AYKHXEIY 2
Y1ig aoxroelc o xdtw, av dev avagépetal, Yewpolye 6Tt Bploxduacte ot ywpo pétpou (X, A, 1).
1. Av f: R — R eivou povotovr, va detydet ott etvan Borel petpriown,.

2. Av o710 petprioio yopo (X, A) ot f, g etvou yetpriotpes, téte xou ot max{ f, g}, min{ f, g} ebvar yetph-
OlUES.

3*. Eotw f: X — [0, 00] petphown. Na detydel ot undpyet axohovdia (Sy)n>1 ATAOY GUVAPTAGEWY UE
Sn () < spi1(z) xou limy, o0 Sp () = f(2) yia x&de z € X.

4. Av f yetphown, u(X) =1 xu [ fdu > a, 16t p{f > a} > 0 xouw p{f > a+ L} > 0 yioa peydha n.

5% Av u(X) =1 %ot A1, Ao, ..., Ay € A wavorowly p(Ar) + -+ p(A4,) > k—1 v xdroto detixd
axépato k, téte undpyouy 1 < iy < ... < <mnpe p(4;, N---NA4;)>0.

6. Av f: X — N elvar yetpriowun, 161
[ fdn=>"nls =),
k=1

7. Av f > 0 elvar yetpriotun, t6te
[ mintfnyd— [ san

Y n — 00.

8. Eotww f, fn > 0 petpfiowpes yio n > 1 dote f, — f oyeddv navtol, xa [ frdpu — 0. No derydel o1t
J fdu=0, xou dpa f =0 oyeddv naviol.

9. Eotw f € LY(p) o By = {z: |f(2)| > n} = {|f| > n}. Na derydel 6T nu(E,) — 0.

10. Eotw f, > 0 petphowec pe p{fn > 0} = n~2 yia x&9e n > 1. Na deydel 6t yio p-oyeddv dhat 1o
&, UTAPYEL Ny PuOIx6S Gote fp(x) = 0 vy n > ng. Kot dpa f, — 0 p-oyedov tavtol.

11. Eow (rg)e>1 wo oxohoudio oto (0,1) (evieyopévoe wa apidunon twy pntdv tou dlaoThUAToC).
©étouvpe f:[0,1] — [0, 00] pe

—1 1
fa) =S AL
; k2 \/le =g
Na detydet 611 f(x) < oo Lebergue-oyeddv navtol oto (0, 1).

12. Eotw wa axohouvdia (Zy,)n>1 ano avedptntes tobvopes tuyaies petaintéc pe xotavopr N(0,1).
Na detydet o1t

lim
n—oo \/logn
Y xdnoto otadepd ¢ € (0,00) xat var TpocdloploTel 1 c.

=C

13. 'Eotw Q = {K,T'}? o derypartinde yopoc mou avtiotoiyel oe tpeic aveldptnree pideic evéc vopio-
wotog, xou P, To u€tpo o8 auTd TO YMPO Y TV TEPINTWOY Tou To vouloua €yet mdavotTnta emtuylog
p.

o) T motée tpée v pr,p2 € [0, 1] éyoupe Py, < Py, 7

B) Na Peedei n Radon-Nikodym naupdywyoc dP,, /dP,, Yy dedopéva p1, pe € (0,1).

14*. "Eotww p, v uétpa dote undpyer [ : X — [0,00) uetphown e v(A) = [, fdu yia A € A (xa dpa
v&pu). Avu(f =0) =0, téte p < v xou du/dv =1/f.



YT rodeilelg
1. 'Eotw 6t 7 f etvou adZovoa. Tu popon éyer to f~1((—o0,a]) yioa € R ?
Williams cehido 51.
Me yprion tng nponyoluevy doxnong.
Ioyter 6t f =302 Lif>py-
Kdroto Yedpnuo olyhong divel auéons 10 anotéreoya.

Afupa Fatou.

© ® N e 5w

Aro tov opioyd tou B, éyouue
np(En) < /E |fldp = / 1117120 dp
‘Ouwe 1 |f| € L1(1) %o xvprapyet dhec Tic Lf11) f1>n-
10. IIp&to Borel-Cantelli.
11. Beppo-Levi poli ye doxnorn nou eidaye otny td&mn.
12. Me yprion twv 6o Anuudtwy Borel-Cantelli.

13. Eotw [ := dP,,/dP, . Apxet va éyoupe v ot Pp,(A) = [, fdP,, yio 6hat o A mou efvau
nwovoovvola tou ).

14. T o devtepo epdtnua, unoroyilouvue to [, (1/f) dv yia A € A ypnowonobvrog 1o anotéhecya
¢ mapayedpou 5.14 aro tov Williams. To €yovue xarbier otnv tden.



