
ASKHSEIS 3

Stic ask seic 1-4, upojètoume ìti gia tic s-�lgebrec F ,F0, isqÔei F ⊂ F0.

1. An oi X, Y ∈ L2(Ω,F0, P ) ikanopoioÔn E(Y | F) = X kai E(Y 2) = E(X2), tìte X = Y me
pijanìthta 1.

2. An oi X, Y ∈ L2(Ω,F0, P ) ikanopoioÔn E(Y 2 | F) = X2 kai E(Y | F) = X, tìte X = Y me
pijanìthta 1.

3. An oi X, Y, Z ∈ L1(Ω,F0, P ) ikanopoioÔn E(X |Y ) = Z,E(Y |Z) = X,E(Z |X) = Y , tìte
X = Y = Z me pijanìthta 1.

4. Gia X, Y ∈ L2(Ω,F0, P ) na deiqjeÐ ìti

E(Y E(X | F)) = E(XE(Y | F)).

5. 'Estw (Zi)i≥1 akoloujÐa anex�rthtwn isìnomwn tuqaÐwn metablht¸n me E(|Z1|) < ∞,
E(Z1) = 1, kai F0 := {∅,Ω}, Fn := σ(Z1, Z2, . . . , Zn) gia k�je n ≥ 1. Na deiqjeÐ ìti h
(Xn)n≥0 me X0 := 1, Xn := Z1Z2 · · ·Zn gia n ≥ 1 eÐnai martingale wc proc thn (Fn)n≥0.

6. 'Estw (Xi)i≥1 akoloujÐa anex�rthtwn isìnomwn tuqaÐwn metablht¸n me P (X1 = 1) = P (X =
−1) = 1/2, Sn = X1 + · · · + Xn kai F0 := {∅,Ω}, Fn := σ(X1, X2, . . . , Xn) gia k�je n ≥ 1.
Na deiqjeÐ ìti h (Zn)n≥0 me Z0 := 0, Zn := S3

n − 3nSn gia n ≥ 1 eÐnai martingale wc proc thn
(Fn)n≥0.

7. 'Estw (Xi)i≥1 akoloujÐa anex�rthtwn isìnomwn tuqaÐwn metablht¸n me

P (X1 = 1) = p, P (X = −1) = 1− p =: q,

ìpou p ∈ (0, 1),

S0 := 0, Sn := X1 + · · ·+Xn, kai

F0 := {∅,Ω},Fn := σ(X1, X2, . . . , Xn)

gia k�je n ≥ 1. Na deiqjeÐ ìti oi akoloujÐec (Wn)n≥0, (Mn)n≥0 me

Wn := Sn − (p− q)n,Mn := (q/p)Sn

eÐnai martingales wc proc thn (Fn)n≥0.

8. 'Estw ìti (Xn)n≥1 eÐnai martingale wc proc th di jhsh (Gn)n≥1. OrÐzoume Fn := σ(X1, . . . , Xn)
gia k�je n ≥ 1. Tìte Fn ⊂ Gn kai h (Xn)n≥1 eÐnai martingale wc proc thn (Fn)n≥1.

9. 'Estw Sn kai Fn ìpwc sthn 'Askhsh 6. Apo touc parak�tw qrìnouc, poioÐ eÐnai qrìnoi
st�shc?

(a) N1 := inf{n ≥ 1 : Sn = 0}.
(b) N2 := inf{n ≥ 1 : Xn−2 = Xn−1 = Xn = 1}.
(g) N3 := inf{n ≥ 1 : Xn = Xn+1 = Xn+2 = 1}.
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10. 'Estw (Zi)i≥1 akoloujÐa anex�rthtwn isìnomwn jetik¸n tuqaÐwn metablht¸n me E(Z1) = 1
kai P (Z1 = 1) < 1. Jètoume Xn := Z1Z2 · · ·Zn gia k�je n ≥ 1. Qrhsimopoi¸ntac to je¸rhma
sÔgklishc gia martingales, na deiqjeÐ ìti limn→∞Xn = 0 me pijanìthta 1.

11. Sto peÐrama thc k�lphc tou Polya (Kef�laio 4, par�grafoc 4.3 b), paÐrnoume r = g = c = 1.
'Estw Gn, Rn o arijmoc twn nèwn pr�sinwn, antÐstoiqa kìkkinwn, mpall¸n pou up�rqoun sthn
k�lph met� apo n b mata tou peir�matoc (�ra Gn+Rn = n, kai tìte h k�lph èqei n+2 mp�llec).
Gia a ∈ R na deiqjeÐ ìti h akoloujÐa (Un)n≥1 me

Un =
(n+ 1)!

Gn!(n−Gn)!
(1− a)GnaRn

eÐnai martingale wc proc th di jhsh Fn := σ(G1, . . . , Gn).

12. JewroÔme ton aplì tuqaÐo perÐpato sto Z, dhl. thn akoloujÐa Sn apo thn 'Askhsh 6,
kaj¸c kai th di jhsh Fn apo thn Ðdia �skhsh.

(a) Na deiqjeÐ ìti gia λ ∈ R, h akoloujÐa

Mn :=
eλSn

(cosh(λ))n
, n ≥ 0,

eÐnai martingale.
(b) Gia ton qrìno st�shc T := min{n ≥ 1 : Sn = 1} èqoume dei ìti ET = ∞. Ed¸ ja

upologÐsoume thn katanom  tou. Na deiqjeÐ ìti gia λ > 0 isqÔei

E

((
1

cosh(λ)

)T)
= e−λ.

'Ara gia 0 < a < 1,

E(aT ) =
1−
√

1− a2

a
,

kai

P (T = 2n+ 1) = (−1)n
(

1/2

n+ 1

)
gia n ≥ 0.

13. 'Estw (Zi)i≥1 akoloujÐa anex�rthtwn isìnomwn tuqaÐwn metablht¸n me Z1 = 0   2 me
pijanìthta 1/2 thn kajemÐa tim . Jètoume X0 := 1, Xn := Z1Z2 · · ·Zn gia k�je n ≥ 1. 'Estw
kai o qrìnoc st�shc N := min{n ≥ 1 : Xn = 0}. Ti katanom  èqei o N ? MporoÔme na
efarmìsoume to je¸rhma epilektik c st�shc (Je¸rhma 10.10(b), sel. 100 ston Williams) gia
thn martingale X kai ton qrìno N ?
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UpodeÐxeic

1. UpologÐzoume thn E(X−Y )2. Prosèxte ìti apo ta dedomèna èpetai ìti hX eÐnai F metr simh.

3. H pr¸th sqèsh sunep�getai ìti h Z isoÔtai sqedìn pantoÔ me mÐa σ(Y )-metr simh sun�rthsh,
�ra σ(Z) ⊂ (σ(Y ))P , ìpou (σ(Y ))P sumbolÐzei thn pl rwsh thc s-�lgebrac σ(Y ) wc proc to
mètro P .

4. EÐnai qr simh ed¸ h gewmetrik  ermhneÐa thc E(X | F) gia X ∈ L2(Ω,F0, P ). Sto aristerì
mèloc gr�foume

Y = {Y − E(Y | F)}+ E(Y | F).

6. DeÐqnoume pr¸ta ìti E(S3
n+1 | Fn) = S3

n + 3Sn.

8. Ef�rmog  thc legìmenhc “tower property”, Je¸rhma 1.2, Kef�laio 4 apo ton Durrett.

8. D¸ste mia diaisjhtik  aitiolìghsh mìno.

10. H (Xn)n≥1 eÐnai maritngale lìgw thc 'Askhshc 5. H sÔgklish èpetai apo to Pìrisma 2.11.
An se k�poio shmeÐo ω tou q¸rou pijanìthtac to ìrio eÐnai > 0, tìte limn→∞ Zn(ω) = 1. Apì
thn P (Z1 = 1) < 1 èpetai oti up�rqei k ≥ 1 tètoio ¸ste P (Z1 /∈ (1−1/k, 1+1/k)) > 0, kai me mÐa
efarmog  tou 2ou l mmatoc Borel-Cantelli deÐqnei kaneÐc oti P ({ω : limn→∞ Zn(ω) = 1}) = 0.
To Ðdio apotèlesma èpetai apo ton isqurì nìmo twn meg�lwn arijm¸n (h akoloujÐa (logZn)/n

sugklÐnei se k�ti arnhtikì), all� ed¸ zht�me èna enallaktikì epiqeÐrhma.

11. DeÐqnoume ìti E(Un+1 | Fn) = Un, dhlad  isìthta dÔo tuqaÐwn metablht¸n. Sto sÔnolo
{Gn = j} ∈ Fn (me 0 ≤ j ≤ n), h tuqaÐa metablht  sto dexÐ mèloc thc pio p�nw isìthtac isoÔtai
me

(n+ 1)!

j!(n− j)!
(1− a)jak

ìpou k = n− j. SuneqÐzoume me èna epiqeÐrhma ìpwc sthn Par�grafo 4.3(b).

12. (a) 'Epetai kai apo thn 'Askhsh 5. (b) DouleÔoume me thn (Mn∧T )n≥0 kai qrhsimopoioÔme
kat�llhla oriak� jewr mata. Gia to teleutaÐo mèroc, qrhsimopoioÔme to an�ptugma thc

√
1− a2

se dunamoseir�.


