
ASKHSEIS 1

1. 'Estw X := {α, β, γ, δ} kai

A1 := {∅, X, {β, γ}}
A1 := {∅, X, {β, γ}, {α, δ}}

a) EÐnai oi A1,A2 s-�lgebrec?

b) DeÐxte ìti σ(A1) = A2.

2.'Estw X := R kai

a)

A := {A ⊂ R : A arijm simo   R \A arijm simo}

Na deiqjeÐ ìti h A eÐnai s-�lgebra kai A ⊂ B(R).

b)

A0 := {{x} : x ∈ R}

Na deiqjeÐ ìti σ(A0) = A.
g)

A1 := {A ⊂ R : A peperasmèno   R \A peperasmèno}

Na deiqjeÐ ìti h A den eÐnai s-�lgebra.

3. 'Estw f : X → Y sun�rthsh.
a) An A eÐnai s-�lgebra sto X, jètoume

B : = {B ⊂ Y : f−1(B) ∈ A}

Na deiqjeÐ ìti h B eÐnai s-�lgebra sto Y .

b) An B eÐnai s-�lgebra sto Y , jètoume

A : = {f−1(B) : B ∈ B}

Na deiqjeÐ ìti h A eÐnai s-�lgebra sto X.

4. 'Estw X sÔnolo kai A := σ(A0) h s-�lgebra sto X pou par�getai apo thn oikogèneia A0 ⊂ P(X).

a) Na deiqjeÐ ìti gia k�je A ∈ A up�rqei arijm simo A1 ⊂ A0 ¸ste A ∈ σ(A1).

b) 'Estw µ peperasmèno mètro sto (X,A). Na deiqjeÐ oti gia k�je A ∈ A kai ε > 0 up�rqei peperasmèno
A1 ⊂ A0 kai A1 ∈ σ(A1) ¸ste µ(A4 A1) < ε (kai �ra |µ(A) − µ(A1)| < ε). UpenjÔmish: 4 dhl¸nei
th summetrik  diafor� dÔo sunìlwn. A4B := (A \B) ∪ (B \A).

5. 'Estw X = R, kai A := P(R). Gia A ∈ A, jètoume

µ(A) :=

{
0 an A arijm simo,

1 an A uperarijm simo.

Na deiqjeÐ oti to µ eÐnai mètro.
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LÔsh thc 4.

a) Jètoume
C := {A ∈ A : up�rqei arijm simo A1 ⊂ A0 ¸ste A ∈ σ(A1)} ⊂ A.

H �skhsh zht�ei na deÐxoume oti C = A.
B ma 1. A0 ⊂ C.

GiatÐ gia A ∈ A0 paÐrnoume A1 = {A}, peperasmèno.
B ma 2. H C eÐnai s-�lgebra.

Profan¸c ∅, X ∈ C, kai an A ∈ C tìte X \ A ∈ C (giatÐ?). 'Epeita an Ai ∈ C gia k�je i ≥ 1, tìte
up�rqoun arijm sima Ai ⊂ A0 ¸ste Ai ∈ σ(Ai) gia k�je i ≥ 1. Jètoume Ã := ∪∞i=1Ai, to opoÐo eÐnai
arijm simo. Tìte

∪∞i=1Ai ∈ σ(∪∞i=1σ(Ai)) = σ(∪∞i=1Ai) = σ(Ã).
(H pr¸th isìthta jèlei lÐgh skèyh. To ⊃ eÐnai profanèc. To ⊂ ?). 'Ara ∪∞i=1Ai ∈ C.

Apo ta b mata 1, 2 kai ton orismì thc paragìmenhc s-�lgebrac, èpetai ìti σ(A0) ⊂ C (dhlad  to C
den perièqei apl¸c to A0 all� kai olìklhrh th s-�lgebra pou to A0 par�gei). 'Ara A ⊂ C. H A ⊃ C
isqÔei apo ton orismì thc C.

b) 'Opwc kai sto a), orÐzoume

C := {A ∈ A : gia k�je ε > 0 up�rqei peperasmèno A1 ⊂ A0 kai B ∈ σ(A1) ¸ste µ(A4B) < ε}
Profan¸c A0 ⊂ C. DeÐqnoume p�li oti to C eÐnai s-�lgebra. EÔkola ∅, X ∈ C, kai an A ∈ C tìte
X \A ∈ C. To A1 pou douleÔei gia to A douleÔei kai gia to X \A.

'Estw t¸ra Ai ∈ C gia k�je i ≥ 1 kai ε > 0. Epeid  µ(∪∞i=1Ai) = limn→∞ µ(∪n
i=1Ai) up�rqei n0 ≥ 1

me

(1) 0 ≤ µ(∪∞i=1Ai)− µ(∪n0
i=1Ai) < ε/2.

Up�rqoun peperasmèna Ai ⊂ A0 kai Bi ∈ σ(Ai) gia k�je 1 ≤ i ≤ n0 ¸ste

(2) µ(Ai 4Bi) < ε/2i+1.

Jètoume Ã := ∪n0
i=1Ai, to opoÐo eÐnai peperasmèno uposÔnolo tou A0 Tìte

B := ∪n0
i=1Bi ∈ σ(∪n0

i=1σ(Ai)) = σ(∪n0
i=1Ai) = σ(Ã)

kai
(∪∞i=1Ai)4B ⊂ {(∪∞i=1Ai) \ (∪n0

i=1Ai)}
⋃(
∪n0

i=1 (Ai 4Bi)
)

Oi (1), (2) dÐnoun ìti

µ
(
(∪∞i=1Ai)4B

)
< ε.

Epomènwc ∪∞i=1Ai ∈ C.


