
Pragmatik  An�lush I (2008-09)

Endi�mesh Exètash � 23 Maðou 2009

1. 'Estw (X, ρ) metrikìc q¸roc. ApodeÐxte ta akìlouja:

(a) 'Ena uposÔnolo G tou X eÐnai anoiktì an kai mìno an {gia k�je x ∈ G kai gia k�je

akoloujÐa (xn) sto X me xn
ρ−→ x up�rqei n0 ∈ N ¸ste an n ≥ n0 tìte xn ∈ G}.

(b) An A,B eÐnai uposÔnola tou X (ìqi kat� an�gkhn xèna) kai A ∪ B = X, tìte
A ∪B◦ = X.

(g) An to D eÐnai puknì uposÔnolo tou X kai to G eÐnai anoiktì uposÔnolo tou X,
tìte D ∩G = G.

(3m)

2. 'Estw (X, ρ) metrikìc q¸roc kai A mh kenì uposÔnolo tou X. An x ∈ X orÐzoume thn
apìstash tou x apì to A wc ex c:

dist(x,A) = inf{ρ(x, a) : a ∈ A}.

ApodeÐxte ìti:

(a) H sun�rthsh dA : X → R me dA(x) = dist(x,A) eÐnai Lipschitz me stajer� 1.

(b) IsqÔei dA(x) = 0 an kai mìno an x ∈ A.

(g) Gia k�je ε > 0 to sÔnolo {x ∈ X : dist(x,A) < ε} eÐnai anoiktì uposÔnolo tou X.

Qrhsimopoi¸ntac, an jèlete, ta parap�nw deÐxte ìti k�je kleistì uposÔnolo tou X gr�fe-
tai wc arijm simh tom  anoikt¸n uposunìlwn tou X (eÐnai sÔnolo Gδ).

(3m)

3. (a) 'Estw f : (X, ρ) → (Y, σ) omoiìmorfa suneq c sun�rthsh. DeÐxte ìti h f
apeikonÐzei basikèc akoloujÐec tou X se basikèc akoloujÐec tou Y .

D¸ste par�deigma suneqoÔc sun�rthshc h opoÐa den apeikonÐzei k�je basik  akolou-
jÐa se basik  akoloujÐa.

(b) 'Estw (X, ρ) metrikìc q¸roc kai A mh kenì uposÔnolo tou X. An f : A → R eÐnai
omoiìmorfa suneq c sun�rthsh, apodeÐxte ìti h f epekteÐnetai se mia omoiìmorfa suneq 
sun�rthsh F : A → R. EÐnai h epèktash monadik ?

(3m)

4. (a) Sto sÔnolo A = [1,∞) jewroÔme tic metrikèc d(x, y) = |x−y| kai ρ(x, y) =
∣∣∣ 1x − 1

y

∣∣∣.
(a1) DeÐxte ìti oi metrikèc ρ kai d eÐnai isodÔnamec (�ra, oi (A, d) kai (A, ρ) eÐnai o-

moiomorfikoÐ).

(a2) DeÐxte ìti o (A, d) eÐnai pl rhc all� o (A, ρ) den eÐnai pl rhc.

(b) 'Estw f : (X, ρ) → (Y, σ) omoiomorfismìc. DeÐxte ìti: an to D eÐnai puknì uposÔnolo
tou X tìte to f(D) = {f(d) : d ∈ D} eÐnai puknì uposÔnolo tou Y .

(g) 'Estw (X, ρ) pl rhc metrikìc q¸roc kai E puknì kai Gδ�uposÔnolo tou X. ApodeÐxte
ìti gia k�je omoiomorfismì f : X → X isqÔei E ∩ f(E) 6= ∅.

(3m)

Kal  epituqÐa!



Endeiktikèc apant seic

1. (a) Upojètoume pr¸ta ìti to G eÐnai anoiktì uposÔnolo tou X. 'Estw x ∈ G kai (xn)
akoloujÐa sto X me xn

ρ−→ x. AfoÔ to G eÐnai anoiktì, up�rqei ε > 0 ¸ste B(x, ε) ⊆ G. AfoÔ

xn
ρ−→ x, up�rqei n0 ∈ N ¸ste an n ≥ n0 tìte ρ(xn, x) < ε. Sunep¸c, xn ∈ B(x, ε) ⊆ G gia

k�je n ≥ n0.

AntÐstrofa; upojètoume ìti to G den eÐnai anoiktì. Tìte, up�rqei x ∈ G ¸ste gia k�je ε > 0 na
isqÔei

B(x, ε) ∩ (X \G) 6= ∅.

Tìte, gia n = 1, 2, ... mporoÔme na broÔme xn ∈ B
(
x, 1

n

)
∩ (X \G), dhlad 

xn /∈ G kai ρ(xn, x) <
1
n

.

Autì shmaÐnei ìti h (xn) sugklÐnei sto x kai ìloi oi ìroi thc eÐnai ektìc tou G, �topo.

(b) DeÐqnoume ìti: an x ∈ X kai x /∈ A tìte x ∈ B◦: afoÔ x /∈ A, up�rqei ε > 0 ¸ste
B(x, ε) ∩ A = ∅, dhlad  B(x, ε) ⊆ X \ A. 'Omwc, apì thn upìjesh ìti A ∪ B = X èqoume
X \A ⊆ B. 'Ara, B(x, ε) ⊆ B kai autì deÐqnei ìti x ∈ B◦.

DeÐxame ìti X \A ⊆ B◦. 'Ara, A ∪B◦ = X.

(g) Apì thn D ∩ G ⊆ G èqoume D ∩G ⊆ G. AntÐstrofa, èstw x ∈ G kai èstw ε > 0. Up�rqei
y ∈ B(x, ε)∩G. To teleutaÐo sÔnolo eÐnai anoiktì wc tom  anoikt¸n sunìlwn, �ra up�rqei δ > 0
¸ste B(y, δ) ⊆ B(x, ε) ∩G. AfoÔ to D eÐnai puknì, mporoÔme na broÔme z ∈ B(y, δ) ∩D. Tìte,
z ∈ B(x, ε) ∩ (G ∩ D). DeÐxame ìti gia k�je ε > 0 up�rqei z ∈ G ∩ D ¸ste z ∈ B(x, ε). 'Ara,
x ∈ G ∩D. 'Epetai ìti G ⊆ G ∩D.

2. (a) 'Estw t, s ∈ X. Gia k�je a ∈ A èqoume

dA(t) ≤ ρ(t, a) ≤ ρ(t, s) + ρ(s, a).

Sunep¸c, o dA(t) − ρ(t, s) eÐnai k�tw fr�gma tou sunìlou {ρ(s, a) : a ∈ A}. 'Epetai ìti dA(t)−
ρ(t, s) ≤ dA(s). Dhlad ,

dA(t)− dA(s) ≤ ρ(t, s).

To Ðdio akrib¸c epiqeÐrhma deÐqnei ìti

dA(s)− dA(t) ≤ ρ(t, s),

ap' ìpou paÐrnoume thn
|dA(t)− dA(s)| ≤ ρ(t, s)

gia k�je t, s ∈ X. Sunep¸c, h dA eÐnai sun�rthsh Lipschitz me stajer� 1.
(b) ParathroÔme ìti dist(x,A) = 0 an kai mìno an, gia k�je ε > 0 up�rqei a ∈ A ¸ste ρ(x, a) < ε
dhlad  an kai mìno an, gia k�je ε > 0 isqÔei B(x, ε) ∩A 6= ∅ dhlad  an kai mìno an x ∈ A.

(g) 'Estw U = {x ∈ X : dist(x,A) < ε}. JewroÔme tuqìn x ∈ U kai epilègoume 0 < δ <
ε−dist(x,A). Gia k�je y ∈ B(x, δ) isqÔei dist(y, A) ≤ dist(x,A)+ρ(y, x) < ε. 'Ara, B(y, δ) ⊆ U .
Autì apodeiknÔei ìti to U eÐnai anoiktì.

'Alloc trìpoc: U = d−1
A ((−∞, ε)). H dA eÐnai suneq c kai to (−∞, ε) eÐnai anoiktì.

Gia to teleutaÐo er¸thma: 'Estw F kleistì uposÔnolo tou X. ParathroÔme ìti F =
⋂∞

n=1 Gn

ìpou Gn = {x ∈ X : dist(x, F ) < 1/n}. Pr�gmati, k�je Gn perièqei to F (diìti, an x ∈ F tìte
d(x, F ) = 0 < 1/n), �ra

F ⊆
∞⋂

n=1

Gn.

AntÐstrofa, an x ∈
⋂∞

n=1 Gn tìte dist(x, F ) < 1
n gia ìla ta n, �ra dist(x, F ) = 0. 'Epetai ìti

x ∈ F = F diìti to F eÐnai kleistì. Tèloc, k�je Gn eÐnai anoiktì sÔnolo.

3. (a) 'Estw (xn) basik  akoloujÐa ston (X, ρ). Ja deÐxoume ìti h (f(xn)) eÐnai basik  akoloujÐa
ston (Y, σ). 'Estw ε > 0. AfoÔ h f eÐnai omoiìmorfa suneq c, up�rqei δ > 0 ¸ste an x, y ∈ X



kai ρ(x, y) < δ tìte σ(f(x), f(y)) < ε. H (xn) eÐnai ρ�basik , sunep¸c up�rqei n0 ∈ N ¸ste
an m,n ≥ n0 tìte ρ(xn, xm) < δ. Sundu�zontac ta parap�nw blèpoume ìti an m,n ≥ n0 tìte
σ(f(xn), f(xm)) < ε.

An jewr soume thn f : (0,+∞) → (0,+∞) me f(x) = 1
x tìte aut  eÐnai suneq c, an ìmwc

jewr soume thn basik  akoloujÐa
(

1
n

)
n∈N sto (0,+∞) tìte aut  den apeikonÐzetai se basik 

akoloujÐa, afoÔ f
(

1
n

)
= n.

(b) 'Estw x ∈ A. JewroÔme tuqoÔsa akoloujÐa (xn) sto A me xn → x. H (xn) eÐnai basik , �ra
h (f(xn)) eÐnai basik  akoloujÐa sto R (diìti h f eÐnai omoiìmorfa suneq c). Tìte, up�rqei to
lim

n→∞
f(xn) ∈ R. An (x′n) eÐnai k�poia �llh akoloujÐa sto A me x′n → x, tìte ρ(xn, x′n) → 0 �ra

f(x′n)−f(xn) → 0 (p�li apì thn omoiìmorfh sunèqeia thc f). Sunep¸c, lim
n→∞

f(x′n) = lim
n→∞

f(xn).

MporoÔme loipìn na orÐsoume F (x) = lim
n→∞

f(xn) paÐrnontac san (xn) mÐa apì tic akoloujÐec tou

A pou sugklÐnoun sto x (to ìrio den exart�tai apì thn epilog  thc akoloujÐac).
H F eÐnai epèktash thc f : an x ∈ A tìte h stajer  akoloujÐa xn = x eÐnai sto A kai sugklÐnei

sto x, �ra F (x) = lim
n→∞

f(xn) = lim
n→∞

f(x) = f(x). Mènei na deÐxoume ìti h F eÐnai omoiìmorfa

suneq c. 'Estw ε > 0. AfoÔ h f eÐnai omoiìmorfa suneq c, up�rqei δ > 0 ¸ste an z, w ∈ A kai
ρ(z, w) < δ tìte |f(z)− f(w)| < ε/2. 'Estw x, y ∈ A me ρ(x, y) < δ. Up�rqoun xn, yn ∈ A ¸ste
xn → x kai yn → y. Tìte, lim

n→∞
ρ(xn, yn) = ρ(x, y) < δ, �ra up�rqei n0 ∈ N ¸ste, gia k�je

n ≥ n0 na isqÔei ρ(xn, yn) < δ. Apì thn epilog  tou δ èqoume |f(xn) − f(yn)| < ε/2 gia k�je
n ≥ n0. Sunep¸c, |F (x)− F (y)| = lim

n→∞
|f(xn)− f(yn)| ≤ ε/2 < ε.

4. (a) Gia to pr¸to er¸thma parathr ste ìti: an xn, x ∈ [1,∞) tìte d(xn, x) → 0 an kai mìno
an xn → x an kai mìno an 1

xn
→ 1

x an kai mìno an ρ(xn, x) → 0.
O (A, d) eÐnai pl rhc diìti to A = [1,∞) eÐnai kleistì uposÔnolo tou R me th sun jh metrik .

Ston (A, ρ) jewroÔme thn akoloujÐa xn = n. H (xn) eÐnai ρ-basik : èstw ε > 0. BrÐskoume
n0 ∈ N ¸ste 1

n0
< ε. Tìte, gia k�je m > n ≥ n0 èqoume ρ(xm, xn) =

∣∣ 1
m − 1

n

∣∣ = 1
n −

1
m < 1

n ≤
1

n0
< ε. 'Omwc, den up�rqei x ∈ A ¸ste ρ(n, x) → 0: ja eÐqame

∣∣ 1
n −

1
x

∣∣ → 0, dhlad  1
n → 1

x (me

th sun jh metrik ) to opoÐo shmaÐnei ìti 1
x = 0, �topo.

(b) 'Estw y ∈ Y kai èstw ε > 0. H f eÐnai epÐ, �ra up�rqei x ∈ X ¸ste y = f(x). H f eÐnai
suneq c sto x, �ra up�rqei δ > 0 ¸ste an x1 ∈ B(x, δ) tìte σ(f(x1), f(x)) < ε. AfoÔ to D
eÐnai puknì ston X, mporoÔme na broÔme d ∈ D ∩ B(x, δ). Tìte, f(d) ∈ f(D) kai σ(f(d), y) =
σ(f(d), f(x)) < ε. Ta y ∈ Y kai ε > 0  tan tuqìnta, �ra to f(D) eÐnai puknì uposÔnolo tou Y .

(g) Parathr ste pr¸ta ìti k�je omoiomorfismìc apeikonÐzei sÔnola Gδ se sÔnola Gδ kai pukn�
sÔnola se pukn� sÔnola (apì to (b)). Sunep¸c, to f(E) eÐnai puknì kai Gδ uposÔnolo tou X. Pio
sugkekrimèna, E =

⋂∞
n=1 Gn ìpou Gn anoikt� kai pukn� uposÔnola tou X kai f(E) =

⋂∞
n=1 Vn

ìpou k�je Vn = f(Gn) eÐnai anoiktì kai puknì uposÔnolo tou X. AfoÔ o (X, ρ) eÐnai pl rhc, to
je¸rhma tou Baire mac exasfalÐzei ìti to sÔnolo

E ∩ f(E) =

( ∞⋂
n=1

Gn

)
∩

( ∞⋂
n=1

Vn

)

eÐnai puknì Gδ-uposÔnolo tou X. Eidikìtera, E ∩ f(E) 6= ∅.


