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1. 'Estw (X, d) metrikìc q¸roc kai èstw A,B uposÔnola tou X.

(a) DeÐxte ìti (A \B)◦ ⊆ A◦ \B◦ kai A \B ⊆ (A \B).
(b) D¸ste apìdeixh   antipar�deigma gia kajemi� apì tic parak�tw prot�seic:

(i) An A ∩B = ∅ tìte A ∩B = ∅.
(ii) An A ∩B = ∅ tìte A◦ ∩B = ∅.

2. (a) 'Estw (X, d) metrikìc q¸roc kai èstw F mh kenì uposÔnolo tou X. DeÐxte ìti to F eÐnai
kleistì an kai mìno an up�rqei suneq c sun�rthsh g : (X, d) → R ¸ste F = {x ∈ X : g(x) = 0}.
(b) D¸ste apìdeixh   antipar�deigma gia kajemi� apì tic parak�tw prot�seic:

(i) O (Q, | · |) eÐnai omoiomorfikìc me ton (N, | · |).
(ii) K�je sun�rthsh f : (N, | · |) → (R, | · |) eÐnai suneq c.

3. (a) DeÐxte ìti ènac metrikìc q¸roc (X, ρ) eÐnai pl rhc an kai mìnon an k�je kleist  mp�la

B̂(x, ε) = {z ∈ X : ρ(z, x) ≤ ε},

ìpou x ∈ X kai ε > 0, eÐnai pl rhc metrikìc upìqwroc tou X.

(b) (i) 'Estw (X, d) metrikìc q¸roc kai èstw x ∈ X. DeÐxte ìti: an to x eÐnai shmeÐo suss¸reushc
tou X tìte to X \ {x} eÐnai puknì uposÔnolo tou X.

(ii) 'Estw X = {x1, x2, . . . , xn, . . .} �peiro arijm simo sÔnolo kai èstw d metrik  sto X ¸ste
o (X, d) na eÐnai pl rhc. DeÐxte ìti o (X, d) èqei memonwmèno shmeÐo (dhlad , up�rqei shmeÐo pou
den eÐnai shmeÐo suss¸reushc tou X).

4. 'Estw (X, d) sumpag c metrikìc q¸roc kai èstw (Fn)n∈N fjÐnousa akoloujÐa kleist¸n upo-
sunìlwn tou X.

(a) An G eÐnai anoiktì uposÔnolo tou X ¸ste
⋂∞

n=1 Fn ⊆ G, apodeÐxte ìti up�rqei n0 ∈ N
¸ste Fn0 ⊆ G. [Upìdeixh: Jewr ste thn oikogèneia twn anoikt¸n sunìlwn {G}∪{X \Fn :
n ∈ N}.]

(b) An h
⋂∞

n=1 Fn eÐnai monosÔnolo, apodeÐxte ìti diam(Fn) → 0. [Upìdeixh: MporeÐte na
qrhsimopoi sete to (a).]

5. (a) ApodeÐxte ìti k�je sumpag c metrikìc q¸roc eÐnai olik� fragmènoc kai ìti k�je olik�
fragmènoc metrikìc q¸roc eÐnai diaqwrÐsimoc.

(b) 'Estw (X, ρ) sumpag c metrikìc q¸roc kai èstw D = {dn : n ∈ N} arijm simo puknì u-
posÔnolo tou X. Gia k�je n ∈ N jètoume Dn = {d1, . . . , dn} kai orÐzoume fn : X → R me
fn(x) = dist(x,Dn). DeÐxte ìti:

(i) Gia k�je x ∈ X, h akoloujÐa (fn(x)) eÐnai fjÐnousa kai fn(x) → 0.
(ii) fn → 0 omoiìmorfa ston X.

6. (a) JewroÔme thn akoloujÐa sunart sewn fn : [0, 1] → R me

fn(x) =
√

nx(1− x2)n.

DeÐxte ìti fn → 0 kat� shmeÐo kai ìti
∫ 1

0
fn(x) dx → 0. Exet�ste an fn → 0 omoiìmorfa sto

[0, 1].
(b) Exet�ste an h seir�

∞∑
n=1

n2x2e−n2x

sugklÐnei omoiìmorfa sto [0,∞).

Kal  EpituqÐa!


