenfield xau
Tou avtinopadelyuatog tou Friedberg nou Oa Setoupe 6’ autéd to €dd@Lo elval
6t M andvinon elvon Getix)f xou otig Vo aUTEC EpWTHOELS Yia UToAOYLoTES
olxés mpdéeic o : FY — N, yio tig omnoleg

X e Fl=a(X)l,

oMAG (Yevixd) apvntixsf yio TedEels Tou omoXAIVOUY YLOL XATOLES TUIES TV
UETABANTOY Toug.

6E.4. AHMMA. Fotw a(X) urodoyioty mpdén oto ydpo Fy xar f(e)
avadpouixtj ueptxyj ouvdptnon mov Ty uroloyilet,
e € Fi=alpe) = f(e),
xat éotw X = p. € F] avadpoutxrj axolovbio téroia mov a(X) = f(e) =
w € N. I'a xdfe k € N, vndpyer axorovfia Xi, : N — N téroia mou:
(1) t <k= Xp(t) = X(t).
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(2) a(Xy) =a(X) =w.
(3) H Xy, elvar teduxd undevixr, dnradii urndpyel xdmowc | téroloc mou
t>1= Xi(t) =0.

ATIOAEIEH. And 7o 20 Oedpnua Avadpourc 4D.1, yio xdfe k, undpyet
xS z avadpoutxis, UeptxS cUVEETNONS, TETOLOS OV

(152) o (t) = {ge(m z;xtqu i (Vu < )=[T1(f,2,0) & Ulu) = wl,

6Tou o fsl’.vou xwdxés e f, dnhadh f(e) = @f(e). ©étovue

Xi(t) = @=(t)
xou emaAnfedovue Sladoyixd Tig analtodueveg LILGTNTES.
(1) H ¢, () elvanr oleh, avadpouix? cuvdptnon xat, v xébe t < k,
02 (t) = @e(t), xateubeloy and v (132).
(2) (Fu) [Tl(]?, z,u) & U(u) = w], dhadh alp,) = f(e) = w. Av by, t61¢
(V) [Ty (f, 2,u) & U(u) = w]

an’ auté éneton 61, yio xdle ¢, (Vu < t)-[T1(f, 2 u) & Uu) = w] dpa
02 = Pe, and Y (132), xou f(2) = f(e) = w, and y vrbdbeon 6t 1 f elvon
F-availolw.
(3) T x8Be t > (pu) [Tl(f, z,u) & U(u) = w], ¢, (t) = 0, xatevbelav and
v (132). =
To Afuua BeBatdvel 6t o teduxd undevixée (xol enopévne avadpouixéc)
axolouvbies eugavifovtal «tuxvd» oe xébe cbvoro

Vw={X €F] | a(X)=w} (weN),

dnhad, yia xdle X € V,,, undpyouv telxd undevixés axohovbieg oto V,,
TOU «oLUPLVOLVY ue ™V X oe ocovdinote peydha, opyixd Tuduata. Ot
eAxd undevixée axolouvbies xwdixomolobvtal anhd, pe v St (Paotxd)
AOIXOTOINGY IOV Y PNOLUOTOLNCAUE VLo TIG TENEPUCUEVES, UEPLXES CUVIETH-
oELC:

6E.5. Kwduxonoinoy teduxd undevixdy cuvaptiicewy. 'Eotw
o(w,i) = ()i, avi<lh(z),
0, aAALdE,
ez (1) = e(x, 7).
‘Enetow 1L ) ouvdptnon c(z, ) elvor avadpouxd, xou 1 axolouvbia

CosClye e
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anaptBuel 6heg tig tehxd undevixés axolouvbieg, tol mou
ez (1) # 0=1i < lh(z).
Eniong, undpyel tpwtoyevds avadpoulx) cuvdpetnon
(133) (z) = S1(G,x) (6mou oz, t) = c(z,1)),
TETOLOL TTOV
ce(t) = c(z,1) = Q) ().

6E.6. OEQPHMA (Xuvéyeia unohoyLot®dy npdewy oto FY). o xdbe
vrodoyioth medén a @ F] — N xauw xdfe X € F7, av a(X)], tdre undpye
xdrowg k € N, tétotog nov yia xdfe Y € F7,

[a(Y)] & (Vt < k)Y () = X ()] = a(Y) = a(X).

EWdwédtepa, av n a elvar ok, étol nou, yia xdbe Y € FY, a(Y)], 1o
ouunépacua nalpvel TNy aniovotepy LopyY,

(vt < )Y (H) = X(5)] = a(Y) = a(X).
ATIOAEIEH. 'Eotw f(e) avadpouwsd, uepuxd ouvdptnon nou vroloyilel
vy a(X), étol movu
Pe = pm € F1 = f(e) = f(m).
H 13¢a tng xataoxeung elval va Bpodue xdnoto 2 tétolo mou

X(t), avoe <t PBAuotar dev ouyxhivel 1 f(z),
p:(t) = .
cz(t), ohhdg

6mou 1) TENE undevind ¢, emhéyeton (ouUPoatd ue TNy TpdTN teplnTwo, oy
untdpyeL) Tol Tou

alcy)l & aley) # a(X).

Av 1o xatagépouue autd, t61e Ba éyoupe f(z) = a(X), e v owxelo ma
anddelln, xal an’ autd Oa cuvunepdvouue bt av

k = o «aplBude Brudtwy» otov onolo cuyxhiver 1 f(2),
t61e Sev undpyet T TETOLO TOU
alcy)] & aley) # a(X) & (VE < k)[e,(t) = X (8)]

ané to onolo, ye to Afuua 6E.4, Bo cuunepdvouue nepontépw 6T Sev undpyet
avadpouixtj axorovfia Y tétoia mou

(vt < B)Y (1) = X(8)] & a(Y)] & a(Y) # a(X),

mou etvau To {nroduevo. Me Aentouépetec:
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Arné 0 20 Oedhpnua Avadpoutig, yia xdbe e, undpyer xwdxbdg z, TETOLOG
oL

(134)
pet),  av fle)l & (Vu< t)-[11(f,zu) & U) = f(e)],
p=(t) = § Co(ze)(t), av f(e)l & (Fu < O[T1(f,2,u) & U(u) = f(e)],
1, oaMede, dnhadh av f(e)T,
6mou
comp(f, 2) = pyT(f,2,y)
elvat o phxoc tou urtohoylopol e f(z) (av f(z)]) xou

(135) g(z,€) = (va)[f(2)] & fu(x))] & f(2) # (@)
& (vt < comp(f, 2))[es (t) = ¢e(t)].

E36 1 ¢(x) etvon and v (133), étoL TOL @, () = € %, and To Adupa 4A.7
1-Emhoyhc, 1 9(z,€) ouyxhlivel axpfdc av utdpyel xdnotog & tétolog nou

F)] & fu(@)] & f(2) # f(ulx)) & (V¢ < comp(f, 2))[ea(t) = pe(t)],
xa, 6tay ouyxhivel, emthéyel xdmolo x = g(z,e) ue avutéc Tic LLdTNTES.

Yrobétouvpe tdpa 6tL X = @ € F] xou o(X) = f(e)l.

(1) f(2)l xar f(z) = fle) aldc . = pe € F] xau f(2) = f(e), mou

elvat dromo. Oftovue
(136) k = comp(f, 2).
(2) Aev vndpyer tedixd undevixij ouvdptnon cg, tétota mou

alex)l & f(u(x)) = ales) # fle) & (Vt < comp(f, 2))[ca(t) = ¢e(t)].
Tatl av urrpye, 16Te g(2,e)] xaL N cgze) éxet vt TNV WL6TYTA, €T0L IOV,
AnG TNY XATAGKEVY, @, = Cg(z,e) XU f(2) = f(u(g(z,€))) = alcyze) #
f(e), mou avtitibetan oto (1).

(3) I xdbe Y € FY,

[a(Y)] & (Vt <K)[Y(t) = X(t)]] = a(Y) = a(X).

Auté émeton thpa and to Afuua 6E.4: yatl av a(Y) = v # f(e), t6t¢e
uTdpyEL xdmota TEMXS UNdeEVIXA ¢ oL cuUPwVEL ue TRV Y (xat, emouévoc,
xow pe v X) vt < k, o yoe T onola a(e) = v # f(e), mov avtitifeton
oto (2). o

Auté 1o Bedpnua elvon 1 Paouxr| avaxdiudn xot, ToAég popés, xaheltal
10 «@ebdpnua Kreisel-Lacombe-Shoenfield», ¥ anodidetal otov Pdoo pabn-
potixd Ceitin mou to anédelfe aveédptnra. To bvoua, duws, tatpldlet mo
TOA) 07O EMOUEVO LOoYUPOTERO ATOTEAEOUAL!
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6E.7. O@eqPHMA (Kreisel-Lacombe-Shoenfield, Ceitin). I'ia xdfe urolo-
yiotyj mpdén o : F{ — N undpyet avadpouixdé ovvaptnotaxé o : P — N,
TéTO10 TOU
(137) [X € Fl & a(X)]] = B(X) = a(X)-
aitepa, av n o : F{ — N elvar oduxr, téte
X e Fl=o(X) = a"(X),
xou oL epwtioelg 6E.2 xou 6E.3 éyouv OBetinég anavtioelg Yo oAxég uTolo-

yiotég TpdieLs.

ATOAEIZH. 'Onwg ndvta, é0tw fxm&xég xdmoLog avadpoxis, Ueptxig
ouvdptnone nou vroroyilel To o, dnhady
Pe € I[Nlﬂ = Ol((pe) = f(e> = QO}\(G).

H xplown napatienon elvan 6tL n anddelln tou Oewpruatoc Luveyetag 6E.6
elvaw xataoxevaotixy, ouyxexpiuéva 6Tt o aplBudc k otny (136) elvou 1 Tud
pLag avadpoutxic, ueptxfic cuvdptnong o(e), tou cuyxhivel étav o e elvor
%xwdxbe avadpouxic axolovblag . tétolag mov a(yp.) = f(e)l. Mpdyuartt,
N Uepxr) cuvdptnom g(z,e) elvan avadpouxy, wg cuvdptnon dbo uetafAn-
TGV, pe tov oploud (135)- and tnv exdoyh (97) tou 20v Ocwphpatoc Ava-
Spounc e TopduUeTpo, UTEPYEL XATOL TEWTOYEVHS avadpouxh h(e) tétola
mou 1) (134) woylel av HBécovue

z=h(e)-

%o, TeEAxd, o aplbuds k mou ypetalbuaote unoloyiletar and tny
(138) k=o(e) = comp(f, h(e)).

EZetdloupe tédpa ndhl Ty anddelln touv 6E.6, vo dovue T pag divel ywplc
™)y undbeon ot @, € F1:

ABMMA. Ta xdbe e, ue z = h(e), av

fle)l & fle) = f(z) & (Vi < a(e))pe ()L,
tote, yia xdbe X,
(X € Fi & a(X)] & (Vi < 0(€)) X (t) = ()] = a(X) = f(e).

Andédeln. lpog dtomno, Seyduaote Ty undBeEGT YLa TO € o GTL YLo xdmoLa

X e F7,
a(X)] & (VE < a(e))[X(t) = pe(t) & a(X) # f(e)]-

And to Afuua 6E.4 tdpa, undpyel xdmola TENXE undevixy| ¢, TéTOLo TOU

a(es) = a(X) # f(e) & (Vi < a(e))ca(t) = pe(t):
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xou amd Tov oploud e g(e, 2) xou ™V (134), M cg(e,») ExeL aUTH TRV WBLOTYTA
XU P, = Cg(e,z) € FT- dpa f(2) = f(g(e,2)) # f(e), mov avutifetan oy
undheon.

To cOvoro

A={e| fe)l & f(e) = f(h(e)) & (Vi < a(e))pe(t)l },

oY aptiudy e tou xavorololy Ty undbeor Tou Aduuatog elval nuLavadeo-
uxo, doot

e€ A < (Ju)R(e,u)

yia xdnola (tpwtoyevds) avadpouxh oyéon R(e,u). To cuvaptnoloxd

v(p) = (py)[(Vt < y)p(t)]l & R((y)o, (¥)1)]

elvan (e0xola) avadpouxd. "Encton dtL avadpouixd elvan xon to

xou dev elvan Svoxolo, and to Afuua, va del&ovue tdhpa bt
(X € F1 & a(X)]] = a(X) = B(X),

, .
mou elvan To {nroduevo. =

H xdnog mpooextixy datinwon tou Oewpiuatog elvar arapaltnty, edat-
tlag Tou e€fg avtinapadelyuatog:

6E.8. OEQPHMA (Friedberg). Yndpyer uvnodoyioty mpdén o : F — N
TéToLa mov:

(1) a(Xo) =1, drov, Xo(t) =0, yia xdbe t.

(2) I'a xdbe k, vndpyetr xdrota Xy, € FY térota mou

(Vt < E)Xp(t) =0 xar a(Xg)1

‘Enetar 6t n npdén a Sev elvar o nepioptouds oto F xdnowov (éotw avou-
TLoxpatxd) avadpoutxol ouvapTnolaxoy.

Anoaei=H. H deltepn npdtaocy cuvdyetar and v mpdtn, eNeldn, ov To
a ftav o meploptouds oto F xdnotov avadpouixol B, téte B(Xo) = 1* dpa
o vnoloytouds e avadpouxic unyavic tov urohoyilelt v twh B(Xo)
teppatilet xat, uéypl va tepuatioet, éxel «xaléoewr nenepaouéveg To mhRbog
Twée e Xo xow av k elval o péylotog aplhude yio tov onolo o umolo-
yiouds yenowonoinoe v tuh Xo(k), t6te, Tpogavde, o vnoloylouds Ha
tepuatioet xau Bo ddoel Ty T 1 yia xébe X tétola mou (Vi < k)X (¢) = 0.
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[l va xotooxevdoovue to o xau vo anodellovue v mpdtn npdtact),
Hetoupe:
(139) e€c A = (Vt <e)lpe(t) =0,
(140) e€B < (Im e A)(Tk)(Vt < k)[pe(t) = om(t) =0
&pe(k+1) = pm(k+1)]
& ge(k+1) # 0]
(141) f(e)=1 < e€ AUB.

H uepuer ouvdptnon f elval npogavide avadpoutx.
ABMMA. H f eivar F{-avaddoiwrn, Sniadiy

@e:¢m€F§:>f(e):f(m)'

Arndbeiln. 'Eotw @ = @ € FT, xou f(e) = 1. Ipéner va deilouvue 6t
f(im)=1.

IMEPIITOSH 1. @ = @y = co. L' auth v mepintwon m € A, dpa
f(m) = 1.

IIEPINITOSH 2. @ = @ # co xow e € A. H (140) woybetye m =e, k =e
xat m otn Béon tou e, dpa m € B xau f(m) = 1.

IMEPINITOSH 3. @e = @m # co xou e € B. Tlpénel tdpa va undpyouy
«dptupeey m € A xou k mou wavonolody v (140) xou Befaidvouy bt
e € B axp3de ot (8ol udptupec txavorooly v (140) ue m otn Béon tou
e, dpa m € B xou f(m) = 1.

H vrohoyiot) npdén o : FT — N nmou vnohoyiletou and v f mpogpavdg
éyel v WibétnTa (1) oto Oedpnua. T va delloupe v (2), Yo To Tuyaio
k, Bétovue

C={ecA|e<k& (Vt<k)pe(t) =0& pe(k+1)] & p.(k+ 1) # 0}.

To ctvoro C elvan menepacuévo, xat (av 1o k elvan apxetd uyeydho) dyt
XxEVO, E0TW

C:{ela"'aen}'

Hétovue

X(t) = 0, awvt<kAht>k+1,
M max{ge, (k+1),...,0e, (k+1)}+1, avt=k+1,

étoL ov, aoohds, (Vi < k)X (t) = 0, xou apxel va odnynfodue oe drono
and v unbbeon dt undpyel e Tétolog Tou

(,De:Xk&eeAUB.
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IMepmTosH 1. @, = Xj xauw e € A. And tov oploud tou A,
e A= (v < e)lpat) = 0]
= e<k ool @ (k+1)=Xp(k+1)#0
= ecC
xat To tehevtalo elvan dtomno, ened Xi(k+ 1) # e(k+1) yia xdbe e € C.
IepmiTOxH 2. . = Xi xa e € B. Tdpa vndpyouv udptupes m € A
xaw k' mov Befouddvouy 6t e € B, xou k' =k + 1, agod (Vi < k)X, (t) =0
xat Xi(k+1) # 0. Eniong, m € C, apolb m € A o g (k+1) # 0. Avtd
buwe 0dnyoly oe dtomno, 6nwe xaL otny TEGTY Teptntwor), apod Xi(k+1) #
om(k+ 1), yia x&8e m € A. =

6E. Aoxnocig

x6E.1. Ac eivow 1 f(e) avadpouxh uepxd ouvdptnon, tétola Tou
(Vz)[pe(z) = 0] = f(e) = 3
del&te 6L yio xdfe k, umdpyel xdnolog m, TéToLog TOUL
(1) (Vz)[pm(z)]].
(2) (V& < k)[em(z) = 0].
(3) (Fz)lem(z) # 0.
(4) f(m)=3.
x6E.2. Aknbedel f| 6yt 1 e€hg npdtaon: Agelvan 1 f(e) avadpouxd ueptxh

ouvdptnom, TéTola Tou
(Vz)[pe(z) = 0] = f(e) | -
v xdfe k, undpyel xdnolog m, Tétolog mou

(1) (V2)[pm(z) 1.
(2) (V2 <k)lpm(2)
(3) (Fz)[pm(x) # 0.
(4) f(m) .

(Arodeifte v andvinoy cog.)

—0].

Fuévvng N. Mooxofdnncg

Avoadpopry xaL umoAoyLoLudTnTo

Iporataputintry €udoorn 2o, mpdyelpo, YEMATO ALOTM.
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