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Endi�mesh Exètash � 8 Maòou 2010

1. JewroÔme to R me th sun jh metrik . Exet�ste an oi parak�tw prot�seic eÐnai alhjeÐc
  yeudeÐc (aitiolog ste thn ap�nths  sac):

1. An to A ⊆ R den eÐnai kleistì, tìte èqei toul�qiston èna eswterikì shmeÐo.

2. Gia k�je A ⊆ R to sÔnolo A′ twn shmeÐwn suss¸reushc tou A eÐnai kleistì.

3. An A ⊆ B ⊆ R kai to x0 eÐnai memonwmèno shmeÐo tou A, tìte to x0 eÐnai memonwmèno
shmeÐo tou B.

4. K�je anoiktì mh kenì A ⊆ R èqei shmeÐa suss¸reushc.

(3m)

2. (a) 'Estw f : (X, d) → (Y, σ) suneq c sun�rthsh. DeÐxte ìti: gia k�je A ⊆ X isqÔei
f(A) ⊆ (f(A)).
(b) AntÐstrofa, an mia sun�rthsh f : (X, d) → (Y, σ) èqei thn idiìthta {gia k�je A ⊆ X
isqÔei f(A) ⊆ (f(A))}, deÐxte ìti h f eÐnai suneq c. (ShmeÐwsh: MporeÐte na jewr sete
gnwstì to gegonìc ìti h f eÐnai suneq c an kai mìno an h antÐstrofh eikìna f−1(C)
opoioud pote kleistoÔ C ⊆ Y eÐnai kleistì uposÔnolo tou X).

(3m)

3. (a) 'Estw f : (X, d) → (Y, σ) omoiìmorfa suneq c sun�rthsh. DeÐxte ìti h f
apeikonÐzei basikèc akoloujÐec se basikèc akoloujÐec.

(b) Exet�ste an oi parak�tw prot�seic eÐnai alhjeÐc   yeudeÐc (aitiolog ste thn ap�nths 
sac):

1. K�je suneq c sun�rthsh f : (0,∞) → R apeikonÐzei basikèc akoloujÐec se basikèc
akoloujÐec.

2. K�je suneq c sun�rthsh f : R → R apeikonÐzei basikèc akoloujÐec se basikèc
akoloujÐec.

(g) 'Estw f : (X, d) → (Y, σ) omoiomorfismìc. An, epiplèon, o (X, d) eÐnai pl rhc kai h
f−1 : Y → X eÐnai omoiìmorfa suneq c, deÐxte ìti o (Y, σ) eÐnai pl rhc.

(3m)

4. (a) 'Estw (X, d) metrikìc q¸roc kai èstw D puknì uposÔnolo tou X, G anoiktì kai
puknì uposÔnolo tou X. DeÐxte ìti to G ∩D eÐnai puknì uposÔnolo tou X.

(b) 'Estw (X, ρ) pl rhc metrikìc q¸roc kai f : X → Y suneq c sun�rthsh. ApodeÐxte
ìti an (En) eÐnai fjÐnousa akoloujÐa kleist¸n uposunìlwn tou X, me diam(En) → 0,
tìte

f

( ∞⋂
n=1

En

)
=

∞⋂
n=1

f(En).

(3m)

Kal  epituqÐa!



Endeiktikèc apant seic

1. (a) Yeud c. To Q den eÐnai kleistì uposÔnolo tou R diìti Q = R. 'Omwc, to Q den
èqei kanèna eswterikì shmeÐo: an o q ∈ Q  tan eswterikì shmeÐo tou Q, tìte ja up rqe
δ > 0 ¸ste (q − δ, q + δ) ⊆ Q. Autì den mporeÐ na isqÔei, diìti k�je di�sthma perièqei
�rrhtouc.

(b) Alhj c. Prèpei na deÐxoume ìti A′ ⊆ A′. 'Estw x ∈ A′ kai èstw ε > 0. Up�rqei y ∈
B(x, ε)∩A′. AfoÔ h B(x, ε) eÐnai anoiktì sÔnolo, up�rqei δ > 0 ¸ste B(y, δ) ⊆ B(x, ε).
AfoÔ y ∈ A′, h B(y, δ) perièqei �peira shmeÐa tou A. Sunep¸c, up�rqei a ∈ A, a 6= x
¸ste a ∈ B(y, δ). AfoÔ B(y, δ) ⊆ B(x, ε), èqoume a ∈ B(x, ε) ∩ (A \ {x}). DeÐxame ìti,
gia k�je ε > 0, B(x, ε) ∩ (A \ {x}) 6= ∅. 'Ara, x ∈ A′.

Sunep¸c, A′ ⊆ A′ kai to A′ eÐnai kleistì.

(g) Yeud c. Jètoume A = {0} kai B = R. To 0 eÐnai memonwmèno shmeÐo tou A all� den
eÐnai memonwmèno shmeÐo tou B.

(d) Alhj c. K�je shmeÐo x ∈ A eÐnai shmeÐo suss¸reushc tou A. An x ∈ A tìte up�rqei
δ > 0 ¸ste (x − δ, x + δ) ⊆ A, diìti to A eÐnai anoiktì. JewroÔme akoloujÐa (tn) me
ìlouc touc ìrouc thc diaforetikoÔc apì ton x kai tn → x (gia par�deigma, tn = x + 1

n).
'Estw t¸ra ε > 0. An to n eÐnai arket� meg�lo, èqoume |tn − x| < min{ε, δ}, �ra

tn ∈ (x−ε, x+ε), tn ∈ (x−δ, x+δ) ⊆ A kai tn 6= x. Sunep¸c, (x−ε, x+ε)∩(A\{x}) 6= ∅.

2. (a) 'Estw A ⊆ X kai y ∈ f(A). Tìte, up�rqei x ∈ A me y = f(x). AfoÔ x ∈ A,
up�rqei akoloujÐa (xn) sto A me xn → x. H f eÐnai suneq c sto x, �ra f(xn) → f(x) = y.
'Omwc, f(xn) ∈ f(A) gia k�je n ∈ N. Sunep¸c, y ∈ f(A).
(b) ArkeÐ na deÐxoume ìti h antÐstrofh eikìna f−1(C) opoioud pote kleistoÔ C ⊆ Y eÐnai
kleistì uposÔnolo tou X. Efarmìzontac thn upìjesh me A = f−1(C) èqoume

f(f−1(C)) ⊆ f(f−1(C)) ⊆ C = C,

diìti f(f−1(C)) ⊆ C (sthn teleutaÐa isìthta qrhsimopoioÔme to gegonìc ìti to C eÐnai
kleistì). AfoÔ f(f−1(C)) ⊆ C, èpetai ìti

f−1(C) ⊆ f−1(C).

'Epetai ìti to f−1(C) eÐnai kleistì.

3. (a) 'Estw (xn) basik  akoloujÐa ston (X, d). Ja deÐxoume ìti h (f(xn)) eÐnai basik 
akoloujÐa ston (Y, σ). 'Estw ε > 0. AfoÔ h f eÐnai omoiìmorfa suneq c, up�rqei δ > 0
¸ste an x, y ∈ X kai d(x, y) < δ tìte σ(f(x), f(y)) < ε. H (xn) eÐnai d�basik , sunep¸c
up�rqei n0 ∈ N ¸ste an m,n ≥ n0 tìte d(xn, xm) < δ. Sundu�zontac ta parap�nw
blèpoume ìti an m,n ≥ n0 tìte σ(f(xn), f(xm)) < ε.

(b) 1. L�joc. An jewr soume thn f : (0,+∞) → R me f(x) = 1
x tìte aut  eÐnai

suneq c, an ìmwc jewr soume thn basik  akoloujÐa ( 1
n)n∈N sto (0,+∞) tìte aut  den

apeikonÐzetai se basik  akoloujÐa, afoÔ f( 1
n) = n.

2. Swstì. An èqoume mia basik  akoloujÐa (xn) sto R tìte aut  eÐnai kai sugklÐnousa,
dhlad  up�rqei x ∈ R me xn → x kai, epeid  h f eÐnai suneq c, f(xn) → f(x), dhlad  h
(f(xn)) eÐnai sugklÐnousa kai �ra basik .

(g) 'Estw (yn) basik  akoloujÐa ston (Y, σ). AfoÔ h f eÐnai 1-1 kai epÐ, gia k�je n ∈ N
up�rqei monadikì xn ∈ X ¸ste f(xn) = yn. AfoÔ h f−1 eÐnai omoiìmorfa suneq c, to
er¸thma (a) deÐqnei ìti h akoloujÐa (xn) = (f−1(yn)) eÐnai basik  ston (X, d). AfoÔ o
(X, d) eÐnai pl rhc, up�rqei x ∈ X ¸ste xn → x. H f eÐnai suneq c, �ra yn = f(xn) →
f(x). Dhlad , h (yn) sugklÐnei.



4. (a) 'Estw x ∈ X kai èstw ε > 0. AfoÔ to G eÐnai puknì, up�rqei y ∈ B(x, ε) ∩ G.
To teleutaÐo sÔnolo eÐnai anoiktì wc tom  anoikt¸n sunìlwn, �ra up�rqei δ > 0 ¸ste
B(y, δ) ⊆ B(x, ε)∩G. AfoÔ to D eÐnai puknì, mporoÔme na broÔme z ∈ B(y, δ)∩D. Tìte,
z ∈ B(x, ε) ∩ (G ∩D). DeÐxame ìti gia k�je ε > 0 up�rqei z ∈ G ∩D ¸ste z ∈ B(x, ε).
'Ara, x ∈ G ∩D. AfoÔ to x ∈ X  tan tuqìn, X = G ∩D.

(b) 'Eqoume
⋂∞

n=1 En ⊆ Em gia k�je m ∈ N, �ra f (
⋂∞

n=1 En) ⊆ f(Em) gia k�je m ∈ N.
'Epetai ìti

f

( ∞⋂
n=1

En

)
⊆

∞⋂
m=1

f(Em) =
∞⋂

n=1

f(En).

Gia ton antÐstrofo egkleismì: èstw y ∈
⋂∞

n=1 f(En). Gia k�je n ∈ N, up�rqei xn ∈ En

¸ste f(xn) = y. AfoÔ diam(En) → 0, èqoume
⋂∞

n=1 En = {x} apì to je¸rhma tou
Cantor. EpÐshc, gia k�je n ∈ N èqoume xn, x ∈ En �ra ρ(xn, x) ≤ diam(En) → 0.
Dhlad , xn → x. Tìte, afoÔ h f eÐnai suneq c, èqoume

f(x) = lim
n→∞

f(xn) = lim
n→∞

y = y.

Dhlad , y = f(x) ∈ f (
⋂∞

n=1 En).


