
ASKHSEIS 4

1. 'Estw n ≥ 1, qrìnoi 0 = t0 < t1 < · · · < tn, stajerèc a1, a2, . . . , an ∈ R, kai (Bt)t≥0 tupik 
kÐnhsh Brown. Na deiqjeÐ ìti h

a1Bt1 + · · ·+ anBtn

èqei kanonik  katanom . Poi� eÐnai h mèsh tim  kai diaspor� thc?

2. Gia thn tupik  kÐnhsh Brown na deiqjeÐ ìti

P (h (t 7→ Bt) eÐnai monìtonh se k�poio upodi�sthma tou [0,∞)) = 0

qwrÐc na qrhsimopoihjeÐ h m  diaforisimìthta thc.

3. 'Askhsh 2.1 apì to Kef�laio 7 tou Durrett.

4. Gia stajerì t0 > 0, na deiqjeÐ ìti

P0(h B èqei topikì mègisto sto t0) = 0. (1)

Apo thn �llh, me pijanìthta 1 isqÔei ìti h B eÐnai suneq c kai ikanopoieÐ (Je¸rhma 2.12, Kef.
7)

lim
t→∞

Bt = −∞, lim
t→∞

Bt =∞.

'Ara èqei topik� mègista. Pwc sumbib�zetai auto me thn (1)?

5. 'Askhsh 2.3 apì to Kef�laio 7 tou Durrett.

6. 'Estw x, t > 0 kai A ⊂ [0,∞). Na deiqjeÐ ìti

Px(Bs ≥ 0 gia 0 ≤ s ≤ t kai Bt ∈ A) = Px(Bt ∈ A)− P−x(Bt ∈ A).

7. 'Askhsh 5.1 apì to Kef�laio 7 tou Durrett.

8. 'Askhsh 5.2 apì to Kef�laio 7 tou Durrett.
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UpodeÐxeic

1. Jètontac si := ai + . . . + an, h diaspor� eÐnai

n∑
i=1

s2
i (ti − ti−1).

2. PaÐrnoume a < b, n ≥ 1, kai a < t1 < t2 < · · · < tn < b. Tìte èqoume thn ex c sqèsh

{(t 7→ Bt) monìtonh sto (a, b)} ⊂ {Bti −Bti−1
≥ 0 gia k�je 2 ≤ i ≤ n}

∪ {Bti −Bti−1
≤ 0 gia k�je 2 ≤ i ≤ n}.

Poi� eÐnai h pijanìthta twn dÔo teleutaÐwn gegonìtwn? Sto tèloc ja qrhsimopoi soume ìti
k�je di�sthma (c, d) perièqei èna di�sthma me rht� �kra a, b.

3. Gr�foume P0(L ≤ t) = E0(1L≤t) = E0(1T0◦θ1>t) = E0(E0(1T0◦θ1>t | F+
t )) kai qrhsimopoioÔme

thn idiìthta Markov (Je¸rhma (2.1) ).
Praktik�/enallaktik�, efarmìzoume thn Markov to qrìno t, dhlad , E0(1L≤t) = E0(E(1L≤t |Bt)) =

...

4. H (Bt0+t −Bt0)t≥0 eÐnai tupik  kÐnhsh Brown. 'Epeita, to Je¸rhma 2.6 dÐnei to zhtoÔmeno.

5. H (Ba+t −Ba)t≥0 eÐnai tupik  kÐnhsh Brown. 'Epeita, qrhsimopoioÔme to Je¸rhma 2.7.

6. QrhsimopoioÔme thn arq  thn an�klashc. 'Estw

T− := inf{t ≥ 0 : Bt < 0}.
Tìte

Px(Bt ∈ A) = Px(T− > t,Bt ∈ A) + Px(T− ≤ t, Bt ∈ A).

Mènei na deiqjeÐ ìti Px(T− ≤ t, Bt ∈ A) = Px(Bt ∈ −A) = P−x(Bt ∈ A).


