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Jèma 1. (a) 'Estw (X, d), (Y, σ) metrikoÐ q¸roi. JewroÔme ton metrikì q¸ro (X×Y, ρ) ìpou ρ((x, y), (x′, y′)) =
d(x, x′) + σ(y, y′). An A ⊆ X kai B ⊆ Y , deÐxte ìti:

(i) An ta A kai B eÐnai kleist�, tìte to A×B eÐnai kleistì ston (X × Y, ρ).

(ii) An ta A kai B eÐnai sumpag , tìte to A×B eÐnai sumpagèc ston (X × Y, ρ).

(b) An A ⊆ R eÐnai anoiktì kai puknì deÐxte ìti gia k�je x ∈ A to sÔnolo A \ {x} eÐnai anoiktì kai puknì.
IsqÔei to Ðdio an A ⊆ X, ìpou (X, ρ) tuq¸n metrikìc q¸roc?

(2m)

Jèma 2. (a) 'Estw f : (X, ρ) → (Y, σ) suneq c. DeÐxte ìti gia k�je A ⊆ X isqÔei ìti f(A) ⊆ f(A). An
epiplèon upojèsoume ìti o X eÐnai sumpag c, deÐxte ìti tìte, gia k�je A ⊆ X isqÔei ìti f(A) = f(A).
(b) Exet�ste an oi parak�tw prot�seic eÐnai alhjeÐc   yeudeÐc (aitiolog ste thn ap�nths  sac):

(i) An f : (X, ρ) → (Y, σ) eÐnai omoiomorfismìc kai o X eÐnai olik� fragmènoc, tìte kai o Y ja eÐnai olik�
fragmènoc.

(ii) An (xn) eÐnai basik  akoloujÐa se ènan metrikì q¸ro (X, ρ), tìte to sÔnolo A := {xn : n ∈ N} eÐnai
olik� fragmèno.

(2m)

Jèma 3. (a) DeÐxte ìti ènac metrikìc q¸roc (X, ρ) eÐnai pl rhc an kai mìnon an, gia k�je x ∈ X kai gia

k�je r > 0, h kleist  mp�la B̂(x, r) eÐnai pl rhc metrikìc q¸roc (wc proc th sqetik  metrik ).

(b) 'Estw (X, ρ) pl rhc metrikìc q¸roc kai f, g : X → X sunart seic ¸ste f ◦ g = g ◦ f . Upojètoume ìti h
f eÐnai gn sia sustol : dhlad , up�rqei stajer� c ∈ (0, 1) ¸ste gia k�je x, y ∈ X na isqÔei ρ(f(x), f(y)) ≤
cρ(x, y). DeÐxte ìti up�rqei akrib¸c èna x ∈ X ¸ste f(x) = x = g(x).

(2m)

Jèma 4. (a) 'Estw (X, d) sumpag c metrikìc q¸roc kai f : X → R. An h f eÐnai suneq c, deÐxte ìti h f
eÐnai omoiìmorfa suneq c.

(b) 'Estw (Y, ρ) metrikìc q¸roc kai (yn) akoloujÐa ston Y me yn → y. An F = {yn : n ∈ N} ∪ {y}, deÐxte
ìti to F eÐnai sumpagèc.

(g) 'Estw (Y, ρ) metrikìc q¸roc kai A ⊆ Y . DeÐxte ìti to A eÐnai kleistì an kai mìnon an gia k�je sumpagèc
K ⊆ Y , to A ∩K eÐnai kleistì ston Y .

(2m)

Jèma 5. (a) 'Estw (X, d) metrikìc q¸roc kai fn, f : X → R. An oi fn eÐnai omoiìmorfa suneqeÐc kai fn → f
omoiìmorfa, deÐxte ìti h f eÐnai omoiìmorfa suneq c.

(b) 'Estw fn : [0,∞) → R me fn(x) = nx
nx+1 . DeÐxte ìti:

(i) H (fn) sugklÐnei kat� shmeÐo. Poi� eÐnai h oriak  sun�rthsh f ?

(ii) Gia k�je a > 0, h (fn) sugklÐnei omoiìmorfa sto [a,∞), all� den sugklÐnei omoiìmorfa sto [0, a].

(2m)

Jèma 6. (a) JewroÔme th seir� sunart sewn
∑∞

k=1
1

1+k2x2 , (x ≥ 0). DeÐxte ìti h seir� apoklÐnei gia x = 0
kai sugklÐnei gia k�je x 6= 0. DeÐxte epÐshc ìti gia k�je a > 0, h sÔgklish eÐnai omoiìmorfh sto [a,+∞).
(b) 'Estw f : R → R omoiìmorfa suneq c kai èstw (δn) akoloujÐa me δn > 0 gia k�je n kai δn → 0. Jètoume

fn(x) = 1
δn

∫ x+δn

x
f(t)dt, x ∈ R. DeÐxte ìti fn → f omoiìmorfa.

(2m)

Kal  EpituqÐa!


